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z = (m, h) is called a state in a TPN Z iff:
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» mis a p-marking in Z .

«Or 4F» « =>» = =




z = (m, h) is called a state in a TPN Z iff:

» mis a p-marking in Z .

» his a t-marking in Z.
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Let Z be a TPN, and z = (m, h), 2/ = (m', i) be two states.
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Let Z be a TPN, and z = (m, h), 2/ = (m', i) be two states.
Then
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» transition sequence: o = (t1,- - , t)
» run: o(7) = (70, t1,71," "

> Tn—1, tn, Tn)
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» transition sequence: o = (t1,- - , t)
» run: o(7) = (70, t1, 71, -
» feasible run: zy —- ;
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71

L,

ZEIE

n . *
—_— zn Tn, zn




» transition sequence: o = (t1,- - , t)

> run: o(7) = (70, t1, 71, , Th—1, tn, Tn)

. T t1 T t, T
» feasible run: zp =% z5 —> 21 — z - =5 2, 5 Zk

» feasible transition sequence :

o is feasible if there ex. a
feasible run o(7)
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» z is reachable state in Z if there ex. a feasible run o(7) and
a(7)
20— Z
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» z is reachable state in Z if there ex. a feasible run o(7) and
a(r)
z0—> 2z

» The set of all reachable states in Z is the state space of Z
( denoted: StSp(Z) ).
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Theorem (1)

Let Z be a TPN and 0 = (t1,--- , t,) be a feasible transition
sequence in Z, with a run o(T) as an execution of o, i.e.

70 to Tn  tn _
20 ? Zn = (mmhn)v

and all r; € Rar.
Then, there exists a further feasible run o(7*) of o with

o to Ty i * * Pk
20— T T 4y = (mm hn)

such that
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1. For each i,0 < i < n the time T

is a natural number.
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Theorem (1 — continuation)

T0 to T t

20 —— s = zp = (mp, hy), T € RY.
Tt Tt
0 to

zg —— - —>—5 z8 = (m}, hY), 77 € N.

1. For each i,0 < i < n the time 7/ is a natural number.
2. For each enabled transition t at marking m,(= m}) it holds:
2.1 ho(t)* = |ha(t))-

22 g"lT,* e

i=1
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Theorem (1 — continuation)

T0 to T t

20 —— s = zp = (mp, hy), T € RY.
Tt Tt
0 to

zg —— - —>—5 z8 = (m}, hY), 77 € N.

1. For each i,0 < i < n the time 7/ is a natural number.

2. For each enabled transition t at marking mp,(= m}) it holds:

n

2.1 ho(t)* = [ha(t)).
22 Y1 =127l
i=1 i=1
3. For each transition t € T holds:
t is ready to fire in z, iff t is ready to fire in |z, |, too.
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Let Z be a TPN and 0 = (t1,--- , t,) be a feasible transition
sequence in Z, with a run o(T) as an execution of o, i.e.
70 fo Tn  tn
0 ——— T Zn= (mm hn)7

and all r; € Rar.
Then, there exists a further feasible run o(7*) of o with

o to Ty i * * Pk
20— T T 4y = (mm hn)

such that
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Theorem (2 — continuation)

1. For each i,0 </ < n the time 7/ is a natural number.

2. For each enabled transition t at marking m,(= m®) it holds:

n

2.1 hy(t)" = [hn(2)].
2.2 é:lri* = fé:lTﬂ

3. For each transition t € T holds:
t is ready to fire in z, i t is ready to fire in [z,], too.
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the Dynamic Programming
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Let us consider the previous example again
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» The TPN 2,

» the transition sequence o = (t1, t3, ta, t, t3)
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» The TPN 2,

» the transition sequence o = (t1, t3, ta, t, t3)
» the six elapses of time
Blxo) =07, Blx) =00, PBlx)=04
ﬁ(X3) =12, ﬂ(X4) = 0.5, ﬂ(X5) =14,
which are real numbers and
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» The TPN 2,

» the transition sequence o = (t1, t3, ta, t, t3)

» the six elapses of time

Blxo) =07, Blx) =00, PBlx)=04

ﬂ(X3) = 127 ﬂ(X4) = 05> B(X5) =14,

which are real numbers and

the run

o(3) = (0.7, t1, 0.0, t3, 0.4, ts, 1.2, tp, 0.5, t3, 1.4)
is a feasible one in 2.




integers,

» Six elapses of time 5*(xg), 6*(x1), -, 3"(xs) which are
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» Six elapses of time (3*(xp), 5*(x1),
integers,

-++, *(xs) which are
» o((*) is a feasible run in 2.
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» Six elapses of time 5*(xg), 6*(x1), -, 3"(xs) which are
integers,

» o((*) is a feasible run in 2.

» The set of transitions which are ready to fire after o()

is the same as the set of transitions which are ready to
fire after o(3*).




Definitions

Main Property State Space Reduction
Applications Dynamic Programming
Conclusion

Dynamic programming

» Six elapses of time 5*(xg), 6*(x1), -, 3"(xs) which are
integers,

» o((*) is a feasible run in 2.

» The set of transitions which are ready to fire after o([)

is the same as the set of transitions which are ready to
fire after o(3*).

= P*: Compute 5.
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> six elapses of time fs(x0). o(x1), - » Bs(xs),
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Compute

> six elapses of time fy(x0), As(x1): -+ , Bs(xs),
» at least s of them are integers,
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Compute

> six elapses of time fy(x0), As(x1): -+ , Bs(xs),
» at least s of them are integers,

» the modified run is a feasible one.
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z(s)

» modifies one elapse of time which is not integer in P*(s — 1)
to such an integer that the modified run remains feasible.

«0» «4F)» « =)




» modifies one elapse of time which is not integer in P*(s — 1)
to such an integer that the modified run remains feasible.

» Each row s (s =0,1,---,6) in the next tableau | is a solution
of one modified problem P*(s).

«O>» 4F» «=)» «=)




» modifies one elapse of time which is not integer in P*(s — 1)
to such an integer that the modified run remains feasible.

» Each row s (s =0,1,---,6) in the next tableau | is a solution
of one modified problem P*(s).
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Y, (t3) = Xo(ts) = x5
«O)>» «Fr «=» «=)» = o
~ Louchka Popova-Zeugmann  TPN State Space Reduction Using DP and Time Paths

| x0 | | e | x| x| s || Zo(t) To(ta) To(ts)
B = po|l0.7]0.0]04]12] o.5| 14 19 14 42
Ztf(tl) = X4 + Xs5, zg(tz) =
Yo(ts) =x1+x2+x3+x + x5




|
B = bo
b1

0.7

1.2

X0 X1|X2|X3|X4|X5||Z(t1)
0.0/04]1.2|05
0.7/0.0/0.4

o(t1) = xa + xs,

o(ts) = x1 + x20 + x3 + X4 + X5

ZU(t2) = zU(t3) = Zcr(t4) = X5
«Or 4F» «=)» « =) = o
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o(t2) Xo(t5)
14 19 14 42
0.5




|
B = bo
b1

0.7

1.2

X0 X1|X2|X3|X4|X5||Z(t1)
0.0/04]1.2|05
0.7/0.0/0.4

o(t1) = xa + xs,

o(ts) = x1 + x20 + x3 + X4 + X5

ZU(t2) = zU(t3) = Zcr(t4) = X5
«Or 4F» «=)» « =) = o
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o(t2) Xo(t5)
14 19 14 42
0.5




x| x| x| x| x| x| Za(’fl) o(t2) Xo(ts)
B = fBolo7]0.0]04]12]05 14 14 42
Bilo7]0.0]04| 12|05 15 1.0 338

o(t1) = xa + xs,

o(ts) = x1 + x20 + x3 + X4 + X5

ZU(t2) = zU(t3) = Zcr(t4) = X5
«Or 4F» «=)» « =) = o
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[ x| x| x| x| xa| x5 || Zo(tr) To(t) To(ts)
8 = [(07/00({04|/12/05| 14 1.9 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
6210.710.0/ 04| 1.2 1

Zg(tl) = X4 + Xz,

Y, (ts) =x1 4+ x2 + X3+ xa + x5

ZU(t2) = zU(t3) = Zcr(t4) = X5
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[ x| x| x| x| xa| x5 || Zo(tr) To(t) To(ts)
8 = [(07/00({04|/12/05| 14 1.9 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
G-110.7/0.0/04]1.2] 0| 1

Zg(tl) = X4 + Xz,

Y, (ts) =x1 4+ x2 + X3+ xa + x5

ZU(t2) = zU(t3) = Zcr(t4) = X5
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[ x| x| x| x| xa| x5 || Zo(tr) To(t) To(ts)
B = (||0.7/0.0/04]1.2|/05|1.4 1.9 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
G-110.7/0.0/04]1.2] 0| 1 1.0 3.3

Zg(tl) = X4 + Xz,

Y, (ts) =x1 4+ x2 + X3+ xa + x5

Z17(15'2) = z(7(t3) = Zcr(t4) = X5
«O>» «4F» «=)» « = = o
~ Louchka Popova-Zeugmann  TPN State Space Reduction Using DP and Time Paths
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| ” X0 | X1 | X2 | X3 | X4 | X5 ” Za(tl) zg(tz) Zg(t5)

6 = [0|0.7/0.0[04]|12{05]|14] 1.9 1.4 42
$1]0.7/0.0/04|12| 05| 1 15 1.0 38

G-110.7/0.0/04]1.2] 0| 1 1.0 3.3
063]0.7/ 0.0/ 0.4 01
Zzr(tl) = X4 + Xs5, Z17(15'2) = z(7(t3) = Zcr(t4) = X5

Y, (ts) =x1 4+ x2 + X3+ xa + x5

«O>» «4F» «=)» « =
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| ” X0 | X1 | X2 | X3 | X4 | X5 ” Za(tl) zg(tz) Zg(t5)

B = [(0|0.7/00]/04]12 05|14]] 1.9 1.4 42
$1]0.7/0.0/04|12| 05| 1 15 1.0 38
3210.7/00][04|12] 0| 1 1.0 3.3
£3)0.7/00[04| 1| 0| 1

Zzr(tl) = X4 + Xs5, Z17(15'2) = z(7(t3) = Zcr(t4) = X5
Y (ts) =x1 + X2+ X3+ Xz + x5
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v
it




| ” X0 | X1 | X2 | X3 | X4 | X5 ” Za(tl) zg(tz) Zg(t5)

6 = [0|0.7/0.0[04]|12{05]|14] 1.9 1.4 42
$1]0.7/0.0/04|12| 05| 1 15 1.0 38

52]0.7/0.0{04|12] 0| 1 1.0 3.3
43]0.7/0.0{04| 1| 0| 1 3.1
Zzr(tl) = Xa + X5, Z17(15'2) = zU(t3) = Zcr(t4) = X5

Y, (ts) =x1 4+ x + X3+ xa + x5
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v
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| X0 | X1 | Xo| X3| Xa | X5 Za(tl) zg(tz) Zg(t5)
8 = (070004 1.2/05|1.4| 19 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
6210.7/0.0/04{1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| 0| 1 3.1
£41/0.71 0.0 1101

Zg(tl) = X4 + Xz,
Y, (ts) =x1 4+ x + X3+ xa + x5

Yo(tr) =Xo(t3) = Lo(ta) = x5

v
it
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| X0 | X1 | Xo| X3| Xa | X5 Za(tl) zg(tz) Zg(t5)
8 = (070004 1.2/05|1.4| 19 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
6210.7/0.0/04{1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| 0| 1 3.1
04]/07/00] 1| 1] 0|1

Zg(tl) = X4 + Xz,
Y, (ts) =x1 4+ x + X3+ xa + x5

Yo(tr) =Xo(t3) = Lo(ta) = x5

v
it
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| X0 | X1 | Xo| X3| Xa | X5 Z,,(tl) za(tz) Zg(t5)
8 = (070004 1.2/05|1.4| 19 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
6210.7/0.0/04{1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| 0| 1 3.1
04]/07/00] 1| 1] 0|1 3.7

Zg(tl) = X4 + Xz,
Y, (ts) =x1 4+ x + X3+ xa + x5

Yo(tr) =Xo(t3) = Lo(ta) = x5




| X0 | X1 | Xo| X3| Xa | X5 Z,,(tl) Za(tz)Za(t5)

B = [(0|0.7/00]/04]12 05|14]] 1.9 1.4 42

£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
G-110.7/0.0/04]1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| 0| 1 3.1
04107/00] 1| 1] 0] 1 3.7
051 0.7 1 1101

Zg(tl) = X3 + Xs, Zg(tz) = Za(t3) = Zg(t4) = Xg

Yo(ts) =x1+x2+ X3+ xa + x5




| X0 | X1 | Xo| X3| Xa | X5 Z,,(tl) Za(tz)Za(t5)

B = [(0|0.7/00]/04]12 05|14]] 1.9 1.4 42

£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
G-110.7/0.0/04]1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| 0| 1 3.1
04107/00] 1| 1] 0] 1 3.7
0G5107] 0] 1 1101

Zg(tl) = X3 + Xs, Zg(tz) = Za(t3) = Zg(t4) = Xg

Yo(ts) =x1+x2+ X3+ xa + x5




| X0 | X1 | Xo| X3| Xa | X5 Z,,(tl) Za(tz)Za(t5)

B = [(0|0.7/00]/04]12 05|14]] 1.9 1.4 42

£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
G-110.7/0.0/04]1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| 0| 1 3.1
04107/00] 1| 1] 0] 1 3.7
0G5107] 0] 1 1101 3.7
Zg(tl) = X3 + Xs, Zg(tz) = Zg(t3) = Zg(t4) = Xg

Y,(ts) =x1+x2+x3+ xa + x5




| X0 | X1 | Xo| X3| Xa | X5 Z,,(tl) za(tz) Zg(t5)

8 = [(07/00({04|/12/05| 14 1.9 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
6210.7/0.0/04{1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| O 1 3.1
04]/07/00] 1| 1] 0|1 3.7
651107 0] 1| 1] 0] 1 3.7

6 = [s 0 1 1 0 1

Zg(tl) = X3 + Xs, Zg(tz) = Zg(t3) = Zg(t4) = Xg

Y, (ts) =x1 4+ x + X3+ xa + x5




| X0 | X1 | Xo| X3| Xa | X5 Z,,(tl) za(tz) Zg(t5)

8 = [(07/00({04|/12/05| 14 1.9 1.4 4.2
£110.7/0.0/04]|1.2{05| 1 1.5 1.0 3.8
6210.7/0.0/04{1.2] 0| 1 1.0 3.3
63]0.7/0.0/04] 1| O 1 3.1
04]/07/00] 1| 1] 0|1 3.7
651107 0] 1| 1] 0] 1 3.7

6 = Gl 1 0 1 1 0 1

Zg(tl) = X3 + Xs, Zg(tz) = Zg(t3) = Zg(t4) = Xg

Y, (ts) =x1 4+ x + X3+ xa + x5
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Dynamic Programming

| Xo| X1 | X0| X3| Xq | X5 Zo(tl) Zg(tz) Zg(t5)

6 = [(0]0.7/00/04]|12 05|14 1.9 1.4 42
£11]0.7/0.0/0.4|1.2| 05| 1 15 1.0 38
G-110.7/0.0/04]1.2] 0| 1 1.0 3.3
43]0.7/0.0{04| 1| 0| 1 3.1
841/0.71 0.0 110]1 3.7
G507 0| 1| 1] 0|1 3.7

6 = Bl 1| 0] 1| 1] 0|1 4.0
o(t1) = x4 + s, Yo(t2) = Xo(t3) = Lo(ta) = xs

>
Yo(ts) =x1 +x2+x3+ xa + X5
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» The state space (for P*) is the set S ={0,1,...,6}
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» The state space (for P*) is the set S ={0,1,...,6}

» The set of its critical states is the singleton S° = {6}.
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» The state space (for P*) is the set S = {0, 1,.

» The set of its critical states is the singleton S°

» The set of its terminal states is the singleton st —

«Or 4F» «=)» « =) =

.6},
{6}.
{o}.







vV vVv.v.v .Yy

The state space (for P*) is the set S = {0,1,...,6}.
The set of its critical states is the singleton SO {6}.

The set of its terminal states is the singleton St = {0}.
The set of non-terminal states is S” =S\ St = {1,2,.
The T-linker Lt has the form L(z(s°)) = z° = z(so).

«O>» «4F» «=)» « =

v
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Definitions

Main Property State Space Reduction
Applications Dynamic Programming
Conclusion

Dynamic Programming

The state space (for P*) is the set S ={0,1,...,6}.

The set of its critical states is the singleton S° = {6}.

The set of its terminal states is the singleton St = {0}.

The set of non-terminal states is S” =S\ St ={1,2,...,6}.
The T-linker Lt has the form L1(z(s°)) = z° = z(s°).

The transition function t is defined as

vV vV v vV VY

t(s) :=s- 1, seS”.
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» The linker L is clearly given by

2(s)

L(s, {(s'2(s)) | &' € t(s)}),
L(s, 2(t(s)))

L(s.z(s-1)) := Bs

Vs e §”




The time length of the run o(3) is

Ia(ﬁ*) = B(XO) + B(Xl) + é(X2) + B(X3) + B(X4) + ﬁ(x5) =42
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The time length of the run o(3) is

Ia(ﬁ*) = B(XO) + B(Xl) + é(X2) + B(X3) + B(X4) + ﬁ(x5) =472

In tableau |: The time length of the run o(3%) is I,(g-) = 4
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The time length of the run o(3) is

Ia(ﬁ*) = B(XO) + B(Xl) + é(X2) + B(X3) + B(X4) + ﬁ(x5) =472

In tableau |: The time length of the run o(3%) is I,(g-) = 4

In tableau Il: The time length of the run o(7") is I;(3) =5
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The time length of the run a(ﬁ) is
Ia(ﬁ*) = B(XO) + B(Xl) + ﬁ(X2) + B(X3) + B(X4) + B(x5) =42

In tableau |: The time length of the run o(3%) is I,(g-) = 4

In tableau Il: The time length of the run o(7") is I;(3) =5

i.e. /a(,H*) =4< 4.2 = /a(ﬂ*) =4.2 <5 = IU(B*)

«Or 4F» «=)» « =) =



» Each feasible t-sequence o in Z can be realized with an
"integer” run.




runs only.

» Each feasible t-sequence o in Z can be realized with an
"integer” run.

» Each reachable marking in Z can be found using "integer”




» Each feasible t-sequence o in Z can be realized with an
"integer” run.

» Each reachable marking in Z can be found using "integer”
runs only.

» If z is reachable in Z, then |z]| and [z] are reachable in Z,
too.

«O>» 4F» «=)» «=)



Definitions

Main Property State Space Reduction
Applications Dynamic Programming
Conclusion

State Space Reduction

Corollary

» Each feasible t-sequence o in Z can be realized with an
"integer” run.

» Each reachable marking in Z can be found using "integer”
runs only.

» If z is reachable in Z, then |z| and [z| are reachable in Z,
too.

» The length of the shortest and longest time path between two
arbitrary p-markings are natural numbers.

Louchka Popova-Zeugmann TPN State Space Reduction Using DP and Time Paths
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Let Z be a FTPN.
The set of all reachable integer states in Z is finite

if and only if
the set of all reachable p—markings in Z is finite.
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Let Z be a FTPN.
The set of all reachable integer states in Z is finite

if and only if
the set of all reachable p—markings in Z is finite.

further reduction).

Remark: Theorem 3 can be generalized for all TPNs (applying a






















Let Z be a bounded TPN. The following problems can be

decided /computed with the knowledge of its RG, amongst others:
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Definitions

Main Property Reachability Graph
Applications Time Paths in bounded TPNs
Conclusion

Let Z be a bounded TPN. The following problems can be
decided/computed with the knowledge of its RG, amongst others:

Input: z and Z’ - two states (in Z).

Output: - Is there a path between z and z/ in RG(Z)?
— If yes, compute the path with the shortest time length.

Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (the running time is
O(|V|]-|E|) and RG(Z) = (V,E) )

Louchka Popova-Zeugmann TPN State Space Reduction Using DP and Time Paths



Definitions

Main Property Reachability Graph
Applications Time Paths in bounded TPNs
Conclusion
Result:
Input: m and m’ - two markings (in Z).
Output: - Is there a path between m and m'?

— If yes, compute the path with the shortest time length.

Solution: By means of prevalent methods of the graph theory,
for computing all-pairs shortest paths.
The running time is polynomial, too.

Louchka Popova-Zeugmann TPN State Space Reduction Using DP and Time Paths



Definitions

Main Property Reachability Graph
Applications Time Paths in bounded TPNs
Conclusion

Definition
The longest path between two states (vertices in RG(Z)) z and
Z'is Ip(z,Z") with

o0 ,if a cycle is reachable starting on z
before reaching z/

max» T ,else
o(r) i

Ip(z,7") :=

Louchka Popova-Zeugmann TPN State Space Reduction Using DP and Time Paths



Definitions

Main Property Reachability Graph
Applications Time Paths in bounded TPNs
Conclusion
Result:
Input: z and Z' - two states (in Z).
Output: - Is there a path between z and z/ in RG(Z2)?

— If yes, compute the path with the longest time length.

Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm (polyn. running time).
or by computing all strongly connected components
of RG(Z). (linear running time)
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Definitions

Main Property Reachability Graph
Applications Time Paths in bounded TPNs
Conclusion
Result:
Input: m and m’ - two states (in Z).
Output: - Is there a path between z and z/?

— If yes, compute the path with the longest time length.

Solution: By means of prevalent methods of the graph theory,
e.g. Bellman-Ford algorithm.
or by computing all strongly connected components
of RG(Z).
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truncated decision problem

» The State Space Reduction of a TPN is a nonoptimization
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» The State Space Reduction of a TPN is a nonoptimization
truncated decision problem

» The minimal and the maximal time length of a path between
two markings in a TPN is a natural number (if finite)
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» The State Space Reduction of a TPN is a nonoptimization
truncated decision problem

» The minimal and the maximal time length of a path between
two markings in a TPN is a natural number (if finite)
=

it can be computed in polynomial/linear time (with res. to the
RG)
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Thank you!
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