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Abstract: A query model for sequence data was introduced in Kleest-Meißner et al. (2022) in the
form of subsequence-queries with wildcards and gap-size constraints (swg-queries, for short). These
queries consist of a pattern over an alphabet of variables and values, as well as a global window size
and a number of local gap-size constraints.

Based on previous extensions of swg-queries, namely multi-dimensional swg-queries and disjunctive
swg-queries, we converge to common languages in the field of Complex Event Processing by
introducing multi-dimensional disjunctive subsequence-queries with intervals. This pushes the
expressive power of the query language to certain kinds of inequalities as well. We discuss a suitable
characterisation of containment, a classical property considered in database theory, and adapt results
concerning the discovery of (multi-dimensional or disjunctive) swg-queries to multi-dimensional
disjunctive subsequence-queries with intervals.
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1 Introduction

Within the field of complex event processing (CEP) systems continuously evaluate queries
over sequence data, e. g. a stream of events, to recognize specific event patterns [4, 11].
These event queries specify event patterns that are materialisations of a situation of interest,
e. g. abnormal job execution or fraudulent transaction. Their recognition enables reactive
and proactive applications in various domains, e. g. cluster monitoring scenarios [19],
urban transportation [3], and computational finance [18]. Query languages for CEP usually
allow for correlation of events, constraints on the ordering of events (sequencing) and their
occurrence within a certain window over the sequence data. Further conditions over the
attribute values of events may be defined using operators like conjunction, disjunction,
Kleene closure, negation and variables which may be bound to events in the sequence
data [2, 11, 20].

The finite boolean query evaluation problem for CEP receives as input an event query 𝑞

and a finite sequence of events 𝑡 (called trace) and outputs “yes” if, and only if, the trace
matches the query.
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Example 1. Consider a cluster monitoring scenario in which each of the following traces
describes the lifecycle transitions of a job with abnormal execution:

𝑡1 := ⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩
𝑡2 := ⟨UPD, 1⟩ ⟨FAI, 1⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩
𝑡3 := ⟨SUB, 1⟩ ⟨FAI, 1⟩ ⟨SUB, 9⟩ ⟨SCH, 8⟩ ⟨FIN, 1⟩

Each event captures a task during the job execution, i. e. the kind of the task, e. g. SCH, and
the ID of the priority of the task, e.g. 5. The abbreviations SUB, SCH, UPD, FAI, or FIN stand
for the tasks: submit, schedule, update, fail, or finish for the corresponding job.

In the following, we depict a query 𝑞 that describes the abnormal execution of a job that has
a reoccurring task (with different priorities) due to the failed task in between the reoccurring
event, before it gets finished. The syntax of the query follows common languages for
CEP [11]:

𝑞 = PATTERN SEQ (𝑒1, 𝑒2, 𝑒3, 𝑒4)
WHERE 𝑒1.task = 𝑒3.task AND

𝑒2.task = FAI AND 𝑒4.task = FIN AND
𝑒1.prio = 𝑒2.prio = 𝑒4.prio = 1 AND
𝑒3.prio = 9

WITHIN 5 events

Note that 𝑞 is matched by each of the three traces 𝑡1, 𝑡2, 𝑡3, illustrated for 𝑞 and 𝑡1 as follows:

𝑒1 𝑒2 𝑒3 𝑒4
𝑡1 = ⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩. ⌟

While such queries are a comprehensive characterisation of situations of interest, finding a
suitable query is challenging and often assumed to be a manual step. Previous work therefore
proposed to automatically discover event queries from a sample of historic traces, where
each trace contains the situation of interest [10, 15]. Discovered queries should be correct
in the sense that they match a sufficiently large subset of traces (w.r.t. to a support threshold
sp) and descriptive, i. e. each query that is more specific is no longer a correct query.

Recently, Kleest-Meißner et al. [12, 13] and Frochaux et al. [8] investigated the problem
of discovering event queries from a finite sample of traces from a theoretical point of
view. They proposed multi-dimensional subsequence queries with wildcards and gap-size
constraints (mswg-queries) as well as different extensions (disjunctive queries and queries
with generalised gap constraints), as a formal model that covers the essence of the task
of event query discovery. Let 𝑘 denote the number of attributes per event. In essence, an
mswg-query is a string 𝑠 consisting of 𝑘-tuples over an alphabet of variables and values, a
global window size 𝑤, and a tuple of local gap-size constraints 𝑐.



Example 2. The query from Example 1 can be translated into the mswg-query 𝑞 = (𝑠, 𝑤, 𝑐)
with

𝑠 = ⟨𝑥, 1⟩ ⟨FAI, 1⟩ ⟨𝑥, 9⟩ ⟨FIN, 1⟩,

for variable 𝑥 and values FAI, FIN, 1, and 9, 𝑤 = 5, and 𝑐 = ((0,∞), (0, 0), (0, 1)). Note that
𝑐 can not be directly derived from the query in Example 1 but is defined in a way that
the traces 𝑡1 to 𝑡3 match the query (any tuple of the form 𝑐 = ((0, 𝑖), (0, 𝑗), (0, 𝑘)), with
2 ⩽ 𝑖, 𝑗 ∈ N ∪ {∞} and 𝑘 ∈ N⩾1 ∪ {∞} would be a suitable choice). We illustrate a witness
replacement of variables for 𝑞 and 𝑡1 as follows:

𝑠 = ⟨𝑥, 1⟩ ⟨FAI, 1⟩ ⟨𝑥, 9⟩ ⟨FIN, 1⟩
𝑡 = ⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩ ⌟

The query model allows for sequencing, variables that range over single event attributes,
(disjunctions for the corresponding extension introduced in [8]) and different kinds of
window size constraints. Hence, mswg-queries combine core features of complex event
processing languages with classical concepts of theoretical computer science: subsequences
and (string) patterns with variables.

Patterns with variables were introduced by Angluin [1] and build the core of inductive
inference, formal language theory and combinatorics on words [17, 14, 16]. Syntactically,
mswg-queries are Angluin-style patterns enriched by different kinds of window sizes, and
with a semantics that is adapted to event based scenarios: here, variables refer solely to
single values whereas in Angluin’s semantics they refer to finite sequences of values.

For mswg-queries, an algorithm was provided that, on input of a sample S, a support
threshold sp, and further parameters on the query, outputs a query 𝑞 that is correct and
descriptive for S, sp, and the parameters on the query. The algorithmic idea stems from
the field of Angluin-style Pattern Languages, for which Shinohara’s algorithm computes a
descriptive pattern upon input of a sample S and a support threshold sp = 1.0 (see also [6]
for an analysis and extensions of Shinohara’s algorithm).

However, mswg-queries and their extensions only support filtering based on equality
constraints, equivalent to the constraints depicted in Example 1, while systems like the
IL-Miner [10] also allow for the discovery of queries that support lower and upper bounds
on variables, which can be modelled as intervals.

Contribution 1. In this paper, we address this limitation by merging multi-dimensional
swg-queries and disjunctive swg-queries and extending the expressive power of the resulting
query model even further to multi-dimensional disjunctive subsequence-queries with
intervals (mdswg⩽-queries, for short, where ⩽ hints at the order domains may have).
Different from previous work on swg-queries, we also extend the underlying data model
slightly by considering an event schema, i. e., a tuple of attributes where each attribute may
have its own domain.



Example 3. Let us consider the same scenario as in Example 1 but with a slightly modified
set of traces over the schema (task, priority). Let

𝑡1 := ⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩,
𝑡2 := ⟨UPD, 2⟩ ⟨FAI, 1⟩ ⟨UPD, 10⟩ ⟨FIN, 1⟩,
𝑡3 := ⟨SUB, 1⟩ ⟨KIL, 1⟩ ⟨SUB, 9⟩ ⟨SCH, 8⟩ ⟨FIN, 1⟩.

Note that the priorities do not carry the same values 1 or 9 as in Example 1, and that the
faulty behaviour between the reoccurring task now is either FAI or KIL. This can be captured
in our query model by allowing for the disjunction of the values FAI and KIL and intervals
describing the priorities as follows:

𝑞 = (⟨𝑥, [1, 2]⟩ ⟨(FAI|KIL), 1⟩ ⟨𝑥, [9, 10]⟩ ⟨FIN, 1⟩, 𝑤, 𝑐) . ⌟

Note that we are not restricted to integers for ordered domains, but allow for totally ordered
sets in general. One might ask whether intervals can be modelled as disjunctions, since each
interval could be modelled as a disjunction of its values. Note that this becomes difficult if
we consider for example R as a domain. Furthermore, as described in [8], disjunctions may
lead to an exponential blow-up in the number of tests whether a current query is matched by
the traces used for query discovery. It will turn out, that this is not the case for intervals
which can be computed with only a logarithmic number of tests.

We would like to stress the point that an interval can be interpreted as lower and upper
bounds on values (and vice versa) that may occur in a trace, as depicted in the next example.
On the other hand, on a finite sample, defining inclusive lower and upper bounds, i. e., an
interval, is always more restrictive than finding only a (non-inclusive) lower or upper bound.
Hence, we only consider intervals in this paper.

Example 4. Suppose we want to detect a fire based on a given stream of events measuring
temperature and humidity. The following query captures a possible pattern for fire detection,
comprising a measured temperature higher than or equal to 45◦𝐶 followed by a humidity
measurement of less than or equal to 25%:

𝑠 = (⩾ 45◦𝐶, 𝑥ℎ) (𝑥𝑡 ,⩽ 0.25)

Note that a temperature measurement of ⩾ 45◦𝐶 can also be seen as an interval [45◦𝐶, 𝑥]
for a reasonable upper bound 𝑥 > 45◦𝐶. ⌟

Contribution 2. We discuss a suitable characterisation of containment, and, based thereon
adapt results concerning the discovery of multi-dimensional or disjunctive swg-queries
to mdswg⩽-queries. Note that this extension of the query model leads to a more intuitive
way of defining queries. We believe that queries with intervals are less prone to overfitting
compared to queries that only support disjunctions.



Organisation. The rest of this paper is organised as follows. We introduce some basic
notation in Section 2. Section 3 is devoted to the definition of mdswg⩽-queries and the
discussion of a suitable characterisation of query containment. We define the query discovery
problem and provide an algorithm to solve this problem in Section 4, before we summarise
our results and indicate directions of future work in Section 5.

2 Preliminaries

We assume that the reader is familiar with common mathematical concepts and notations.
Let N and N⩾1 be the set of non-negative integers and positive integers, respectively. For
𝑛 ∈ N, we let [𝑛] := { 𝑖 ∈ N⩾1 : 1 ⩽ 𝑖 ⩽ 𝑛 }. The symbols ⊆, ⊊, ⊇ and ⊋ denote the subset,
proper subset, superset and proper superset relation, respectively. We call a set (and thus
also in particular: an interval) singleton, if it contains precisely one value.

Let 𝐴 be a non-empty set. We write 𝐴∗ (and 𝐴+) for the set of all strings (and the set of all
non-empty strings) over 𝐴. We denote the length ℓ of a string 𝑠 = 𝑎1 . . . 𝑎ℓ ∈ 𝐴∗ by |𝑠 |. For
a position 𝑖 ∈ [ℓ], we write 𝑠[𝑖] to denote the letter 𝑎𝑖 at position 𝑖 in 𝑠. A factor of a string
𝑠 ∈ 𝐴∗ is a string 𝑣 ∈ 𝐴∗ such that 𝑠 = 𝑢𝑣𝑢′ for some 𝑢, 𝑢′ ∈ 𝐴∗. If |𝑢 | = 0 (|𝑢′ | = 0), the
factor 𝑣 is also called a prefix (suffix) of 𝑠. We write 𝑠[𝑖, 𝑗] for positions 1 ⩽ 𝑖 ⩽ 𝑗 ⩽ ℓ for
the factor 𝑎𝑖 . . . 𝑎 𝑗 of 𝑠 starting at position 𝑖 and ending at position 𝑗 , i. e., including 𝑖 and 𝑗 .

A subsequence of a string 𝑡 = 𝑡1𝑡2 . . . 𝑡𝑛 ∈ 𝐴∗ is a string 𝑠 = 𝑠1 . . . 𝑠𝑚 where 𝑚 ⩽ 𝑛 and
there exist integers 1 ⩽ 𝑖1 < · · · < 𝑖𝑚 ⩽ 𝑛 such that 𝑠 𝑗 = 𝑡𝑖 𝑗 for all 𝑗 ∈ [𝑚]; the mapping
𝜉 : [𝑚] → [𝑛] with 𝜉 ( 𝑗) = 𝑖 𝑗 for all 𝑗 ∈ [𝑚] is called an embedding of 𝑠 in 𝑡.

Example 5. The string 𝑠 = A C C is a subsequence of the string 𝑡 = A B A C C B with
embedding 𝜉 where 𝜉 (1) = 3, 𝜉 (2) = 4 and 𝜉 (3) = 5. Note that there exists a second
embedding for 𝑠 in 𝑡, namely 𝜉′ with 𝜉′ (1) = 1, 𝜉′ (2) = 4 and 𝜉′ (3) = 5. ⌟

For a comprehensive list of relevant work and deeper insights into subsequences or formal
language theory, we refer the reader to the introductions of recent papers [5, 9].

Definition 6 (Schema). An event schema of dimension 𝑘 ∈ N⩾1 (schema, for short) is a tuple
A = (𝐴1, . . . , 𝐴𝑘) of attributes 𝐴𝑖 . Each attribute 𝐴𝑖 is defined over a (possibly infinite)
domain denoted by dom(𝐴𝑖) and a domain may be totally ordered via ⩽𝐴𝑖

. The set of all
attribute values is Γ :=

⋃𝑛
𝑖=1 dom(𝐴𝑖). ⌟

Note that the different domains do not have to be disjoint. However, we do assume that the
ordered domains are disjoint from the unordered domains. Without loss of generality, one
may assume that there exists a single event schema, since different event schemas could be
summarised by a single schema which is defined by the disjoint union of multiple schemas.

Definition 7 (Events and Traces). Let 𝑘 ∈ N⩾1 and let A be a schema of dimension 𝑘 . An
event 𝑒 = ⟨𝑎1, . . . , 𝑎𝑘⟩ (over A) is a tuple of attribute values that instantiates the event
schema A, i. e., 𝑎 𝑗 ∈ dom(𝐴 𝑗 ) for all 𝑗 ∈ [𝑘]. We write 𝑒[ 𝑗] to refer to the 𝑗-th value of
event 𝑒, i. e., the attribute value 𝑎 𝑗 .



A 𝑘-dimensional event trace over A (or trace for short) is a finite sequence of events
𝑡 = 𝑒1, . . . , 𝑒𝑛 over A. The length |𝑡 | of 𝑡 is the number of events it comprises, i. e., |𝑡 | = 𝑛.
We write 𝑡 [𝑖] (𝑡 [𝑖] [ 𝑗]) to denote the ( 𝑗-th attribute of the) 𝑖-th event in 𝑡, for 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑘].
The set of attribute values occurring in a trace 𝑡, also called the active domain of 𝑡, is defined
as adom(𝑡) = {𝛾 ∈ Γ : there ex. 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑘] s.t. 𝑡 [𝑖] [ 𝑗] = 𝛾}. ⌟

Example 8. Consider again 2-dimensional events with attributes task and priority, i. e.,
Aex := (task, priority) with dom(task) = {SUB, SCH, UPD, KIL, FAI, FIN} and dom(priority) =
{ 1, . . . , 10 }, where dom(priority) is ordered (by the natural order) and dom(task) is
unordered. The traces in Example 3 are traces over Aex, consisting of a finite number of
events instantiating the given schema. They are of length |𝑡1 | = |𝑡3 | = 5 and |𝑡2 | = 4. ⌟

For the remainder of this paper, we fix a dimension 𝑘 and an event schemaA = (𝐴1, . . . , 𝐴𝑘).
We require that |dom(𝐴𝑖) | ⩾ 2 for all 𝑖 ∈ [𝑘] — otherwise, we could omit the whole
attribute, since it would not contain any information.

3 Query Model

A query describes a sequence of events, that should occur in a trace, in form of a query
string. The occurrence of these events in a trace should thereby satisfy different kinds of
window constraints. Each position 𝑠[𝑖] [ 𝑗] in the query string may either carry a variable, a
single value from dom(𝐴 𝑗 ), an interval which is a finite subset of dom(𝐴 𝑗 ) (if dom(𝐴 𝑗 )
is totally ordered), or a set of values 𝜒 ⊆ 𝑓 𝑖𝑛 dom(𝐴 𝑗 ) (if dom(𝐴 𝑗 ) is not totally ordered).
The latter denotes the disjunction of the values in 𝜒 and is called a disjunctive clause. To
keep the definitions simple, we model single values via singleton sets or singleton intervals.
Thus, a query is formalised as follows.

Let V be an infinite set of variables with V ∩ Γ = ∅, let 𝑂 be the set of indices of the
ordered, and 𝑈 the set of indices of the unordered attributes of A. For all 𝑖 ∈ 𝑂, let I𝑖 be
the set of all closed intervals over dom(𝐴𝑖) and for all 𝑗 ∈ 𝑈, let D 𝑗 be the set of all finite
non-empty subsets over dom(𝐴 𝑗 ). Further, let I :=

⋃
𝑖∈𝑂 I𝑖 and D :=

⋃
𝑗∈𝑈 D 𝑗 .

Definition 9. A 𝑘-dswg⩽-query 𝑞 = (𝑠, 𝑤, 𝑐) (over A) is specified by

• a query string 𝑠 = 𝑠[1] . . . 𝑠[ℓ], where each 𝑠[𝑖] is a 𝑘-tuple and f.a. (𝑖, 𝑗) ∈ [ℓ]×[𝑘]

𝑠[𝑖] [ 𝑗] =

𝑥 ∈ V, or
[𝑝, 𝑞] ∈ I 𝑗 , if 𝑗 ∈ 𝑂, or
𝜒 ∈ D 𝑗 , if 𝑗 ∈ 𝑈;

• a global window size 𝑤 ∈ N⩾1 ∪ {∞ } with 𝑤 ⩾ ℓ; and
• a tuple 𝑐 = (𝑐1, 𝑐2, . . . , 𝑐ℓ−1) of local gap-size constraints (for ℓ and 𝑤), where

𝑐𝑖 = (𝑐−
𝑖
, 𝑐+

𝑖
) ∈ N × (N ∪ {∞}), such that 𝑐−

𝑖
⩽ 𝑐+

𝑖
for every 𝑖 ∈ [ℓ−1] and

ℓ +∑ℓ−1
𝑖=1 𝑐−

𝑖
⩽ 𝑤.

As for traces, the length of the query string equals the number of 𝑘-tuples it comprises. ⌟



Example 10. Consider the schema Aex from Example 8 and let

𝑠 := ⟨𝑥, [1, 2]⟩ ⟨{FAI, KIL}, [1, 1]⟩ ⟨𝑥, [9, 10]⟩ ⟨{FIN}, [1, 1]⟩,
𝑤 := 5, and 𝑐 := { (0, 0), (0, 0), (0, 1) }

be the query string, global window size and local gap-size constraints from Example 3. The
tuple 𝑞 := (𝑠, 𝑤, 𝑐) is an example of a 2-dswg⩽-query. Intuitively, it expresses the abnormal
execution of a job: a task is performed twice with increasing priority due to a kill or failure
events in between, before the job is finally finished. ⌟

For the sake of readability, we omit braces in query strings if it is one dimen-
sional, or if a disjunctive clause or an interval consists only of a unique element.
Further we may write disjunctive clauses in the usual way, rather than as sets.
For example, we may write the query string ⟨A, 𝑥1⟩ ⟨𝑥2, 4⟩ ⟨(A | C), [2, 7]⟩ instead of
⟨{A}, 𝑥1⟩ ⟨𝑥2, [4, 4]⟩ ⟨{A,C}, [2, 7]⟩. In particular, we can write the query string from
Example 10 as ⟨𝑥, [1, 2]⟩ ⟨(FAI|KIL), 1⟩ ⟨𝑥, [9, 10]⟩ ⟨FIN, 1⟩.

We define V(𝑞), D(𝑞), and I(𝑞) to be the set of all values, variables, disjunctions, and
intervals that occur in the query string 𝑠. Formally, we let

V(𝑞) := { 𝑥 ∈ V : there ex. (𝑖, 𝑗) ∈ [ℓ]×[𝑘] s.t. 𝑠[𝑖] [ 𝑗] = 𝑥 },
D(𝑞) := { 𝜒 ∈ D : there ex. (𝑖, 𝑗) ∈ [ℓ]×[𝑘] s.t. 𝑠[𝑖] [ 𝑗] = 𝜒 },
I(𝑞) := { [𝑝, 𝑞] ∈ I : there ex. (𝑖, 𝑗) ∈ [ℓ]×[𝑘] s.t. 𝑠[𝑖] [ 𝑗] = [𝑝, 𝑞] }.

It is reasonable to assume that each disjunctive clause in the query string is a proper
subset of its domain, since otherwise we could also use a wildcard instead of a disjunction.
Furthermore, note that setting all gap-size constraints of a dswg⩽-query 𝑞 to (0,∞)
corresponds to a query without gap-size constraints. We call 𝑞 an mdswg⩽-query if 𝑞 is a
𝑘-dswg⩽-query for an arbitrary dimension 𝑘 ∈ N⩾1.

3.1 Query Matching

Intuitively, a 𝑘-trace 𝑡 matches a 𝑘-dswg⩽-query 𝑞 = (𝑠, 𝑤, 𝑐) if

• each occurrence of a closed interval [𝑝, 𝑞] in 𝑠 can be mapped to a value 𝑣 ∈ [𝑝, 𝑞],
• each occurrence of a disjunctive clause 𝜒 in 𝑠 can be mapped to a single type 𝛾 ∈ 𝜒,

and

• the variables in 𝑠 can be replaced by values of the corresponding domain,

such that the resulting string 𝑠′ occurs as a subsequence in 𝑡, while satisfying the global
window size 𝑤 and the local gap-size constraints 𝑐. I.e., 𝑡 contains a factor 𝑡′ of length
at most 𝑤 such that 𝑠′ occurs as a subsequence in 𝑡′, and for each 𝑖 < ℓ := |𝑠 |, the gap
between 𝑠′ [𝑖] and 𝑠′ [𝑖+1] in 𝑡′ has length at least 𝑐−

𝑖
and at most 𝑐+

𝑖
. I.e., 𝑡′ is of the

form 𝑠′ [1] 𝑔1 𝑠
′ [2] 𝑔2 · · · 𝑔ℓ−1 𝑠

′ [ℓ] for some 𝑔1, . . . , 𝑔ℓ−1 ∈ Σ∗ and 𝑐−
𝑖
⩽ |𝑔𝑖 | ⩽ 𝑐+

𝑖
for all

𝑖 ∈ [ℓ−1]. We formalise this via substitutions as follows.



Definition 11. A substitution of size ℓ and 𝑘 in the context of 𝑘-dswg⩽-queries is a mapping
𝜇ℓ,𝑘 :

(
( [ℓ]×[𝑘]) × (V ∪ I ∪ D)

)
→

(
V ∪ I ∪ D

)
with

𝜇ℓ,𝑘 ((𝑖, 𝑗), 𝑧) :=


𝑓𝜇 (𝑧) if 𝑧 ∈ V,
[𝑝, 𝑞] if 𝑧 ∈ I and [𝑝, 𝑞] ⊆ 𝑧,

𝑧′ else, with ∅ ⊂ 𝑧′ ⊆ 𝑧,

where 𝑓𝜇 : V→
(
V ∪ I ∪ D

)
is a function. ⌟

Note that 𝑓𝜇 ensures that every occurrence of a variable 𝑧 ∈ V is mapped to the same value
from

(
V ∪ I ∪D

)
. In contrast, any two occurrences of a set 𝜒 ∈ D or interval [𝑝, 𝑞] ∈ I can

be mapped to different subsets of 𝜒 or subintervals of [𝑝, 𝑞], respectively.

A substitution 𝜇ℓ,𝑘 is called final, if for all 𝑖, 𝑗 ∈ [ℓ]×[𝑘] and all 𝑧 ∈
(
V∪ I∪D

)
it holds that

𝜇ℓ,𝑘 ((𝑖, 𝑗), 𝑧) is a singleton set or a singleton interval. A final substitution can be thought
of as “resolving sets and intervals”, it will allow us to give a succinct definition of query
matching, and it will also be useful in proofs later.

For a string 𝑠 ∈
(
(V ∪ I ∪ D)𝑘

)+ and a substitution 𝜇ℓ,𝑘 we let

𝜇ℓ,𝑘 (𝑠) =
〈
𝜇ℓ,𝑘 ((1, 1), 𝑠[1] [1]), . . . , 𝜇ℓ,𝑘 ((1, 𝑘), 𝑠[1] [𝑘])

〉
. . .〈

𝜇ℓ,𝑘 ((ℓ, 1), 𝑠[ℓ] [1]), . . . , 𝜇ℓ,𝑘 ((ℓ, 𝑘), 𝑠[ℓ] [𝑘])
〉
.

Note that if we apply a substitution 𝜇ℓ,𝑘 to a string, we assume that the entire length of the
string (including attributes) is ℓ · 𝑘 . Hence, we can omit the indices ℓ and 𝑘 . Furthermore,
we may omit the parameter (𝑖, 𝑗) if the position is given by the context, or if the second
parameter is a variable, since variables are always mapped to the same value, i. e., since
𝜇((𝑖, 𝑗), 𝑥) = 𝜇((𝑖′, 𝑗 ′), 𝑥) for all 𝑖, 𝑖′ ∈ [ℓ] and 𝑗 , 𝑗 ′ ∈ [𝑘] holds for all 𝑥 ∈ V.

An embedding 𝜉 : [ℓ] → [𝑛] is said to satisfy a global window size 𝑤, if 𝜉 (ℓ) −𝜉 (1) +1 ⩽ 𝑤.
We say 𝜉 satisfies a tuple 𝑐 = (𝑐1, 𝑐2, . . . , 𝑐ℓ−1) of local gap-size constraints (for ℓ and 𝑤)
if 𝑐−

𝑖
⩽ 𝜉 (𝑖+1) − 1 − 𝜉 (𝑖) ⩽ 𝑐+

𝑖
for all 𝑖 < ℓ.

We are now ready to give a precise definition of when a query matches in a trace.

Definition 12. A 𝑘-dswg⩽-query 𝑞 = (𝑠, 𝑤, 𝑐) matches in a 𝑘-trace 𝑡 (or simply 𝑡 matches
𝑞), if and only if there is a final substitution 𝜇 and an embedding 𝜉 : [ℓ] → [|𝑡 |] that satisfies
𝑤 and 𝑐, such that for all 𝑖, 𝑗 ∈ [ℓ]×[𝑘] it holds that 𝑡 [𝜉 (𝑖)] [ 𝑗] ∈ 𝑠[𝑖] [ 𝑗]. Note that since 𝜇

is final, this is equivalent to 𝑠[𝑖] [ 𝑗] =
[
𝑡 [𝜉 (𝑖)] [ 𝑗], 𝑡 [𝜉 (𝑖)] [ 𝑗]

]
or 𝑠[𝑖] [ 𝑗] =

{
𝑡 [𝜉 (𝑖)] [ 𝑗]

}
,

depending on whether 𝐴 𝑗 is ordered or not. We call (𝜇, 𝜉) a witness for 𝑡 |= 𝑞. ⌟



Example 13. Consider the schema Aex from Example 8 and the 2-dswg⩽-query 𝑞 from
Example 10. We observe that the traces 𝑡1, 𝑡2, and 𝑡3 match 𝑞. For example, for 𝑡1 |= 𝑞, a
witness can be illustrated as follows:

𝑠 = ⟨𝑥, [1, 2]⟩ ⟨(FAI|KIL), 1⟩ ⟨𝑥, [9, 10]⟩ ⟨FIN, 1⟩
𝑡1 = ⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩

However, if we consider the trace 𝑡4 := ⟨FAI, 5⟩ ⟨KIL, 1⟩ ⟨SUB, 1⟩ ⟨SCH, 1⟩ ⟨FAI, 1⟩ it turns out
that 𝑡4 ̸ |= 𝑞, since no substitution 𝜇 can be found such that 𝜇(𝑠) can be embedded into 𝑡4, let
alone that a corresponding embedding would satisfy 𝑤 and 𝑐. ⌟

A 𝑘-dswg⩽-query 𝑞 = (𝑠, 𝑤, 𝑐) is also called a (𝑘, ℓ, 𝑤, 𝑐)-dswg⩽-query for ℓ = |𝑠 |. If the
maximal size of a disjunction occurring in a (𝑘, ℓ, 𝑤, 𝑐)-dswg⩽-query 𝑞 is bounded by a
number 𝑑 ⩾ 1, we call 𝑞 a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-query. We will refer to (𝑘, ℓ, 𝑤, 𝑐, 𝑑) as
query parameters. For arbitrary dimension 𝑘 ∈ N⩾1 we simply call a 𝑘-dswg⩽-query 𝑞 a
mdswg⩽-query.

3.2 Query Containment

This section is devoted to a characterisation of containment and equivalence of (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-
dswg⩽-queries via suitable notions of homomorphisms and isomorphisms. For this section,
let us fix a query length ℓ, a window size 𝑤 ∈ N ∪ {∞ }, a tuple 𝑐 of local gap-size
constraints for ℓ and 𝑤, and a maximum 𝑑 for the size of disjunctions.

The model set of a 𝑘-dswg⩽-query 𝑞 is defined as

Mod (𝑞) :=
{
𝑡 ∈

(
dom(𝐴1) × · · · × dom(𝐴𝑘)

)+ : 𝑡 |= 𝑞
}
.

We say that 𝑞 is contained in 𝑞′ if Mod (𝑞) ⊆ Mod (𝑞′), and we say that 𝑞 and 𝑞′ are
equivalent if Mod (𝑞) = Mod (𝑞′).

Definition 14. Let 𝑞 and 𝑞′ be (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-queries. A homomorphism from 𝑞′ to
𝑞 is a substitution ℎ such that ℎ(𝑠′) = 𝑠 and the following property holds:

• For every 𝑧 ∈ V that occurs at least twice in the query string 𝑠′ of 𝑞′ that is not
mapped to a variable, we have that ℎ(𝑧) is a singleton set or a singleton interval.

We write 𝑞′
hom−→ 𝑞 to express that there exists a homomorphism from 𝑞′ to 𝑞. ⌟

Example 15. As a justification of this property, consider the simple 2-dswg⩽-queries
𝑞1 := (𝑠1, 𝑤, 𝑐), 𝑞2 := (𝑠2, 𝑤, 𝑐) over the schema Aex from Example 8 with suitable
window size 𝑤 and local gap-size constraints 𝑐 and the query strings 𝑠1 = ⟨𝑥, 1⟩ ⟨𝑥, 1⟩
and 𝑠2 = ⟨(SCH | KIL), 1⟩ ⟨(SCH | KIL), 1⟩. If we did not impose the above requirement, a
substitution mapping 𝑥 to (SCH | KIL) would be a homomorphism. However, this clearly
does not preserve the “structure” of 𝑞1, since the trace ⟨SCH, 1⟩ ⟨KIL, 1⟩ matches 𝑞2, but not
𝑞1. ⌟



The following theorem characterises containment via homomorphisms.

Theorem 16. For any (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-queries 𝑞 and 𝑞′ it holds that

Mod (𝑞) ⊆ Mod (𝑞′) ⇐⇒ 𝑞′
hom−→ 𝑞.

Proof. For the backward direction “⇐” we have to show the following claim. Since the
proof is lengthy but rather straightforward, we defer it Appendix A.

Claim. Let 𝑞′ hom−→ 𝑞 and let 𝑡 be a trace with 𝑡 |= 𝑞. Then 𝑡 |= 𝑞′.

We show the forward direction “⇒” via the following claim.

Claim. Let Mod (𝑞) ⊆ Mod (𝑞′). Then any substitution ℎ :
(
( [ℓ]×[𝑘]) × (V ∪ I ∪ D)

)
→

(V ∪ I ∪ D) with ℎ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗]) = 𝑠[𝑖] [ 𝑗] for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘] is a homomorphism
from 𝑞′ to 𝑞.

Proof of Claim. For every final substitution 𝜇 :
(
( [ℓ]×[𝑘]) × (V ∪ I ∪ D)

)
→ (V ∪

I ∪ D) let 𝛾𝜇,𝑖, 𝑗 be the symbol such that 𝜇((𝑖, 𝑗), 𝑠[𝑖] [ 𝑗]) = {𝛾𝜇,𝑖, 𝑗 } or [𝛾𝜇,𝑖, 𝑗 , 𝛾𝜇,𝑖, 𝑗 ],
respectively. Further, for each 𝑖 ∈ [ℓ] let 𝑒𝜇,𝑖 := ⟨𝛾𝜇,𝑖,1, 𝛾𝜇,𝑖,2, . . . , 𝛾𝜇,𝑖,𝑘⟩ and let 𝑔𝑖
be a sequence of 𝑐−

𝑖
copies of a fixed symbol 𝛾 ∈ Γ for every 𝑖 ∈ [ℓ − 1]. Finally, let

𝑡𝜇 := 𝑒𝜇,1𝑔1𝑒𝜇,2𝑔2 . . . 𝑔ℓ−1𝑒𝜇,ℓ .

Clearly, for every such substitution 𝜇 it holds that 𝑡𝜇 |= 𝑞 as witnessed by (𝜇, 𝜉) with
𝜉 (𝑖) = 𝑖 + ∑ 𝑗<𝑖 𝑐

−
𝑗

for all 𝑖 ∈ [ℓ]. Since Mod (𝑞) ⊆ Mod (𝑞′) it holds that 𝑡𝜇 |= 𝑞′ and
by the choice of the gaps 𝑔𝑖 , every witness (𝜇′, 𝜉′) must satisfy 𝜉′ (𝑖) = 𝑖 +∑ 𝑗<𝑖 𝑐

−
𝑖
, i. e.,

𝜇′ (𝑠′ [𝑖]) = 𝜇(𝑠[𝑖]) for all 𝑖 ∈ [ℓ].

We have to show that ℎ defined by ℎ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗]) := 𝑠[𝑖] [ 𝑗] is a homomorphism from
𝑞′ to 𝑞. Let 𝑖 ∈ [ℓ] and 𝑗 ∈ [𝑘]. We distinguish the following cases.

Case 1: 𝑠′ [𝑖] [ 𝑗] is of the form [𝑝, 𝑞] ∈ I 𝑗 . Assuming that 𝑠[𝑖] [ 𝑗] is not a subinterval
of [𝑝, 𝑞], there must be a final substitution 𝜇 with 𝜇((𝑖, 𝑗), 𝑠[𝑖] [ 𝑗]) = [𝛾, 𝛾] for some
𝛾 ∉ [𝑝, 𝑞] such that 𝑡𝜇 |= 𝑞. However, since 𝛾 ∉ [𝑝, 𝑞], 𝑡𝜇 ̸ |= 𝑞′. This is contradictory,
hence ℎ maps 𝑠′ [𝑖] [ 𝑗] to a subinterval of [𝑝, 𝑞].

Case 2: 𝑠′ [𝑖] [ 𝑗] is of the form 𝜒 ∈ D 𝑗 . Assuming that 𝑠[𝑖] [ 𝑗] is not a subset of 𝜒, there
must be a final substitution 𝜇 with 𝜇((𝑖, 𝑗), 𝑠[𝑖] [ 𝑗]) = {𝛾} for some 𝛾 ∉ 𝜒 such that 𝑡𝜇 |= 𝑞.
However, since 𝛾 ∉ 𝜒, 𝑡𝜇 ̸ |= 𝑞′. This is contradictory, hence ℎ maps 𝑠′ [𝑖] [ 𝑗] to a subset of
𝜒.

Case 3: 𝑠′ [𝑖] [ 𝑗] is of the form 𝑥 ∈ V. Since ℎ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗]) = 𝑠[𝑖] [ 𝑗], 𝑥 is either mapped
to a variable, an interval or a subset of dom(𝐴 𝑗 ). If there is no other pair (𝚤, 𝚥) ≠ (𝑖, 𝑗)
such that 𝑠′ [𝚤] [ 𝚥] = 𝑥, then we are done with this case. Otherwise, if ℎ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗]) =:
𝑦 ≠ 𝑧 := ℎ((𝚤, 𝚥), 𝑠′ [𝚤] [ 𝚥]), then a final substitution 𝜇 with 𝜇((𝑖, 𝑗), 𝑦) ≠ 𝜇((𝚤, 𝚥), 𝑧) would



yield a trace 𝑡𝜇 where 𝑡𝜇 |= 𝑞 but 𝑡𝜇 ̸ |= 𝑞′, which would contradict ModΓ (𝑞) ⊆ ModΓ (𝑞′).
Thus, ℎ(𝑠′ [𝑖] [ 𝑗]) = ℎ(𝑠′ [𝚤] [ 𝚥]) must hold.
If they map to a variable, we are done. If they map to a set 𝜒, then we must show that
𝜒 is singleton. Assuming that this were not the case, consider a final substitution 𝜇 with
𝜇((𝑖, 𝑗), 𝜒) = {𝛾} and 𝜇((𝚤, 𝚥), 𝜒) = {𝛾′} for 𝛾 ≠ 𝛾′ ∈ 𝜒. Again, this would lead us to
𝑡𝜇 |= 𝑞, but 𝑡𝜇 ̸ |= 𝑞′, which is a contradiction. Hence, 𝜒 is singleton. If they map to an
interval, the same argument can be used to show that it must be singleton as well.

3.3 Query Equivalence and Isomorphisms

To conclude Section 3, let us discuss the characterisation of equivalence for two queries via
isomorphisms. We defer the proofs to Appendix A.

Definition 17. Two (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-queries 𝑞 and 𝑞′ are called isomorphic (denoted
by 𝑞 � 𝑞′), if there is a bijection 𝜋 : (V(𝑞) ∪ I∪D) → (V(𝑞′) ∪ I∪D), such that 𝜋 | (I∪D)= id
and 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘]. ⌟

Definition 18. Let 𝑞 and 𝑞′ be two (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-queries and 𝐼 ⊆ [ℓ]×[𝑘]. We say
that 𝑞 is partially isomorphic to 𝑞′ w.r.t 𝐼 (denoted by 𝑞 ∼𝐼 𝑞′) if, and only if,

1. for all (𝑖, 𝑗), (𝑖′, 𝑗 ′) ∈ 𝐼 we have 𝑠[𝑖] [ 𝑗] = 𝑠[𝑖′] [ 𝑗 ′] ⇐⇒ 𝑠′ [𝑖] [ 𝑗] = 𝑠′ [𝑖′] [ 𝑗 ′], and

2. for all (𝑖, 𝑗) ∈ 𝐼 we have:
𝑠[𝑖] [ 𝑗] ∈ (I∪D) iff

(
𝑠′ [𝑖] [ 𝑗] ∈ (I∪D) and 𝑠[𝑖] [ 𝑗] ∈ (I∪D) ⇒ 𝑠[𝑖] [ 𝑗] = 𝑠′ [𝑖] [ 𝑗]

)
. ⌟

Lemma 19. For any (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-queries 𝑞 and 𝑞′ it holds that
𝑞 � 𝑞′ ⇐⇒ 𝑞

hom−→ 𝑞′ and 𝑞′
hom−→ 𝑞 ⇐⇒ Mod (𝑞) = Mod (𝑞′).

Lemma 20. For all (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-queries 𝑞, 𝑞′ we have 𝑞 ∼[ℓ ]×[𝑘 ] 𝑞′ ⇐⇒ 𝑞 � 𝑞′.

4 Query Discovery

Next, we turn to the question of how meaningful mdswg⩽-queries can be discovered from
a given set of traces. For mswg-queries and dswg-queries, this question was answered
algorithmically in [13] and [8], respectively.

A 𝑘-dimensional sample overA is a finite, non-empty set S of 𝑘-traces overA. We denote
the set of all values occurring in S by adom(S), i. e., adom(S) = ⋃

𝑡∈S adom(𝑡) ⊆ Γ. Let
𝑗 ∈ [𝑘] be an attribute index. Then we denote the set of all values that occur in some event
of a trace 𝑡 ∈ S at position 𝑗 by adom 𝑗 (S). For the rest of this section, we restrict the
domains of A to S, i. e., we assume that dom(𝐴 𝑗 ) = adom 𝑗 (S) for all 𝑗 ∈ [𝑘]. This will
be convenient for the proofs.

The support supp(𝑞,S) of a query 𝑞 in S is defined as the ratio of traces in the sample that
match 𝑞 to the number of traces in S, i. e., supp(𝑞,S) := | { 𝑡∈S : 𝑡 |=𝑞 } |

|S | . A support threshold



is a rational number sp with 0 < sp ⩽ 1. A query 𝑞 is said to cover a sample S with support
sp if supp(𝑞,S) ⩾ sp.

Before turning to the definition of meaningful mdswg⩽-queries w.r.t. to a given 𝑘-
dimensional sample S and support threshold sp, let us explain this notion on an intuitive
level for sp = 1.0. A meaningful 𝑘-dswg⩽-query 𝑞 for this scenario should be matched
by all traces in the sample, i. e. S ⊆ Mod (𝑞). Furthermore, it should be one of the best
descriptors for S in the sense that there is no other query 𝑞′ that can be “wrapped around” S
more tightly, i. e., in the sense that S ⊆ Mod (𝑞′) ⊊ Mod (𝑞). Note that meaningful queries
shall be defined via query containment. Since the latter requires to fix the query parameters
(𝑘, ℓ, 𝑤, 𝑐, 𝑑), they also have to be fixed in the following definition.

Definition 21. Let S be a 𝑘-dimensional sample over A. Let sp be a support threshold
and 𝑑 ∈ N⩾1. A (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞 (over A) is called descriptive for S w.r.t. A, sp, and
(𝑘, ℓ, 𝑤, 𝑐, 𝑑) if supp(𝑞,S) ⩾ sp, and there is no other (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞′ (over A)
with supp(𝑞′,S) ⩾ sp and Mod (𝑞′) ⊊ Mod (𝑞). ⌟

Note that 𝑑 should be bounded by max 𝑗∈[𝑘 ] ( |adom 𝑗 (S)|) − 1 since otherwise we could
use a wildcard instead. When considering intervals and disjunctions together, note that a
disjunction is as or even more restrictive than an interval, since every interval can also be
seen as the disjunction of the values it contains, while this does not hold the other way
round. As an example, consider a schema A = (𝐴1) with dom(𝐴1) = N⩾1. Then a query
𝑞 = (𝑠, 𝑤, 𝑐) over A with 𝑠 = (𝑖 | 𝑗) for 𝑖, 𝑗 ∈ N⩾1 is strictly more restrictive than or as
restrictive as a query 𝑞′ = (𝑠, 𝑤, 𝑐) over A with 𝑠 = [𝑖, 𝑗], if 𝑖 + 1 < 𝑗 or 𝑖 ⩽ 𝑗 ⩽ 𝑖 + 1,
respectively. Therefore, defining descriptive queries w.r.t. to a fixed event schema (among
others) and thereby disallowing disjunctions and intervals on the same attribute is vital when
turning towards discovery of descriptive queries that allow for intervals and disjunctions at
the same time.

Example 22. Consider the schema Aex from Example 8, the sample from Example 22

S :=
{
⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩
⟨UPD, 2⟩ ⟨FAI, 1⟩ ⟨UPD, 10⟩ ⟨FIN, 1⟩
⟨SUB, 1⟩ ⟨KIL, 1⟩ ⟨SUB, 9⟩ ⟨SCH, 8⟩ ⟨FIN, 1⟩

}
,

and let 𝑥, 𝑥1, 𝑥2 ∈ V. Furthermore, we consider the query parameters 𝑘 = 2, ℓ = 4, 𝑤 = 5,
𝑐 = ((0, 0), (0, 0), (0, 1)), and 𝑑 = 2, and the support threshold sp = 1.0.

A query of form (⟨𝑥, [1, 2]⟩ ⟨(FAI|KIL), 1⟩ ⟨𝑥, [9, 10]⟩ ⟨FIN, 1⟩, 𝑤, 𝑐) (as in Example 10) is
descriptive for S w.r.t. Aex, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑). To see that this is indeed the case, first
note that supp(𝑞,S) ⩾ sp, since all traces in S match 𝑞, as discussed in Example 13.
Furthermore, the only further refinements of 𝑞 would be the replacement of

• 𝑥 by a disjunction 𝜒 over dom(𝐴1) of size 2,

• [1, 2] by an interval 𝐼 ⊂ [1, 2],



• (FAI|KIL) by either FAI or KIL, or

• [9, 10] by an interval 𝐼 ⊂ [9, 10],

but the resulting query 𝑞′ would not satisfy the support threshold any more. Hence, 𝑞 is
descriptive for S w.r.t. Aex, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑).

The most general query for the given query parameters is

𝑞mg = (⟨𝑥1,1, 𝑥1,2⟩⟨𝑥2,1, 𝑥2,2⟩⟨𝑥3,1, 𝑥3,2⟩, 𝑤, 𝑐).

Note that neither 𝑞mg nor the query

𝑞′′ := (⟨𝑥1, [1, 2]⟩ ⟨(FAI|KIL), 1⟩ ⟨𝑥2, [9, 10]⟩ ⟨FIN, 1⟩, 𝑤, 𝑐)

are descriptive for S w.r.t. Aex, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑), as Mod (𝑞) ⊊ Mod (𝑞mg) and
Mod (𝑞) ⊊ Mod (𝑞′′). ⌟

Remark 23. Recall that we assume that |dom(𝐴 𝑗 ) | ⩾ 2 for all 𝑗 ∈ [𝑘]. Hence, by
Theorem 16 and Lemma 19 we know that an mdswg⩽-query 𝑞 is descriptive for S w.r.t. A,
sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑) if, and only if, 𝑞 is a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query over A, supp(𝑞,S) ⩾ sp,
and there is no (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞′ over A with 𝑞 ̸� 𝑞′ such that supp(𝑞′,S) ⩾ sp and
𝑞

hom−→ 𝑞′.

Let 𝐴 𝑗 ∈ A with 𝑗 ∈ 𝑈 be an attribute. Recall that we assumed dom(𝐴 𝑗 ) = adom 𝑗 (S).
We write D 𝑗 (or D 𝑗 (adom(S))) to denote all finite non-empty subsets over dom(𝐴 𝑗 ) (or
adom 𝑗 (S), respectively). A disjunction 𝜒 ∈ D 𝑗 (adom(S)) (or an interval 𝐼 ∈ I) satisfies
sp w.r.t. to S and 𝐴 𝑗 , if the fraction of traces in S containing some 𝛾 ∈ 𝜒 (or 𝛾 ∈ 𝐼,
respectively) at attribute 𝐴 𝑗 is greater than or equal to sp. The set of all disjunctions that
satisfy sp w.r.t. to S and 𝐴 𝑗 is

Δ𝐴 𝑗
(S, sp) := { 𝜒 ∈ D 𝑗 (adom(S)) :

{ 𝑡 ∈ S : ex. 𝑖 ∈ [|𝑡 |] s.t. 𝑡 [𝑖] [ 𝑗] ∈ 𝜒 }
|S| ⩾ sp }.

We omit S and sp, if they are clear from the context. Furthermore, we write Δ to denote
the set of all disjunctions over all attribute indices that satisfy sp, i. e. Δ =

⋃
𝑗∈𝑈,𝑖∈N⩾1 Δ

𝑖
𝐴 𝑗

.
For 𝑑 ∈ N⩾1 we write Δ𝑑

𝐴 𝑗
to denote the subset of Δ which contains only disjunctions

of size precisely 𝑑 over 𝐴 𝑗 . For a descriptive (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞 it holds that D(𝑞) ⊆
Δ1 ¤∪ . . . ¤∪Δ𝑑 . This coincides with the notion of non-disjunctive mswg-queries presented
in [12, 13] since Δ = Δ1 = { {𝛾} ∈ D : | { 𝑡∈S : 𝛾∈adom(𝑡 ) } |

|S | ⩾ sp }, can be used to discover
non-disjunctive mswg-queries.

Given a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞 = (𝑠, 𝑤, 𝑐), a variable 𝑥 ∈ V(𝑞) and a symbol 𝑧 ∈ (V∪ I∪D)
we write 𝑠⟨𝑥 ↦→ 𝑧⟩ to denote the query string which is obtained from 𝑠 by replacing every
occurrence of 𝑥 in 𝑠 by 𝑧. Next, we present the algorithmical idea for query discovery.



Compute Descriptive Query Problem (CompDescQuery): On input of a 𝑘-dimensional
sampleS overA, a support threshold sp, a string length ℓ ∈ N⩾1, a global window size𝑤 ⩾ ℓ,
a tuple 𝑐 of gap-size constraints, and 𝑑 ∈ N⩾1, the task is to compute a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query
𝑞 that is descriptive for S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑).

Pseudocode of an algorithm solving CompDescQuery is provided in Algorithm 1. Given a
𝑘-dimensional sample S overA, a support threshold sp and query parameters (𝑘, ℓ, 𝑤, 𝑐, 𝑑)
as input, the algorithm first builds the most general query 𝑞 = 𝑞mg for (𝑘, ℓ, 𝑤, 𝑐, 𝑑), in the
sense that Mod (𝑞′) ⊆ Mod (𝑞mg) for each (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞′. Its query string consists
of 𝑘 · ℓ distinct variables, i. e. 𝑠mg = ⟨𝑥1,1, . . . , 𝑥1,𝑘⟩ · · · ⟨𝑥ℓ,1, . . . , 𝑥ℓ,𝑘⟩.

If supp(𝑞,S) < sp the algorithm stops and returns ⊥ (Line 2 of Algorithm 1), because no
other query 𝑞′ with Mod (𝑞′) ⊆ Mod (𝑞mg) can describe S with sufficient support.

Otherwise, the algorithm searches for an admissible replacement operation for each variable
𝑥𝑚,𝑛 ∈ 𝑉u := V(𝑠) = {𝑥1,1, . . . , 𝑥ℓ,𝑘} during the main loop of Algorithm 1 (Line 6). A
replacement operation replaces 𝑥𝑚,𝑛 by

Algorithm 1: CompDescQuery(S, sp, (𝑘, ℓ, 𝑤, 𝑐, 𝑑))
Input :sample S; support threshold sp with 0 < sp ⩽ 1; (𝑘, ℓ, 𝑤, 𝑐, 𝑑)
Returns :descriptive query 𝑞 for S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑) or error message ⊥

1 𝑠 := 𝑠mg; 𝑞 := (𝑠mg, 𝑤, 𝑐) // query string and query
2 if supp(𝑞,S) < sp then stop and return ⊥
3 Δ :=

⋃
𝑛∈𝑈 Δ1

𝐴𝑛
¤∪ . . . ¤∪⋃𝑛∈𝑈 Δ𝑑

𝐴𝑛
// disjunctions to be considered

4 ∇ := {𝑛→ 𝑠𝑜𝑟𝑡 (adom𝑛 (S)) | 𝑛 ∈ 𝑂} // indices to values to be considered
5 𝑉u := V(𝑞); 𝑉a := ∅ // unvisited and available variables
6 while 𝑉u ≠ ∅ do
7 select an arbitrary 𝑥𝑚,𝑛 ∈ 𝑉u and let 𝑉u := 𝑉u \ { 𝑥𝑚,𝑛 }
8 replace := False
9 if 𝑛 ∈ 𝑈 then // dom(𝐴𝑛 ) is unordered

10 Δ1
𝑛 := Δ1

𝑛 ∪𝑉a

11 for 𝑖 = 1 to min(𝑑, |adom𝑛 (S)| − 1) do
12 Ω := Δ𝑖

𝑛
13 𝑞, replace := CheckRepl(S, sp, 𝑞, 𝑥𝑚,𝑛,Ω, replace) // try DisjOrVarRepl
14 if replace is True then break
15 else // dom(𝐴𝑛 ) is ordered
16 Ω := 𝑉a

17 𝑞, replace := CheckRepl(S, sp, 𝑞, 𝑥𝑚,𝑛,Ω, replace) // try VarRepl
18 if replace is False then
19 𝜚 := ∇(𝑛)
20 𝑞, replace := CheckInterRepl(S, sp, 𝑞, 𝑥𝑚,𝑛, 𝜚, replace) // try InterRepl
21 if replace is False then
22 𝑉a := 𝑉a ∪ { 𝑥𝑚,𝑛 } // NoChangeOp
23 stop and return 𝑞 := (𝑠, 𝑤, 𝑐)



• an “available” variable 𝑥 ∈ 𝑉a, called VarOp, (Line 17 or during the first iteration of
the for-loop in Line 13 of Algorithm 1),

• a disjunction 𝑦 ∈ Δ𝑖
𝑛 for 𝑖 ⩾ 1, called DisjOp, (Line 13 calls Function 2), or

• an interval 𝐼 ⊂ dom(𝐴𝑛), called InterOp, (Line 20 calls Function 3).

A variable is called available if it has been considered before during the run of the algorithm
and has not been replaced. Note that both, intervals and disjunctions, may be singletons.
Particularly, in the case of an unordered domain, singletons are checked first for replacement
operations.

The replacement operation is stored in 𝑞 and called admissible if the resulting query satisfies
the support threshold (Line 4 of Function 2, and Lines 6, 8, and 10 of Function 3). Note that
in case of a replacement by an interval 𝐼 this interval is minimal in the sense that no interval

Function 2: CheckRepl(S, sp, 𝑞, 𝑥𝑚,𝑛,Ω, replace)
Input :sample S; support threshold sp; query 𝑞; variable 𝑥𝑚,𝑛; available symbols Ω; flag

replace
Returns :query 𝑞; flag replace

1 while Ω ≠ ∅ do
2 select an arbitrary 𝑦 ∈ Ω and let Ω := Ω \ { 𝑦 }
3 𝑞′ := (𝑠⟨𝑥𝑚,𝑛 ↦→ 𝑦⟩, 𝑤, 𝑐)
4 if supp(𝑞′,S) ⩾ sp then
5 𝑠 := 𝑠⟨𝑥𝑚,𝑛 ↦→ 𝑦⟩; replace := True // ReplaceOp
6 return 𝑞; replace
7 return 𝑞; replace

Function 3: CheckInterRepl(S, sp, 𝑞, 𝑥𝑚,𝑛, 𝜚, replace)
Input : sample S; support threshold sp; query 𝑞; variable 𝑥𝑚,𝑛; values 𝜚 ⊆ dom(𝐴𝑛)

occurring in S; flag replace
Returns :query 𝑞; flag replace

1 𝑝𝑜𝑠 = [1, . . . , |𝜚 |] // list of positions over values in 𝜚

2 low := 1; up := |𝜚 | // pointer to current interval bounds
3 lowb := up + 1; upb := low − 1 // restrictions for interval bound pointer
4 while lowb − low > 1 or up − upb > 1 do
5 nlow := low + ⌈ |low−lowb |2 ⌉; nup := up − ⌊ |up−upb |2 ⌋
6 if supp((𝑠⟨𝑥𝑚,𝑛 ↦→ [𝜚[nlow], 𝜚[nup]]⟩, 𝑤, 𝑐),S) ⩾ sp then
7 low := nlow; up := nup
8 else if supp((𝑠⟨𝑥𝑚,𝑛 ↦→ [𝜚[nlow], 𝜚[up]]⟩, 𝑤, 𝑐),S) ⩾ sp then
9 low := nlow; upb := nup

10 else if supp((𝑠⟨𝑥𝑚,𝑛 ↦→ [𝜚[low], 𝜚[nup]]⟩, 𝑤, 𝑐),S) ⩾ sp then
11 lowb := nlow; up := nup
12 else lowb := nlow; upb := nup
13 if low == min(𝜚) and up == max(𝜚) then return 𝑞; False
14 else return (𝑠⟨𝑥𝑚,𝑛 ↦→ [𝜚[low], 𝜚[up]]⟩, 𝑤, 𝑐); True // ReplaceOp



𝐼 ′ ⊂ 𝐼 at the current position in the query string would lead to a query 𝑞′ that also satisfies
the support threshold sp (see Function 3).

In case that no admissible replacement operation was found, the query string remains
unchanged, and 𝑥𝑚,𝑛 gets available (Line 22 of Algorithm 1). We call this operation
NoChangeOp. After each variable in V(𝑠mg) has been considered, the algorithm terminates
and returns the current query as output (Line 23 of Algorithm 1).

Next we depict an exemplaric run of Algorithm 1. We refer to [7] for a brief discussion, why
Δ is passed through incrementally in Line 11. Intuitively speaking, replacing a variable 𝑥 in
a query string by some disjunction 𝜒 may lead to a non-descriptive query if there exists a
disjunction 𝜒′ ⊂ 𝜒 that would also be an admissible replacement of 𝑥. This can be averted
by passing through Δ incrementally.

Example 24. We take up Example 13 and considerAex = (task, priority) with dom(task) =
{SUB, SCH, UPD, KIL, FAI, FIN} and dom(priority) = {1, . . . , 10}, whereby dom(priority) is
ordered and 1 and 10 are the minimal and maximal elements in dom(priority) w.r.t. the
order. Furthermore, we consider the sample

S :=
{
⟨SCH, 1⟩ ⟨FAI, 1⟩ ⟨SCH, 9⟩ ⟨UPD, 9⟩ ⟨FIN, 1⟩
⟨UPD, 2⟩ ⟨FAI, 1⟩ ⟨UPD, 10⟩ ⟨FIN, 1⟩
⟨SUB, 1⟩ ⟨KIL, 1⟩ ⟨SUB, 9⟩ ⟨SCH, 8⟩ ⟨FIN, 1⟩

}
,

the query parameters 𝑘 = 2, ℓ = 4, 𝑤 = 5, 𝑐 = ((0, 0), (0, 0), (0, 1)), and 𝑑 = 2, and the
support threshold sp = 1.0. On input of (S, sp, (𝑘, ℓ, 𝑤, 𝑐, 𝑑)) the algorithm first generates

𝑞 = (⟨𝑥1,1, 𝑥1,2⟩⟨𝑥2,1, 𝑥2,2⟩⟨𝑥3,1, 𝑥3,2⟩⟨𝑥4,1, 𝑥4,2⟩, 𝑤, 𝑐).

Since 𝑞 satisfies the support threshold the algorithm proceeds by computing Δ =

{{FIN}} ¤∪{{SUB, UPD}, {SUB, FAI}, {SCH, UPD}, {SCH, FAI}, {UPD, KIL}, {KIL, FAI}}.

Next, the algorithm computes a mapping ∇ which associates each attribute index 𝑛 ∈ [𝑘]
(for 𝑛 ∈ 𝑂) with a sorted array of all values that occur within the given sample S in some
event at attribute 𝐴𝑛. For this example, ∇ maps priority to [1, 2, 8, 9, 10].

Assume the algorithm selects 𝑥2,1 during the first iteration of the main loop. Since 𝐴1 = task
and 1 ∈ 𝑈, Algorithm 1 searches for a replacement by a disjunction (Lines 10–13). It
turns out that Δ1

task = {{FIN}} does not contain a disjunction for an admissible replacement
of 𝑥2,1. Hence, the algorithm continues by checking disjunctions of size 𝑖 = 2. The only
admissible replacement is 𝑠⟨𝑥2,1 ↦→ (FAI|KIL)⟩ for {FAI, KIL} ∈ Ω = Δ2

task, i. e. Function 2
returns 𝑞 = (𝑠⟨𝑥2,1 ↦→ (FAI|KIL)⟩, 𝑤, 𝑐) and True while 𝑉a remains empty.

Let us assume that during the second and third transition through the main loop the algorithm
selects the unvisited variables 𝑥2,2 and 𝑥4,2. Since 𝐴2 = priority, 2 ∈ 𝑂, and 𝑉a = ∅, the
algorithm calls Function 3 with 𝜚 = ∇(priority) = [1, 2, 8, 9, 10] in Line 20. For 𝑥2,2 the
function starts with the parameters low = 1, up = 5, lowb = 6, and upb = 0. During the first



iteration of the while-loop (Line 4), the new computed pointer to the lower and upper bounds
are nlow = 4 and nup = 3. The checks in Lines 6 and 8, i. e. with 𝑠⟨𝑥2,2 ↦→ [𝜚[4], 𝜚[3]]⟩
and 𝑠⟨𝑥2,2 ↦→ [𝜚[4], 𝜚[5]]⟩ = 𝑠⟨𝑥2,2 ↦→ [9, 10]⟩ are not successful, while the query
with 𝑠⟨𝑥2,2 ↦→ [𝜚[1], 𝜚[3]]⟩ = 𝑠⟨𝑥2,2 ↦→ [1, 8]⟩ satisfies the support threshold (Line 10).
Hence, lowb is set to nlow = 4 and up is set to nup = 3. During the next iteration of
the while-loop, the checks in Lines 6 and 8 for nlow = 3 and nup = 2 fail again, while
𝑠⟨𝑥2,2 ↦→ [𝜚[1], 𝜚[2]]⟩ = 𝑠⟨𝑥2,2 ↦→ [1, 2]⟩ satisfies the support threshold. Therefore, lowb
is set to nlow = 3 and up is set to nup = 2. The function computes nlow = 2 and nup = 1
during the third iteration of the while-loop, and again, only the check in Line 10 is successful
and lowb is set to nlow = 2 while up is set to nup = 1. It holds that lowb − low = 1 and
up − upb = 1, as well as low ≠ min(𝜚) and up ≠ max(𝜚). Hence, the function returns the
new query (𝑠⟨𝑥2,2 ↦→ [1, 1]⟩, 𝑤, 𝑐) and True.

It can be easily verified that Function 3 replaces 𝑥4,2 by [1, 1] as well. Therefore, 𝑠 is
replaced by (𝑥1,1, 𝑥1,2) ((FAI|KIL), 1) (𝑥3,1, 𝑥3,2) (𝑥4,1, 1) while 𝑉a remains unchanged again.
Recall that we identify single values with singleton intervals.

Suppose that the algorithm selects 𝑥1,2 next. Again the algorithm calls Function 3 with
𝜚 = ∇(priority) = [1, 2, 8, 9, 10] in Line 20, this time returning the query 𝑞 = (𝑠, 𝑤, 𝑐) with
(𝑥1,1, [1, 2]) ((FAI|KIL), 1) (𝑥3,1, 𝑥3,2) (𝑥4,1, 1) and True.

Assume that the next variable chosen by Algorithm 1 is 𝑥1,1. Since 𝐴1 = task and
1 ∈ 𝑈, the algorithm enters the for-loop in Line 11 and calls Function 2 first with
Δ1 (note that 𝑉a is still empty), before the function is called again with Ω = Δ2 =

Δ2
task = {{SUB, UPD}, {SUB, FAI}, {SCH, UPD}, {SCH, FAI}, {UPD, KIL}, {KIL, FAI}}. It turns out

that none of these disjunctions lead to an admissible replacement operation. Hence, the
function returns an unchanged query as well as False. No further iteration of the for-loop is
performed because 𝑑 is bounded by 2. Overall, no replacement operation was possible, hence
the variable 𝑥1,1 remains in the query string and gets available in Line 22, i. e. 𝑉a = {𝑥1,1}.

We assume that during the sixth and seventh transition through the main loop the algorithm
selects the unvisited variables 𝑥3,2 and 𝑥4,1. It can be easily verified that the following
replacements are admissible: 𝑠⟨𝑥3,2 ↦→ [9, 10]⟩ and 𝑠⟨𝑥4,1 ↦→ {FIN}⟩, leading to the query
string (𝑥1,1, [1, 2]) ((FAI|KIL), 1) (𝑥3,1, [9, 10]) (FIN, 1).

In its last iteration (during the first iteration of the for-loop in Line 11 and the corresponding
call of Function 2 in Line 13), the only admissible replacement operation is 𝑠⟨𝑥3,1 ↦→
𝑥1,1⟩. The run terminates after this iteration and outputs the query 𝑞 = (𝑠, 𝑤, 𝑐) with
(𝑥1,1, [1, 2]) ((FAI|KIL), 1) (𝑥1,1, [9, 10]) (FIN, 1). ⌟

Consider a scenario in which the variable 𝑥𝑚,𝑛 can not be replaced and 𝑚 ∈ 𝑂. This
implies, that the only interval leading to a query that satisfies the support threshold would be
[min(𝜚),max(𝜚)], for 𝜚 := ∇(𝑛), which is equivalent to a variable. If a variable is already



available, it makes sense to check for a replacement by this variable before searching for an
admissible replacement by an interval in order to prevent the logarithmic search.

As illustrated by the example above, the algorithm produces a sequence 𝑠0, 𝑠1, . . . , 𝑠𝑘 ·ℓ
of query strings such that for every 𝑖 ∈ [𝑘 · ℓ], either 𝑠𝑖 was obtained from 𝑠𝑖−1 by a
replacement operation, or 𝑠𝑖 = 𝑠𝑖−1. Furthermore, we note that 𝑞0

hom−→ 𝑞1
hom−→ . . .

hom−→ 𝑞𝑘 ·ℓ ,
whereby 𝑞𝑖 = (𝑠𝑖 , 𝑤, 𝑐) is the (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query with 𝑠 = 𝑠𝑖 for every 𝑖 ∈ [𝑘 · ℓ]. By
Theorem 16, this implies Mod (𝑞0) ⊇ Mod (𝑞1) ⊇ . . . ⊇ Mod (𝑞𝑘 ·ℓ). As we will formalise
next, it can be guaranteed that the final query 𝑞𝑘 ·ℓ is descriptive for S w.r.t. A, sp, and
(𝑘, ℓ, 𝑤, 𝑐, 𝑑). In order to prove this we need replacement operations to be defined in the
correct way (i. e. as by Algorithm 1).

Note that the algorithm presented in this paper can be used to discover descriptive
mswg-queries and subsequence-queries with generalised gap-size constraints as well, by
restricting the schema to a shared unordered domain and changing the local gap-size
constraints to generalised gap-size constraints in the sense of [8]. We would like to stress
the point that due to the arbitrary choices in Line 6 of Algorithm 1 and Line 2 of Function 2,
different runs of the presented discovery algorithm may lead to different queries. Note
that due to the same reasons as discussed in [12] for the base case of swg-queries, not all
queries can be computed by the presented algorithm. We refer to [8] for a discussion on
how disjunctions can be calculated in case that 𝑑 > 1. The following theorem states that any
choice is fine, and that any output query is guaranteed to be a descriptive query.

Theorem 25. Let 𝑘 ∈ N⩾1 and letA = (𝐴1, . . . , 𝐴𝑘) be an event schema with |dom(𝐴𝑖) | ⩾ 2
for all 𝑖 ∈ [𝑘]. Let S be a 𝑘-dimensional sample over A, let sp be a support threshold with
0 < sp ⩽ 1, let (𝑘, ℓ, 𝑤, 𝑐, 𝑑) be query parameters.

(a) If there does not exist any (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-query that is descriptive for S w.r.t.
A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑) then there is only one run of Algorithm 1 upon the defined
input, and it stops in Line 2 with output ⊥.

(b) Otherwise, every run of Algorithm 1 upon input (S, sp, (𝑘, ℓ, 𝑤, 𝑐, 𝑑)) terminates
and outputs a dswg⩽-query 𝑞 with |𝜒 | ⩽ 𝑑 for all 𝜒 ∈ D(𝑞), that is descriptive for
S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑).

For the special case of 𝑘 = 𝑑 = 1 over a schema sharing one unordered domain, an analogous
theorem was proved in [12]. It was then extended in [13] to the multi-dimensional scenario
(over a schema sharing only one unordered domain over all attributes) and adapted by
Frochaux et al. in [8] to allow for disjunctive queries and queries with generalised gap-size
constraints (in the one-dimensional setting). In this paper, we lift the previous version of this
theorem for disjunctive subsequence-queries to the multi-dimensional setting and extend it
by intervals, thereby reducing the gap between subsequence-queries and other query models
in CEP.

Proof of (a). Consider the case where there does not exist any (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-query



that is descriptive for S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑). This implies supp(𝑞mg,S) < sp
and every query 𝑞′ with Mod (𝑞′) ⊆ Mod (𝑞mg) satisfies supp(𝑞′,S) ⩽ supp(𝑞mg,S) < sp
as well. In this case, the algorithm stops in Line 2 and outputs an error message ⊥.

The proof of (b) is based on the following idea: Let 𝑟 := 𝑘 · ℓ = |V(𝑠mg) |. First note, that each
output query 𝑞′ := 𝑞𝑟 is a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query with supp(𝑞𝑟 ,S) ⩾ sp. For contradiction,
let us assume that 𝑞𝑟 is not descriptive. Then there exists a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞 that
satisfies the support threshold as well and that is strictly more restrictive than 𝑞𝑟 , i. e.
Mod (𝑞) ⊊ Mod (𝑞𝑟 ) and therefore, 𝑞𝑟

hom−→ 𝑞 and 𝑞 ̸� 𝑞𝑟 (see Remark 23). The goal is to
prove that for every 𝑖 ∈ {0, . . . , 𝑟}, the queries 𝑞𝑖 and 𝑞 are partially isomorphic w.r.t. the
positions of the variables already considered by the algorithm. This leads to the fact that
𝑞 � 𝑞𝑟 for 𝑖 = 𝑟 , which contradicts our assumption.

We refer to Appendix B for the full proof of the second statement of the Theorem. Note that
the main differences in the proof (compared to previous versions) lay (1) in the extension
to the multi-dimensional scenario for disjunctions, and (2) in the notion of a schema over
ordered and unordered domains, and therefore, in the correctness of InterOp and Function 3.

Regarding the complexity of Algorithm 1, we identify two bottle necks. The first is already
known from [12, 8] and is caused by the recurring calls of a matching subroutine. The
referred results imply NP-hardness for our algorithm as we can use it as well for swg-queries
from [12]. Membership can be obtained by guessing a witness. The second bottle-neck is the
Δ-calculation in the case of 𝑑 ⩾ 2, which may lead to an exponential blow-up regarding the
number of calls to the matching subroutine. This can be handled by adjusting the parameter
𝑑, i. e. by bounding the size of the disjunctive clauses in the query string. Note that compared
to the exponential blow-up for disjunctions, we only need a logarithmic search of an interval
over an ordered domain. For ordered domains, we therefore resolved the second bottle-neck.

Lastly we would like to point out that there are multiple ways of discovering intervals, which
again may be beneficial or unfavourable depending on the underlying domain. If we for
example consider a scenario in which we are looking for high temperature values in order
to detect a fire, one may strive for an algorithm that prefers intervals with higher values
over intervals with lower values. Another optimisation approach could be to minimise the
difference of the upper and lower bound of an interval, in order to find a “global” optimum
in contrast to the local (but still descriptive) optimum Function 3 is able to compute. One
way to achieve this could be by pursuing all possible intervals considered in Function 3.
Note that this would increase the number of calls to the matching subroutine. An obvious
approach for optimisation would be to randomise the order in which the bounds on the
intervals are tightened, which may reduce the bias to the centre of the active domain. We
defer an in-depth discussion on algorithms for discovering intervals to future work.



5 Final Remarks

Motivated by query languages in the field of Complex Event Processing that allow for
different kinds of inequalities and previous work on the discovery of multi-dimensional or
disjunctive subsequence-queries with wildcards and local gap-size constraints, we defined a
query model that allows for disjunction over values and intervals over ordered domains, i. e.
lower and upper bounds on values that shall occur in a multi-dimensional trace (Section 3).
Furthermore, we discussed a suitable characterisation of query containment and isomorphic
queries (Section 3.2). We defined the task of query discovery for mdswg⩽-queries and
extended previous discovery algorithms for multi-dimensional or disjunctive subsequence-
queries to our new query model, in order to solve the query discovery problem (Section 4).

As future work, we plan to extend the prototypical implementation of query discovery that
exists for earlier subsequence-query models and perform a comprehensive experimental
analysis. Here, the focus will be on the discovery of intervals: as discussed at the end of
Section 4, multiple algorithms can be used to compute intervals. We are interested in solving
the question for which sample characteristics which approaches perform well.

As a second line of research we will investigate the connection between mdswg⩽-queries
and Conjunctive Queries with Inequalities. Note that efficient query evaluation (deciding
whether a given query is satisfied on a given database) and query enumeration (output all
tuples of a given database that satisfy the given query) are central problems in all database
related fields. In various real-world applications, the given database is changing over time.
Note that event streams may be considered as a database that is initially empty and gets
insertion updates whenever a new event is detected. Furthermore, correlation among events
in CEP can be expressed by means of CQs with inequalities in order to compare timestamps,
as shown in the following example.

Example 26. Consider again the traces and query 𝑞 from Example 1. We extend these with
a new first attribute recording timestamps. Then a trace can be seen as a relational database,
while the “PATTERN SEQ”- and “WHERE”-clause of the CEP query 𝑞 can be seen as the
following conjunctive query on such databases:

𝐴𝑛𝑠() ← 𝑅(𝜏1, 𝑥, 1), 𝑅(𝜏2, FAI, 1), 𝑅(𝜏3, 𝑥, 9), 𝑅(𝜏4, FIN, 1),
𝜏1 < 𝜏2, 𝜏2 < 𝜏3, 𝜏3 < 𝜏4

where 𝜏1, . . . , 𝜏4 and 𝑥 are variables capturing the timestamps and tasks of events. Intervals
as introduced in Example 3 could be added to the query by appending 1 ⩽ 𝑥𝑝1 ⩽ 2, 9 ⩽
𝑥𝑝4 ⩽ 10. Note that the query does not capture the WITHIN-clause of 𝑞. ⌟

Given the correspondence between CEP and CQs with inequalities as well as event streams
and databases under updates, it might be promising to investigate whether we can transfer
results developed from one field to the other. We would like to stress the point that the
investigation of mdswg⩽-queries enables this investigation in future work. Hence, they are
laying a foundation for knowledge transfer between both worlds: CEP and CQ.
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Appendix

A Details Omitted in Section 3

A.1 Proof of the first claim of Theorem 16

Let 𝑡 be of the form 𝑒1 . . . 𝑒𝑛, let ℎ be a homomorphism witnessing 𝑞′
hom−→ 𝑞 and let (𝜇, 𝜉) be a

witness for 𝑡 |= 𝑞, i. e., 𝑡 ∈ Mod (𝑞). Let 𝜇′ be defined by 𝜇′ ((𝑖, 𝑗), 𝑧) := 𝜇((𝑖, 𝑗), ℎ((𝑖, 𝑗), 𝑧))
for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘] and all 𝑧 ∈ (V∪ I∪D) Since 𝑞 and 𝑞′ have the same window size 𝑤
and local gap-size constraints 𝑐, it suffices to show that (𝜇′, 𝜉) is a witness for 𝑡 |= 𝑞′. And
since 𝜇′ ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗]) = 𝜇((𝑖, 𝑗), ℎ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗])) = 𝜇((𝑖, 𝑗), 𝑠[𝑖] [ 𝑗]) ∋ 𝑡 [𝜉 (𝑖)] [ 𝑗] by
definition, it only remains to show that 𝜇′ is a valid final substitution. Let (𝑖, 𝑗) ∈ [ℓ]×[𝑘]
and let 𝑧 ∈ (V ∪ I ∪ D). We distinguish the following cases.

Case 1: 𝑠′ [𝑖] [ 𝑗] is of the form [𝑝, 𝑞] ∈ I 𝑗 . Since ℎ is a homomorphism (and thus also a
substitution), ℎ(𝑠′ [𝑖] [ 𝑗]) is of the form [𝑝′, 𝑞′] where [𝑝′, 𝑞′] ⊆ [𝑝, 𝑞]. Because 𝜇 is final,
we have 𝜇( [𝑝′, 𝑞′]) = [𝛾, 𝛾] with 𝛾 ∈ [𝑝′, 𝑞′]. In total, we get that 𝜇′ ((𝑖, 𝑗), [𝑝, 𝑞]) = [𝛾, 𝛾]
with [𝛾, 𝛾] ⊆ [𝑝, 𝑞].

Case 2: 𝑠′ [𝑖] [ 𝑗] is of the form 𝜒 ∈ D 𝑗 . By definition, ℎ(𝑠′ [𝑖] [ 𝑗]) is of the form 𝜒′ where
𝜒′ ⊆ 𝜒. Since 𝜇 is final, we have 𝜇((𝑖, 𝑗), 𝜒′) = {𝛾} where {𝛾} ⊆ 𝜒′. In total, we get that
𝜇′ ((𝑖, 𝑗), 𝜒) = {𝛾} with {𝛾} ⊆ 𝜒.

Case 3: 𝑠′ [𝑖] [ 𝑗] is of the form 𝑥 ∈ V. First, notice that since ℎ is a substitution, there is a
function 𝑓ℎ such that all occurrences of 𝑥 in 𝑠′ are mapped to 𝑓ℎ (𝑥). We have to ensure that
𝜇′ maps every occurrence of 𝑥 onto the same singleton set or interval. We distinguish the
following cases based on where ℎ maps 𝑥.

(a): If ℎ((𝑖, 𝑗), 𝑥) = 𝑦 ∈ V, then by definition, 𝜇′ ((𝑖, 𝑗), 𝑥) = 𝜇((𝑖, 𝑗), ℎ(𝑥)) =

𝜇((𝑖, 𝑗), 𝑦) and since 𝜇 is a substitution, there is a function 𝑓𝜇 : V → (V ∪ I ∪ D)
such that 𝜇((𝑖, 𝑗), 𝑦) = 𝑓𝜇 (𝑦). Since 𝜇 is a final substitution, 𝑓𝜇 (𝑦) is a singleton set
or a singleton interval, depending on whether dom(𝐴 𝑗 ) is ordered or not. In both cases,
𝜇′ ((𝑖, 𝑗), 𝑥) maps to a singleton set or singleton interval, and since all occurrences of 𝑥 in
𝑠′ are mapped to 𝑦, 𝜇′ is a valid final substitution.

(b): If ℎ((𝑖, 𝑗), 𝑥) ∉ V and dom(𝐴 𝑗 ) is ordered, then ℎ(𝑥) = [𝑝, 𝑞] ∈ I 𝑗 . If 𝑥 does not
appear multiple times in 𝑠′, then by similar reasoning as in the first case, 𝜇′ ((𝑖, 𝑗), 𝑥) = [𝛾, 𝛾]
for some 𝛾 ∈ [𝑝, 𝑞], and thus, 𝜇′ is a valid final substitution.
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Should 𝑥 appear multiple times, then the additional requirement of homomorphisms tells
us that ℎ maps each occurrence of 𝑥 onto the same singleton interval [𝛾, 𝛾] for some
𝛾 ∈ dom(𝐴 𝑗 ). Since it is singleton, 𝜇 (and therefore also 𝜇′) map [𝛾, 𝛾] to itself, i. e., every
occurrence of 𝑥 in 𝑠′ is mapped to [𝛾, 𝛾]. Hence, 𝜇′ is a valid final substitution.

(c): If ℎ((𝑖, 𝑗), 𝑥) ∉ V and dom(𝐴 𝑗 ) is unordered, then ℎ(𝑥) = 𝜒 ∈ D 𝑗 . If 𝑥 does not
appear multiple times in 𝑠′, then by similar reasoning as in the second case, 𝜇′ ((𝑖, 𝑗), 𝑥) = {𝛾}
for some 𝛾 ∈ 𝜒, and thus, 𝜇′ is a valid final substitution.
Should 𝑥 appear multiple times, then the additional requirement of homomorphisms tells us
that ℎ maps each occurrence of 𝑥 onto the same singleton set {𝛾} for some 𝛾 ∈ dom(𝐴 𝑗 ).
Since it is singleton, 𝜇 (and therefore also 𝜇′) map {𝛾} to itself, i. e., every occurrence of 𝑥
in 𝑠′ is mapped to {𝛾}. Hence, 𝜇′ is a valid final substitution. ■

A.2 Proof of Lemma 19

Proof. The equivalence “𝑞
hom−→ 𝑞′ and 𝑞′

hom−→ 𝑞 ⇐⇒ Mod (𝑞) = Mod (𝑞′)” is a direct
consequence of Theorem 16.

First, let 𝑞 � 𝑞′. Then there is a bijection 𝜋 : (V(𝑞) ∪ I ∪ D) → (V(𝑞′) ∪ I ∪ D), such
that 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] for all 𝑖 ∈ [ℓ], 𝑗 ∈ [𝑘] and 𝜋 | (I∪D) = id, i. e., 𝜋(𝑧) = 𝑧 for all
𝑧 ∈ (I ∪ D).

Hence, by definition, ℎ :
(
( [ℓ]×[𝑘]) ∪ (V ∪ I ∪ D)

)
→ (V ∪ I ∪ D) defined by

ℎ((𝑖, 𝑗), 𝑧) :=


𝜋(𝑧) if 𝑧 ∈ V(𝑞),
𝑦 if 𝑧 ∈ V \ V(𝑞) where 𝑦 ∈ V \ (V(𝑞) ∪ V(𝑞′)),
𝑧 if 𝑧 ∈ (I ∪ D),

is a homomorphism from 𝑞 to 𝑞′. Conversely, since 𝜋 is bijective and 𝜋−1
| (I∪D) = id,

ℎ′ :
(
( [ℓ]×[𝑘]) ∪ (V ∪ I ∪ D)

)
→ (V ∪ I ∪ D) defined by

ℎ′ ((𝑖, 𝑗), 𝑧) :=


𝜋−1 (𝑧) if 𝑧 ∈ V(𝑞′),
𝑦 if 𝑧 ∈ V \ V(𝑞′) where 𝑦 ∈ V \ (V(𝑞) ∪ V(𝑞′)),
𝑧 if 𝑧 ∈ (I ∪ D),

is a homomorphism from 𝑞′ to 𝑞. This shows the forward direction “⇒”.

For the backward direction “⇐”, we prove that 𝑞
hom−→ 𝑞′ and 𝑞′

hom−→ 𝑞 implies 𝑞 � 𝑞′. Let
ℎ and ℎ′ be homomorphisms from 𝑞 to 𝑞′ and from 𝑞′ to 𝑞, respectively. We show that
𝜋 defined by 𝜋(𝑧) := 𝑓ℎ (𝑧) if 𝑧 ∈ V(𝑞), and 𝜋(𝑧) := 𝑧 if 𝑧 ∈ (I ∪ D) is an isomorphism
from 𝑞 to 𝑞′ and therefore witnesses 𝑞 � 𝑞′. By definition of ℎ and ℎ′, it holds that
ℎ((𝑖, 𝑗), 𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] and ℎ′ ((𝑖, 𝑗), 𝑠′ [𝑖] [ 𝑗]) = 𝑠[𝑖] [ 𝑗] for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘], and



thus, ℎ((𝑖, 𝑗), 𝑧) = ℎ′ ((𝑖, 𝑗), 𝑧) = 𝑧 for all 𝑧 ∈ (I(𝑞) ∪ I(𝑞′) ∪ D(𝑞) ∪ D(𝑞′)). This already
shows that 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘] where 𝑠[𝑖] [ 𝑗] ∉ V or 𝑠′ [𝑖] [ 𝑗] ∉ V.

It remains to consider the variables. Note that 𝑠[𝑖] [ 𝑗] ∈ V ⇐⇒ 𝑠′ [𝑖] [ 𝑗] ∈ V due to the
reasoning above. Further, it is easy to see that 𝜋 is surjective on V(𝑞′). Thus, it remains to
verify that 𝜋 is injective on V(𝑞). Let 𝑥, 𝑦 ∈ V(𝑞) such that 𝜋(𝑥) = 𝑓ℎ (𝑥) = 𝑧 = 𝑓ℎ (𝑦) =
𝜋(𝑦). Then there are (𝑖, 𝑗) ≠ (𝚤, 𝚥) ∈ [ℓ]×[𝑘] such that 𝑠[𝑖] [ 𝑗] = 𝑥, 𝑠[𝚤] [ 𝚥] = 𝑦 and
𝑠′ [𝑖] [ 𝑗] = 𝑧, 𝑠′ [𝚤] [ 𝚥] = 𝑧. Since ℎ′ is a substitution, ℎ′ ((𝑖, 𝑗), 𝑧) = 𝑓ℎ′ (𝑧) = ℎ′ ((𝚤, 𝚥), 𝑧)
holds, as well as ℎ′ ((𝑖, 𝑗), 𝑧) = 𝑠[𝑖] [ 𝑗], ℎ′ ((𝚤, 𝚥), 𝑧) = 𝑠[𝚤] [ 𝚥]. Hence, 𝑠[𝑖] [ 𝑗] = 𝑠[𝚤] [ 𝚥],
i. e., 𝜋 is injective on V(𝑞).

It is now easy to see that 𝜋 can be extended (onto all the variables not present in V(𝑞)) to
be bijective on (V ∪ I ∪ D) such that 𝜋 | (I∪D)= id and for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘] it holds that
𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗].

A.3 Proof of Lemma 20

Proof. To prove the backward direction, we assume that 𝑞 � 𝑞′. This means, there exists
a 𝜋 : (V(𝑞) ∪ I ∪ D) → (V(𝑞′) ∪ I ∪ D), such that 𝜋 | (I∪D)= id and 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗]
for all (𝑖, 𝑗) ∈ [ℓ]×[𝑘]. Since we have, that 𝜋 | (I∪D)= id, it holds for all (𝑖, 𝑗) ∈ [ℓ] × [𝑘]
with 𝑠[𝑖] [ 𝑗] ∈ (I ∪ D), that 𝑠[𝑖] [ 𝑗] = 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] ∈ (I ∪ D). This implies the
following two facts.

• 𝑠[𝑖] [ 𝑗] ∈ (I ∪ D) ⇐⇒ 𝑠′ [𝑖] [ 𝑗] ∈ (I ∪ D) and

• 𝑠′ [𝑖] [ 𝑗] = 𝑠′ [𝑖′] [ 𝑗 ′] for all (𝑖, 𝑗), (𝑖′, 𝑗) ∈ [ℓ] × [𝑘] where 𝑠[𝑖] [ 𝑗] = 𝑠[𝑖′] [ 𝑗 ′] ∈
(I ∪ D).

The first fact implies for all (𝑖, 𝑗) ∈ [ℓ] × [𝑘] that 𝑠[𝑖] [ 𝑗] ∈ V(𝑞) ⇐⇒ 𝑠′ [𝑖] [ 𝑗] ∈ V(𝑞′).
Together with 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] we have: 𝑠[𝑖] [ 𝑗] = 𝑠[𝑖′] [ 𝑗 ′] ⇒ 𝑠′ [𝑖] [ 𝑗] = 𝑠′ [𝑖′] [ 𝑗 ′]
for all (𝑖, 𝑗), (𝑖′, 𝑗 ′) ∈ 𝐼. Since 𝜋 is injective, 𝑠′ [𝑖] [ 𝑗] = 𝜋(𝑠[𝑖] [ 𝑗]) = 𝜋(𝑠[𝑖′] [ 𝑗 ′]) =
𝑠′ [𝑖′] [ 𝑗 ′] in turn implies 𝑠[𝑖] [ 𝑗] = 𝑠[𝑖′] [ 𝑗 ′].

For the forward direction, we have 𝑞 ∼[ℓ ]×[𝑘 ] 𝑞′ by assumption. For every 𝑥 ∈ V(𝑞), we
define 𝑖𝑥 := min{ 𝑖 ∈ [ℓ] : there exists 𝑗 ∈ [𝑘], s.t. s[i][j]=x } and 𝑗𝑥 := min{ 𝑗 ∈ [𝑘] :
𝑠[𝑖𝑥] [ 𝑗] = 𝑥 }. Intuitively, 𝑠[𝑖𝑥] [ 𝑗𝑥] is the first occurrence of variable 𝑥 in the query string
𝑠. We define 𝜋 : (V(𝑞) ∪ I ∪ D) → (V(𝑞′) ∪ I ∪ D) via 𝜋(𝑧) := 𝑧 for all 𝑧 ∈ (D ∪ I) and
𝜋(𝑥) := 𝑠′ [𝑖𝑥] [ 𝑗𝑥] for all 𝑥 ∈ V(𝑞).

First we ensure, that 𝜋 is bijective. Consider 𝑥, 𝑦 ∈ V(𝑞) with 𝜋(𝑥) = 𝜋(𝑦), therefore
we have 𝑠′ [𝑖𝑥] [ 𝑗𝑥] = 𝑠′ [𝑖𝑦] [ 𝑗𝑦]. By the first property of partial isomorphisms, namely
𝑠[𝑖] [ 𝑗] = 𝑠[𝑖′] [ 𝑗 ′] ⇐⇒ 𝑠′ [𝑖] [ 𝑗] = 𝑠′ [𝑖′] [ 𝑗 ′] for all (𝑖, 𝑗), (𝑖′, 𝑗 ′) ∈ [ℓ] × [𝑘], this
implies 𝑠[𝑖𝑥] [ 𝑗𝑥] = 𝑠[𝑖𝑦] [ 𝑗𝑦], i.e. 𝑥 = 𝑦. This means, 𝜋 is injective.
Now, consider an arbitrary 𝑦 ∈ V(𝑞′). Let 𝑖′𝑦 := min{ 𝑖 ∈ [ℓ] :
there exists 𝑗 ∈ [𝑘], s.t. s’[i][j]=y } and 𝑗 ′𝑦 := min{ 𝑗 ∈ [𝑘] : 𝑠′ [𝑖′𝑦] [ 𝑗] = 𝑦 }. Now



𝑠′ [𝑖′𝑦] [ 𝑗 ′𝑦] denotes the first occurrence of variable 𝑦 in the query string 𝑠′. Let 𝑥 := 𝑠[𝑖′𝑦] [ 𝑗 ′𝑦].
By the first property of partial isomorphisms, we obtain with 𝑥 = 𝑠[𝑖′𝑦] [ 𝑗 ′𝑦] = 𝑠[𝑖𝑥] [ 𝑗𝑥]
that 𝑠′ [𝑖′𝑦] [ 𝑗 ′𝑦] = 𝑠′ [𝑖𝑥] [ 𝑗𝑥]. Hence, 𝑦 = 𝑠′ [𝑖′𝑦] [ 𝑗 ′𝑦] = 𝑠′ [𝑖𝑥] [ 𝑗𝑥] = 𝜋(𝑥) and therefore 𝜋 is
surjective. In summary, 𝜋 : (V(𝑞) ∪ I ∪D) → (V(𝑞′) ∪ I ∪D) is a bijection with 𝜋(𝑧) := 𝑧

for all 𝑧 ∈ (D ∪ I).

To end this proof, we have to ensure, that 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗] for all (𝑖, 𝑗) ∈ [ℓ] × [𝑘].
For any (𝑖, 𝑗) ∈ [ℓ] × [𝑘] with 𝑠[𝑖] [ 𝑗] ∈ (I∪D), we know by the second property of partial
isomorphisms, that 𝑠′ [𝑖] [ 𝑗] ∈ (I ∪ D) and 𝑠[𝑖] [ 𝑗] = 𝑠′ [𝑖] [ 𝑗], then by definition of 𝜋 it
holds that 𝑠[𝑖] [ 𝑗] = 𝜋(𝑠[𝑖] [ 𝑗]) = 𝑠′ [𝑖] [ 𝑗]. Finally, for any (𝑖, 𝑗) ∈ [ℓ] × [𝑘] with 𝑠[𝑖] [ 𝑗] =
𝑥 ∈ V(𝑞), by the first property of partial isomorphisms and 𝑠[𝑖] [ 𝑗] = 𝑠[𝑖𝑥] [ 𝑗𝑥], we obtain
𝑠′ [𝑖] [ 𝑗] = 𝑠′ [𝑖𝑥] [ 𝑗𝑥] and therefore 𝜋(𝑠[𝑖] [ 𝑗]) = 𝜋(𝑥) = 𝑠′ [𝑖𝑥] [ 𝑗𝑥] = 𝑠′ [𝑖] [ 𝑗].

B Details Omitted in Section 4

Recall that given a (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞 = (𝑠, 𝑤, 𝑐), a variable 𝑥 ∈ V(𝑞) and a symbol
𝑧 ∈ (V ∪ I ∪ D) we write 𝑠⟨𝑥 ↦→ 𝑧⟩ to denote the query string 𝑠′ which is obtained from 𝑠

by replacing every occurrence of 𝑥 in 𝑠 by 𝑧. Furthermore, we let pos(𝑞, 𝑧) = pos(𝑠, 𝑧) =
{(𝑖, 𝑗) ∈

(
[ℓ] × [𝑘]

)
: 𝑠[𝑖] [ 𝑗] = 𝑧} be the set of all positions 𝑖 in 𝑠 that carry 𝑧. Given a

set of positions 𝑃 ⊆ [ℓ] × [𝑘], and a symbol 𝑧 ∈ (V ∪ I ∪ D) we write 𝑠⟨𝑃 ↦→ 𝑧⟩ to denote
the query string 𝑠′ which is obtained from 𝑠 by setting 𝑠[𝑖] [ 𝑗] to 𝑧, for all (𝑖, 𝑗) ∈ 𝑃.

Theorem 25. Let 𝑘 ∈ N⩾1 and letA = (𝐴1, . . . , 𝐴𝑘) be an event schema with |dom(𝐴𝑖) | ⩾ 2
for all 𝑖 ∈ [𝑘]. Let S be a 𝑘-dimensional sample over A, let sp be a support threshold with
0 < sp ⩽ 1, let (𝑘, ℓ, 𝑤, 𝑐, 𝑑) be query parameters.

(a) If there does not exist any (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-dswg⩽-query that is descriptive for S w.r.t.
A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑) then there is only one run of Algorithm 1 upon the defined
input, and it stops in Line 2 with output ⊥.

(b) Otherwise, every run of Algorithm 1 upon input (S, sp, (𝑘, ℓ, 𝑤, 𝑐, 𝑑)) terminates
and outputs an dswg⩽-query 𝑞 with |𝜒 | ⩽ 𝑑 for all 𝜒 ∈ D(𝑞), that is descriptive for
S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑).

Note that during each iteration of the main loop of Algorithm 1, the algorithm either replaces
the current variable by an interval, a disjunction, an available variable or does not change
the query string at all. We call these operations InterOp, DisjOp, VarOp, or NoChangeOp and
say that 𝑞𝑟 is obtained by 𝑞𝑟−1 by performing either a replacement operation (either InterOp,
DisjOp, or VarOp) or NoChangeOp, for all 𝑟 ⩾ 1.

Throughout the proof, we heavily make use of Remark 23 that holds for mdswg⩽-queries if
|dom(𝐴 𝑗 ) | ⩾ 2 for all 𝑗 ∈ [𝑘]. We will refer to Algorithm 1 also as the main algorithm.



Proof of (b). Assume supp(𝑞mg,S) ⩾ sp, for the most general 𝑘-dswg⩽-query defined in
Line 1. In this case, every run of the main algorithm reaches Line 6 and proceed from there
on.

Let Δ be the set of disjunctions defined in Line 3. Note that every query 𝑞′ that is descriptive
for S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑), satisfies D(𝑞′) ⊆ Δ, because otherwise, supp(𝑞′,S)
would be < sp. Particularly, it holds for each query 𝑞 that is computed by Algorithm 1 that
D(𝑞) ⊆ Δ and |𝜒 | ⩽ 𝑑, for all 𝜒 ∈ Δ, due to Line 3.

Let us first argue that every iteration 𝑟 of the outer while-loop starting in Line 6, will
end. First note that the set of available disjunctions and variables Δ ∪𝑉a is finite, since it
is bounded by the number of values occurring in the given sample at an attribute index
𝑖 ∈ 𝑈 and the number of variables in 𝑠mg, which equals 𝑘 · ℓ. During the call of Function 2
in Line 17 the while-loop starting in Line 1 of the function ends after at most Ω = |𝑉a |
iterations and during each iteration the current variable is either replaced by a variable
(VarOp), or remains in the query string if no replacement operation is possible. Each call to
Function 3 will end as well since during each iteration of the while-loop starting in Line 4,
the given interval is decreased. This can be done only logarithmically often in the worst
case until an interval consisting of only one value remains. During the 𝑖-th (of a bounded
number of 𝑑) iterations through the for-loop (Line 11), the while-loop in Function 2 starting
in Line 1 ends after at most Ω = |Δ𝑖 | = |⋃𝑛∈𝑈 Δ𝑖

𝐴𝑛
| iterations and during each iteration the

current variable is either replaced by a disjunction (DisjOp) or variable (VarOp), or remains
in the query string if no replacement operation is possible (NoChangeOp).

Let us now fix a particular run of Algorithm 1. Let 𝑞0 = 𝑞mg, 𝑠0 = 𝑠mg, 𝑉u
0 := V(𝑞0) and

𝑉a
0 := ∅. For every 𝑟 ∈ { 1, 2, . . . } let 𝑠𝑟 , 𝑉u

𝑟 , 𝑉a
𝑟 be the query string 𝑠 and the sets 𝑉u and

𝑉a at the end of the 𝑟-th iteration through the outer while-loop of the main algorithm, and
let 𝑞𝑟 be the query (𝑠𝑟 , 𝑤, 𝑐). Furthermore, for each 𝑟 ⩾ 1 let 𝑥𝑟 be the particular element
in 𝑉u that is chosen at the beginning of the 𝑟-th iteration through the outer while-loop of the
main algorithm.

By induction on 𝑟 and by construction of the algorithm, it is straightforward to prove the
following claim. The proof is provided at the end of this proof.

Claim 28. For every 𝑟 ⩾ 1 we have

1. 𝑉u
𝑟 = V(𝑞0) \ { 𝑥1, . . . , 𝑥𝑟 } and 𝑉u

𝑟 ∩𝑉a
𝑟 = ∅ and 𝑉u

𝑟 ∪𝑉a
𝑟 = V(𝑠𝑟 ).

2. D(𝑞𝑟 ) ⊆ Δ and supp(𝑞𝑟 ,S) ⩾ sp.

3. 𝑞𝑟−1
hom−→ 𝑞𝑟 .

4. For every 𝑥 ∈ 𝑉u
𝑟 we have pos(𝑠𝑟 , 𝑥) = pos(𝑠0, 𝑥).

5. 𝑠𝑟 [𝑖] [𝑣] = 𝑠𝑟−1 [𝑖] [𝑣] for all (𝑖, 𝑣) ∈
(
[ℓ] × [𝑘]

)
\ pos(𝑠0, 𝑥𝑟 ).



From this claim we obtain that after 𝑟 := |V(𝑞0) | = 𝑘 · ℓ iterations through the outer while-
loop of the main algorithm, its run terminates with𝑉u

𝑟
= ∅ and outputs an (𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query

𝑞𝑟 with supp(𝑞𝑟 ,S) ⩾ sp and 𝑞0
hom−→ 𝑞𝑟 (i. e., by Theorem 16, Mod (𝑞𝑟 ) ⊆ Mod (𝑞0)).

We need to show that this query 𝑞𝑟 is descriptive for S w.r.t. A, sp, and (𝑘, ℓ, 𝑤, 𝑐, 𝑑).
For contradiction, assume that it is not. Then, according to Remark 23, there exists a
(𝑘, ℓ, 𝑤, 𝑐, 𝑑)-query 𝑞′ with supp(𝑞′,S) ⩾ sp, 𝑞𝑟

hom−→ 𝑞′ and 𝑞′ � 𝑞𝑟 .

From Claim 28(3) we know that 𝑞𝑟
hom−→ 𝑞𝑟 for all 𝑟 ⩽ 𝑟 . Due to 𝑞𝑟

hom−→ 𝑞′, it holds that

𝑞𝑟
hom−→ 𝑞′ for all 𝑟 ∈ { 0, 1, . . . , 𝑟 }. (†)

Let 𝑠′ be the query string of 𝑞′. In order to deduce the desired contradiction, the notion of
partially isomorphic queries will be crucial. For each 𝑟 ∈ { 0, 1, . . . , 𝑟 } let

𝜌𝑟 := { (𝑖, 𝑢) ∈ [ℓ] × [𝑘] : 𝑠𝑟 [𝑖] [𝑢] ∈ Δ ∪ I } ∪
𝑟⋃

𝜈=1
pos(𝑠0, 𝑥𝜈) .

Note that 𝜌0 = ∅ and |𝜌𝑟 | = 𝑟 for all 𝑟 ⩾ 1, since D(𝑞0) = ∅ and each variable occurs
only once in 𝑠0. The next claim can be seen as the core of the proof, as for the proof of
Theorem 25(b).

Claim 29. For every 𝑟 ∈ { 0, 1, . . . , 𝑟 } we have 𝑞𝑟 ∼𝜌𝑟 𝑞′.

Before turning to the proof of Claim 29 let us first argue how the claim serves for completing
the proof of Theorem 25(b). For 𝑟 = 𝑟 we know that 𝑉u

𝑟
= ∅. Hence, { 𝑥1, . . . , 𝑥𝑟 } = V(𝑞0)

and 𝜌𝑟 = [𝑘 · ℓ]. From Claim 29 we obtain 𝑞𝑟 ∼[𝑘 ·ℓ ] 𝑞′. But, by Lemma 19 this implies
that 𝑞𝑟 � 𝑞′, contradicting our assumption that 𝑞𝑟 � 𝑞′. Thus, all that remains to complete
the proof of Theorem 25(b) is to prove Claim 28 (at the end of the proof of the theorem)
and Claim 29.

Proof of Claim 29. We proceed by induction on 𝑟 . For the induction base with 𝑟 = 0 recall
that 𝑞0 = 𝑞mg. Thus, 𝜌0 = ∅, which immediately implies that 𝑞0 ∼𝜌0 𝑞′.

For the induction step consider an arbitrary 𝑟 ⩾ 1. At the beginning of the 𝑟-th iteration of
the main loop of the main algorithm the situation is as follows: 𝑉u = 𝑉u

𝑟−1 ≠ ∅ and 𝑠 = 𝑠𝑟−1
and, by Claim 28(1), 𝑉u

𝑟−1 = V(𝑞0) \ {𝑥𝜈 : 1 ⩽ 𝜈 ⩽ 𝑟−1}. Recall that by 𝑥𝑟 we denote the
particular element of 𝑉u

𝑟−1 chosen at the beginning of the 𝑟-th iterations through the main
loop. We have to prove the following:

1. For all (𝑖, 𝑢), ( 𝑗 , 𝑣) ∈ 𝜌𝑟 we have

𝑠𝑟 [𝑖] [𝑢] = 𝑠𝑟 [ 𝑗] [𝑣] ⇔ 𝑠′ [𝑖] [𝑢] = 𝑠′ [ 𝑗] [𝑣],



2. for all (𝑖, 𝑢) ∈ 𝜌𝑟 we have

𝑠𝑟 [𝑖] [𝑢] ∈ I∪D⇒ 𝑠′ [𝑖] [𝑢] = 𝑠𝑟 [𝑖] [𝑢] and 𝑠′ [𝑖] [𝑢] ∈ I∪D⇒ 𝑠𝑟 [𝑖] [𝑢] = 𝑠′ [𝑖] [𝑢]

The induction hypothesis states that 𝑞𝑟−1 ∼𝜌𝑟−1 𝑞′ holds. We have to show that 𝑞𝑟 ∼𝜌𝑟 𝑞′

holds as well, where 𝜌𝑟 = 𝜌𝑟−1 ∪ pos(𝑠0, 𝑥𝑟 ). From (†) we know that 𝑞𝑟
hom−→ 𝑞′. Thus, the

following is true:

1. For all (𝑖, 𝑢), ( 𝑗 , 𝑣) ∈ [ℓ] × [𝑘]: 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑖] [𝑢] ∈ V then 𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑖] [𝑢].
2. For all (𝑖, 𝑢) ∈ [ℓ] × [𝑘]: If 𝑠𝑟 [𝑖] [𝑢] ∈ I ∪ D then ∅ ⊂ 𝑠′ [𝑖] ⊆ 𝑠𝑟 [𝑖].

Furthermore, by Claim 28(5), 𝑠𝑟 coincides with 𝑠𝑟−1 on all positions (𝑖, 𝑢) ∈ [ℓ] × [𝑘] with
(𝑖, 𝑢) ∉ pos(𝑠0, 𝑥𝑟 ).

Recall that |pos(𝑠0, 𝑥𝑟 ) |=1 due to 𝑠0 = 𝑠mg. To ease notation we simply write (𝑟𝑖 , 𝑟𝑢) to
denote the unique position of 𝑥𝑟 in 𝑠0. Since (𝑟𝑖 , 𝑟𝑢) ∉ 𝜌𝑟−1, the induction hypothesis
𝑞𝑟−1 ∼𝜌𝑟−1 𝑞′ hence implies that 𝑞𝑟 ∼𝜌𝑟−1 𝑞′, and therefore also 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑖] [𝑢] ⇔
𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑖] [𝑢] for all (𝑖, 𝑢), ( 𝑗 , 𝑣), ∈ 𝜌𝑟−1. In order to prove that 𝑞𝑟 ∼𝜌𝑟 𝑞′, it only
remains to prove the following:

(i) For all ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1: 𝑠𝑟 [ 𝑗] [𝑣], 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ∈ I∪D and 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] then
𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑟𝑖] [𝑟𝑢].

(ii) For all ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1: If 𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑟𝑖] [𝑟𝑢] then 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢].
(iii) If 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ I ∪ D then 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠′ [𝑟𝑖] [𝑟𝑢].

Let 𝑛 denote the attribute index of the variable 𝑥𝑟 that is considered for replacement. By the
definition of the main algorithm, the query 𝑞𝑟 is obtained from 𝑞𝑟−1 by performing exactly

• one replacement operation using an interval (InterOp) in Line 14 of Function 3 with
𝐼 ⊂ [min(adom𝑛 (S)),max(adom𝑛 (S))] if 𝑛 ∈ 𝑂,

• one replacement operation using a disjunction (DisjOp) in Line 5 of Function 2 with
𝑦 ∈ Ω \𝑉a = Δ𝑖

𝐴𝑛
\𝑉a ∈ Δ for 𝑖 ∈ [𝑑] if 𝑛 ∈ 𝑈,

• one replacement operation using a variable (VarOp) in Line 5 of Function 2 (called by
Line 17 or 13 of the main algorithm) with 𝑦 ∈ 𝑉a,

• or no replacement operation (NoChangeOp) in Line 22 of the main algorithm.

Note that a NoChangeOp will only be performed if the following conditions are true:

If 𝑛 ∈ 𝑂, then for every interval 𝐼 ∈ D as decribed above the query
𝑞𝐼 := 𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝐼⟩ does not satisfy supp(𝑞𝐼 ,S) ≥ sp.

(∗)𝑟

and

If 𝑛 ∈ 𝑈, for every disjunction 𝜒 ∈ ⋃𝑖∈[min(𝑑, |adom𝑛 (S) | )−1] Δ
𝑖
𝐴𝑛

the query
𝑞𝜒 := 𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝜒⟩ does not satisfy supp(𝑞𝜒,S) ≥ sp.

(∗∗)𝑟



and

For every variable 𝑦 ∈ 𝑉a
𝑟−1 the query 𝑞𝑦 := 𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝑦⟩ does not

satisfy supp(𝑞𝑦 ,S) ≥ sp.
(∗ ∗ ∗)𝑟

Claim 30. Let (𝑟𝑖 , 𝑟𝑢) be the position of 𝑥𝑟 in 𝑠0.

• Depending on whether 𝑟𝑢 ∈ 𝑂, (∗)𝑟 or (∗∗)𝑟 (in case that 𝑟𝑢 ∉ 𝑂) imply that
𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ V.

• (∗ ∗ ∗)𝑟 implies that 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ I∪D or 𝑠′ [𝑟𝑖] [𝑟𝑢] ≠ 𝑠′ [ 𝑗] [𝑣] for all ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1.

Proof. Let us first focus on the claim’s first statement for the case that 𝑟𝑢 ∈ 𝑂. Let (𝑟𝑖 , 𝑟𝑢)
be the position of 𝑥𝑟 in 𝑠0. Let (∗)𝑟 be satisifed if 𝑟𝑢 ∈ 𝑂. This implies that there is no
𝐼 ⊂ [min(adom𝑟𝑢 (S)),max(adom𝑟𝑢 (S))] such that replacing 𝑥𝑟 by 𝐼 yields a query that
satisfies sp. For contradiction, assume 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝐼 ∈ I. By the definition of Function 3,
and since supp(𝑞′,S) ⩾ sp, we know that 𝐼 ⊂ [min(adom𝑟𝑢 (S)),max(adom𝑟𝑢 (S))]. For
𝑞𝐼 := 𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝐼⟩ we have 𝑞𝐼

hom−→ 𝑞′, because 𝑞𝑟−1
hom−→ 𝑞′ and 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝐼. Therefore,

supp(𝑞𝐼 ,S) ⩾ supp(𝑞′,S) ⩾ sp, contradicting (∗∗)𝑟 . The proof for the case that 𝑟𝑢 ∉ 𝑂

can be handeled analogously. This completes the proof of the first statement.

Let us now turn to the second statement of Claim 30. Let (𝑟𝑖 , 𝑟𝑢) be the position of 𝑥𝑟 in 𝑠0
and let (∗∗∗)𝑟 be satisfied, i. e. there exists no available variable 𝑦 ∈ 𝑉a

𝑟−1 such that replacing
𝑥𝑟 by 𝑦 yields a query that satisfies sp. If 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ 𝐼 ∪D we are done. Consider the case
where 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ V and assume for contradiction that there exists a position (𝑚, 𝑛) ∈ 𝜌𝑟−1

such that 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝑠′ [𝑚] [𝑛]. Let 𝑦 := 𝑠𝑟−1 [𝑚] [𝑛]. From 𝑞𝑟−1
hom−→ 𝑞′ and 𝑠′ [𝑚] [𝑛] ∈ V

we obtain 𝑦 ∈ V. Since (𝑚, 𝑛) ∈ 𝜌𝑟−1 we then obtain that there is a 𝜈 ∈ {1, . . . , 𝑟 − 1} such
that (𝑚, 𝑛) ∈ pos(𝑠0, 𝑥𝜈). We claim that 𝑥𝜈 ∈ 𝑉a

𝑟−1. For contradiction, assume that 𝑥𝜈 ∉ 𝑉a
𝑟−1.

By Claim 28(1) we have V(𝑠𝑟−1) = 𝑉u
𝑟−1 ∪ 𝑉

a
𝑟−1, and hence 𝑦 ∈ 𝑉u

𝑟−1. From Claim 28(4)
we obtain that pos(𝑠𝑟−1, 𝑦) = pos(𝑠0, 𝑦). Hence, {(𝑚, 𝑛)} = pos(𝑠0, 𝑦) ∩ pos(𝑠0, 𝑥𝜈). This
implies that 𝑦 = 𝑥𝜈 and due to 𝑥𝜈 ∈ {𝑥1, . . . , 𝑥𝑟−1} it holds that 𝑦 ∈ {𝑥1, . . . , 𝑥𝑟−1}. But
this is a contradiction to 𝑦 ∈ 𝑉u

𝑟−1 = V(𝑞0) \ {𝑥1, . . . , 𝑥𝑟−1}. Thus, we have shown that
𝑦 ∈ 𝑉a

𝑟−1.

Consider the query 𝑞𝑦 := 𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝑦⟩, and let 𝑠𝑦 be the query string of 𝑞𝑦 . It holds

that 𝑞𝑦
hom−→ 𝑞′ since we already know that 𝑞𝑟−1

hom−→ 𝑞′. i. e., there is a homomorphism
ℎ : (( [ℓ]× [𝑘])× (V∪I∪D)) → (V∪I∪D) from 𝑞𝑟−1 to 𝑞′. This ℎ also is a homomorphism
from 𝑞𝑦 to 𝑞′. To see this, note that for (𝑟𝑖 , 𝑟𝑢) ∈ pos(𝑠𝑟−1, 𝑥𝑟 ) we have ℎ(𝑠𝑦 [𝑟𝑖] [𝑟𝑢]) =
ℎ(𝑦) = ℎ(𝑠𝑟−1 [𝑚] [𝑛]) = 𝑠′ [𝑚] [𝑛] = 𝑠′ [𝑟𝑖] [𝑟𝑢]; and for every other position ( 𝑗 , 𝑣) ∈
[ℓ] × [𝑘] \ pos(𝑠𝑟−1, 𝑥𝑟 ) we have ℎ(𝑠𝑦 [ 𝑗] [𝑣]) = ℎ(𝑠𝑟−1 [ 𝑗] [𝑣]) = 𝑠′ [ 𝑗] [𝑣]. Therefore,
supp(𝑞𝑦 ,S) ⩾ sp which contradicts (∗ ∗ ∗)𝑟 . This ends the proof of Claim 30.

To complete the proof of Claim 29 we now distinguish between the four cases depending on
whether the query 𝑞𝑟 is obtained from 𝑞𝑟−1 by performing a InterOp, DisjOp, VarOp, or a



NoChangeOp. Our aim to show that in all cases the conditions (i) to (iii) are satisfied. Let us
briefly recall these conditions:

(i) For all ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1: 𝑠𝑟 [ 𝑗] [𝑣], 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ∈ I∪D and 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] then
𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑟𝑖] [𝑟𝑢].

(ii) For all ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1: If 𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑟𝑖] [𝑟𝑢] then 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢].
(iii) If 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ I ∪ D then 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠′ [𝑟𝑖] [𝑟𝑢].

Case 1: 𝑞𝑟 is obtained from 𝑞𝑟−1 by replacing the current variable 𝑥𝑟 in 𝑠𝑟−1 by an interval
𝐼 ∈ I, i. e. 𝑠𝑟 = 𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝐼⟩. Let (𝑟𝑖 , 𝑟𝑢) the position of 𝑥𝑟 in 𝑠𝑟−1. By (2) we have
𝑠′ [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠[𝑟𝑖] [𝑟𝑢] = 𝐼. This interval 𝐼 is minimal in the sense that for each 𝐼 ′ ∈ I with
𝐼 ′ ⊂ 𝐼 it holds that supp(𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝐼 ′⟩,S) < sp, due to Function 3: the initial interval
[min(adom𝑟𝑢 (S)),max(adom𝑟𝑢 (S))] decreases during each iteration of the while-loop in
Line 4, until a smaller interval does not satisfy the support threshold any more, or the
current interval is already a singleton. Hence, 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] = 𝐼 ⊆ 𝑠′ [𝑟𝑖] [𝑟𝑢] holds as well,
since otherwise 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝐼 ′ ⊂ 𝐼 which contradicts supp(𝑞𝑟 ,S) ⩾ sp. In particular (iii)
is satisfied.

To see that (ii) is satisfied, consider ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1 with 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝑠′ [ 𝑗] [𝑣] = 𝐼. By (2)
we have 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠′ [𝑟𝑖] [𝑟𝑢] and 𝑠𝑟 [ 𝑗] [𝑣] ⊆ 𝑠′ [ 𝑗] [𝑣]. Due to 𝑞𝑟−1

hom−→ 𝑞′ it holds
that 𝑠′ [ 𝑗] [𝑣] ⊆ 𝑠𝑟 [ 𝑗] [𝑣], and thanks to 𝑞𝑟

hom−→ 𝑞′ we have 𝑠′ [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] since
𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ∈ I. Hence, (ii) is satisfied.

It remains to prove that (i) is satisfied. For contradiction assume that 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] =
𝐼 ∈ I, and 𝑠′ [ 𝑗] [𝑣] = 𝐼1 ≠ 𝐼2 = 𝑠′ [𝑟𝑖] [𝑟𝑢]. By 𝑞𝑟

hom−→ 𝑞′ it holds that 𝐼1, 𝐼2 ∈ I, and
𝐼1, 𝐼2 ⊆ 𝐼. Assume that 𝐼1 ⊂ 𝐼. Note that all other cases can be dealt with analogously,
except the case that 𝐼1 = 𝐼2 = 𝐼 which contradicts our assumption. Assume that 𝐼

was found to match the support threshold, i. e. supp(𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝐼⟩,S) ⩾ sp during
the 𝑖-th iteration of the while-loop of Function 3 by satisfying the support threshold in
Line 6, 8, or 10. Furthermore, assume that 𝐼 was selected for the replacement operation
after the 𝑗-th iteration, 𝑗 ⩾ 𝑖 of the while-loop. Note that is may take further iterations
through the while-loop in order to achieve the termination criterion lowb − 𝑛 ⩽ 1 and
𝑢 − 𝑢𝑏 ⩽ 1. During these iterations, subintervals 𝐼 ′ of 𝐼 have been checked and were
discarded since supp((𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝐼 ′⟩, 𝑤, 𝑐),S) < sp. At least one of these subintervals
may either equal 𝐼1 or strictly contain 𝐼1. Hence, supp((𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝐼1⟩, 𝑤, 𝑐),S) < sp.
Note that 𝑞′ is a specialisation of 𝑞𝑟−1 due to 𝑞𝑟−1 ∼𝜌𝑟−1 𝑞′, and 𝑞𝑟−1

hom−→ 𝑞′. In case
that supp((𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝐼1⟩, 𝑤, 𝑐),S) < sp, we already know that supp((𝑞, 𝑤, 𝑐),S) < sp
for each query 𝑞 that is a specialisation of (𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝜒1⟩, 𝑤, 𝑐), including 𝑞′. Hence,
supp(𝑞′,S) < sp, contradicting the assumption.

Case 2: 𝑞𝑟 is obtained from 𝑞𝑟−1 by replacing the current variable 𝑥𝑟 in 𝑠𝑟−1 by a
disjunction 𝜒 ∈ Δ, i. e. 𝑠𝑟 = 𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝜒⟩. Let (𝑟𝑖 , 𝑟𝑢) the position of 𝑥𝑟 in 𝑠𝑟−1. By



(2) we have ∅ ⊂ 𝑠′ [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠[𝑟𝑖] [𝑟𝑢] = 𝜒. Since Δ is walked through incrementally
in Line 11 𝜒 is minimal in the following sense: for each 𝜒′ ∈ Δ with 𝜒′ ⊂ 𝜒 it holds
that supp(𝑞𝑟−1⟨𝑥𝑟 ↦→ 𝜒′⟩) < sp. Hence, 𝑠[𝑟𝑖] [𝑟𝑢] = 𝜒 ⊆ 𝑠′ [𝑟𝑖] [𝑟𝑢] holds as well, since
otherwise 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝜒′ ⊂ 𝜒 which contradicts supp(𝑞𝑟 ,S) ⩾ sp. In particular (iii) is
satisfied.

To see that (ii) is satisfied, consider ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1 with 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝑠′ [ 𝑗] [𝑣] = 𝜒. By (2)
we have ∅ ⊂ 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠′ [𝑟𝑖] [𝑟𝑢] and ∅ ⊂ 𝑠𝑟 [ 𝑗] [𝑣] ⊆ 𝑠′ [ 𝑗] [𝑣]. Due to 𝑞𝑟−1

hom−→ 𝑞′ it
holds that 𝑠′ [ 𝑗] [𝑣] ⊆ 𝑠𝑟 [ 𝑗] [𝑣], and thanks to 𝑞𝑟

hom−→ 𝑞′ we have 𝑠′ [𝑟𝑖] [𝑟𝑢] ⊆ 𝑠𝑟 [𝑟𝑖] [𝑟𝑢]
since 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] ∈ Δ. Hence, (ii) is satisfied.

It remains to prove that (i) is satisfied. For contradiction assume that 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] =
𝜒 ∈ Δ, and 𝑠′ [ 𝑗] [𝑣] = 𝜒1 ≠ 𝜒2 = 𝑠′ [𝑟𝑖] [𝑟𝑢]. By 𝑞𝑟

hom−→ 𝑞′ it holds that 𝜒1, 𝜒2 ∈ D, and
𝜒1, 𝜒2 ⊆ 𝜒. Assume that 𝜒1 ⊂ 𝜒. Note that all other cases can be dealt with analogously,
except the case that 𝜒1 = 𝜒2 = 𝜒 which contradicts our assumption. Let 𝑖 = |𝜒 |. Hence,
𝜒 was selected for the replacement operation during the 𝑖-th iteration of the for-loop,
i. e. 𝜒 ∈ Δ𝑖 . Since 𝜒1 ⊂ 𝜒 it either holds that 𝜒1 ∈ Δ𝑖′ for 𝑖′ < 𝑖, or 𝜒1 ∉ Δ. In case
of the latter, 𝜒1 is not a supported disjunction, which implies that 𝑞′ does not cover the
given sample with the requested support, contradicting supp(𝑞′,S) ⩾ sp. Otherwise,
Algorithm 1 considers 𝜒1 during the 𝑖′-th iteration of the for-loop and discards it. This
happens if supp((𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝜒1⟩, 𝑤, 𝑐),S) < sp. Note that 𝑞′ is a specialisation of 𝑞𝑟−1

due to 𝑞𝑟−1 ∼𝜌𝑟−1 𝑞′, and 𝑞𝑟−1
hom−→ 𝑞′. In case that supp((𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝜒1⟩, 𝑤, 𝑐),S) < sp,

we already know that supp((𝑞, 𝑤, 𝑐),S) < sp for each query 𝑞 that is a specialisation
of (𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝜒1⟩, 𝑤, 𝑐), including 𝑞′. Hence, supp(𝑞′,S) < sp, contradicting the
assumption.

Case 3: 𝑞𝑟 is obtained from 𝑞𝑟−1 by replacing the variable 𝑥𝑟 in 𝑠𝑟−1 by an available variable
𝑦 ∈ 𝑉a

𝑟−1, i. e. the query string of 𝑞𝑟 is 𝑠𝑟 = 𝑠𝑟−1⟨𝑥𝑟 ↦→ 𝑦⟩. According to Claim 28(1)
there exists an 𝑟 ′ ⩽ 𝑟 − 1 such that 𝑦 = 𝑥𝑟 ′ . Furthermore, by definition of the algorithm,
a variable can only be included into the set 𝑉a in case of a NoChangeOp, i. e. neither an
InterOp, a DisjOp nor a VarOp was possible. Therefore, in the 𝑟 ′-th iteration of the mains
algorithm’s while-loop, the variable 𝑥𝑟 ′ was included into the set 𝑉a. But this means that
the conditions (∗)𝑟 , (∗∗)𝑟 and (∗ ∗ ∗)𝑟 are satisfied. Let {(𝑟 ′

𝑖
, 𝑟 ′𝑢)} ∈ pos(𝑠0, 𝑥𝑟 ′ ). The first

statement of Claim 30 tells us that 𝑠′ [𝑟 ′
𝑖
] [𝑟 ′𝑢] ∈ V. Note that (𝑟 ′

𝑖
, 𝑟 ′𝑢) ∈ 𝜌𝑟 ′ ⊆ 𝜌𝑟 ′′ for

all 𝑟 ′′ ⩾ 𝑟 ′. Hence, by Claim 28(5) we obtain that 𝑦 = 𝑥𝑟 ′ = 𝑠𝑟 ′ [𝑟 ′𝑖 ] [𝑟 ′𝑢] = 𝑠𝑟 ′′ [𝑟 ′𝑖 ] [𝑟 ′𝑢]
for all 𝑟 ′′ ⩾ 𝑟 ′. In particular, for 𝑟 ′′ = 𝑟 we obtain that 𝑦 = 𝑠𝑟 [𝑟 ′𝑖 ] [𝑟 ′𝑢]. Hence, we have

𝑠𝑟 [𝑟 ′𝑖 ] [𝑟 ′𝑢] = 𝑦 = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢] for (𝑟𝑖 , 𝑟𝑢) ∈ pos(𝑠0, 𝑥𝑟 ). From 𝑞𝑟
hom−→ 𝑞′ we obtain that

𝑠′ [𝑟 ′
𝑖
] [𝑟 ′𝑢] = 𝑠′ [𝑟𝑖] [𝑟𝑢]. Since 𝑠′ [𝑟 ′

𝑖
] [𝑟 ′𝑢] ∈ V we obtain that 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ V.

Now we can turn to condition (ii). Let (𝑟𝑖 , 𝑟𝑢) ∈ pos(𝑠0, 𝑥𝑟 ) and choose an arbitrary
( 𝑗 , 𝑣) ∈ 𝜌𝑟−1 such that 𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑟𝑖] [𝑟𝑢]. We want to prove that 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢].
As shown above, 𝑠′ [ 𝑗] [𝑣] = 𝑠′ [𝑟𝑖] [𝑟𝑢] = 𝑠′ [𝑟 ′

𝑖
] [𝑟 ′𝑢]. From ( 𝑗 , 𝑣), (𝑟 ′

𝑖
, 𝑟 ′𝑢) ∈ 𝜌𝑟−1 and



𝑞𝑟 ∼𝜌𝑟−1 𝑞′ we obtain that 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟 [𝑟 ′𝑖 ] [𝑟 ′𝑢]. And we already know that 𝑠𝑟 [𝑟 ′𝑖 ] [𝑟 ′𝑢] =
𝑦 = 𝑠𝑟 [𝑟𝑖] [𝑟𝑢]. This proves condition (ii).

Note that conditions (i) and (iii) are trivially satisifed.

Case 4: 𝑞𝑟 is obtained from 𝑞𝑟−1 by performing no replacement operation at all. In this case
we know that the statements (∗∗)𝑟 and (∗ ∗ ∗)𝑟 are satisfied. From Claim 30 we obtain for
(𝑟𝑖 , 𝑟𝑢) ∈ pos(𝑠0, 𝑥𝑟 ) that 𝑠′ [𝑟𝑖] [𝑟𝑢] ∈ V and 𝑠′ [ 𝑗] [𝑣] ≠ 𝑠′ [𝑟𝑖] [𝑟𝑢] for all ( 𝑗 , 𝑣) ∈ 𝜌𝑟−1.
Hence, (i) to (iii) are trivially satisifed.

In all three cases we have shown that (i) to (iii) are satisfied, and thus we have 𝑞𝑟 ∼𝜌𝑟 𝑞′.
This completes the proof of Claim 29. ■

In summary the proof of of (b) is now completed.

Claim 31 (restated). For every 𝑟 ⩾ 1 we have

1. 𝑉u
𝑟 = V(𝑞0) \ { 𝑥1, . . . , 𝑥𝑟 } and 𝑉u

𝑟 ∩𝑉a
𝑟 = ∅ and 𝑉u

𝑟 ∪𝑉a
𝑟 = V(𝑠𝑟 ).

2. D(𝑞𝑟 ) ⊆ Δ and supp(𝑞𝑟 ,S) ⩾ sp.

3. 𝑞𝑟−1
hom−→ 𝑞𝑟 .

4. For every 𝑥 ∈ 𝑉u
𝑟 we have pos(𝑠𝑟 , 𝑥) = pos(𝑠0, 𝑥).

5. 𝑠𝑟 [𝑖] [𝑣] = 𝑠𝑟−1 [𝑖] [𝑣] for all (𝑖, 𝑣) ∈
(
[ℓ] × [𝑘]

)
\ pos(𝑠0, 𝑥𝑟 ).

Proof of Claim 28 by induction on 𝑟. Base case: (𝑟 = 1) Let 𝑥1 be the chosen variable
during the first iteration through the while-loop of Algorithm 1. At the end of the first
iteration through the while-loop either an InterOp, a DisjOp, or a NoChangeOp has been
executed. Note that a VarOp is not possible due to 𝑉0 = ∅.

1. In all three cases it holds that 𝑉u
1 = 𝑉u

0 \ {𝑥1} = V(𝑞0) \ { 𝑥1 }, since the chosen
variable is deleted from the set of unvisited variables in Line 7.
Furthermore, 𝑉u

1 ∩𝑉
a
1 = ∅, because either an InterOp or a DisjOp has been executed,

implying that 𝑉1 = ∅, or 𝑉1 = {𝑥1} and 𝑥1 ∉ 𝑉u
1 (due to Line 7) if a NoChangeOp was

executed.
Because 𝑈0 = V(𝑞0) and 𝑉0 = ∅ it holds that 𝑉u

0 ∪𝑉
a
0 = V(𝑠0). If a NoChangeOp has

been executed, we conclude that𝑉u
1 ∪𝑉

a
1 = (𝑉u

0 \ {𝑥1}) ∪𝑉a
0 ∪ {𝑥1} = V(𝑞0) = V(𝑞1).

Otherwise, in case of an InterOp or a DisjOp,𝑉u
1 ∪𝑉

a
1 = (𝑉u

0 \ {𝑥1}) ∪𝑉a
0 = 𝑉u

0 \ {𝑥1} =
V(𝑞0) \ {𝑥1} = V(𝑞1).

2. In case of a NoChangeOp it holds that D(𝑞1) = D(𝑞0) = ∅ ⊆ Δ since 𝑞0 = 𝑞mg
and D(𝑞mg) = ∅. If instead the (single) occurrence of 𝑥1 has been replaced by a
disjunction 𝜒, then, due to Line 13, this disjunction is chosen from Ω = Δ𝑖 ⊆ Δ, for
𝑖 ∈ [𝑑]. Therefore,

D(𝑞1) = D(𝑞0) ∪ 𝜒
𝜒∈Δ𝑖 , D(𝑞0 )⊆Δ

⊆ Δ.



If 𝑞1 = 𝑞0 (after a NoChangeOp), it holds that supp(𝑞1,S) = supp(𝑞0,S) ⩾ sp.
Otherwise, 𝑞1 is obtained from 𝑞0 by an InterOp or a DisjOp, which replaced 𝑥1 by
some 𝐼 ∈ I or 𝜒 ∈ Ω = Δ𝑖 , respectively. Note that this operation is only applied if the
query 𝑞1 = (𝑠0 (𝑥1 ↦→ 𝐼), 𝑤, 𝑐) or 𝑞1 = (𝑠0 (𝑥1 ↦→ 𝜒), 𝑤, 𝑐), respectively, satisfies the
given support-threshold, i. e. supp(𝑞1,S) ⩾ sp.

3. After a NoChangeOp 𝑞1 = 𝑞0, hence the identity is a homomorphism from 𝑞0 to 𝑞1.
Otherwise, 𝑞1 was obtained from 𝑞0 by replacing 𝑥1 by an interval 𝐼 ⊂ I or a disjunction
𝜒 ∈ Ω = Δ𝑖 ⊆ Δ, for 𝑖 ∈ [𝑑]. The mapping ℎ : (( [ℓ] × [𝑘])×V∪I∪D) → (V∪I∪D)
such that ℎ(𝑥1) = 𝐼 or ℎ(𝑥1) = 𝜒, and ℎ is the identity onV∪I∪D\{𝐼}, orV∪I∪D\{𝜒},
respectively, is a homomorphism from 𝑞0 to 𝑞1. (Note that 𝑥1 only occurs once in 𝑠0.)

4. In case of a NoChangeOp, we have pos(𝑠1, 𝑥) = pos(𝑠0, 𝑥) for every 𝑥 ∈ 𝑉u
1 , since the

query string has not changed, i.e. 𝑞1 = 𝑞0. It remains to show that this holds after
an InterOp or a DisjOp, too. For contradiction, assume that there exists a 𝑥 ∈ 𝑉u

1 such
that pos(𝑠1, 𝑥) ≠ pos(𝑠0, 𝑥). Since each InterOp or DisjOp only changes the positions
carrying the currently selected variable (for the base case this is 𝑥1), while all other
positions remain unchanged (due to Line 14 in Function 3 and Line 5 in Function 2),
this implies that 𝑥 = 𝑥1 and therefore, 𝑥 ∉ 𝑉u

1 , contradicting the assumption.

5. After a NoChangeOp it holds that 𝑠1 [ 𝑗] [𝑣] = 𝑠0 [ 𝑗] [𝑣] for all ( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘])
and especially for all ( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘]) \ pos(𝑠0, 𝑥1). In case that an InterOp
or a DisjOp was performed, assume for contradiction that there exists a position
( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘]) \ pos(𝑠0, 𝑥1) such that 𝑠1 [ 𝑗] [𝑣] ≠ 𝑠0 [ 𝑗] [𝑣] after the replacement
operation. By construction of the algorithm only replaces the occurrences of 𝑥1 by
some interval 𝐼 or disjunction 𝜒 in Line 14 of Function 3 or Line 5 in Function 2,
during an InterOp or a DisjOp, respectively. Hence, ( 𝑗 , 𝑣) has to be in pos(𝑠0, 𝑥1),
which contradicts the assumption.

Inductive step: (𝑟 − 1 { 𝑟) Let 𝑥𝑟 be the chosen variable during the 𝑟-th iteration through
the outer while-loop. At the end of this iteration either InterOp, DisjOp, VarOp or NoChangeOp
has been executed.

1. Assume that the induction hypothesis holds for 𝑟 − 1, i.e.

𝑉u
𝑟−1 = V(𝑞0) \ { 𝑥1, . . . , 𝑥𝑟−1 } (1a)

𝑉u
𝑟−1 ∩𝑉

a
𝑟−1 = ∅ (1b)

𝑉u
𝑟−1 ∪𝑉

a
𝑟−1 = V(𝑠𝑟−1) (1c)

No matter which kind of operation has been executed during the 𝑟-th iteration through
the outer while-loop, 𝑉u

𝑟 = 𝑉u
𝑟−1 \ {𝑥𝑟 } holds, due to the deletion of the selected

unvisited variable from the set of unvisited variables in Line 7. Using the induction
hypothesis 1a we can conclude that

𝑉u
𝑟 = 𝑉u

𝑟−1 \ {𝑥𝑟 }
i.h.
= V(𝑞0) \

(
{ 𝑥1, . . . , 𝑥𝑟−1 } ∪ { 𝑥𝑟 }

)
= V(𝑞0) \ { 𝑥1, . . . , 𝑥𝑟 }.



After the 𝑟-th iteration through the while-loop, 𝑉a
𝑟 equals either 𝑉a

𝑟−1 ∪ {𝑥𝑟 } (if a
NoChangeOp has been executed) or 𝑉a

𝑟−1. In the latter case it holds that

𝑉u
𝑟 ∩𝑉a

𝑟 = 𝑉u
𝑟−1 \ {𝑥𝑟 } ∩𝑉

a
𝑟−1

i.h.
= ∅

and

𝑉u
𝑟 ∪𝑉a

𝑟 = 𝑉u
𝑟−1 \ {𝑥𝑟 } ∪𝑉

a
𝑟−1

i.h.
= V(𝑠𝑟−1) \ {𝑥𝑟 } = V(𝑠𝑟 ).

Otherwise, in case a NoChangeOp has been executed, it holds that

𝑉u
𝑟 ∩𝑉a

𝑟 =
(
𝑉u
𝑟−1 \ {𝑥𝑟 }

)
∩
(
𝑉a
𝑟−1 ∪ {𝑥𝑟 }

) i.h.
= ∅

and

𝑉u
𝑟 ∪𝑉a

𝑟 = 𝑉u
𝑟−1 \ {𝑥𝑟 } ∪𝑉

a
𝑟1
∪ {𝑥1}

i.h.
= V(𝑠𝑟−1) = V(𝑠𝑟 ).

2. Assume that the induction hypothesis holds for 𝑟 − 1, i. e. D(𝑞𝑟−1) ⊆ Δ and
supp(𝑞𝑟−1,S) ⩾ sp. If a NoChangeOp has been executed, 𝑞𝑟 = 𝑞𝑟−1 and we
are done thanks to the induction hypothesis.
Consider the case that a DisjOp has been executed during the 𝑟-th iteration through
the outer while-loop. If 𝑥𝑟 was replaced by a disjunction 𝜒 ∈ D(𝑞𝑟−1) we conclude
that D(𝑞𝑟 ) = D(𝑞𝑟−1) ⊆ Δ by the induction hypothesis. Otherwise, it holds that
D(𝑞𝑟 ) = D(𝑞𝑟−1) ∪ 𝜒 ⊆ Δ, as well by the induction hypothesis and the fact
that 𝜒 ∈ Ω = Δ𝑖 ⊆ Δ, for 𝑖 ∈ [𝑑], by construction of the algorithm. Note that
D(𝑞𝑟 ) = D(𝑞𝑟−1) ⊆ Δ holds by the induction hypothesis in case of a VarOp.
In the case that 𝑞𝑟 is the result of an InterOp, a DisjOp or a VarOp it holds that 𝑞𝑟
satisfies the support, due to the construction of the algorithm: an InterOp, a TypeOp or
VarOp is only applied if the corresponding requests to the oracle in evaluates to true
(Line 6, 8, or 10 of Function 3, or Line 4 of Function 2).

3. After a NoChangeOp 𝑞𝑟 = 𝑞𝑟−1, hence the identity is a homomorphism from 𝑞𝑟−1
to 𝑞𝑟 . Otherwise, 𝑞𝑟 was obtained from 𝑞𝑟−1 by replacing 𝑥𝑟 by an interval 𝐼 ∈ I,
a disjunction 𝜒 ∈ Ω = Δ𝑖 , for 𝑖 ∈ [𝑑], or a variable 𝑥 ∈ 𝑉a

𝑟−1. The mapping
ℎ : (( [ℓ] × [𝑘]) × V ∪ I ∪ D) → (V ∪ I ∪ D) such that ℎ(𝑥𝑟 ) = 𝐼, ℎ(𝑥𝑟 ) = 𝜒 or
ℎ(𝑥𝑟 ) = 𝑥 and ℎ is the identity on V∪ I∪D \ {𝐼}, V∪ I∪D \ {𝜒} or V∪ I∪D \ {𝑥𝑟 },
in case of an InterOp, a DisjOp or VarOp, respectively, is a homomorphism from
𝑞𝑟−1 to 𝑞𝑟 . Note that ℎ(𝑥𝑟 ) = 𝐼 or ℎ(𝑥𝑟 ) = 𝜒 does not contradict our definition of
homomorphisms, since 𝑥𝑟 does only occur once within 𝑠𝑟−1.

4. Assume that the induction hypothesis holds for 𝑟 − 1, i.e. for every 𝑥 ∈ 𝑉u
𝑟−1 we

have pos(𝑠𝑟−1, 𝑥) = pos(𝑠0, 𝑥). If a NoChangeOp has been executed, the query string
remains the same. By the induction hypothesis pos(𝑠𝑟 , 𝑥) = pos(𝑠𝑟−1, 𝑥) = pos(𝑠0, 𝑥)
for every 𝑥 ∈ 𝑉u

𝑟−1 and hence, pos(𝑠𝑟 , 𝑥) = pos(𝑠0, 𝑥) for every 𝑥 ∈ 𝑉u
𝑟 .

Otherwise, an InterOp, a DisjOp or a VarOp has changed the single position in
pos(𝑠𝑟−1, 𝑥𝑟 ). As already discussed the algorithm cannot change any other position
in the query string. Furthermore, 𝑥𝑟 ∉ 𝑉u

𝑟 . Hence, for every 𝑥 ∈ 𝑉u
𝑟 (note that 𝑥 ≠ 𝑥𝑟 )

holds pos(𝑠𝑟 , 𝑥) = pos(𝑠𝑟−1, 𝑥)
i.h.
= pos(𝑠0, 𝑥).



5. Assume that the induction hypothesis holds for 𝑟 − 1, i.e. 𝑠𝑟−1 [ 𝑗] [𝑣] = 𝑠𝑟−2 [ 𝑗] [𝑣]
for all ( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘]) \ pos(𝑠0, 𝑥𝑟−1). If a NoChangeOp has been executed,
the query string remains the same, which implies 𝑠𝑟 [ 𝑗] [𝑣] = 𝑠𝑟−1 [ 𝑗] [𝑣] for all
( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘]) and especially for all ( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘]) \pos(𝑠0, 𝑥𝑟 ). Otherwise,
assume for contradiction, that there exists a position ( 𝑗 , 𝑣) ∈ ([ℓ] × [𝑘]) \ pos(𝑠0, 𝑥𝑟 )
such that 𝑠𝑟 [ 𝑗] [𝑣] ≠ 𝑠𝑟−1 [ 𝑗] [𝑣] after an InterOp, a DisjOp or a VarOp. Due to
the induction hypothesis, this inequality appeared just during the 𝑟-th iteration of
the while-loop of the main algorithm. By construction of the algorithm and its
functions, actually Line 14 of Function 3 or Line 5 in Function 2, only the position
( 𝑗 ′, 𝑣′) ∈ pos(𝑠0, 𝑥𝑟 ) is replaced. This implies ( 𝑗 , 𝑣) = ( 𝑗 ′, 𝑣′), and therefore,
( 𝑗 , 𝑣) ∈ pos(𝑠0, 𝑥𝑟 ) contradicting the assumption.


