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Counting homomorphisms...

- hom(F, G) = number of homomorphisms from F'to G.
- Hom(€, G) = (hom(F, G))FE€
- Use this to distinguish graphs

Many alternative characterisations of homomorphism
indistinguishability:

Theorem
Let GG, H be graphs and € a class of graphs.

Hom(¢,G) = Hom(C,H) << G=x H

X may be a logic, an algorithm, ...
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...from Hypergraphs...

A hypergraph H is a finite set V' (H ) of vertices and a finite set
E(H) of edgese C V(H).
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...of Bounded Generalised Hypertree Width

- Generalisation of treewidth to hypergraphs.
- Based on (Hyper)tree decompositions - as usual:

- Bags of vertices associated with each node of the tree
- Fa. vertices v: the bags containing v must form a
connected subtree.

The twist:

- Every bag has to be covered by a set of hyperedges

- l.e. the union of the hyperedges must be a superset of the
bag.

- The width of a decomposition is the size of the biggest
cover.
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A Logical Characterisation...

..of homomorphism indistinguishability over the class of
hypergraphs of generalised hypertree width at most k.

Theorem
Let G, H be hypergraphs, k € N;.

Hom(GHW,,G) = Hom(GHW,,, H) <<= G=,+ H

Theorem (Dvorak 2010; Dell, Grohe, and Rattan 2018)
Let G, H be graphs, k € N;.

Hom(TW,,G) = Hom(TW,, H) <= G=wxa H
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A Logical Characterisation...

..of homomorphism indistinguishability over the class of
hypergraphs of generalised hypertree width at most k.

Theorem
Let G, H be hypergraphs, k € N ;.

Hom(GHW,, G) = Hom(GHW,,, H) <<= G=+ H

Proof.

—_~

Exercise (&
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Introducing GC* — The Basics

- Blue and red Variables
VAR :={ey,...,e.} represent edges

U {vq, vy, Vs, ...} represent vertices

- Guard function g : D\l>1 — [k]

= A E €y (i V; € €g(s)”

iedom(g

A, =T for dom(g) =0

- red variables are always guarded by some blue variable
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Introducing GC* — Definition

We have...

Atomic formulas:
. E(ei,vj), Vi=V; e =¢;

Negation, Conjunction and Disjunction:
“mp, (pAY), (pV)
Guarded Quantification:
zn
= (vil, s Z!) (A A @)
. 32"(ej1,..., o ). (A A @)
where A has to guard all free red variables in ¢.
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GC* - Example

Find ¢ that expresses:

All hyperedges containing at least 3 vertices are pair-
wise disjoint.

P = _‘321@17 82) . (l A <_'e1 =eg A\ wnotdisjoint A 77023 vertices))
Guard

with

L o= =1 .
) ‘ 77
Guard Jje{1,2}

¢>3vertices = /\ EIZ3(\/1) c (E(ej7vl> A E<eja Vl))

je{1,2} Guard
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Concluding Remarks

Theorem
The following statements are equivalent:

1. Ex. ¢ €GCFst. GEpand H E ¢
2. Ex. Fwith ghw(F) < kst hom(F,G) # hom(F, H)

So...

- ..how hard is it to compute the homomorphism vector?
- ..EF-games for GC*?
..does Grohe 2020a generalise to hypertree-depth?

- ..Weisfeiler-Leman on hypergraphs? Ongoing work!
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On Hypertree Decompositions

Definition (Gottlob, Leone, and Scarcello 2002)

A complete generalised hypertree decomposition

D := (T, cover,bag) of H is a tree T'with functions
cover : V(T) — E(H) and bag : V(T) — V(H) st.

1. Fa.e€ E(H)ex.n e V(T) st e € cover(n) and
f(e) € bag(n)

2. Fa. v € V(H) the subgraph T, induced by
V,:={neV(T)|ve&bag(n)} is a tree.

3. Fa. n € V(T) we have bag(n) C Ueecov”(n) f(e).
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On Hypertree Decompositions

Definition

A complete entangled hypertree decomposition

D := (T, cover,bag) of H is a tree T'with functions
cover : V(T) — E(H) and bag : V(T) — V(H) st.

1. Fa.e€ E(H)ex.n € V(T) st e € cover(n) and
f(e) € bag(n)

2. Fa. v € V(H) the subgraph T,, induced by
V,:={neV(T)|v € bag(n)} is a tree.

v

3. Fa. n € V(T) we have bag(n) = ) f(e).

4. Fa. e € E(H) the subgraph T, induced by
V,:={n e V(T) | e € cover(n)} is a tree.

(&

eccover
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