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Counting homomorphisms

hom(F,G) = #homs F' — G

Home(G) = (hom(F, G))FEQ

Can be used to distinguish graphs. Q: How well does this work?
A: Very well. Many results that look like this:

Theorem
Let GG, H be graphs and € a class of graphs.

Home(G) = Homg(H) <= G=xH

- X may be a logic, an algorithm, ...
- Natural classes € lead to natural X!
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An incomplete history of homomorphism indistinguishability

GG and H are homomorphism indistinguishable over

- all graphs iff isomorphic (Lovasz 1967)

- Graphs of tree-width < k iff indistinguishable by C*+1
(Dvorak 2010; Dell, Grohe, and Rattan 2018)

- Graphs of tree-depth < m iff indistinguishable by C,,
(Grohe 2020a)

- Berge-acyclic hypergraphs iff indistinguishable by Colour
Refinement (Boker 2019)
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What about hypergraphs?
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What are Hypergraphs?

A hypergraph H is a finite set V/(H) of vertices and a finite
multiset E(H ) of edges e C V(H).
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Incidence Graphs

Definition
The incidence graph I; = (R, B, E) of H is defined as:

R=V(H) B=EH) (e,0)€E < ve fyle)

i.e. draw an edge if v is contained in the hyperedge e.

i
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Main Result - Counting Hyper-what?!

Theorem
Let G, H be hypergraphs, k € N;.

Theorem (Dvorak 2010; Dell, Grohe, and Rattan 2018)
Let G, H be graphs, k € N;.

Homyy, (G) = Homyy, (H) << G=wa H

GC* is a new logic introduced by us.
GHW,, are the hypergraphs of generalised hypertree width < k.
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Introducing GC* — The Basics

- Blue and red Variables
VAR :={ey,...,e.} represent edges

U {vq, vy, Vs, ...} represent vertices

- Guard function g : D\l>1 — [k]

= A E €y (i V; € €g(s)”

iedom(g

A, =T for dom(g) =0

- red variables are always guarded by some blue variable

Benjamin Scheidt — hu.berlin/mfcs23 7/


https://hu.berlin/mfcs23

Introducing GC* — Definition

We have...

Atomic formulas:
. E(ei,vj), Vi=V; e =¢;

Negation, Conjunction and Disjunction:
“mp, (pAY), (pV)
Guarded Quantification:
zn
= (vil, s Z!) (A A @)
. 32"(ej1,..., o ). (A A @)
where A has to guard all free red variables in ¢.
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GC* - Example

Find ¢ that expresses:

All hyperedges containing at least 3 vertices are pair-
wise disjoint.

P = _‘321@17 82) . (l A <_'e1 =eg A\ wnotdisjoint A 77023 vertices))
Guard

with

L o= =1 .
) ‘ 77
Guard Jje{1,2}

¢>3vertices = /\ EIZ3(\/1) c (E(ej7vl> A E<eja Vl))

je{1,2} Guard
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Generalised Hypertree Width

- Generalisation of treewidth to hypergraphs.
- Based on (Hyper)tree decompositions - as usual:

- Bags of vertices associated with each node of the tree
- Fa. vertices v: the bags containing v must form a
connected subtree.

The twist:

- Every bag has to be covered by a set of hyperedges

- l.e. the union of the hyperedges must be a superset of the
bag.

- The width of a decomposition is the size of the biggest
cover.
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Ug Vs Us V10
0
d g
F ¢ Vg j v3 - f Uy
€ h
Vg Vg vy Dl
b

‘ ty + j{vo, v, Vg, U5, U7 } ‘
[

‘tz : a{vy, v4, V5, Vg, V10, B{v1, V6, U7, Vg, U11 } ‘

(3 : {va, v6}, c{vs, v, va} | [t 2 5{vs, vr}, Flwr0, 011,03} |

ts = d{vy, v} ‘ ‘te s e{vg, vy } ‘ ‘t7 : g{vs, v3} ‘ ‘ts : h{vr, vg} ‘
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Notes on the proof
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Caution when dealing with homomorphisms

Definition (Homomorphisms on Hypergraphs)

Lethy: V(H) - V(G) and hg : E(H) = E(G). (hy, hg)

is a homomorphism from G to H if for all e € E(G):
fu(hg(e)) = {hy{v) |v e fale)}

7

Boker 2019 implicitly shows that this is not problematic

Definition (Homomorphisms on Incidence Graphs)
lethp: R(Iz) — R(Iy)and hg : B(Ig) — B(1y).
(hp,hg)is a homomorphism from I to I if:

(e,v) € E(Ig) = (hg(e),hr(v)) € E(Iy)
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About that Proof...

Step 1: Relate homomorphisms over hypergraphs and
incidence graphs
- Recall: Not the same — but Boker 2019 solved this already
Step 2: Relate ghw to restricted variant ehw
- Gives us an inductive characterisation
Step 3: Find suitable “normal form” RGC¥ for GC*
Step 4: Relate ehw and RGCF
- Adapt beautiful machinery in spirit of Courcelle 1993 to

incidence graphs
- Nasty — Like getting two cats to the vet using a single pet
carrier 4y @ %
- Stuff one cat in the box and the other escapes — Repeat
until they accept their fate
Step 5: Profit &
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Generalised Hypertree Width

A generalised hypertree decomposition is a tree with

- Bags (set of vertices) and covers (set of hyperedges)
associated with each node of the tree

- Fa. vertices v: the bags containing v must form a
connected subtree

- Fa. hyperedges e: the bags covered by e must form a
connected subtree

- Every bag has to be precisely covered by a set of
hyperedges

- l.e. the union of the hyperedges must be equal to the bag

- The width of a decomposition is the size of the biggest
cover.
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Us P 5 Y10
0
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‘tl : j{’UO,U4,U6,’U5,U7}‘
[
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Relating ghw and ehw

Ug (AR Us V10
0
d g
F c- Uy Jj vy - f vy
€ h
Vg Vg Uy V11

- Assume we want to use F'with ghw(F") = 2 to distinguish
some G and H by number of homomorphisms.

- But ehw(F) = 3.

- Fix: Turn Finto F” with ehw(F") = 2 while keeping
distinguishing property.
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Simple Idea: Just add more edges &

Us P 5 Y10
0
d g
F’: c V9 m j n Uz f Uy
e h
Vg Vg Uy V11
b

‘tl Ij{’U(),U47’L)6,U5,U7}} ‘
[

‘tQ : a{111,v4, U571781U10}7 b{vlvv67v77v97vll} ‘

‘t3 : m{vy, vg }, c{vs, vg, v} ‘ ‘t4 s n{vs, vr}, f{v10,v11, 03} ‘

ts : d{vy, vo} ‘ ‘tﬁ : e{vg, va} ‘ ‘t7 : g{vs, vs} ‘ ‘ts s h{vz, vs} ‘
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But this changes the number of
homomorphisms!
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Relating ghw and ehw

Lemma (simplified)

Let G, H, F be hypergraphs s.t. hom(F,G) # hom(F, H)
and lete € E(F).

Then, for every s C e and every x € N there existsay > x
such that hom(F +y - s,G) # hom(F +y-s,H).

Simpler:
“If we want to add x copies of a subset of some hyper-
edge to F, we can retain its distinguishing property as
long as we can handle some additional copies.”

l.e. insert copies of (sub)edges to enforce precise coverage and
connectedness for edges.
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Proving this lemma

Core Idea
If adding x copies aligns the number of homomorphisms,
just keep adding copies. At some point, it must break again.

Makes sense. But can we prove that? On a very high-level?

- s C e gives handle on how the number of homs change.
Provides formula for

hom(F +x-s,G) —hom(F+z-s,H)

- Contradict assumption that number of homomorphisms is
equal for every z, i.e. the difference is always 0.
- Translate to system of linear equations:

V x B=0 with B # 0 follows from assumption
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Proving this lemma

- Vis a Vandermonde matrix whose determinant is
non-zero — thus Vis invertible!

> 1eVxB=0<+< B=V"1x0+«< B=0.

- This contradicts B # 0. O

Take Home Message

Core ldea

If adding x copies aligns the number of homomorphisms,
just keep adding copies. At some point, it must break again.

Heart of the proof
A Vandermonde matrix is invertible.
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Concluding Remarks

Theorem
The following statements are equivalent:

1. Ex. ¢ €GCFst. GEpand H E ¢
2. Ex. Fwith ghw(F) < kst hom(F,G) # hom(F, H)

So...

- ..how hard is it to compute the homomorphism vector?
- ..EF-games for GC*?
..does Grohe 2020a generalise to hypertree-depth?

- ..Weisfeiler-Leman on hypergraphs? Ongoing work!
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On Hypertree Decompositions

Definition (Gottlob, Leone, and Scarcello 2002)

A complete generalised hypertree decomposition

D := (T, cover,bag) of H is a tree T'with functions
cover : V(T) — E(H) and bag : V(T) — V(H) st.

1. Fa.e€ E(H)ex.n e V(T) st e € cover(n) and
f(e) € bag(n)

2. Fa. v € V(H) the subgraph T, induced by
V,:={neV(T)|ve&bag(n)} is a tree.

3. Fa. n € V(T) we have bag(n) C Ueecov”(n) f(e).
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On Hypertree Decompositions

Definition

A complete entangled hypertree decomposition

D := (T, cover,bag) of H is a tree T'with functions
cover : V(T) — E(H) and bag : V(T) — V(H) st.

1. Fa.e€ E(H)ex.n € V(T) st e € cover(n) and
f(e) € bag(n)

2. Fa. v € V(H) the subgraph T,, induced by
V,:={neV(T)|v € bag(n)} is a tree.

v

3. Fa. n € V(T) we have bag(n) = ) f(e).

4. Fa. e € E(H) the subgraph T, induced by
V,:={n e V(T) | e € cover(n)} is a tree.

(&

eccover
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