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Definition (Petri Net)
The structure N = (P, T.F.V.mo) is a Petri Net (PN), iff
> P, T und F are finite sets,
P—set of places
Tset of transitions } ESCAZ T
PNT =0, PUT#0,
F — set of edges (arcs)
F C(PxT)U(T x P) und dom(F) U cod(F) = PU T
> V:F — N (weights of edges)
> mo: P— N (initial marking)
A
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> A transition ¢ € T is enabled (may fire) at a marking m iff
all input-places of ¢ have enough tokens
eg t-<m.

> When an enabled transition ¢ at a marking m fires,
a successor marking " is reached

given by m'i=m+ At
> mo=(0,1,1)
>t =(0,1,0) denoted by m-tm.
> AL) =t + =
NS = NS : -
e P
Tt e ot e




o ™
- s+ oec oo s+ ouc
e pot
T et T o et
The structure Z = (P, T, F, V. m, ) s called a Time Petri net
(ETD iz A TPN is called finite Time Petri net (FTPN) iff
> 5(2) = (P, T.F.V.m,) isa PN (skeleton of Z) 1T —Qf xQF.
> 1: T — @QF x (QF U{oo}) and
h(t) < k(t) for each t € T, where I(t) = (h(t). k(t))-
1 ™




> mo=(0.11)  pmarking
> ho=(0.£%0)  t-marking

Let Z=(P,T.F.V.m.l)bea TPN and h: T — Ry U {#}.
2= (m, h) is called a state in Z iff:
» mis a p-marking in Z, eg. mis a marking in $(Z) .
» hisa t-marking in Z, eg.
VE((te TAt  <m) — (h(t) € RS Ah(t) < Ife(t))),
d

an
VE((te TAE Zm) — h(t)=#).

Let Z= (P, T.F,V,m,.l) bea TPN,
 be a transition in T and

2= (m, h), 2 = (nr', ) be two states.
Then

‘ il
i
i

(b) the state z = (m. h) is changed into the state z' = (m’, /')
ing the transition £, denoted by z —— 2’ , iff

It
(iil) Ve (te T —

# W g
H(t)=:{ h(e) il - <mAt-<mARNFE=0 ).
o otherwise

(<) the state z = (m, h) is changed into the state 2/ = (", )
by the time elapsing 7 € By, denoted by z — 2/, iff

(i) m = mand

(i) Ve (€ TAR(E) £ # — h(t) + 7 < If(£) ) ic. the time
elapsing 7 is possible, and o

i)Vl(!ETﬂh’(k)‘:{ :g :,i: )

h(t)+7
#
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»> transition sequence: o = (t, -~ , ts)
> orun: o(7) = (t 7 T )

» feasable run: 2 " z5 oz .z,

» feasable transition sequence : o is feasable if there ex. a
feasable run o(r)

» zis reachable state in Z if there ex. a feasable run o(r) and
2%z

» m is reachable marking in Z if there ex. a reachable state z
in Z with z = (m, h)

» The set of all reachable states in Z is the state space of Z
( denoted: StSp(Z) ).

Let Z be a TPN and o be a feasable transition sequence. The set
G, is called a state class, iff

Basis: Ce:={z|3r(r €Rf Az > 2)}

Step: Let C, be already defined. Then
G is derived from C, by firing t (C, — Coe), iff
Coe :={z | 3zn327(z21 € G AT ERFA

a5z}

Obviously: 5tSp(Z) = C,
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static properties: being

» ordinary
» free choice
» extended simple
» conservative, etc.
decidable without knowledge of the state space!
dynamic properties: - being/having
» bounded
> live
» reachable marking/state
» place- or transitions invariants
> deadlocks, etc.
decidable, if at all (TPN is equiv. to TM1),
with implicit/explicit knowledge of the statg space
one

Let Z=[P.T.F.V.m. /| bea TPN and o = (tr.- - . ;) be a
transition sequence in Z.
5(0) = [ms, T, B] is the parametric description of o, if
> my T m,
> ,(t) is a term (in a FO Logic), "1/2-interpreted” as a sum
of variables for each transition t
> B, is a set of formulae (in a FO Logic), "1/2-interpreted” as
a system of inequalities

Obviously §(c) = €,

=




(ta. t3) = 8(0) = Ceus =

Let Z bea TPN and o = (t1,--- . tn) be a feasible transition
sequence in Z, with a run o(r) as an execution of o, i.e.

2R T b 2 (mp, Ba),

and all 7 € RY.
Then, there exists a further feasible run o(r*) of o with

0\ (TR 25ms<3 xinss ) .
{1/ H )| 2<0<4, xtx+xw<5} 2 T (e ).
1 0<x<3
2 such that
EIRCIe B oo N
St S cion

2 T g = (g, h), T € R

oSl b (), 7 €N

Let Z bea TPN and 0 = (11, - .tr) be a feasible transition
sequence in Z, with a run o(7) as an executuion of o, i

2ot T o (),

and all 7; € R{.

1. Foreachi,0 < i< n holds: 7 € N.
2. For each enabled transition t at marking my(= mj) it holds: .
21 ho(t)" = ()] Then, there exists a further feasible run o(r*) of o with
2 T (e ).
such that
e : on -
s i

1. For each i,0 < i < n the time ;" is a natural number.
2. For each enabled transition t at marking ma(= m}) it holds:

21 ho(t)" = [ha(0)].
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7 = (atstatat3)

Stae Space Reducion
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X+ x5
S x5
7= (ttstatats) £ = . and
my=(1,2,2,1,1) X0+ X1+ X+ X5+ Xa + X5
L]
= NS : - —_—
St Space Reucton

X0 <2,
x <2,
xw<2,
x4 <2,
X% <2,
x0+x <5

B,

X+x+x<5

x+x3 <5

X+ xtxt+x3<5h
xtxtxutxatxn<s
X+x+x+xs+xa+x<5
X4+ x5 <2

The run o(r) with

A= L0, 6,00 o, 19, 6, 00, i, ),

is feasible.

The run o(7) with

is feasible.

The run o(r)
19
14
07 4 00 6 04 4 12 & 05 o 14 14
2 018,00 5,04 u 12 5 05 8 10 (, | 14 )
a2
¥
is feasible.




x0 | x| x| x|l x| S(0) T.(t2) To(ts)
).5| 1. 19 14 42

0| x| x| x|l x| So(0) To(t2) To(ts)
.5 1. 19 14 42

|[0.7{0.0(0.4{ 1.2/ 0.5] 1.4 H0|[0.7[0.0(0.4{ 1.2/ 05] 1.4

4l07{00|04[12{05) 1| 15 10 38 4l0700|04[12{05| 2| 25 20 48
B|l07{00|04[12] 0| 1 10 33 B|l07[00|04[12] 0| 1 20 43
Bs)l07|00|04 1] 0] 1 3.1 B)l0700|04 2] 0| 1 5.1
Ga|[0.7]0.00 1| 1| 0] 1 37 M (07000 0 1|01 47
sslloz| 0| 11|01 37 ssllo7f 0| 1| 1]0]f1 47
Gel1|o|1|1]o]1 4.0 Gel1|o|1|1]o]1 5.0

Tons Tons
Stse Space Reduction Stse Space Reducion

Hence, the runs

* [ 1 1 0 1
()= Lo 0 8, 1w 1 8, 0 6 1,

and
o) =z L0, 8,0, 6, 2 8 0,8 2,

are feasible in Z, too.

> Each feasible t-sequence o in Z can be realized with an

“integer” run.

Each reachable marking in Z can be found using "integer"

runs only.

> If z is reachable in Z, then |z] and [2] are reachable in Z,
to0.

> The length of the shortest and longest time path between two
arbitrary states are natural numbers.

v

A state z = (m, h) in a TPN s integer one iff
for all enabled transitions ¢ at m holds: h(t) € N.

Let Z be a FTPN.
The set of all reachable integer states in Z is finite

if and only if
the set of all reachable markings in Z is finite.

Remark: Theorem 3 can be generalized for all TPNs (applying a

further reduction).

Let z be in RG(Z) already.
1. for tondo

ifz - 2! possible in Z then 7' € RG(Z) end
2. if z L 7' possible in Z then Z' € RG(Z)

— The reachability graph is a weighted directed graph.
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The transition sequence o is a feasible T-invariant in a TPN Z if
for each marking m in Z holds: m "+ m.

For timeless PN: o is a feasible T-invariant iff
m=m-+ C-i(c) and ¢(c) - the Parikh-vektor of 7.
= easy to be found

Reschaiiy Groph
Timaians
s Pathe in b TPe

Remark: The reachability graph of a TPN s not used for
computing the feasible T-invariants of Z

=

feasible T-invariants for unbounded nets can be computed!
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Timariane
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Let Z= (P, T.F,V,I.m,) bea TPN.

Then the following problems can be decided/computed without
knowledge of its RG:

Input:  The time function / s fixed,

o is an arbitrary transition sequence.
Output: ~ Feasibility of o in Z?
Solution:  Solve a linear system of inequalities in Ry




B Rty Grah
Py

- R

Let Z=(P,T.F.V,l.m,) be a TPN.
b

hen the following problems can be decided /computed without
knowledge of its RG:

Input:  The time function / is not fixed,

o is an arbitrary transition sequence.
Output: ~ Feasibility of o in Z for a fixed 17
Solution:  Solve a linear system of inequalities in @
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P.T.F.V.I,m,) bea TPN.
Then the following problems can be decided,/computed without
knowledge of its RG:

Input:  The time function / s fixed,
o is an arbitrary transition sequence.
Output:  min / max-length of o
Solution:  Solve a linear program in Ry
(Actually, the solution is in N.)

Louchka Popove Zavgmann  Quantiative Ansysis of TP

e ]
v oy Tt

Eochon

Let Z = (P, T.F,V,/,m,) be a TPN.

Then the following problems can be decided/computed without
knowledge of its RG:

Input:  The time function / is not fixed,
o is an arbitrary transition sequence,
'is an arbitrary real number.

Output:  Existence of a fixed / and a run o(7) in Z
and the length of o() < A?

Solution:  Solve a linear program in Qj
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Input:  The
a1

me function / is ot fixed,

(') is a arbitrary t-sequence and

72 = (0,1") s a arbitrary t-sequence.

Existence of a fixed I 50 that oy is feasible in Z
and o s not feasible in 27

Solution:  Solve

Output:

max{< ¢',x >| A-x < b} < minf< x> A x < b}

linar program in @ linear program in 05
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Let Z= (P, T.F,V,I,m,) be a bounded TPN. Additionally the
following problems can be decided/computed with the knowledge
of its RG, amongst others:

Lok Popova Zavgmann Quantative Ansysis of TPHs

S Tty G
BRSO T et i mboumded TP
SSHORE  Tine ath n bowded TP

Ssmenl] T b

Let Z= (P, T.F,V,I,m,) be a bounded TPN. Additionally the
following problems can be decided/computed with the knowledge
of its RG, amongst others:

Input: 2 and 2 - two states (in Z)
Output:  ~ Is there a path between z and 2’ in RG(Z)?

~ If yes, compute the path with the shortest time length
Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (the running time is
O(|V|-|E|) and RG(Z) = (V. E) )
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Let Z= (P, T.F,V.I.m,) be a bounded TPN. Additionally the
following problems can be decided/computed with the knowledge
of its RG, amongst others:

Input:  m and 7 - two markings (in Z).
Output:  — Is there a path between m and m’ in RG(Z)?

~ If yes, compute the path with the shortest time length
Solution:

By means of prevalent methods of the graph theory,
for computing all-pairs shortest paths.
The running time is polynomial, too.

Reschaiy Graph
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The longest path between two states (vertices in RG(Z)) z and
2is Ip(z. 7) with

~ i a cycle is reachable starting on z
p(.2) = max ¥ Lif 27
@

Input:

Output:

Solution:

Zzand 2 - two states (in 2).

~ Is there a path between z and 2’ in RG(Z)?
~ If yes, compute the path with the longest time length.

By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (polyn. running time).
or by computing all strongly connected components
of RG(2). (linear running time)
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Input:  m and m - two states (in Z).
Output:  ~Is there a path between z and 2’ in RG(Z)?

~ If yes, compute the path with the longest time length.
Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (polyn. running time).
or by computing all strongly connected components
of RG(Z). (linear running time)

» theoretical approach

i modelling of
BN = modelling = PN = [0CCIED —
DPN = analysing = TPN

> experimental approach

BN — modelling & analysing =TPN




