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BlONETWORKS, BAS'CS PN & Systems Biology

d chemical reactions -> atomic actions -> Petri net transitions

2 NAD* + 2 H,O -> 2 NADH + 2 H* + O

NnaD* (O, » , ) NADH
e X

input Y2 H output

compounds compounds
007 N\o
2
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ri: A->B
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B l O N ETWO RKS, ' NTRO PN & Systems Biology

ri: A->B
r2:B->C+D
r3:B->D+E

-> alternative reactions
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B l O N ETWO RKS, ' NTRO PN & Systems Biology

1:A->B A

r2:B->C+D

3:B->D +E rir-Oa
r4:F->B +a

n6:C+b->G+c¢C
r7:D+b->H+c

-> concurrent reactions
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B l O N ETWO RKS, ' NTRO PN & Systems Biology

1:A->B P
2:B->C +D
r~3:B->D +E
r4:F->B +a
:E+H<>F

6:C+b->G+c
r7:D+b->H+c¢
r8: H<->G

-> reversible reactions
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B l O N ETWO RKS, ' NTRO PN & Systems Biology

1:A->B P

2:B->C +D

r3:B->D+E a
r4:F->B +a

:E+H<>F

6:C+b->G+c
r7:D+b->H+c¢
r8: H<->G

-> reversible reactions
- hierarchical nodes
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BIONETWORKS, INTRO

PN & Systems Biology

r1:
re:
r3:
r4:
r5:
r6:
r7:
r8:
ro:
r10: H + 28a + 29¢ -> 29b

A->B
B->C+D
B->D+E
F->B+a
E+H<>F
C+b->G+c
D+b->H+c
H<>G
G+b->K+c+d

ri1:d -> 2a
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G+b->K+c+d

ri1:d -> 2a

popova@informatik.hu-berlin.de, monika.heiner@informatik.tu-cottbus.de, ina.koch@tfh-berlin.de

September 2004



BIONETWORKS, INTRO

PN & Systems Biology

ri:A->B
r2:B->C+D
r3:B->D +E
r4:F->B+a
5:E+H<->F
Ml:C+b->G+c
r/:D+b->H+cC
r8:H<>G
r9:G+b->K+c+d
r10: H + 28a + 29c -> 29b
ri1:d-> 2a

input compound OA

N
n
o}
N
Q

stoichiometric

relations
C
KO fusion nodes -
output compound auxiliary compounds
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TRAN S FO R MAT' 0 N ) EX1 PN & Systems Biology

prod_A prod B
A
B
2
-> properties as time-less net
r1i INA
3 ORD HOM NBM PUR CSV SCF CON SC Ft0 tFO Fp0 pFO MG SM FC EFC ES
N Y N Y N Y Y N N N Y N Y Y Y
CPI CTI B SB DSt BSt DTr LV L&S
C D N v (N) N N ? N Y N
cons_C cons_D
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TRAN S FO R MAT' 0 N ) EX1 PN & Systems Biology

prod_A rod_B
<6> 23>_'
A
B
2
-> properties as time net
r1i INA
<6> 3 ORD HOM NBM PUR CSV SCF CON SC Ft0O tfFO FpO pF0O MG SM FC EFC ES

Y N\ Y \ Y Y N N N Y N Y Y Y

N
cpr cTtI [ B) SB DSt BSt DTr LV L&S
C D N Y Y) N N ? N Yy N

cons_C cons_D
<6> <2>
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TRAN S FO R MAT' 0 N ) EX2 PN & Systems Biology

prod_A
A
’ o -> properties as time-less net
INA
ORD HOM NBM PUR CSV SCF CON SC FtO tFO FpO pFO MG SM FC EFC ES

Y N\ Y I\ Y Y N N N Y N Y Y Y

N
CPI CTI | B| SB DSt BSt DTr LV L&S
N Y N N N ? N Y N

Ons
o

cons_B cons_C
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TRAN S FO R MAT' 0 N ) EX2 PN & Systems Biology

prod_A
1
T-INVARIANTEZ2
A
# o 1 -> properties as time-less net
INA
ORD HOM NBM PUR CSV SCF CON SC FtO tFO FpO pFO MG SM FC EFC ES

Y N\ Y I\ Y Y N N N Y N Y Y Y

N
CPI CTI | B| SB DSt BSt DTr LV L&S
N Y N N N ? N Y N

Ons
O

cons_B cons_C
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TRAN S FO R MAT' 0 N ) EX2 PN & Systems Biology

rod A

23>_' 1

T-INVARIANTE2
A

’ o 1 -> properties as time net

<6> <6>
INA

2 3 ORD HOM NBM PUR CSV SCF CON SC Ft0O tF0 Fp0 pFO MG SM FC EFC ES

N Y N\ Y I\ Y Y N N N Y N Y Y Y
CPI CTI | B| SB DSt BSt DTr LV L&S
B C N Y Y N N ? N Y N

cons_B cons_C
<3> <2>
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The structure N = (P, T, F,V,mg) is a Petri Net (PN), iff
» P, T und F are finite sets,
P—set of places

. set of vertices
T—set of transitions
PNT =0,

PUT#0,




P—set of places

The structure N = (P, T, F,V,mg) is a Petri Net (PN), iff
» P, T und F are finite sets,

T—set of transitions

} set of vertices
PNT =0,

PUT#0,
F — set of edges (arcs)




Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Petri Net

Definition (Petri Net)

The structure N = (P, T, F,V, mp) is a Petri Net (PN), iff
» P, T und F are finite sets,
P—set of places
T—set of transitions
PNT=0, PUT#0,
F — set of edges (arcs)
FC(PxT)U(T x P)und dom(F)Ucod(F)=PUT

} set of vertices

Louchka Popova-Zeugmann Quantitative Analysis of TPNs
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Petri Net

Definition (Petri Net)

The structure N = (P, T, F,V, mp) is a Petri Net (PN), iff
» P, T und F are finite sets,
P—set of places
T—set of transitions
PNT=0, PUT #,
F — set of edges (arcs)
FC(PxT)U(T x P)und dom(F)Ucod(F)=PUT
» V:F — Nt (weights of edges)

} set of vertices
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Petri Net

Definition (Petri Net)

The structure N = (P, T, F,V, mp) is a Petri Net (PN), iff

» P, T und F are finite sets,
P—set of places
T—set of transitions

PNT=0, PUT#0,
F — set of edges (arcs)
FC(PxT)U(T x P)und dom(F)Ucod(F)=PUT

» V:F — Nt (weights of edges)

» mo : P — N (initial marking)

} set of vertices

Louchka Popova-Zeugmann Quantitative Analysis of TPNs
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Main Property Petri Net
Applications Time Petri Net
Conclusion

Petri Net
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Petri Net
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Petri Net

» mo = (0,1,1)
» t; =(0,1,0)
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Petri Net

» my=(0,1,1)
» t; =(0,1,0) ti7 = (1,0,0)
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Petri Net

» mo=(0,1,1)
» t; =(0,1,0) ti7 = (1,0,0)
» Aty) = —t; + 8 =(1,-1,0)
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» A transition t € T is enabled (may fire) at a marking m iff
all input-places of t have enough tokens
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» A transition t € T is enabled (may fire) at a marking m iff
all input-places of t have enough tokens
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» A transition t € T is enabled (may fire) at a marking m iff
all input-places of t have enough tokens
eg. t- <m.

» When an enabled transition t at a marking m fires,
a successor marking m'’ is reached
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Definitions
Main Property Petri Net
Applications Time Petri Net
Conclusion

Firing transition

Definition

» A transition t € T is enabled (may fire) at a marking m iff
all input-places of t have enough tokens
eg. t- <m.
» When an enabled transition t at a marking m fires,
a successor marking m'’ is reached
given by m = m+ At
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Definitions
Main Property Petri Net
Applications Time Petri Net
Conclusion

Firing transition

Definition

» A transition t € T is enabled (may fire) at a marking m iff
all input-places of t have enough tokens
eg. t- <m.

» When an enabled transition t at a marking m fires,
a successor marking m'’ is reached

given by m = m+ At
denoted by m— m'.

Louchka Popova-Zeugmann Quantitative Analysis of TPNs
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The structure Z = (P, T,F,V,my, 1) is called a Time Petri net
(TPN) iff:
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The structure Z = (P, T,F,V,my, 1) is called a Time Petri net
(TPN) iff

» S(Z2) = (P, T,F,V,m,) is a PN (skeleton of Z)
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The structure Z = (P, T,F,V,my, 1) is called a Time Petri net
(TPN) iff

» S(Z2) = (P, T,F,V,m,) is a PN (skeleton of Z)
» [: T — Qf x (Qf U{oc}) and
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The structure Z = (P, T,F,V,my, 1) is called a Time Petri net
(TPN) iff

» S(Z2) = (P, T,F,V,m,) is a PN (skeleton of Z)
» [: T — Qf x (Qf U{oc}) and

h(t) < h(t) for each t € T, where I(t) = (h(t), k(t)).




A TPN is called finite Time Petri net (FTPN) iff
I: T — Qg X Qg.

«Or 4F» « =>» = = o
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

o =
Quantitative Analysis of TPNs
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

[0,3] [24] [2,3]

s Py
» mp=(0,1,1) p-marking
[m] [ =
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

[0,3] [24] [2,3]

2 Py
» mo=(0,1,1) p-marking
» ho = (0,4,4,0) t-marking
o = =
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Let Z=(P, T,F,V,m,,1)bea TPNand h: T —>]R(J)r U {#}.
z = (m, h) is called a state in Z iff:
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Let Z=(P, T,F,V,m,,1)bea TPNand h: T —>]R(J)r U {#}.
z = (m, h) is called a state in Z iff:
» his a t-marking in Z, e.g.

» mis a p-marking in Z, e.g. mis a marking in S(Z) .

Vt((te TAt™ <m) — (h(t) € R A h(t) < Ift(t))),




Let Z=(P, T,F,V,m,,1)bea TPNand h: T —>R3’ U {#}.
z = (m, h) is called a state in Z iff:
» his a t-marking in Z, e.g.

» mis a p-marking in Z, e.g. mis a marking in S(Z) .
and

Vt((te TAt™ <m) — (h(t) € R A h(t) < Ift(t))),
Vt((te TAt™ € m) — h(t) =#).







Let Z= (P, T,F,V,my, 1) be a TPN,
t be a transition in T and
z=(m,h), zZ/ = (m', h') be two states.
«Or 4F» « =>» = = o
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Definitions
Main Property Petri Net
Applications Time Petri Net
Conclusion

Definition (state changing)

Let Z = (P, T,F,V,mo,1) be a TPN,

t be a transition in T and

z=(m,h), z/ = (m', h") be two states.

Then

(a) the transition t is ready to fire in the state z = (m, h),

denoted by z LN , iff

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



Definitions
Main Property Petri Net
Applications Time Petri Net
Conclusion

Definition (state changing)

Let Z = (P, T,F,V,mo,1) be a TPN,

t be a transition in T and

z=(m,h), z/ = (m', h") be two states.

Then

(a) the transition t is ready to fire in the state z = (m, h),
denoted by z LN , iff

(i) = < mand
(i) eft(?) < h(D).
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(b) the state z = (m, h) is changed into the state z/ = (m', h’)
by firing the transition ?, denoted by z —— 2’ , iff
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by firing the transition ?, denoted by z —— 2’ , iff
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(b) the state z = (m, h) is changed into the state z/ = (m', h’)
by firing the transition ?, denoted by z —— 2’ , iff

(i) tis ready to fire in the state z = (m, h)
(i) m = m+ At and




Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

state changing

Definition (state changing)

(b) the state z = (m, h) is changed into the state z/ = (m', )

by firing the transition #, denoted by z — Z' , iff
(i) tis ready to fire in the state z = (m, h)

(i) m" = m+ At and

(i) Vi (te T —

# iff t£m
W(t)=:{ h(t) iff t-<mAt-<m AFtNFt=0 ).
0 otherwise
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(c) the state z = (m, h) is changed into the state z/ = (m’, i)

by the time elapsing 7 € R, denoted by z — 2, iff




(c) the state z = (m, h) is changed into the state z/ = (m’, i)
(i) m" = m and

by the time elapsing 7 € R, denoted by z — 2, iff




(c) the state z = (m, h) is changed into the state z/ = (m’, i)
(i) m" = m and

by the time elapsing 7 € R, denoted by z — 2, iff

(i) Yt (t e T Ah(t) ## — h(t) + 7 < Ift(t) ) i.e. the time
elapsing 7 is possible, and




(c) the state z = (m, h) is changed into the state z/ = (m’, i)
(i) m" = m and

by the time elapsing 7 € R, denoted by z — 2, iff

(i) Vt(te T Ah(t)#+# — h(t)+7 < Ift(t) ) i.e. the time
elapsing 7 is possible, and
(i) Ve (te T — H(t) = {

h(t)+7 iff t—<m’
7

it L )
«O>» «4F» «=)» «=) = N
~ Louchka Popova-Zeugmann  Quantitative Analysis of TPNs
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Time Petri Net
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0
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Definitions
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Applications Time Petri Net
Conclusion

Time Petri Net

03] [24] [2,3]

2 3
2.3 4.3
13 1. .
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

03] [24] [2,3]

13 1.0 t
—

2.0
z20 — —_— (m4’
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

[0.3]

[2.4] [2,3]

PZ P3
4.3 f
29 =555 (s 21.j0 ) = (ms, 2:8 )

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

03] [24] [2,3]

| 2.0
i
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Time Petri Net

1.3

TN N . ﬁ )
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> transition sequence: o = (t1,--- , tp)
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» transition sequence: o = (t1,--- , t)
> run: o(7) = (t1,71, -

s Tn—1, tn)
T T2
» feasable run: zp —> z§ —>z1 —> - — 2z,




> transition sequence: o = (t1,--- , tp)
> run: U(T) = (tla 71, s Tph-1, tn)
T t: T t,
» feasable run: zp —> z§ —>z1 —> - — 2z,

» feasable transition sequence :

o is feasable if there ex. a
feasable run o(7)
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» z is reachable state in Z if there ex. a feasable run o(7) and
a(r)
) — Z
«O>» «4F» «=)» «=) = N




» z is reachable state in Z if there ex. a feasable run o(7) and
a(r)

) — Z

» m is reachable marking in Z if there ex. a reachable state z
in Z with z = (m, h)

«O>» «4F» «=)» «=)



Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

Reachable state, Reachable marking, State space

Definition

> z is reachable state in Z if there ex. a feasable run o(7) and
a(7)

z) — Z

» m is reachable marking in Z if there ex. a reachable state z
in Z with z = (m, h)

» The set of all reachable states in Z is the state space of Z
( denoted: StSp(Z) ).
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Let Z be a TPN and o be a feasable transition sequence. The set
C, is called a state class, iff
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Let Z be a TPN and o be a feasable transition sequence. The set
C, is called a state class, iff

Basis: Ce:={z | 37(r € RF A 20 — 2)}




Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

State class

Definition (state class)

Let Z be a TPN and o be a feasable transition sequence. The set
C, is called a state class, iff

Basis: Ce:={z | 37(r e R§ Az — 2)}
Step: Let C, be already defined. Then
C, is derived from C, by firing t (C, — C,y), iff

Cot ' ={z | Fzn3IT(z1 € G, AT € RS’/\

72— 2 5 2)).
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Definitions

Main Property Petri Net
Applications Time Petri Net
Conclusion

State class

Definition (state class)

Let Z be a TPN and o be a feasable transition sequence. The set
C, is called a state class, iff

Basis: Ce:={z | 37(r e R§ Az — 2)}

Step: Let C, be already defined. Then
C, is derived from C, by firing t (C, — C,y), iff
Cot ' ={z | Fzn3IT(z1 € G, AT € R(J{/\

72— 2 5 2)).

Obviously: StSp(Z) = G,
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» static properties: being
pure

ordinary

free choice

extended simple
conservative, etc.

decidable without knowledge of the state space!

» dynamic properties:

>
>

v Yvyy

bounded

live

reachable marking/state
place- or transitions invariants
deadlocks, etc.

being/having
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Definitions
Main Property Petri Net
Applications Time Petri Net
Conclusion

Properties

» static properties: being
> pure
» ordinary
» free choice
» extended simple
» conservative, etc.
decidable without knowledge of the state spacel!
» dynamic properties: being/having
» bounded
> live
» reachable marking/state
» place- or transitions invariants
» deadlocks, etc.
decidable, if at all (TPN is equiv. to TM!),
with implicit/explicit knowledge of the state space

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



transition sequence in Z.

Let Z=[P, T,F,V,mg,l] bea TPN and o = (t1,--- ,t,) be a

d(c) = [ms, s, Bs] is the parametric description of o, if
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transition sequence in Z.

o
> myp — Mgy

d(c) = [ms, s, Bs] is the parametric description of o, if
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Let Z=[P, T,F,V,mg,l] bea TPN and o = (t1,--- ,t,) be a




transition sequence in Z.

o
> myp — Mgy

d(o) = [my, s, B,] is the parametric description of o, if

Let Z=[P, T,F,V,mg,l] bea TPN and o = (t1,--- ,t,) be a

» Y, (t)is a term (in a FO Logic), "1/2—interpreted” as a sum
of variables for each transition t
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

Parametric Description of the State Space

Let Z=[P, T,F,V,mg,l] be a TPN and 0 = (t1,--- , t,) be a
transition sequence in Z.
d(0) = [my, s, Bs] is the parametric description of o, if
» mg L) mgy
» Y,(t)is aterm (in a FO Logic), "1/2—-interpreted” as a sum
of variables for each transition t

» B, is a set of formulae (in a FO Logic), "1/2—interpreted” as
a system of inequalities.
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

Parametric Description of the State Space

Let Z=[P, T,F,V,mg,l] be a TPN and 0 = (t1,--- , t,) be a
transition sequence in Z.
d(0) = [my, s, Bs] is the parametric description of o, if

» mg L) mgy
» Y,(t)is aterm (in a FO Logic), "1/2—-interpreted” as a sum
of variables for each transition t

» B, is a set of formulae (in a FO Logic), "1/2—interpreted” as
a system of inequalities.

Obviously §(c) = C,.

Louchka Popova-Zeugmann Quantitative Analysis of TPNs
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Applications State Space Reduction
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03] [24] [2,3]
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Definitions
Main Property q
Applications State Space Reduction
Conclusion

03] [24] [2,3]

6(0) = Ce = {((07 17 1)a£X15 tt: ﬁ:xlz) ’ 9 S X1 S 3/}

mg p. Bs

] (w1 =
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Definitions
Raly P.ropfarty State Space Reduction
Applications
Conclusion

03] [24] [2,3]

2 P3
o= (t4, t3) — 5(0’) = Cyty =
0 X1+’;2+X3 2<x <3, x+x<5
1], 4 ) 2<x <4 x1+x+x3<5 }.
1 OSX3§3
X3
[m] [ = =
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

Theorem (1)

Let Z be a TPN and o = (t1,- - , t,) be a feasible transition
sequence in Z, with a run o(7) as an execution of o, i.e.

T0 to T t
2y —— -+ == zp = (mMy, hy),

and all 7; € R§.
Then, there exists a further feasible run o(7*) of o with

ot Ty i * * Lk
20 —— - —>—5 zp = (mp, h).

such that
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T t -
zo_°>_°>..._">—>zn_(mn’ ). T’€R+
t L
ZO_°>_°>..._">_”>Z _(m:,

h%)




T0 to )
o—>—>---—">—>zn—(mn, hn), T € RY.
T Th ot
ZO _0)_0)..._’1)_”)2 _(m*

n> )
1. Foreach i,0 << n holds: 7 € N




T0 to )
o—>—>---—">—>zn—(mn, hn), T € RY.
T Th ot
ZO_O)_O)..._’,)_H)Z *

=(mi, hY), 77 €N
1. Foreach i,0 << n holds: 7 € N




7o to +
zo —8——1 500 _n)_) zn (mn’ n) 7—, e R
o to T
ZO —_—— > s e . _)_)

zy = (mj, hY), 77 € N.
1. Foreachi,0 <i<n holds: ¥ € N

2.1 ho(8)" = Lha(2)].

22 Yo7t = 12
i=1 i=1

- T
2. For each enabled transition t at marking mp(=
. n

«O>» «4F» «=)» «=) =

*

*) it holds




Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

Theorem (2 — similar to 1)
Let Z be a TPN and o = (t1,- - , t,) be a feasible transition
sequence in Z, with a run o(7) as an executuion of o, i.e.

70 0, T (M, b)),

and all 7; € R§.
Then, there exists a further feasible run o(7*) of o with

ot Ty i * * Lk
20 —— - —>—5 zp = (mp, hy).

such that
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1. For each i,0 < i < n the time 7} is a natural number.

2. For each enabled transition t at marking m,(= m}) it holds:
2.1 ho(t)* = [ha(t)].

n n
22 Y rmr=1> 7]
=1 i=1
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State Space Reduction

State Space Reduction

.5

=} (=
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Applications
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State Space Reduction

State Space Reduction

.5

Ces

o = (titstatats)

07 t1 00 t3 04 1t 1.2 t 05
—_ _ =, 5 0, 55 5

= (=]
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State Space Reduction

.5

Ces

o = (titstatats)

07 t1 00 t3 04 1t 1.2 t 05
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State Space Reduction

.5

(e,

o = (titstatats)

07 t1 00 t3 04 1t 1.2 t 05
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State Space Reduction
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Ces

o = (titstatats)
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

.5

o = (titstatats)

07 t1 00 tz3 04 t 12 to 05 tz3 1.4
o-(q-);:zo - S 2, T, 55, 2 Tz

= (= =
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Definitions
Raly P'ropfarty State Space Reduction
Applications
Conclusion

State Space Reduction

@5

o= (titstatats)

m, =(1,2,2,1,1)

] (w1 =
Quantitative Analysis of TPNs
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State Space Reduction

State Space Reduction

Bample (conination)
KN I i?s
LAY

i) )

@Ps
/

X4 + X5

X5
Xi
N = > and
X5
Xo+Xx1+Xx2+Xx3+X3+ X5

f
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

Bample (conination)
KN I i?s
LAY

i) )

% 2 @ P,
/

0<xp, x0<2, Xo+x1+x <5
0<x1, x<2, xp+x3<5
B :{1§X2, x3 <2, Xo+x1+x+x3<5 }
7 1<x3 x4<2, X0+ x1+x2+x3+ x4 <5 '
0< x4, x5<2, xXo+x1+x2+x3+x4+x5 <5

0<x5, xo+x1<5 X4+ x5 < 2

= (=1 =
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State Space Reduction

The run o(7) with

a(7) :== 2 o7 u, 00

o ta
— —
is feasible.




State Space Reduction

The run o(7) with

. ts 1.2
is feasible.




Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

The run o(7) with

1.9
1.4
07 tu 00 t3 04 t 12 t 05 t3 1.4 1.4
Zy —>—>—>—>—>—>—>—>—>—>—>(m’ 14 )
4.2

is feasible.

] (w1 =
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

xo| x1| x| x3| xa| x5 || Lo(t1) Zo(t2) Zo(ts)

6 = [(0]0.7/00/04|1.2|/05|1.4 1.9 1.4 4.2
£11/0.7/ 0.0/ 0.4|1.2| 0.5 1 1.5 1.0 3.8
06>110.7/0.0/04][1.2| 0 1 1.0 3.3
0G3]0.7/ 0.0/ 04| 1 0 1 3.1
0G410.7] 0.0 1 1 0 1 3.7
0Gs5110.7| 0 1 10 1 3.7
Gell 1] O 1 1,0 1 4.0

m] = = = =
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Definitions
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Applications
Conclusion

State Space Reduction

State Space Reduction

xo| x1| x| x3| xa| x5 || Lo(t1) Zo(t2) Zo(ts)

6 = [(0]0.7/00/04|1.2|/05|1.4 1.9 1.4 4.2
£11/0.7/ 0.0/ 0.4 1.2| 0.5| 2 2.5 2.0 4.8
06>110.7/0.0/04][1.2| 0 1 2.0 4.3
0G3]0.7/ 0.0/ 04| 2| O 1 5.1
0G410.7/ 0.0 O 1 0 1 4.7
0Gs5110.7| 0 1 1 0 1 4.7
Bel1lol1|1]o0]1 5.0

o = = = =
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Definitions
M?;" P.ropfarty State Space Reduction
pplications

Conclusion

State Space Reduction

Hence, the runs

o 1 5 0 & 1 & 1 & 0 t 1
J(Tl)::zo —>—>—>—>—>—>—>—>—>—>—>L2J
and

o 1 u 0 3 0 4 2 t 0 t3 2
o(r5) =20 — — — 5 — —

—>—>—>—>[z-|

are feasible in Z, too.

] (w1 =
Quantitative Analysis of TPNs
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» Each feasible t-sequence o in Z can be realized with an
"integer” run.




runs only.

» Each feasible t-sequence o in Z can be realized with an
"integer” run.

» FEach reachable marking in Z can be found using "integer”




» Each feasible t-sequence o in Z can be realized with an
"integer” run.

» FEach reachable marking in Z can be found using "integer”
runs only.

» If z is reachable in Z, then |z| and [z] are reachable in Z,
too.
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Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

Corollary

» Each feasible t-sequence o in Z can be realized with an
"integer” run.

» FEach reachable marking in Z can be found using "integer”
runs only.

» If z is reachable in Z, then |z| and [z]| are reachable in Z,
too.

» The length of the shortest and longest time path between two
arbitrary states are natural numbers.

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



A state z = (m, h) in a TPN is integer one iff
for all enabled transitions t at m holds: h(t) € N.
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A state z = (m, h) in a TPN is integer one iff
for all enabled transitions t at m holds: h(t) € N.

Let Z be a FTPN

The set of all reachable integer states in Z is finite

if and only if
the set of all reachable markings in Z is finite




Definitions
Main Property
Applications
Conclusion

State Space Reduction

State Space Reduction

Definition
A state z = (m, h) in a TPN is integer one iff
for all enabled transitions t at m holds: h(t) € N.

Theorem ( 3)

Let Z be a FTPN.
The set of all reachable integer states in Z is finite

if and only if
the set of all reachable markings in Z is finite.

Remark: Theorem 3 can be generalized for all TPNs (applying a
further reduction).

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



Basis)

20 € RG(Z)
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Let z be in RG(Z) already.
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Step)

Let z be in RG(Z) already.
1. for i=1 to n do

if z - 7/ possible in Z then 7' € RG(Z) end




Definition
Basis)
zp € RG(Z)
Step)
Let z be in RG(Z) already.
1. for i=1 to n do
if z - 7/ possible in Z then 7' € RG(Z) end
2. if z %5 2/ possible in Z then 2 € RG(Z)




Definition
Basis)
zp € RG(Z)
Step)
Let z be in RG(Z) already.
1. for i=1 to n do
if z - 7/ possible in Z then 7' € RG(Z) end
2. if z %5 2/ possible in Z then 2 € RG(Z)

= The reachability graph is a weighted directed graph.




Reachability Graph

T-Invariants

Time Paths in unbounded TPNs
Time Paths in bounded TPNs
Time PN and Timed PN
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Reachability Graph

T-Invariants

Time Paths in unbounded TPNs
Time Paths in bounded TPNs
Time PN and Timed PN
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Reachability Graph

T-Invariants

Time Paths in unbounded TPNs
Time Paths in bounded TPNs
Time PN and Timed PN

o =
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The transition sequence o is a feasible T-invariant in a TPN Z if
for each marking m in Z holds: m -2 m.

«Or «Fr «=» «=)» = .
~ Louchka Popova-Zeugmann  Quantitative Analysis of TPNs




The transition sequence o is a feasible T-invariant in a TPN Z if
for each marking m in Z holds: m -2 m.

For timeless PN: o is a feasible T-invariant iff

m=m+ C-1(c) and (o) - the Parikh-vektor of o.
— easy to be found.

«O>» «4F» «=)» «=)



Let Z be a TPN, S5(Z) be the skeleton of Z and o be a feasible
T-invariant in S(Z).
o is a feasible T-invariant in Z iff B, has a solution.
«Or 4F» «=)» « =) = o
~ Louchka Popova-Zeugmann  Quantitative Analysis of TPNs




Let Z be a TPN, S5(Z) be the skeleton of Z and o be a feasible
T-invariant in S(Z).

o is a feasible T-invariant in Z iff B, has a solution.
Computing the T-invariants of a Z:

» Solve the linear system of equations C - x = 0 for x € N.

«O>» «4F» «=)» «=)



Reachability Graph

Definitions B .
Main Property - nvarlants.
Applications Time Paths in unbounded TPNs
P . Time Paths in bounded TPNs
Conclusion

Time PN and Timed PN

Lemma
Let Z be a TPN, S(Z) be the skeleton of Z and o be a feasible
T-invariant in S(Z).
o is a feasible T-invariant in Z iff B, has a solution.
Computing the T-invariants of a Z:

» Solve the linear system of equations C - x = 0 for x € N.

» Decide feasibility of a T-invariant o with Parikh(o) = x.
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Reachability Graph

Definitions B .
Main Property - nvarlantsA
Applications Time Paths in unbounded TPNs
P . Time Paths in bounded TPNs
Conclusion

Time PN and Timed PN

Lemma
Let Z be a TPN, S(Z) be the skeleton of Z and o be a feasible
T-invariant in S(Z).
o is a feasible T-invariant in Z iff B, has a solution.
Computing the T-invariants of a Z:

» Solve the linear system of equations C - x = 0 for x € N.

» Decide feasibility of a T-invariant o with Parikh(o) = x.

» If o is feasible, then solve the linear system of inequalities
B, in R{.
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Remark: The reachability graph of a TPN is not used for
computing the feasible T-invariants of Z
=

feasible T-invariants for unbounded nets can be computed!
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Let Z= (P, T,F,V,I,m,) be a TPN.
knowledge of its RG:

Then the following problems can be decided/computed without
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Reachability Graph

Definitions T 5
Main Property apyariantsy
Applications T!me Paths in unbounded TPNs
Conclusion T!me Paths in b_ounded TPNs
Time PN and Timed PN

Let Z= (P, T,F,V,I,m,) be a TPN.
Then the following problems can be decided/computed without
knowledge of its RG:

Result 1:

Input: The time function [/ is fixed,

o is an arbitrary transition sequence.
Output:  Feasibility of ¢ in Z7?
Solution:  Solve a linear system of inequalities in Ry .

Louchka Popova-Zeugmann Quantitative Analysis of TPNs




Reachability Graph

Definitions T 5
Main Property apyariantsy
Applications T!me Paths in unbounded TPNs
Conclusion T!me Paths in b_ounded TPNs
Time PN and Timed PN

Let Z= (P, T,F,V,I,m,) be a TPN.
Then the following problems can be decided/computed without
knowledge of its RG:

Input: The time function / is not fixed,

o is an arbitrary transition sequence.
Output:  Feasibility of ¢ in Z for a fixed 17
Solution: Solve a linear system of inequalities in er.

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



Reachability Graph

Definitions .
Main Propert T-Invariants
A “ca':ionls’ Time Paths in unbounded TPNs
pplicatio Time Paths in bounded TPNs
Conclusion

Time PN and Timed PN

Let Z=(P, T,F,V,I,m,) be a TPN.
Then the following problems can be decided/computed without
knowledge of its RG:

Result 3:

Input: The time function I is fixed,
o is an arbitrary transition sequence.
Output:  min / max-length of o.
Solution: Solve a linear program in ]RaL.
(Actually, the solution is in N.)
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Reachability Graph

Definitions T 5
Main Property apyariantsy
Applications T!me Paths in unbounded TPNs
Conclusion T!me Paths in b_ounded TPNs
Time PN and Timed PN

Let Z= (P, T,F,V,I,m,) be a TPN.
Then the following problems can be decided/computed without
knowledge of its RG:

Input: The time function I is not fixed,
o is an arbitrary transition sequence,
A is an arbitrary real number.

Output:  Existence of a fixed / and a run o(7) in Z
and the length of o(7) < A?

Solution:  Solve a linear program in Qg .
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Reachability Graph

Definitions .
Main Propert T-Invariants
A “ca':ionz Time Paths in unbounded TPNs
pplicatio Time Paths in bounded TPNs
Conclusion

Time PN and Timed PN

Input: The time function [ is not fixed,
o1 = (o, t') is a arbitrary t-sequence and
o2 = (o, t") is a arbitrary t-sequence.

Output:  Existence of a fixed / so that oy is feasible in Z
and o> is not feasible in Z7

Solution: Solve

max{< c’,x >| A x < b} <min{< ", x >| A" - x < b'}.

linear program in Qf linear program in Qf

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



Let Z= (P, T,F,V,Il,m,) be a bounded TPN. Additionally the
following problems can be decided/computed with the knowledge
of its RG, amongst others:
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Reachability Graph

DS T-Invariants

Mi:" Fl’i::‘:l‘:::n:i Time Paths in unbounded TPNs
(pZI;ncIusion Time Paths in bounded TPNs
Time PN and Timed PN

Let Z= (P, T,F,V,Il,m,) be a bounded TPN. Additionally the
following problems can be decided/computed with the knowledge
of its RG, amongst others:

Input: z and Z’ - two states (in Z).

Output: - Is there a path between z and z/ in RG(Z)?
— If yes, compute the path with the shortest time length.

Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (the running time is

(V|- |EJ) and RG(Z) = (V. E) )

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



Reachability Graph

DS T-Invariants

Mi:" Fl’i::‘:l‘:::n:i Time Paths in unbounded TPNs
(p:ltjmclusion Time Paths in bounded TPNs
Time PN and Timed PN

Let Z= (P, T,F,V,I,m,) be a bounded TPN. Additionally the
following problems can be decided/computed with the knowledge
of its RG, amongst others:

Input: m and m’ - two markings (in Z).

Output: - Is there a path between m and m’ in RG(Z)?
— If yes, compute the path with the shortest time length.

Solution: By means of prevalent methods of the graph theory,
for computing all-pairs shortest paths.
The running time is polynomial, too.

Louchka Popova-Zeugmann Quantitative Analysis of TPNs



The longest path between two states (vertices in RG(Z)) z and
Z'is Ip(z, Z") with
o .
Ip(z,7') :=

max »_ T;

,if a cycle is reachable starting on z
Jf z = o@)
o(7)




Reachability Graph

DS T-Invariants

Mi;i" T'rm:farty Time Paths in unbounded TPNs
(p:p 'CT fons Time Paths in bounded TPNs
onciusion Time PN and Timed PN
Result 8:
Input: z and Z’ - two states (in Z).
Output: - Is there a path between z and z' in RG(Z)?

— If yes, compute the path with the longest time length.

Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (polyn. running time).
or by computing all strongly connected components
of RG(Z). (linear running time)
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Reachability Graph

DS T-Invariants

Mi;i" T'rm:farty Time Paths in unbounded TPNs
(p:p 'CT ons Time Paths in bounded TPNs
oncusion Time PN and Timed PN
Result 9:
Input: m and m’ - two states (in Z).
Output: - Is there a path between z and z/ in RG(Z)?

— If yes, compute the path with the longest time length.

Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (polyn. running time).
or by computing all strongly connected components
of RG(Z). (linear running time)

Louchka Popova-Zeugmann Quantitative Analysis of TPNs






» theoretical approach

BN = modelling =— PN —

modelling of
steady state
DPN = analysing = TPN

» experimental approach

BN = modelling & analysing =—TPN
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