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Counting homomorphisms

hom(F,G) = #homsF — G

Hom(¢,G) = (#homsF—>G)F6€

Can be used to distinguish graphs. Q: How well does this work?
A: Very well. Many results that look like this:

Theorem
Let GG, H be graphs and € a class of graphs.

Hom(¢,G) =Hom(€,H) <« G=xH

- X may be a logic, an algorithm, ...
- Natural classes € lead to natural X!
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An incomplete history of homomorphism indistinguishability

GG and H are homomorphism indistinguishable over

- all graphs iff isomorphic (Lovasz 1967)

- Graphs of tree-width < k iff indistinguishable by C**1
(Dvorak 2010; Dell, Grohe, Rattan 2018) N Py 0

- Graphs of tree-depth < m iff indistinguishable by C,,
(Grohe 2020)

- and many more fancy results on graphs
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Can we mirror that on hypergraphs?
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What are Hypergraphs?

A hypergraph H is a finite set V/(H) of vertices and a finite
multiset E(H ) of edges e C V(H).
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How to do logic on hypergraphs?
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Incidence Graphs

Definition
The incidence graph I; = (R, B, F) of H is defined as:

R=V(H) B=E(H) (e,v)€FE < ve€ fyle)

i.e., draw an edge if v is contained in the hyperedge e.

.
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Introducing GC — The Basics

+ Blue and red Variables

VAR, :={eq,..., e} represent edges

VAR, :={Vq, Vg, Vs3,... } represent vertices
- Guard function g : Ny, — [k]

Ag = /\ E(egm, v,) ‘v; € egp)”
iedom(g)
A, =T fordom(g) = @

- red vars are always guarded by some blue var
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Introducing GC — Definition

We have...

Atomic formulas:
- E(e;,vy), V=V, e =¢g;

Negation, Conjunction and Disjunction:

“ o, (AY), (@ V)

Guarded Quantification:

e Vi, ) (Bg A )
. EIZ”(eiI,...,e,;k).(Ag/\gp)

3>n<

A, guards all free red variables in :  free (p) C free,(A,)
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GC - Example

Find ¢ that expresses:

All hyperedges containing at least 3 vertices are pair-
wise disjoint.

P = _El (el7 ¢ ) ( TA (_'el_ez A wn disjoint N 77/}>3vert)>
Guard

with
77/}n.disjoint o EIZ1<V1> . (E<elv Vl) A /\ E<e_ja V1>>

Guard Je{1,2}

Vogvert = /\ 323<V1> . (E(eja Vi) A E(eja 29)

jeft,2} Guard
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Previous work

Theorem (Dvorak 2010; Dell, Grohe, Rattan 2018)
Let G, H be graphs, k € N;.

Hom(TW,,G) = Hom(TW,, H) <<= G=&1 H

Theorem (Scheidt, Schweikardt 2023)
Let G, H be hypergraphs, k € Ny,.

Hom(GHW,, G) = Hom(GHW,, H) <<= G=,+ H

GHW,, are the hypergraphs of generalised hypertree width < k.

Benjamin Scheidt — hu.berlin/icalp24 9/13


https://hu.berlin/icalp24

Now: Complete the picture

Theorem (Grohe 2020)
Let G, H be graphs, k € N;.

Hom(TDy, G) = Hom(TD,, H) <<= G=¢ H

Theorem
Let G, H be hypergraphs, k € Ny,.

Hom(SHD,, G) = Hom(SHD, H) < G =, H

SHD,, are the hypergraphs of strict hypertree depth < k.
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From Tree Depth to (Strict) Hypertree Depth

Elimination Forest “Connections only to ancestors”.

(Stolen from Grohe 2020)

{a7 b? C7 d’ 67 f}
{h gk, f}

(Stolen from Adler et al.)

{a,b g,h} {d k} {a ¢,i,75}

Strict Elimination Forest
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Comparing HD, and SHD,

Theorem
Forall H: shd(H) < hd(H)+ 1.

— But why bother?
Theorem
Hom(SHD,,, G) = Hom(SHD,, H)
<= Hom(ISHDy,, Iz) = Hom(ISHDy, ;)

Theorem
There are G, H,, such that

Hom(HD,,, G) = Hom(HD,,, H;,), but
Hom(IHDy, I, ) # Hom(IHDy, I )
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Theorem

Let G, H be hypergraphs and k € N;.
1. Hom(SHD,,G) = Hom(SHD,, H) <= G =4, H
2. Hom(GHW,,G) = Hom(GHW,, H) <= G = H

- Hom. Indistinguishability is interesting on hypergraphs.
- Hyperedges may hide complexity.
-+ GC fits hypergraph params like C fits graph params.
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