Chapter 7

MULTIVALUED DEPENDENCIES,
JOIN DEPENDENCIES AND
FURTHER NORMAL FORMS

We saw in Chapter 6 that the presence of certain functional dependencies in
a relation scheme means that the scheme can be decomposed to eliminate
redundancy while preserving information. However, it is not necessary that
an FD hold before such a decomposition may take place. Consider the in-
stance of relation service in Table 7.1.

Table 7.1 The relation service.

service(FLIGHT DAY-OF-WEEK PLANE-TYPE)

106 Monday 747
106 Thursday 747
106 Monday 1011
106 Thursday 1011
204 Wednesday 707
204 Wednesday 727

A tuple {f d p) in relation service means that flight number f flies on day d
and can use plane type p on that day. There is no functional dependency
FLIGHT — DAY-OF-WEEK or FLIGHT — PLANE-TYPE in service, yet
service decomposes losslessly onto FLIGHT DAY-OF-WEEK and FLIGHT
PLANE-TYPE, as shown in Table 7.2.

Table 7.2 The relation service decomposes losslessly into the
relations servday and servtype.

servday(FLIGHT DAY OF WEEK)  servtype(FLIGHT PLANE-TYPE)

106 Monday 106 747

106 Thursday 106 1011

204 Wednesday 204 707
204 727
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Now consider another instance of the relation service, as given in Table 7.3.

Table 7.3 A second instance of the relation service.

service(FLIGHT DAY-OF-WEEK PLANE-TYPE)

106 Monday 747
106 Thursday 747
106 Thursday 1011
204 Wednesday 707
204 Wednesday 727

If we decompose this instance of service onto FLIGHT DAY-OF-WEEK and
FLIGHT PLANE-TYPE, we aiso get the projections shown in Table 7.2.
Therefore, when we join the two projections, we do not get back our original
relation.

7.1 MULTIVALUED DEPENDENCIES

What property of the first instance of service that the second instance lacks
allows the lossless decomposition? In the first instance, if a certain plane type
can be used for a flight on one day it flies, that plane type can be used on any
day the flight flies. This property fails for the second instance of service, since
flight 106 can use a 1011 on Thursday but not on Monday. The first instance
of service should be decomposed, since once we know a flight number, DAY-
OF-WEEK gives us no information about PLANE-TYPE, and vice versa.

We can state this property another way. If we have tuples {f d p) and
{fd'p') in relation service, then we must also have tuple {(fd' p). We de-
fine this concept formally.

Definition 7.1 Let R be a relation scheme, let X and Y be disjoint subsets of
R, and let Z = R — (X Y). A relation r(R) satisfies the multivalued
dependency (MVD) X —— Y if, for any two tuples £, and ¢, in r with #,(X) =
1(X), there exists a tuple ¢; in » with £3(X) = £(X), 1Y) = (YY), and
t(2) = ty(2).

The symmetty of ¢, and ¢, in this definition implies there is also a tuple ¢4
in » with £4(X) = (X)), tY) = t(Y) and t4(Z) = t,(Z).

Example 7.1 The MVD FLIGHT — DAY-OF-WEEK holds on the in-
stance of service in Table 7.1, but not on the instance in Table 7.3. The in-
stance in Table 7.1 also satisfies the MVD FLIGHT — PLANE-TYPE.
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It is not a coincidence that the instance of service in Table 7.1 satisfies two
MVDs, as the following lemma shows.

Lemma 7.1 If relation r on scheme R satisfies the MVD X — Y and Z =
R — (X Y), then r satisfies X — Z.

Proof: Left to the reader (see Exercise 7.2).

The definition of MVD requires that X and Y be disjoint in X —Y. Sup-
pose we remove this condition from the definition. Let relation #(R) satisfy
X — Y under the modified definition and let Y’ = Y — X. Under either
definition, r satisfies X = Y :letZ =R — (X Y) =R — (X Y’). Let ¢,
and t; be tuples in r with #;(X) = £,(X). Since X —> Y, there must be a tuple
t3 in r with t3(X) = tl(X), tg(Y) = tl(Y), and t3(Z) = tz(Z). Ift3(Y) = tl(Y),
then z3(Y') = £4(Y'), since Y’ € Y. So r satisfies X —> Y.

Now suppose that X and Y are disjoint and relation r(R) satisfies X — Y. If
X' € X, then X = Y X’ under the modified definition of MVD: If tuples z,
and ¢, are in r, and #,(X) = ¢5(X), then there is a tuple £; in r with ¢3(X) =
t(X), t3(Y) = tY), and £3(Z) = t,(Z). It follows that ¢t3(Y X') =
t (Y X').

We adopt the modified definition in place of the original.

Example 7.2 The relation » shown below satisfies the MVD A B = B C,
hence it satisfies the MVD A B — C.
r(A D)
d
14 d r
d r
"ood
"od
d r

S N Y
0(’)0000(‘3

FSIE~TE ~ T ~ B ~ T~

r

Let us investigate the meaning of the special cases @ = Y and X — QDfora
relation 7(R). Recall our assumption that #() =  for any tuple ¢. Consider
@ Y.LetZ=R — Y. For any tuples ¢, and ¢, in 7, t(D) = t2(®). Ifr
satisfies ) — ¥, there must be a tuple t; € r with £3(Y) = £,(Y) and £5(Z) =
ty(Z). Therefore, r must be the cross product of the projections wy(r) and
Tz(r).

The MVD X —= @ is trivially satisfied by any relation on a scheme con-
taining X.
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7.2 PROPERTIES OF MULTIVALUED DEPENDENCIES

We have formalized the property that distinguishes the instances of the rela-
tion service in Tables 7.1 and 7.3. Let us see how MVDs are related to lossless
decomposition.

Theorem 7.1 Let » be a relation on scheme R, and let X, Y, and Z be subsets
of R such that Z = R — (X Y). Relation r satisfies the MVD X — Y if the
only if » decomposes losslessly onto the relation schemes R, = X Y and
R2 =XZ.

Proof: Suppose the MVD holds. Let ry = 7z, (r) and r, = wg,(r). Let ¢ be
a tuple in ry <1 r,. There must be a tuple ¢; € r; and a tuple ¢, € 7, such that
HX) = t;(X) = (X)), t(Y) = t,(Y), and t(Z) = tx(Z). Since r; and r, are
projections of r, there must be tuples ¢{ and ¢ in r with t{(X Y) = t(X Y)
and t(X Z) = t)(X Z). The MVD X —— Y implies that ¢ must be in r, since r
must contain a tuple ¢3 with #3(X) = #{(X), t3(¥) = (YY), and #;(Z) =
t(Z), which is a description of ¢.

Suppose now that » decomposes losslessly onto R, and R,. Let ¢, and ¢, be
tuples in r such that #;(X) = £,(X). Let r; and r, be defined as before. Rela-
tion r; contains a tuple ¢t{ = #{X Y) and relation r, contains a tuple ¢, =
t(X Z). Since r = r; P<1 75, r contains a tuple £ such that t(X Y) = (X Y)
and t(X Z) = tAX Z). Tuple ¢ is the result of joining ¢, and ¢,. Hence #; and
t, cannot be used in a counterexample to X —+ Y, hence r satisfies X = Y.

Theorem 7.1 gives us a method to test if a relation r(R) satisfies the MVD
X = Y. We project r onto X Y and X(R — XY), join the two projections,
and test if the result is ». There is another method to test MVDs that does not
require project and join, only some sorting and counting.

letZ=R—-—(XY),Ri=XY,andR,=XZ. If

ry = 7g,(r) and r, = mg,(r),

then r; < r, always contains r. For a given X-value x, suppose there are c;
tuples in r; with X-value x and ¢, tuples in r, with X-value x. Let ¢ be the
number of tuples in r with X-value x. If ¢ = ¢ - ¢j, for any X-value x, then
¥ = r; D1 r4 (see Exercise 7.4).

We define a function to assist us with our counting. The function
cwlX = x] maps relations to non-negative integers as follows:

ewlX = x](r) = [wwlox=, (7))
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Example 7.3 The value of cp[A B = a b](r) is 2 for the relation r in Exam-
ple 7.2.

The function cwlX = x] counts the number of different W-values
associated with a given X-value in a relation. The condition for the MVD
X — Y we just discussed can be stated as

For any X-value x in r, cg{X = x](r) = exy[X = x](r) + cxz[X = x1(r).
Since cwx[X = x] = ewlX = x], we can simplify this condition to

For any X-value x in r, cg[X = x1(r) = cy[X = x](7) - cz[X = x](r).
Example 7.4 For the relation r in Example 7.2, and the MVD A B — C,

capcplAB =abl(r) =4,
¢clAB = abl(r) = 2, and
cplAB = ab)(r) = 2.

We see the condition is satisfied for the (A B)-value a b.

To test a relation (R ) against the MVD X —» Y, firstlet Z =R — (X Y).
Next, sort the relation to bring equal X-values together. For each X-value, we
count the number of tuples with the value, the number of different Y-values
associated with the X-value, and the number of different Z-values associated
with the X-value. Finally, we test if the first number is the product of the
other two.

This test provides another definition of MVD (see Exercise 7.6).

Definition 7.2 Let r be a relation on scheme R, let X and Y be subsets of R,

and let Z = R — (X Y). Relation r satisfies the multivalued dependency
X — Y if for every X-value x and Y-value y in r, such that xy appears in r,

czlX =x]1(r) = cz[ XY = xy](r).
7.3 MULTIVALUED DEPENDENCIES AND FUNCTIONAL
DEPENDENCIES
From Theorem 7.1 we can derive the following corollary.

Corollary Let 7 be a relation on scheme R and let X and Y be subsets of R.
If r satisfies the FD X — Y, then r satisfies the MVD X — Y,
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Proof From Exercise 6.4, we know that X — Y implies r decomposes loss-
lessly onto X Y and X (R — (X Y)). This result also follows directly from the
counting definition of MVD.

Suppose we have a relation scheme R and a set of FDs F over R. We want
to know which MVDs must hold in a relation r(R) that satisfies F. From the
last corollary, we know that if X — Y is in FT, then r satisfies X — Y, and,
by Lemma 7.1, it follows that r satisfies X &> R — (X Y). Are there any
MVDs that will always hold on r that do not correspond directly to FDs? The
answer 1S no.

Theorem 7.2 Let F be a set of FDs over R. Let X, Y, and Z be subsets of R,
withZ = R — (X Y). Let X* be the closure of X under F. H Y € X* and
Z & X1, then there is a relation r(R) that satisfies F and does not satisfy the
MVD X — Y.

Proof The proof is similar to that of Theorem 4.1 on the completeness of
the inference axioms for FDs. Assume R = A; A, --- A,. We construct a
relation 7(R) containing only two tuples, ¢; and ¢,. Tuple ¢, is defined as

tl(A,') = a;, l<i=<n
and tuple ¢, is defined as

o fai ifA;eXT
22(4;) {b,- otherwise,

=i =<n.

By the proof of Theorem 4.1, r satisfies all the FDs in F. Since ¥ € X+
and Z € X+, Y must contain an attribute By not in X+, and Z must contain
an attribute B, not in X*. Thus, ¢,(B;) = b; and t(B,) = by for some j
and k.

Since X € X7, t1(X) = t5(X). If r satisfies X = Y, r must contain a tuple
t3 with t3(X) = t1(X), t35(Y) = (YY), and t3(Z) = t,(Z). However, r has
only two tuples, so f3 = #; or t3 = 5. Suppose 3 = £{. Then t(B;) =
ti(B,) #= ti(B,), since t5(B,) is by and ¢{ is all a’s, so #3(Z) # tZ); a
contradiction.

Similarly, we get a contradiction if we assume t3 = ¢,. Since ¢, (B;) = b;
and ¢; is all @’s, t3(B) = ty(B;) = t,(B)), so t5(Y) # £,(Y). We must con-
clude that r does not satisfy the MVD X — Y.



Inference Axioms for Multivalued Dependencies 129

From Theorem 7.2 we see that the only MVDs implied by a set of FDs are
those of the form X = Y, where Y € XT orR — (X Y) € X*.

Example 7.5 LetR =ABCDEIandletF={A—+BC,C— D} ThenF
implies A = B C D and A = C, but F does not imply A = D E.

7.4 INFERENCE AXIOMS FOR MULTIVALUED DEPENDENCIES

We have just seen exactly which MVDs are implied by a set of FDs. We now
consider what MVDs are implied by a set of MVDs and what MVDs and FDs
are implied by a set of MVDs and FDs.

7.4.1 Multivalued Dependencies Alone

The first six inference axioms below are analogs to the FD axioms with the
same names, although only the first three have exactly the same statement.
Axiom M7 has no FD counterpart.

Let r be a relation on scheme R and let W, X, Y, Z be subsets of R.

Mi1. Reflexivity
Relation r satisfies X —> X.

M2. Augmentation
If 7 satisfies X — Y, then r satisfies X Z — Y.

M3. Additivity
If r satisfies X —> Y and X == Z, then r satisfiess X = Y Z.

M4. Projectivity
If r satisfies X = Y and X —— Z, then r satisfies X = Y N Z and
XY —Z

MS. Transitivity
If r satisfies X -+ Y and ¥ —> Z, then r satisfies Y =-> Z — Y.

M6. Pseudotransitivity
If r satisfies X —> Y and Y W —— Z, then r satisfies X W —» Z — (Y W).
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M7. Complementation
If r satisfies X = Y and Z = R — (X Y), then r satisfies X = Z.

Axioms M1 and M2 follow immediately from the first definition of MVD
(see Exercise 7.8). Let us demonstrate the correctness of axiom M3. Let r

contain tuples ¢, and #,, with #,(X) = #,(X). We must prove that r contains a
tuple ¢ such that

tH(X) = 1(X), t(YZ)=t(YZ), and t(U) = t(U),

where U = R — (X Y Z). Since r satisfies X — Y, #t must contain a tuple ¢3
such that

t3(X) - tl(X), t3(Y) == tl(Y), and t3(V) - tz(V),

where V= R — (X Y). Since r satisfies X — Z, it must contain a tuple ¢4
such that

tfX) = ,(X),  tZ) = t(Z), and (W) = t3(W),
where W = R — (X Z).

We claim ¢ = ¢4. Clearly t(X) = 14X).

Also

t4(Z) = t(Z) = t(Z), and

I{YN W)= (YN W)=Y NW)=¢t(YN W), so

t{YZ) =Y Z).

SinceU S WNyY,

t(U) = t3(U) = t(U) = ¢t(U).

We have shownity = ¢,sinceR =X Y Z U.

We know axiom M7 is correct from Lemma 7.1. We can use axioms M3
and M7 to prove the correctness of axiom M4. If r satisfies X — Y and
X — Z, then, by axiom M3, r satisfies X = Y Z. By axiom M7, r must also
satisfy X == V, where V = R — (X Y Z). Using M3 again, we know r satis-

fies X — VZ. A final application of M7 yields X - R — (X V Z).
Substituting and simplifying gives us
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R—(XVZ) =
R— (X{R—(XYZ)2Z)=
R — (X{R — Y}2Z) =
Y- (X2) =

(Y — 2) — X.

Therefore, r satisfies X = (Y — Z) — X, which implies X = Y — Z by the
discussion in Section 7.1.

From X — Y we get X = W by axiom M7, where W = R — (X Y).
Combining this with X — ¥ — Z using axiom M3 yields X = W(Y — Z).
One more application of axiom M7 gives us X = R — (X W(Y — Z)).
Substituting, we get

R—-—(WX(Y—2Z)) =
R—X{R—(XWVKY—-2Z)=
R—X{R—-—YHY —2Z)) =
Y-X(Y—2Z) =

(¥Ynz— X

Thus r satisfies X = (¥ N Z) — X and hence r satisfies X — Y N Z.

To prove the correctness of axiom MS, we first show that X — Y and
Y- ZimplyX - YZ. Let W =R — (X Y Z). We must show that if there
are tuples ¢, and ¢; in r, with £(X) = £5(X), then r contains a tuple # such
that

t(YZ)=1t(Y Z),and
(W) = £(W).

From X — Y, we get a tuple z3 such that

t5(X) = (X)),  (Y) = t,(Y), and (V) = £(V),
where V=R — (X Y). Using Y — Z we get a tuple ¢, such that

tY) = t,(Y), t{Z) = t(Z), and t4U) = t5(V),
where U = R — (Y 2).

We know t4X) = t,{X), since there is only one possible value for each at-
tribute A € X. Clearly t( Y Z) = t{(Y Z). Since WS U — X S V, t4W) =
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t5(W). Hence, t4 is the tuple ¢ we seek. We have shown r satisfies X - Y Z.
Using axiom M4 and X — Y, we finally get X = Z — Y.

Axiom M6 follows from the other axioms and is left as an exercise (see Ex-
ercise 7.10).

Example 7.6 LetR = ABCDFEandlet F={A — BC, DE — C}.
From A = B C we get A > D E by complementation. Transitivity then
gives us A = C. Using augmentation we get A D —> C. Finally, applying
complementation again yields A D —> B E. Therefore F = A D - BE.
Below is a relation {4 B C D E) that satisfies all of these MVDs.

r(A B C D E)
a b c d e
a’ b’ ¢’ d e
a’ b’ c d e
a b ¢’ d e
a” b" ¢’ d’ e

7.4.2 Functional and Multivalued Dependencies

We now turn our attention to the implications we can make when we have
FDs and MVDs together. There are only two axioms for FDs and MVDs
combined.

Let r be a relation on R and let W, X, Y, Z be subsets of R.

C1. Replication
If r satisfies X — Y, then r satisfies X = Y.

C2. Coalescence
If r satisfies X = Yand Z > W, where W S Yand Y N Z = @, then r
satisfies X — W,

Axiom C1 is a consequence of the corollary to Theorem 7.1. We prove the
correctness of axiom C2. Let ¢, and ¢, be tuples in » with £;(X) = #,(X). Since
r satisfies X = Y, there must be a tuple # in 7 such that

t(X) = t(X), t(Y) = ¢(Y), and t(V) = t,(V),

where V=R — (X Y). Since YN Z = @, Z = XV, hence t(Z) = t(Z).
The FD Z — W means that t(W) = #,(W). However, W € Y, so t;(W) =
t(W) = t,(W), hence r satisfies X —> W.
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Example 7.7 LetR = ABCDE and let F = {A - BC, D = C}. Axiom
C2 implies F = A — C. Below is a relation r(A B C D E) that satisfies these
FDs and MVDs.

r(A B C D E)
a b c’ d e
a b" ¢ d’ e’
a ' e d e
a b c’ d’ e’

7.4.3 Completeness of the Axioms and Computing Implications

We shall only state the completeness results for inference axioms invoiving
MVDs; we shall not prove them here.

Theorem 7.3 Inference axioms M1-M7 are complete for sets of MVDs.

Theorem 7.4 Inference axioms F1-F6, M1-M7, and Cl1 and C2 are com-
plete for sets of FDs and MVDs.

As a consequence of Theorem 7.4, we see that a set of MVDs alone implies
no FDs other than trivial ones; that is, FDs of the form X — Y, where X con-
tains Y. This observation follows from the form of the inference axioms.
F1-F6 can only derive trivial FDs from trivial FDs; M1-M7 and C1 cannot
derive any FDs; axiom C2 does not apply when the FD involved is trivial.

Axioms C1 and C2 are necessary. Without axiom C1, MVDs could not be
derived from a set of only FDs. It is left as an exercise to find an example
where axiom C2 derives an FD that could not be derived from axioms F1-F6
alone from a given set of FDs and MVDs (see Exercise 7.12).

We shall not develop a membership algorithm for MVDs or FDs and
MVDs, although polynomial-time algorithms exist in both cases. We shall,
however, discuss some of the concepts used in these algorithms, since these
concepts help give a better picture of the dependency structure implied by a
set of MVDs.

Definition 7.3 Given a collection of sets § = {5, 55, ..., S, }, where U =
S U S U -+ US§,, the minimal disjoint set basis of § (mdsb(S)) is the
partition Ty, T3, ..., T, of U such that:

1. Every S, is a union of some of the T}'s.

2. No partition of U with fewer cells has the first property.
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The reader should take a moment to convince himself or herself that the
mdsb(S) is unique as defined. The mdsb(S) is formed by grouping together
elements in U that are contained in exactly the same set of §,’s.

Example 7.8 LetS = {ABCD,CDE AE} Wehave U= ABCDE
and mdshb(S) = A, B, CD, E.

Let F be a set of MVDs over R and let X € R. Define G as
G={Y|FeX—>Y}

We claim mdsb(G) is a subset of G. If there is a set Y, in G such that Y,
contains attributes both in and out of some other set Y, in G, then, by axiom
M4, there aresets Y; = Y; — Y,and Y, = Y; N Y, in G. Mdsbh(G) con-
sists exactly of those nonempty sets of G that contain no other set of G as a
subset. Note that if X = 4; A, -+ A,, then A, A,;, ..., A, are all in
mdsb{G).

Definition 7.4 Let F, X, and G be as defined above. The dependency basis
of X with respect to F is mdsb(G) and is denoted DEP(X). If X =
Al Az ce. An and DEP(X) = {AI’ Az, ey An, Yl! YZ’ ey Ym}r we write
> S €10 C1EENI D £

Example 7.9 Let F = {4 — BC, DE — C} be a set of MVDs over
ABCDE.If X = A, then G = {A, BC, DE, C, BDE, B, BCDE, CDE } and
DEP(A) = mdsb(G) = {A,B,C.DE}.

We can recover all MVDs implied by F with X as the left side from
DEP(X). F = X = Y if and only if Y is the union of some sets in DEP(X).
Y must be in G, so Y is the union of some sets in DEP(X). In the other direc-
tion, by axiom M3, if Yy, Y,, ..., Yy arein DEP(X), then F= X > Y| Y,
oo Y.

The membership algorithm for MVDs tests if a set of MVDs implies an
MVD X —- Y by first computing DEP(X) with respect to F and then check-
ing if ¥ can be formed from sets in DEP(X). The procedure for computing
the dependency basis of X has three stages.

1. Find the set G of all sets Y such that the MVD X — Y follows from F
by augmentation of complementation. That is, for any MVD X' —
Y'inFwhere X' € X,add Y ' andR — (X' Y’')to G. Also add A to
G for every A € X,

Let DEP(X) = mdsb(G).

Look for an MVD W — Z that can be used to refine DEP(X) with

W
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transitivity. That is, let Yy, Y3, ..., Y} be sets in DEP(X) such that
WeY Y, - YiletY =YY, - Y, Byaugmentation, since
WgY F=Y — Z Bytransitivity, X — Z — Y. IfZ — Yis the
union of some sets in DEP(X), we cannot refine DEP(X). If not, let
DEP(X) = mdsb(DEP(X) U {Z — Y}). If no MVD in F can be
used to change DEP(X), stop.

Example 7.10 Let F = {A — B C, D E —> C} be a set of MVDs over
A B CDE, To compute DEP(A), we first find G = { BC, DE, A}. We then
set DEP(A) = {B C, D E, A}. We then use transitivity on D E —> C to get
A — C and refine DEP(A)tomdsb({BC, DE, A}UC)={B,C,DE, A}.
We can make no further refinement to DEP(X).

We shall not attempt to prove the correciness of the procedure for com-
puting DEP(X). Observe, however, that the time complexity of the pro-
cedure is bounded by a polynomial in the size of F. DEP(X) can contain at
most |R| sets, thus DEP(X) can be refined at most [R — X| — 1 times in
step 3. (Any attribute in X is in DEP(X) as a singleton set from the start.)

Computing directly which FDs and MVDs are implied by a set F of FDs
and MVDs requires redefining X+ and DEP(X) to take account of the ef-
fects of axioms C1 and C2. For these redefinitions, there exists a polynomial-
time algorithm to compute X+ and DEP(X), from which F = X = Yor F &=
X — Y can be decided. In Chapter 8 we shall develop another method to
test if an FD or MVD follows from F.

7.5 FOURTH NORMAL FORM

We know that any relation r(R) that satisfies the MVD X —> Y decomposes
losslessly onto the relation schemes X Y and X Z, where Z = R — (X Y).
However, if X — Y is the only dependency on R, then R is in 3NF.
Therefore, 3NF is not guaranteed to find all possible decompositions.

Definition 7.5 An MVD X —- Y is trivial if for any relation scheme R with
X Y € R, any relation r(R) satisfies X = Y,

It is left to the reader to show that the trivial MVDs on a relation (R ) are
exactly those of the form X =+ Y where Y € X or X ¥ = R (see Exercise
7.14). If X = Y is trivial, and we attempt to decompose a relation r(R) us-
ing it, one of the projected relations will be all of 7. There is no benefit in such
a decomposition.
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Definition 7.6 An MVD X — Y applies to a relation scheme Rif X Y € R.

Definition 7.7 Let F be a set of FDs and MVDs over U. A relation scheme
R < U is in _fourth normal form (ANF) with respect to F if for every MVD
X — Y implied by F that applies to R either the MVD is trivial or X is a
superkey for R. A database scheme R is in fourth normal form with respect

to F if every relation scheme R in R is in fourth normal form with respect
to F.

Example 7.11 Let relation scheme R = FLIGHT DAY-OF-WEEK PLANE-
TYPE and let ¥ = {FLIGHT — DAY-OF-WEEK}. R is not in 4NF with
respect to F. The data-base scheme R = FLIGHT DAY-OF-WEEK,
FLIGHT PLANE-TYPE is in 4NF with respect to F. Any relation »(R) that
satisfies F decomposes losslessly onto the relation schemes in R.

Let us consider the case where we have the MVD X —~ Y holding on rela-
tion scheme R, but X is a key of R. For any relation »(R) the projections

ry = wxy(r)yand r, = wxz(r),

where Z = R — (X Y), both have the same number of tuples as r. There are
no duplicate X-values in », so there are as many X-values as tuples. Any pro-
jection containing the attributes in X must contain all the different X-values.

There is never anything to be gained by such a decomposition. X Y-values
and X Z-values are not duplicated in r, so no redundancy is removed by the
decomposition. No space is saved either. Assuming that each entry in a rela-
tion takes one unit of storage space, the relation r takes | r | - | R | units
(where | r | is the number of tuples in 7). The relations r; and r, together take
Ir| - (IRy| + |R2)).

Example 7.12 let F = {A — B C, C &> D E} be a set of dependencies
over the relation scheme R = A B C D E. R is not in 4NF with respect to F
because of the MYD C —— D E. The database scheme R consisting of the two
relation schemes

R,=ABC and R,=CDE

is in 4NF with respect to F, even though the MVD A —— B is implied by F
and applies to R;. A — B is not trivial, but A is a key for R,.
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We can construct 4NF database schemes from a relation scheme R and a
set F of FDs and MVDs by decomposition in much the same way we con-
structed 3NF database schemes. We start with relation R and look for a non-
trivial MVD X —> Y implied by F, where X is not a key for R. We split R
into the two relation schemes

R1=XY and R2=XZ,

where Z = R — (X Y). The MVD X — Y is now trivial on R; and does not
apply to R,. If either of R, or R, is not in 4NF with respect to F, we repeat the
decomposition process on the offending scheme. Since the MVDs we are us-
ing are not trivial, both newly formed relation schemes have fewer attributes
than the original relation scheme. Therefore, the decomposition process
eventually halts.

Let R be a 4NF database scheme obtained by decomposition from a rela-
tion scheme R and let ¥ be a set of FDs and MVDs. Any relation r(R) that

satisfies ' decomposes losslessly onto the relation schemes in R (see Exercise
7.15).

Example 7.13 ILet F= {A > BCD, B > AC C — D} be a set of
dependencies over the relation scheme R = ABCDE ] Since A~ BCD
is a nontrivial MVD and A is not a key for R, we decompose R into the rela-
tion schemes

R,=ABCD and R,=AEL

R, is in 4NF with respect to F. F implies the MVD B = A C on R, but this
MVD is not a candidate for use in decomposition because B is a key for Ry,
since C — D. However, C ~ D implies the MVYD C — D, which we can use
to decompose R . The result is the relation schemes

Ru:ABC and Ru:CD.

Both of these schemes are in 4NF with respect to F. The database scheme
R = {R|;, Ry3, R,} is thus in 4NF with respect to F.

7.6 FOURTH NORMAL FORM AND ENFORCEABILITY OF
DEPENDENCIES

We now ask if, for a set of FDs and MVDs F, we can always find a database
scheme in 4NF with respect to F upon which F is enforceable. The first prob-
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lem is that the question is not quite well-posed. The definition of enforce-
ability we use for FDs does not make sense for MVDs.

A set of FDs F is enforceable on a database scheme R if there is a set of
FDs G equivalent to F such that G applies to R. This definition is a
reasonable one for FDs for the following reason. Suppose R is a database
scheme over U and d is a database on R that is the projection of a single rela-
tion r(U). If we can find the actual functional relationship for each FD
X — Y in G (that is, the corresponding Y-value for each X-value) from d,
and G = V — W, then we can recover the actual functional relationship for
V = W from d. The relationship can be reconstructed following the inference
axioms as they are applied to derive V — W from G (see Exercise 7.16).

The same property is almost true for MVDs. The problem is the com-
plementation axiom, M7. Consider the data base scheme R = {R,, R,},
where Ry = A B and R, = C, and the set F = {A — B}. Suppose d is a
database on R obtained by projecting a relation r(A B C). We can recover the
multivalued relationship for A — B in r from d. However, F = A - C, but
we cannot reconstruct the multivalued relationship for A —» C from d. Any
definition of enforceability for MVDs must deal with the problem of
complementation.

Even if we can arrive at an appropriate definition of enforceability for
MVDs, we still are not assured of having 4NF and enforceability, as the next
result shows. (Recall that in Example 6.26 we saw a set of FDs that was not
enforceable on any BCNF scheme.)

Lemma 7.2 If a relation scheme R is in 4NF with respect to a set F of FDs
and MVDs, then R is in BCNF with respect to the set of FDs implied by F.

Proof Suppose R is not in BCNF. Then we must have subsets K, Y, and A4 of
Rsuchthat KisakeyforR, A¢ KYand K — Y, Y # Kand Y — A under
F. The FD Y — A implies the MVD ¥ — A. Y is not a key for R, since
Y #K. Y = A is not trivial, since A4 is not contained in Yand Y A # R, be-
cause there must be some attribute B in K that is not in Y. Therefore, R is
not in 4NF with respect to F.

There have been attempts at finding a synthetic approach to constructing
4NF database schemes from a set of MVDs and FDs. So far, these attempts
have not met with as much success as the synthesis schemes for FDs alone.
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MVDs are an attempt to detect lossless decompositions that will work for all
relations on a given relation scheme. However, MVDs are not completely
adequate in this regard. A relation can have a nontrivial lossless decomposi-
tion onto three schemes, but have no such decomposition onto any pair of
schemes (see Exercise 6.7). By Theorem 7.1, such a relation satisfies only
trivial MVDs (see Exercise 7.17).

Example 7.14
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Figure 7.1

The relation r(A4 B C) in Figure 7.1 decomposes losslessly

onto the relation schemes A B, A C, and B C. The projections are shown in
Figure 7.2. However, r satisfies no nontrivial MVDs, so it has no lossless
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decomposition onto any pair of relation schemes R; and R, such that R, #

ABCandR, # ABC.

Definition 7.8 Let R = {R, R,, .

..» R, } be a set of relation schemes over

U. A relation r(U) satisfies the join dependency (JD) *[R, R,, ..., Rp] if r

decomposes losslessly onto R, R;, ..

.» R,. That is,



1490 Dependencies and Normal Forms
r = ag, (r) < wR,y (r) D - - D1 g, ().
We also write #[R;, R,, ..., R,] as *[R].
Example 7.15 Relation r in Figure 7.1 satisfies the JD *{A B, A C, B C].

A necessary condition for a relation r(U) to satisfy the JD *[R, R,, ...,
R, ]}isthat U = R; R, --- R,. We also see from the definition that an MVYD
is a special case of a JD. A relation #(R) satisfies the MVD X — Y if and
only if » decomposes losslessly onto X Y and X Z, where Z = R — (X Y).
This condition is just the JD *[X Y, X Z]. Looking from the other direction,
the join dependency *{R;, R;] is the same as the MVD R; N R, = R;.

We can also define JDs in a manner similar to the definition of MVDs. Let
r satisfy ¥[R;, Rj, ..., R,]. If r contains tuples ¢, t,, ..., t, such that

ti (R, ﬂ R]) = tj (R, N RJ)

for all i/ and j, then r must contain a tuple ¢ such that #(R;) = t(R;),
1=i=<p.

Example 7.16 Suppose relation r(4 B C D E) satisfies the JD *{ABC, BD,
CDE] and contains the three tuples shown below. Using our

r(A B C D E)

4 a b ¢ d e
t, a’ b c’ d e”
13 a”" b’ ¢ d’" e’

alternative characterization of JDs, we see that r must also contain the tuple
t =(abcd'e’).

We shall not present inference axioms for JDs. In Chapter 8 we shall see
a method for testing if a set of FDs and JDs (including MVDs) implies a
given JD.

7.8 PROJECT-JOIN NORMAL FORM

The point of seeking lossless decomposition is to remove redundancy from
relations. We have seen lossless decompositions that do not correspond to
MVDs, hence 4NF is not the ultimate in terms of finding lossless decomposi-
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tions. We shall first define project-join normal form with only decomposition
in mind. We then modify the definition slightly to meet another criterion.

Definition 7.9 A JD *[R{, R,, ..., R,] over R is trivial if it is satisfied by
every relation r(R).

We leave it to the reader to show that the trivial JDs over R are JDs of the
form *[Ry, R;, ..., R,} where R = R, for some i (see Exercise 7.22).

Definition 7.10 A JD *[R,, R,, ..., R,] applies to a relation scheme R if
R =RiR;---R,.

Definition 7.11 Let R be a relation scheme and let F be a set of FDs and
JDs over R. R is in project-join normal form (PJNF) with respect to F if for
every ID *[R,, R,, ..., R,] implied by F that applies to R, the JD is trivial or
every R; is a superkey for R. A database scheme R is in project-join normal
form with respect to F if every relation scheme R in R is in project-join nor-
mal form with respect to F.

Example 7.17 Let F={*ABCD,CDE BDI],*[AB BCD, AD]
A= BCDE, BC — AI}be aset of dependencies over the relation scheme
R = ABCDEIR is not in PINF with respect to F because of the JD
*[A BCD, CDE, BD I]. The database scheme R = {R,, R,, R3}, where
R,=ABCD,R,=CDE,and R3; = B D I, is in PINF with respect to F.
The JD *¥|A B, B C D, A D] is implied by F and applies to R, but each set of
attributes is a superkey for R;. The MVDs implied by the FDs are either
trivial or have keys as left sides.

The reason for allowing a JD *[R,, R,, ..., R,] to apply to a relation
scheme R and not violate PINF when every R; is a superkey is the same as for
4NF. If every R; is a key, then all projections of a relation r(R) onto the R/’s
will have the same number of tuples as r and no redundancy will be removed.

The definition of PINF above is a weaker condition than the original
definition of PJNF as given by Fagin. Besides eliminating redundancy, the
original definition ensures enforceability of dependencies by satisfying keys.

Definition 7.12 (revised) Let R be a relation scheme and let F be a set of
FDs and JDs. R is in projection-join normal form (PINF) with respect to F if
for every JD * [Ry, Rj, ..., R,] implied by F that applies to R, *[R;, R,
..., R,] is implied by the key FDs of R.
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We leave it to the reader to show that the revised definition is stronger than
the first one given (see Exercise 7.24). The following example shows it is
strictly stronger.

Example 7.18 LetR = ABCandletF ={A > BC C — AB, *AB,
B C]}. Since A B and B C are superkeys of R, R satisfies the first definition of
PINF. However, R does not satisfy the revised definition (see Exercise 7.25a).

PINF implies 4NF, so PINF and enforceability of dependencies are not
always compatible (see Exercise 7.23). PINF schemes can be constructed by
decomposition of a relation scheme using the JDs that cause PINF violations
as guides. We shall see in Chapter 8 how to test when a set of FDs implies a JD.

7.9 EMBEDDED JOIN DEPENDENCIES

Given a relation r(R) and an FD X — Y, if X — Y holds on 7g(r), for X ¥ <
S € R, then X — Y holds on all of r. The same is not true for IDs, as the next
example shows.

Example 7.19 Consider the relation r(4 B C D) shown in Figure 7.3. The
projection 74 g () satisfies the MVD A4 — B, but r itself does not.

rA B C D)

a b c d
a b’ c d
a b ¢’ d’
a b’ c¢c' d
a’ b’ ¢’ d’
Figure 7.3

Definition 7.13 Relation r(R) satisfics the embedded join dependency
(EID) *[R,, R;, ..., R,] if wg(r) satisfies *[Ry, R;, ..., R,] as a regular JD,
where § = Ry R, --- R,. We allow R = §. That is, every JD is an EID. We
also write the embedded multivalued dependency (EMVD) *[X Y, X Z] as
X — Y (Z) (read “X multivalued determines Y in the context of Z”).

Example 7.20 The relation r in Figure 7.3 satisfies the EMVD A — B (C).

No complete axiomatizations are known for EJDs although complete proof
procedures exist for classes of dependencies containing EJDs.



Exercises 143

7.10 EXERCISES

7.1

7.2
7.3

7.4

7.5

7.6
7.7
7.8
7.9
7.10
7.11
7.12

7.13

7.15

Modify the relation r below to satisfy the MVDs A — B C and C D
— B F by adding rows.

r(A B C D E)

Prove Lemma 7.1.

Prove that if the relation r(R) satisfies the MVDs X = Y, X = Y,
ceis X > Y, where R =X Y, Y, -+ Yy, then r decomposes loss-
lessly onto the relation schemes X ¥, X Y5, ..., X Y;.

Let #(R) be a relation where R, € R, R, € R and R = R, R,. Prove
that » = wgp(r) DX wg(r) i and only if criX=xlr) =
cr [ X=x](r) + cg,[X=x}(r) for every X-value x in r.

Prove that if a relation r(R) satisfies X &=+ YandZ =R — (X Y),
then

Tz(0x=2(r)) = wz(0xy=xy(r))

for every X Y-value x y in r.

Prove the equivalence of the two definitions of MVDs,

Characterize the set of MVDs implied by the single FD X — Y.
Prove the correctness of inference axioms M1 and M2.

Let » be a relation on scheme R and let W, X, Y, Z be subsets of R.
Show that if r satisfies X —> Y and Z < W, then r satisfies
XW-—>YZ

Prove the correctness of inference axiom M6 using axioms MI1-MS
and M7.

Let r be a relation on scheme R and let X, Y, Z be subsets of R. Show
that if » satisfies X = Yand X Y — Z, then r satisfies X = Z — Y.
Give a set of FDs and MVDs from which an FD can be derived using
axiom C2 that cannot be derived using axioms F1-F6.

Find DEP(A C) under the set F = {A = E I, C = A B} of MVDs
over the relation scheme R = ABCDE L

Show that an MVD X —> Y over R is trivial if and only if X 2 Y or
XY =R.

Let R be a 4NF database scheme obtained by decomposition from a
relation scheme R and a set F of FDs and MVDs. Show that any rela-
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7.16

7.17

7.19

7.20

7.21

7.22

7.23
7.24

7.25

7.26

7.11

Dependencies and Normal Forms

tion r(R) that satisfies F decomposes losslessly onto the relation
schemes in R.

LetR = {R, R,, ..., R, } be a database scheme over U and letd =
{ri, 2, ..., rp} be a database over R that is the projection of a single
relation 7(U). That is, r; = wg, (r), 1 = i < p. Show that if the FDs
X — Yand Y — Z apply to R, then it is possible to recover the actual
functional relationship for X — Z in r from d.

Show that a relation r(R) has no lossless decompositions onto any pair
of relation schemes R, and R,, where R; # R and R, # R, if and only
if r satisfies only trivial MVDs.

Give an example of a relation r(A B C D E) that satisfies the JD
*[4A B C, B D E, A C E] but satisfies no nontrivial MVD.

What does it mean for a relation r to satisfy a JD *[Ry, R;, ..., R,]
where all the R;’s are disjoint?
Let relation r satisfy *[R, Ry, ..., Rp]. I t1, ta, ..., t, are tuplesin r

such that t(R; N R;) = t,(R; N R)) for all { and j, show that ¢{, #;,
..., L, are joinable, where t;/ = t(R;).

Let #¥[Ry, R;, ..., R,] and *[§), S5, ..., §,] be JDs such that for each
R; 1 =i < p, there exists an §; such that R; 2 §;. Show that *5, 55,
.+., 8] implies *[R,, R;, ..., R,].

Show that a JD *[R;, R;, ..., R,] over R is trivial if and only if R =
R; for some i.

Show that PINF implies 4NF.

Show that the revised definition of PINF implies the first definition
given.

Refer to Example 7.18.

(a) Give a relation over R with keys A and C that violates *{A B, B C].
(b) Show that decomposing a relation over R that satisfies F onto
{A B, B C} requires more space than the original relation.
Show that the JD *[A B C, BD E, A E I]over A B C D E I implies the

EID *{A B, BE, A E], but not the EID B C, BD, AIl].
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