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Abstract. We present Petri nets with time windows (tw-PN) where each place is associated with
an interval (window). Every token which arrives at a place gets a real-valued clock which shows
its “age”. A transition can fire when all needed tokens are “old enough”. When a token reaches an
“age” equal to the upper bound of the place where it is situated, the “token’s age”, i.e., clock will
be reset to zero. Following this we compare these time dependent Petri nets with their (timeless)
skeletons. The sets of both their reachable markings are equal, their liveness behaviour is different,
and neither is equivalent to Turing machines. We also prove the existence of runs where time gaps
are possible in the tw-PN, which is an extraordinary feature.

1. Introduction

Petri nets with time windows (tw-PN) are derived from classical Petri nets (PN) where each placep is
associated with a time interval[lp, up]. When a token arrives in a placep, it can not leavep beforelp time
units have elapsed. During the time interval (window)[lp, up] the token can leavep. At the end of the
interval there is not a force for leaving. When the token remains longer in the placep asup time units
then the current time of the token in the placep is reset moduloup. Whent becomes enabled, it can fire
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when enough tokens in its input places can leave them. In other words,t can fire if t is enabled and all
time windows of enough tokens in all input places oft are “open”. The firing itself of a transition takes
no time. The time is represented by non-negative real numbers, but the interval bounds are non-negative
rational numbers. It is easy to see that w.l.o.g. the interval bounds can be considered as integers only.
Thus, the interval boundslp andup of any placep are natural numbers, including zero andlp ≤ up or
up = ∞.

Every possible situation in a given tw-PN can be described completely by a time markingM with
M(p) ∈ (R+

0 )∗ for each placep. Thus, a time marking is a vector of words overR+
0 . In general, each

tw-PN has (i.e. the state space of the tw-PN contains) infinite number of time markings.
The tw-PN was first introduced in [8] and later applied for modelling and diagnosis in the automation

engineering in [5].
Related work: In the classical Petri nets the time is only implicitly involved in the kind of causal

context. The works of Merlin [7] and Ramchandani [11] certainly started a new branch of Petri nets -
the time dependent Petri nets. Merlin defined the Time Petri nets (TPN) and Ramchandani the Timed
Petri nets. Since this time a huge amount of different kinds of time associations have been defined. Time
can be added to transitions ( [7], [11], [6]), to places ( [12], [8], [5]) and to edges ( [2], [1]) in various
ways. Classes of well known time dependent Petri nets are given in [13]. However, most of them are
equivalent to the Turing machines and thus the most interesting problems like the reachability problem
and the liveness problem are undecidable.

The paper is organised as follows: The next section gives some preliminary definitions and remarks.
The third section compares the reachability behaviour of anarbitrary tw-PN with its skeleton. After-
wards, the non-equivalence between tw-PNs and Turing machines is proved. The fourth section deals
with liveness behaviour of a tw-PN and its skeleton. Finally, the last section summerizes the results and
gives a remark including future outlook.

2. Basic Notations and Definitions

As usual, we use the following notations in this paper:N is the set of natural numbers,N+ := N\{0}.
Q+

0 is the set of non-negative rational numbers andR+
0 the set of non-negative real numbers. By|A| we

denote the number of elements of a finite set A.T ∗ denotes the language of all words over the alphabet
T , including the empty wordε, the natural numberl(ω) is the length ofω. The wordak with a ∈ T and
k ∈ N stands for the worda . . . a︸ ︷︷ ︸

k−times

.

Definition 2.1. (classical Petri net)
The structureN = (P, T, F, V,mo) is called a (classical) Petri net (short: PN) iff

(i) P, T, F are finite sets with
P ∩ T = ∅, P ∪ T 6= ∅, F ⊆ (P × T ) ∪ (T × P ) anddom(F ) ∪ cod(F ) = P ∪ T

(ii) V : F −→ N+ (weight of the arcs)

(iii) mo : P −→ N (initial marking)
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A marking of a PN is a (total) functionm : P −→ N, such thatm(p) denotes the number of tokens
at the placep. The pre-sets and post-sets of a transitiont are given by•t := {p | p ∈ P ∧ (p, t) ∈ F}
andt• := {p | p ∈ P ∧ (t, p) ∈ F}, respectively. Each transitiont ∈ T defines the markingst− andt+

as follows:

t−(p) =

{
V (p, t) iff (p, t) ∈ F

0 iff (p, t) 6∈ F
t+(p) =

{
V (t, p) iff (t, p) ∈ F

0 iff (t, p) 6∈ F

Moreover,∆t denotest+ − t−. A transitiont ∈ T is enabled (may fire) at a markingm iff t− ≤ m (i.e.
t−(p) ≤ m(p) for every placep ∈ P ). When an enabled transitiont at a markingm fires, this yields a

new markingm′ given bym′(p) := m(p) + ∆t(p) and is denoted bym
t

−→ m′.

Definition 2.2. (Petri net with time windows in the places)
The pairP = (N , I) is called a Petri net with time windows in the places (short: tw-PN) iff

(i) N is a (classical) PN and

(ii) I : P −→ Q+
0 × (Q+

0 ∪ {∞}) and for each placep ∈ P andI(p) = (lp, up) it holds: lp ≤ up.

The PNN is called the skeleton ofP and is it is denoted byS(P). W.l.o.g. we consider the function
I with a co-domainN+

0 × (N+
0 ∪ {∞}).

Example 1.

2

t t t1 4
32

t

P
1

P
2

P
3

P
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(0,2]

(2,6](0,1] (1,3]

1P  :

Figure 1. P1 is a Petri net with time windows in the places.

It is obvious that tokens can arrive at a place in different times. Hence, we have to keep the arriving
time of each token of every place. This can be solved suprisingly easily using words over numbers.
The empty wordε will be assigned to a place without tokens. Each token in a place is presented with a
non-negative real number, which is the arriving time of the token in the place (modulo the upper bound
of the time interval of the place). We call this kind of presentation of a markingtime marking.

Definition 2.3. (time marking)
Let P be a Petri net with time windows in the places. The mapM : P −→

(
R+

0

)∗
is called a time

marking inP.
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By mM we denote the usual (not time) marking

(l(M(p1)), l(M(p2)), . . . , l(M(p|P |)))

which corresponds to the time markingM : the wordM(pi), i = 1 . . . |P | describes the duration of dwell
of the tokens in the placepi (moduloupi

) and the lengthl(M(pi)) of the wordM(pi) is equal to the
number of tokens in the placepi at the time markingM .

Definition 2.4. (initial time marking)
LetP be a tw-PN andm0 be the initial marking inS(P). ThenM0 is the initial time marking onP , iff

M0(p) :=

{
ε if m0(p) = 0

0m0(p) else
.

Obviously, it holds:mM0
= m0.

The initial time markingM0 of P1 (s. Figure 1) isM0 = (0, ε, ε, ε).

It is clear that a time marking can change into an other one by firing a transition or by time elapsing as
it is the case in each kind of time dependent PNs. First, we define the notionready to fireand afterwards
the notionschange by firingandchange by time elapsing.

Definition 2.5. (ready to fire)
Let M be a time marking withM(p) = a

p
1a

p
2 . . . a

p

|m(p)| for eachp ∈ P and lett be an arbitrary transition
in the tw-PNP. Transitiont is ready to fire inM , iff

(i) t− ≤ mM ,

(ii) ∀p(p ∈ •t −→ ∀j(j ∈ {1, . . . , t−(p)} −→ lp ≤ a
p
j ≤ up)).

Definition 2.6. (firing a transition)
Let P be a tw-PN, letT be its set of transitions and letM be an arbitrary time marking inP. The
transitiont ∈ T can fire in the time markingM , iff t is ready to fire inM . After firing it, M changes

into the time-markingM ′, denoted byM
t

−→ M ′, which is defined as follows: LetM(p) = a
p
1a

p
2 . . . a

p
n

with a
p
i ∈ R+

0 , t−(p) = k andt+(p) = r1. Than it holds:

M ′(p) :=

{
a

p
k+1 . . . a

p
n0r if k < n

0r if k = n
.

Remark 1. Let M1
t

−→ M2 be a time marking change in the tw-PNP. Obviously then,t is enabled in

the markingmM1
in the skeletonS(P) and it holds:mM1

t
−→ mM2

. 2

1Let a be a letter in an alphabet. Then isa
0

= ε.
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Definition 2.7. (time elapsing)
Let P be a tw-PN and letτ be a non-negative real number. Then, the elapsing of timeτ in P is in any
time marking always possible. LetM be an arbitrary time marking inP. ThenM is changedinto the
time markingM ′ by the time elapsing τ ∈ R+

0 , denoted byM
τ

−→ M ′, iff the following holds:
Let M(p) = a

p
1a

p
2 . . . a

p
n with a

p
i ∈ R+

0 and letup < ai + τ andai+1 + τ ≤ up hold for each natural
numberi with 1 ≤ i ≤ n. Then the succsessor time markingM ′(p) = b

p
1b

p
2 . . . b

p
n is defined as the time

marking inP with

b
p
j :=

{
a

p
i+j + τ if i + j ≤ n

(ap
i+j−n + τ) m̂od up else

.

Please note that:

a m̂od b :=

{
a mod b if a mod b 6= 0

b if a mod b = 0
.

Example 2. LetP be a tw-PN and letM be a time marking inP with

M(p) = 3.7 2.8 2.3 2 1.5 0.3 0.1 andI(p) = (2, 6).

The succsessor time markingM ′ at the placep after the time elapcingτ = 4 holds then:

M ′(p) = 6 5.5 4.3 4.1 1.7 0.8 0.3

The behaviour of a given tw-PNP = (P, T, F, V,m0, I) is defined by its changes from a given time
marking into another. In general, the changes are an alternating series of time elapsings and firings.
Thus, we use the following notions.

A transition sequenceσ = t1t2 . . . tn in P is a word inT ∗. A run σ(τ) of a transition sequence
σ = t1t2 . . . tn with time elapcsingsτ = τ0τ1 . . . τn ∈ (R+

0 )∗ is the wordτ0t1τ1 . . . tnτn in R+
0 (T R+

0 )∗.
The time-lengthl(σ(τ)) of the runσ(τ) is the sumτ0 + . . . + τn. A run σ(τ) is a feasible one inP if
starting inM0 all time marking changes defined byσ(τ) are possible inP. A transition sequenceσ is a
feasible transition sequencein P if there exists at least a feasible runσ(τ).

A time markingM is called areachable time markingin P, if there exists a feasable runσ(τ) in P

with M0
σ(τ)
−−→ M .

Theset of all reachable time markingsin P, starting with time markingM , is denoted byRP(M).
Please note thatRP(M0) is the set of all reachable time markings inP. Finally, byRP (mM0

) we denote
{mM | M ∈ RP(M0)}.

A tw-PNP is boundedif the set{mM | M ∈ RP(M0)} is a finite one.
As already set, time elapsing is always possible in tw-PNs. Moreover, it can happen that in a time

marking only time elapsing is possible. This can happen for two different reasons. First, there is no
transition enabled in that time marking. Second, no enabledtransition can become ready to fire because
of the time restrictions. In the first case, the transition sequence, which leads to this time marking and
ends here, is also a sequence in the skeleton. In the second case, we will call it time-deadlock, the
underlying transition sequence is a firing sequence in the tw-PN, which can be continued (only) in the
skeleton.

Definition 2.8. (time-deadlock)
Let M be a time marking in the tw-PNP. The transition̂t is in M in a time-deadlock (short: t-DL), if
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(i) t̂− ≤ mM

(ii) ∀τ(τ ∈ R+
0 −→ M

τ
−→6

t̂
−→).

At the end of this section we introduce the notionlivenessfor tw-PNs. Actually, there are four levels
of liveness. We consider here only the so called 4-liveness,defined by Lautenbach in [4]. This notion
will also be defined in a similar manner to the definition for the classical PNs.

Definition 2.9. (liveness)
LetP be a tP-PN andM a reachable time marking.

(i) A transition t is live in the time markingM if

∀M ′(M ′ ∈ RP(M) −→ ∃M ′′(M ′′ ∈ RP (M ′) ∧ M ′′ t
−→)

(ii) A tw-PN P is live if all transitions are live inM0.

3. Reachability

In this section we discuss the reachability of an arbitrary tw-PN, i.e., we compare the reachabiltiy of
tw-PNs with its skeleton. Our main goal is to show that both Petri nets have the same sets of reachable
markings.

Finally, we briefly compare tw-PN and TPN. In particular, we make some remarks why one cannot
consider natural numbers for the time elapsing only. Beyondthis, we show that in a tw-PN, a feasible
run can have “gaps” in its run.

Theorem 1. LetP be a tw-PN andS(P) its skeleton. Then the firing sequenceσ is a firing sequence in
S(P) if and only if σ is a firing sequence inP.

Proof:
(⇐=) This part of the proof is easy to see as a transition inP can fire if it is enabled. Therefore, it is
enabled inS(P).

(=⇒) The idea of proof is to wait until the clock of each token reaches a time which is equal to the
upper bound of the place where it is situated. After this occures, a transition is fired. This firing approach
is calledultimo rule.

For this proof letσ := t1 . . . tn a firing sequence inS(P). Then we havem0
t1−→ m1

t2−→ . . .
tn−→ mn

in S(P).
We have to show that there exists a feasible runσ(τ) = τ0t1τ1 . . . τn−1tn in P. We make the proof

by induction.
Basis: let n = 1, i.e. σ = t1.
First, we need to know how much time must elapse until each token is “old” enough to become ready

to fire. This is the case when the upper bound is not infinity, the time of the token is equal to the upper
bound of the place, and when it is infinite, then to the lower bound.

Now for an arbitrary time markingM∗ we define

UM∗ := {up|p ∈ P ∧ up 6= ∞∧ M∗(p) 6= ε}

LM∗ := {lp|p ∈ P ∧ up = ∞∧ M∗(p) 6= ε}
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and
BM∗ := UM∗ ∪ LM∗.

Let τ0 := LCM(BM0
) and consider the time markingM ′

0 with M0
τ0−→ M ′

0. Then we have for each
p ∈ P

M ′
0(p) =





ε iff m0(p) = 0

u
m0(p)
p iff m0(p) 6= 0 ∧ up 6= ∞,

l
m0(p)
p iff m0(p) 6= 0 ∧ up = ∞.

Obviously we havem0 = mM0
= mM ′

0
and therefore each transitiont is enabled inP in M0 iff t is

enabled inS(P) in mM ′

0
. Furthermore,t is ready to fire inM ′

0 iff t is enabled inM ′
0.

By assumptiont1 is enabled inS(P) in mM ′

0
and thus ready to fire inP in M ′

0. Let M1 be the time

marking we get by firingt1, i.e.,M ′
0

t1−→ M1. Then we have for eachp ∈ P

M1(p) =





ε iff m1(p) = 0

u
m0(p)−|t−

1
(p)|

p 0|t
+

1
(p)| iff m1(p) 6= 0 ∧ up 6= ∞,

l
m0(p)−|t−

1
(p)|

p 0|t
+

1
(p)| iff m1(p) 6= 0 ∧ up = ∞.

Now we can see that the duration of dwell of each token in a place is equal either to the upper time of
their place or0 (if the upper is not infinity). Note that by definition0 andup are in a way equivalent.
Again we havem1 = mM1

.
Inductive step: Let σ = t1 . . . tn−1tn.
Let θ := t1 . . . tn−1. By the inductive hypothesis a feasible runθ(τ) = τ0t1τ1 . . . τn−2tn−1 exists

with Mo
θ(τ)
−−→ M ′

n−1 and

Mn−1(p) =





ε iff mn−1(p) = 0,

u
mn−2(p)−|t−n−1

(p)|
p 0|t

+

n−1
(p)| iff mn−1(p) 6= 0 ∧ up 6= ∞,

w 0|t
+

n−1
(p)| iff mn−1(p) 6= 0 ∧ up = ∞,

wherew ∈ (R+
0 )∗ is a word such that for all letters (i.e. non-negative numbers) x which appear inw we

havex ≥ lp.

Now consider the timeτn−1 := LCM(BMn−1
) andMn−1

τn−1

−−−→ M ′
n and it holds

M ′
n−1(p) =





ε iff mn−1(p) = 0,

u
mn−1(p)
p iff mn−1(p) 6= 0 ∧ up 6= ∞,

w iff mn−1(p) 6= 0 ∧ up = ∞.

Again a transitiont is ready to fire in the certain time markingM ′
n−1 iff it is enabled inM ′

n−1. By
induction hypothesis the transitiontn is enabled inM ′

n−1 and therefore ready to fire in this time marking.
That means, however, the transition sequenceσ is a firing sequence inP, as well. ⊓⊔

Corollary 1. For all tw-PNP the setRP(mM0
) is equal to the setRS(P) of all reachable markings in

the skeleton ofP.
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When one compares the tw-PNs with the TPN (defined by Merlin) there are two more remarkable
results.

First , we know that the TPN behave in the same manner as they do when describing time elapsing
with real numbers or only natural numbers (cf. [10]). This isnot true for tw-PNs. Let us consider the
tw-PNP in Figure 2 and the transition sequenceσ = t1t1. After firing the run0.5 t1 0.5 t1 the only
enabled transitiont2 is in t-DL and thus the run cannot be continued. In contrast, every run ofσ where
the time elapsings are natural numbers can be contiued.

P2
[1,1]

[0,1]

t12t

P1

2

2

Figure 2. A tw-PN which “real” behaviour differs from its “natural” behaviour.

SecondLetZ be a TPN andσ a transition sequence inZ. Let σ(τα) andσ(τβ) be two feasable runs
of a transition sequenceσ with

l(σ(τα)) =: α < β := l(σ(τβ)).

Then there exists a feasible runσ(τγ), with l(σ(τγ)) = γ for all γ ∈ [α, β].
This is not true for a tw-PN. It is possible that there are “time gaps” in the run. If there is a feasible

runσ(τα) and another feasible runσ(τβ) so thatl(σ(τα)) = α andl(σ(τβ)) = β with α < β, then there
can be a real numberγ ∈ (α, β) so that the length of all feasible runsl(σ(τ)) 6= γ. Of course this is
neither true for allα andβ nor is it true for all runs.

To clarify this fact we state an example. Figure 3 shows the tw-PN we use in this example.

1 P2

P4[0,1]

t1

tt 45 2tt3

[3,3] P3

P [2,3]

[2,3]

Figure 3. A tw-PN with a run with time gaps.

Now consider the sequenceσ = t1 t2 t3 and the feasible runsσ(τ1) := 3 t1 3 t2 3 t3 and
σ(τ2) := 5 t1 2 t2 3 t3. It holds: l(σ(τ1)) = 9 and l(σ(τ2)) = 10. However, there is no feasible run
σ(τ3) such thatl(σ(τ3)) = 9.5.
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4. tw-PNs and Turing Machines

In this section we will show that tw-PN are not equivalent to Turing machines. In order to prove this
we will show that this class of nets is not equivalent to counter machines. A counter machine itself is
equivalent to Turing machines ( [3]). Counter machines understand four different commands: START,
HALT, INC (increase) and DEC (decrease). We will show how onecan simulate the first three commands
using tw-PN and, afterwards, we prove that one cannot simulate the DEC command with tw-PN. This
proves that tW-PNs are not equivalent to counter machines and therefore they are not equivalent to Turing
machines.

At first we will recall the four different commands of a counter machine.

Counter machine command Description of the command

0 : START :m Start the program and go to linem.

m : HALT Stop the program.

m : INC(j) : r Increase counterj by 1 then go to
line r.

m : DEC(j) : r : s If counterj equals 0 then go to line
r else decrease counterj then go to
line s.

The command DEC does two things. First, it checks the place for its emptiness (zero test) and,
second, it subtracts a token from another place. We will see that the zero test is the problematic part.

Now we show how to simulate the first three commands (START, HALT and INC) with tw-PNs.

Notation of the Model of the numbered
numbered command command as a tw-PN

0 : START :m

m : HALT

m : INC(j) : r

In order to simulate the DEC command it is nessecary to simulate thezero test. The zero test is a test
that checks whether there is a token on a placep or not. If there is a token onp the placept gains a token,
else the placepf gains the token.
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Theorem 2. The zero test cannot be simulated by a tw-PN.

Proof:
Assume that the zero test can be simulated for the placep by a tw-PNPp.

Then there exist two placespt andpf with pt 6= pf so thatPp “stops” with eitherpt or pf marked,
that meansPp reaches a marking where eitherpt or pf are marked and all transitions are disabled.

Case 1:M0(p) = ε. Every feasible runσ(τ) in Pp with M0
σ(τ)
−−→ M has only a finite amount of con-

tinuations so that for every continuation either case(i) or (ii) occurs

(i) ∃t ∈ T andt− ≤ mM

(ii) ∀t ∈ T : t− 6≤ mM andl(M(pt)) = 0 andl(M(pf )) = 1.

Case 2:M0(p) 6= ε. Every feasible runσ(τ) in Pp with M0
σ(τ)
−−→ M has only a finite amount of con-

tinuations so that for every continuation either case(i) or (ii) occurs

(i) ∃t ∈ T andt− ≤ mM

(ii) ∀t ∈ T : t− 6≤ mM andl(M(pt)) = 1 andl(M(pf )) = 0.

Please recall thatM0(p) = ε really means thatl(M0(p)) = 0. Furthermore, note that cases(ii) can
only happen once as no transition is any longer enabled.

Case 1: M0(p) = ε

It follows that there is only a finite amount of feasible runs and they all stop in a time markingM
with l(M(pf )) = 1 andl(M(pt)) = 0.

If there were another sequence inS(P) we could reach it by using the ultimo property. Therefore,
there is no further sequenceσ in S(P) so thatσ is not feasible inP.

Case 2: M0(p) 6= ε

Analogous to Case 1.

Putting Case 1 and 2 together we receive that we can model the zero test inS(P) and, therefore, the
classical Petri nets are equivalent to Turing machines. That is a contradiction (cf. [9]). ⊓⊔

5. Liveness

In this section we compare the liveness of tw-PNs with the liveness of its skeleton. As we have shown,
the sets of the reachable markings of the both nets are equal,the liveness behaviour, however, of the both
nets are not.

Some examples are shown here why the liveness behavior can differ between a tw-PN and its skele-
ton.

Lastly, we state a result for a class of restricted nets when the tw-PN is live. We will show furhermore
the necessity for this restriction.

Remark 2. When a tw-PNP net is live thenS(P) is live as well. The opposite does not hold in general.

Proof:
This small example (figure 4) shows the tw-PNP2. It is obvious thatS(P2) is live. If we assume the
sequencet1 5.0 t1, then it is easily seen thatt2 cannot become ready to fire. ⊓⊔
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P2
[9,10]

[0,1]

t12t

P1

2

2

Figure 4. The tw-PN is not live although its skeleton is live.

Remark 3. Let P be a tw-PN withV (f) = 1 for eachf ∈ F and|•t| ≤ 1. Then it is true:P is live iff
S(P) is live.

Remark 4. Note that restricting the net by|•t| ≤ 1 is essential as Figure 5 shows.

[3,4][3,4]

[2,2]

t2

P1

P2 P3

1t

Figure 5. Example for a tw-PNP with V (f) = 1 ∀f ∈ F that is not live althoughS(P) is live.

Remark 5. It is easy to see that a transitiont with •t = {p} is in time-DL in the time markingM if one
of the following statements are true:

(i) For all time markingsM ′ = a′1 . . . a′n with M
τ
−→ M ′, τ ∈ R+

0 , V := V (p, t) the inequality
a′n − a′V > up − lp holds.

(ii) The number of tokens in the interval[lp, up] is less thanV (p, t) for all time markingsM ′ with
M

τ
−→ M ′, τ ∈ R+

0 .

Definition 5.1. (equidistant time marking)
Let P be a tw-PN. A time markingM is called an equidistant time marking in the placep if M(p) =
a

p
1, . . . , a

p
n with

a
p
j+1 − a

p
j =

up

l(M(p)) for j = 1, . . . , n − 1 and(up − a
p
n) + a

p
1 =

up

l(M(p)) .

The notion equidistant time marking is very important for the next proof. We will show that if a
transition is not in a t-DL in an equidistance time marking, then it will be never in a t-DL in a time
marking with the same number of tokens. This means that the existence of an equidistance time marking
is the “worst case” for the occurrence of t-DL for a transition.
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Theorem 3. Let P be a tw-PN and lett be a transition with•t = {p}. For each time markingsM,M∗

andMe wherel(M∗(p)) = l(Me(p)) = l(M(p)) the following statements are equivalent:

(i) There is a time markingM∗ so thatt is in a time-DL inM∗.

(ii) t is in time-DL in the equidistant time markingMe.

(iii) lp > up

(
1 − V (p,t)−1

l(M(p))

)
.

Proof:
We setn := l(M(p)) = l(M∗(p)) = l(Me(p)), λ := V (p, t).

(ii ) =⇒ (i) trivial
(iii ) =⇒ (ii ) We have

a1 − aλ = (a1 − a2) + (a2 − a3) + . . . + (aλ−1 − aλ)

= (λ − 1)
up

n

= up − up + (λ − 1)
up

n

= up − up

(
1 −

λ − 1

n

)
> up − lp

and subsequentlyt is in Me in a time-DL.
(i) =⇒ (iii ) W.l.o.g. we can assume thatlp, up ∈ N anda

p
n = up for the time markingM∗.

For an easier formal writing we copy the interval[0, up] and add it to the end, i.e. we consider the
time markingM̃∗(p) := ã

p
1, . . . , ã

p
n, ã

p
1 + up, . . . , ã

p
n + up.

Now letχj,k be the number of tokens in the interval[j, k].

Furthermore there exists a natural numberκ := |{ap ∈ M̃∗(p) : a ∈ N}|. We assumed thatap
n = up

thusκ ≥ 1.
Therefore we have

n =

up−1∑

j=0

χj,j+1 − κ (1)

=

∑up−1
j=0 χj,up−lp+j − κ

up − lp

≤

∑up−1
j=0 (λ − 1) − κ

up − lp

<

∑up−1
j=0 (λ − 1)

up − lp
(2)

=
up(λ − 1)

up − lp

where equality (1) holds asκ tokens are counted twice and inequality (2) holds asκ ≥ 1.
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And thus

n <
up

up − lp
(λ − 1)

=⇒ up − lp <
up

n
(λ − 1)

=⇒ lp > up − up

(
λ − 1

n

)
= up

(
1 −

λ − 1

n

)
.

⊓⊔

It is easy to conclude from Theorem 3, that if a pre-place of a transition contains more than a certain
amount of tokens on a place, then the transition is able to fire. The exact number of tokens is also easy
ascertainable. This is only true, however, for the class of restricted nets that we examined. The following
shows another reason why we had to restrict the nets.

The Theorem 3 cannot be extended to transitions with|•t| > 1. The problem is that the number of
tokens cannot be bound from above as it is done in the proof of case ((i) ⇒ (iii) ). Figure6 illustrates
this fact.

The sequence2t12t22t12t2 . . . 2t12t2 leads to arbitrary many tokens on each place but the transition
t3 cannot be made ready to fire.

[3,4]

t3

t2t

1 2
pp

1

[3,4]

Figure 6. Illustration that pre-places of a transitiont can hold arbitrary many tokens whilet3 is not ready to fire.

Lemma 5.1. LetP be a tw-PN andM a time marking inP, t an arbitrary transition inP andt enabled
in M . Furthermore, let|•t| ≤ 1 and let the following estimate hold for eachp with (p, t) ∈ F :

lp ≤
up

V (p, t)

Thent can become ready to fire inM .

Proof:
Let λ := V (p, t). We know thatt is enabled inM and thus we haveM(p) := n ≥ λ. Therefore

lp ≤
up

λ

=
λ − λ + 1

λ
up

=

(
1 −

λ − 1

λ

)
up

≤

(
1 −

λ − 1

n

)
up

and the rest follows from previous theorem. ⊓⊔
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Let P ∗ := {p ∈ P | p• = ∅} in the following.

Corollary 2. LetP be a tw-PN and let|•t| ≤ 1 for every transitiont ∈ T . Furthermore, let the following
estimate hold for eachp ∈ P \ P ∗ andt ∈ T :

lp ≤
up

max
t∈p•

V (p, t)
.

Then there is no time markingM in P and no transitiont ∈ T so thatt is in t-DL in M .

The reason why we needmax
t∈p•

V (p, t) is simple. We must make sure that in any placep with |p•| > 1

we are able to fire any transition at any time.

Theorem 4. Let P be a tw-PN and letS(P) be its skeleton so that|•t| ≤ 1 for everyt ∈ T and so that
S(P) is live. Furthermore, let the following estimate hold for all placesp ∈ P \ P ∗:

lp ≤
up

max
t∈p•

V (p, t)
. (3)

ThenP is live.

Proof:
It follows immediately from Corollary 2 that no time markingis reachable inP so that a transition is in
a t-DL in it. Eventually, it is evident that any transition sequence inS(P) is also a transition sequence in
P because of the Theorem 1. Therefore, the liveness ofP can be derived from the liveness ofS(P). ⊓⊔

Please note that Theorem 4 gives us a sufficient condition only. Figure 7 gives us an example for a
tw-PN that violates the conditions in Theorem 4 but still is live.

P2
[5,5]

[0,1]

t12t

P1

2

22

2

Figure 7. A live tw-PN that violates the estimate 3 of Theorem4

Corollary 3. Let P be a tw-PN and letS(P) be live. Let|•t| ≤ 1 for everyt ∈ T . Furthermorelp = 0
or up = ∞ is true for each placep in P. ThenP is live, too.
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6. Conclusion

In this paper we have presented a PN with time restrictions atthe places. Usually time dependent PN are
equivalent to the Turing machins. However, we have shown that the power of this class of time dependent
PNs is equivalent to the power of the classical PNs and, therefore, not equivalent to the Turing machines.
The set of all reachable markings of an arbitrary tw-PN is thesame as the set of all reachable markings
of its skeleton. The liveness behaviours of the both nets aredifferent.

For a restricted class of nets we could show that the livenessbehaviour is the same.
After all we surmise that the following property is true: LetP be an arbitrary tp-PN and letS(P) be

live and let the following estimate be true for all placesp ∈ P :

lp ≤
up∑

t∈p•
V (p, t)

.

ThenP is live.
Acknowledgment: The authors would like to thank Ben Collins as well as the reviewers for editing
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