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Notions and Definitions Petri Net

Statics: non initialized Petri Net

finite two-coloured weighted directed graph
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Statics: initialized Petri Net
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Statics: initialized Petri Net

initial marking: my = (0,1,1)
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Notions and Definitions

Dynamics: firing rule |

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets



Notions and Definitions

Dynamics: firing rule |

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets



Notions and Definitions

Dynamics: firing rule |

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets



Notions and Definitions

Dynamics: firing rule |

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets



Notions and Definitions

Dynamics: firing rule |

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets



Notions and Definitions Petri Net

Petri Nets and Turing Machines

The power of the classical Petri Nets is less (not equal) to the
power of the Turing Machines.

Assuming the opposite easily leads to a contradiction to the
halting problem.

A
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Notions and Definitions Petri Net

Time Assignment

@ time dependent Petri Nets with time specification at

e transitions
e places

@ arcs

o tokens
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Notions and Definitions Time Petri Net

Conception
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Notions and Definitions Time Petri Net

Statics: Petri Net (Skeleton)
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Statics: Time Petri Net
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Notions and Definitions Time Petri Net

Statics: Time Petri Net

e my=(2,0,1) p-marking
@ hy=(#,0,0,0) t-marking

h(t) is the time shown by the clock of ¢ since the last enabling of ¢
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Notions and Definitions Time Petri Net

State

The pair z = (m, h) is called a state in a TPN Z, iff:
@ mis a p-marking in Z .
@ his a t-marking in Z.
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Notions and Definitions Time Petri Net

Dynamics: firing rules |

Let Zbe a TPN and let z= (m, h), zZ/ = (n", /') be two states.
Z changes from state z = (m, h) into the state z/ = (n”, i) by:

firing time
a transition elapsing

Notation: z— 2z z— 2z
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Notions and Definitions Time Petri Net

An example

(mg,

O ™ xx O
N
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Notions and Definitions Time Petri Net

An example

[2.4] [2.3]

[0.3]

2 3
0 1.3
(m07 § ) 3 (m17 g )
0 1.3
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Notions and Definitions Time Petri Net

An example

[2.4] [2.3]

[0.3]

2 3
2.3 2.3

21220 (mp, | 2D (me | D)
2.3 i
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Notions and Definitions Time Petri Net

An example

[0,3] [24] [2.3]

2 3
2.3 4.3
1.3 1.0 t 2.0
20 ==t (m37 Oﬁo ) - (m47 Zﬁo )
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TPN and Turing Machines
Time Petri Nets and Turing Machines

The power of the Time Petri Nets is equal to the power of the
Turing Machines.

Idea:

@ Simulating an arbitrary Counter Machine with a Time Petri Net
@ Counter Machines and Turing Machines have the same power.
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TPN and Turing Machines
Counter Machine

consists of

@ counters Ky, ..., Ky,

© a numbered program, comprising 4 different commands:
start, halt, INC, DEC
|- command....
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TPN and Turing Machines
Counter Machine

consists of

@ counters Ki,..., Kp,

© a numbered program, comprising 4 different commands:
start, halt, INC, DEC
|- command....

Modelling with TPN:
@ each counter K; is modelled with a place w;

© each program number / is modelled with a place p,
© s. next 3 slides
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TPN and Turing Machines
Modelling Counter Machines with Time Petri Nets

Notation of the
numbered command

Model of the numbered
command as a TPN

0: start: |

OF

| : halt

1 o [0,1]
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TPN and Turing Machines
Modelling Counter Machines with Time Petri Nets

Notation of the
numbered command

Model of the numbered
command as a TPN

|2 INC(i) : ¥
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TPN and Turing Machines
Modelling Counter Machines with Time Petri Nets

Notation of the Model of the numbered
numbered command command as a TPN
pl

t1¢ [2,3] #; %

|: DEC(i):r: s O?’r O?’s :
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Notions and Definitions TPN and Turing Machines

Example

f(x1,%2) = X1 + X2

Counter Machine-
program

TPN-
model

O start: 1
I:DEC(2):3:2
2:INC(I):1

3: halt

Time Petri nets

Louchka Popova-Zeugmann (HU-Berlin)

ATPN 2008
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Notions and Definitions TPN and Turing Machines

A formal definition of a classical Petri Net and of a Time Petri Net can
be found in the Appendix.
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Notions and Definitions TPN and Turing Machines

@ transition sequence: o = t;--- Iy

erun: o(r)=T1oty 71 - - Thot ln7n, 7i € Ry

. t //
o feasible run: V) lzs —1>Z1 l)zT _">zn l)zi;

o feasible transition sequence : o is feasible if there ex. a
feasible run o(7)
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TPN and Turing Machines
Reachable state, Reachable marking, State space

@ zis a reachable state in Z if there ex. a feasible run o(7)

and zg — ( )

@ mis a reachable p-marking in Z if there ex. a reachable
state z in Z with z = (m, h)

@ The set of all reachable states in Z is the state space of Z
( denoted: StSp(Z2)).
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State Space Motivation

Qualitative Properties

@ static properties:

@ dynamic properties:
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State Space Motivation

Qualitative Properties

@ static properties: being/having
e homogenous
e ordinary
e free choice
e extended simple
@ conservative
e deadlocks, etc.

@ dynamic properties: being/having
e bounded
o live
e reachable marking/state, etc.
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State Space Motivation

Qualitative Properties

@ static properties: being/having
e homogenous

ordinary

free choice

extended simple

conservative

e deadlocks, etc.

decidable without knowledge of the state space!
@ dynamic properties: being/having
e bounded

o live
e reachable marking/state, etc.

decidable, if at all (TPN are equiv. to TM!),
with implicit/explicit knowledge of the state space
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State Space Motivation

Quantitative Properties

Each time proposition, like calculating
@ (min/max) time length of path
@ path between two states/markings with min/max time length, etc.
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Parametric Run, Parametric State
Some Problems

StSp(Z) = {z | ex. afeasible run o(7) in Z and z, o) z}
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Parametric Run, Parametric State
Some Problems

StSp(Z) = {z | ex. afeasible run o(7) in Z and z, 2 z}
Idea of a solution:

5.1 / t 1.0 _, th 23 _;
20 —2y —2Z4 —2Zy ...——2Zp — 2,
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Parametric Run, Parametric State
Some Problems

StSp(Z) = {z | ex. afeasible run o(7) in Z and z, 2 z}
Idea of a solution:

5.1 t 1.0 tn 2.3
0—>ZOT—>Z1T—>Z1T...—>Z,,.,-—>Z

7=5110 ... 23
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P
Some Problems

ic Run, P ic State

StSp(Z) = {z | ex. afeasible run o(7) in Z and z, 2 z}

Idea of a solution:
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Parametric Run, Parametric State
Some Problems

StSp(Z) = {z | ex. afeasible run o(7) in Z and z, 2 z}
Idea of a solution:

51 _, t 1.0 _, th 2.3

20—>2) — 2y —— 2 ... > Zny > 2
X t X 7 X
20— Zhy —> Zix — Z) . = Znx = Z)

parametric run: o(X)=Xot Xy ... Xn_1tnXn
(+ some conditions for all x;)
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Parametric Run, Parametric State
Parametric Run, Parametric State

Let Z=(P,T,F,V,my, /) beaTPNand o = t; - - - t, be a transition
sequence in Z.

(o(x), B,) is a parametric run of o and (z,, B,) is a parametric state
in Z with z, = (m,, h,), if

e my - m,

@ h,(t) is a sum of variables, (h, is a parametrical {—marking)

@ B, is a set of conditions (a system of inequalities)
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Let Z=(P,T,F,V,my, /) beaTPNand o = t; - - - t, be a transition
sequence in Z.

(o(x), B,) is a parametric run of o and (z,, B,) is a parametric state
in Z with z, = (m,, h,), if

e my - m,

@ h,(t) is a sum of variables, (h, is a parametrical {—marking)

@ B, is a set of conditions (a system of inequalities)
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° 2 ﬂ (z5, By),
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Parametric Run, Parametric State
Parametric Run, Parametric State

Let Z=(P,T,F,V,my, /) beaTPNand o = t; - - - t, be a transition
sequence in Z.

(o(x), B,) is a parametric run of o and (z,, B,) is a parametric state
in Z with z, = (m,, h,), if

e my - m,

@ h,(t) is a sum of variables, (h, is a parametrical {—marking)

@ B, is a set of conditions (a system of inequalities)

Obviously

° 2 ﬂ (z5, By),

@ StSp(Z) = U {Zy(x)|x satisfies B, }.
o(x)
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State Space P: ic Run, P ic State

Example

[L5]

o=U B3
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State Space P: ic Run, P ic State

Example

[L5]

o=1 3 : X1
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State Space P: ic Run, P ic State

Example

[L5]

o=10 Iy : X1ty
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State Space P: ic Run, P ic State

Example

[L5]

o=1 I c X1 g Xo
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State Space P: ic Run, P ic State

Example

[L5]

o=1U 13 c X1 g Xo 13 X3
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State Space P; ic Run, P ic State

Example

o=1ll3 ~ (z5,B5) =
0 X1+);2+X3 2<x <3, Xx1+X2<95
((f 11, f ), {2<x%<4, x+x+x3<51}).
1 0§X3§3
X3
~~ Bg
2

Louchka Popova-Zeugmann (HU-Berlin)
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Parametric Run, Parametric State
Runs

o=t htbtl

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 26 /76



Parametric Run, Parametric State
Runs

o=t htbtl

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 26 /76



Parametric Run, Parametric State
Runs

o=t ttbtl

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 26 /76



Parametric Run, Parametric State
Runs

o=t htbtl

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 26 /76



Parametric Run, Parametric State
Runs

o=t htbtl

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 26 /76



Parametric Run, Parametric State
Runs

o=t blbtl
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State Space P: ic Run, P ic State

Runs

o=t
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State Space P: ic Run, P ic State

Runs
c=tblhbl
0.7 t 0.0 3 0.4 by 1.2 to 0.5 3 14
o'(T)::ZO —_—— — — — —— —— — — — — Z

7=070004120514
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State Space P: ic Run, P ic State

Runs
c=bblubt
07 4 00 & 04 4 12 L 05 5 1.4
U(T)::ZO —_—— — —— —— —— —— —— —— —— —— 7

7T=070004120514
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State Space P: ic Run, P ic State

Example

c=tbttbl

=(1,2,2,1,1)
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State Space P: ic Run, P ic State

Example - Continiation

P By
g
2 it 2
N 3
ty 191 t {5 [E}
[0.2] % ©3]
02 \IJ;A] 261 R J
B 2

451

X4 + X5
X5
X5

h, = and
X5

Xo + X1+ Xo + X3+ Xg4 + X5

!
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State Space P: ic Run, P ic State

Example - Continuation

0<x9, Xy<2, Xo+ Xy +X2<5
0<x1, x<2 Xo+Xx3<5
B:{1§X2’ X3 < 2, Xo+ Xy +Xo+x3<5 !
7 1<X3, X4<2, Xo+X1+Xo+x3+x43<5 '
0<xq4, X5<2, Xo+Xg+Xo+ X3+ X4+ X5 <5

0<Xxs5, Xo+X1 <9 Xg+x5<2
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Parametric Run, Parametric State
Example - Continuation

The run o(7) with

1.9
1.4
07 4 00 & 04 t 12 b 05 t 1.4 1.4
Zo—>—>—>%—>—>—>—>—>—>—>( 579 14 )
4.2
1
is feasible.
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Parametric Run, Parametric State
Example - Continuation

1.9
1.4
1.4
1.4 )
4.2

(my,

o(r)
Zy — Z
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Parametric Run, Parametric State
Example - Continuation

1.0 1.9
1.0 1.4
1.0 1.4
m, m,
(M 1.0 ) (e 1.4 )
4.0 4.2
i f
—_— —_—
zoi?)»LzJ on(—Tzz

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 32/76



Parametric Run, Parametric State
Example - Continuation

1.0 1.9 2.0
1.0 14 2.0
1.0 1.4 2.0
m m m
(e, 1.0 ) (M, 1.4 ) (e, 2.0 )
4.0 4.2 5.0
i il il
—_— —_— —
22 |z 2202 2 29 [7]
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Parametric Run, Parametric State
Example - Continuation

The runs
t: t
o(rf) =z >, 0, B, 1, 8, 1,8, 0,6 1,17
and
* 1 t 0 t3 0 iy 2 t 0 t3 2
0'(7'2):220 —>—>—>—>%—>—>—>—>—>—>[Z—‘

are also feasible in Z.
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Parametric Run, Parametric State
Example - Continuation

The runs
o) m g L O 6 1w 1 e 0 b 1
07 4 00 5 04 4 12 L 05 5 1.4
0(7-) = Z5 — — s S s S s S 7
* 1 t 0 t3 0 iy 2 t 0 t3 2
0(72)2220 —>—>—>—>—>—>—>—>—>—>—>[z-‘

are also feasible in Z.
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Rounding of Runs
Main Property

Let ZbeaTPNando =t --- t;) be a feasible transition
sequence in Z with a feasable run o(r) of o (1 =79... 7)) i.e.

T t /f
2 O e T T (mmhn)’

and all 7; € R{.
Then, there exists a further feasible run o(7*), 7* = 75 ... 75, of
o with

e th T
2o Lt T e .

such that
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Rounding of Runs
Main Property

Theorem 1 — Continuation:

T t t
o th  Th
zo -t T8 2 — (i, )

@ For each /,0 < i < nthe time 7;* is a natural number.
© For each enabled transition t at marking m,(= m,) it holds:

@ hi(t) = (1))
o I_Z:;Ti* = LéTiJ

© For each transition t € T it holds:
t is ready to fire in z, iff t is also ready to fire in | zj].
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Rounding of Runs
Main Property

Theorem 1 — Continuation:

r t t
o th Th
zg —5—1 o s ZE = (mi, hy) e N

@ For each /,0 < i < nthe time 7;* is a natural number.
© For each enabled transition t at marking m,(= m,) it holds:

@ hi(t) = (1))
o I_Z:;Ti* = Lé 7i)

© For each transition t € T it holds:
t is ready to fire in z, iff t is also ready to fire in | zj].
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Rounding of Runs
Main Property

Let ZbeaTPNando =t --- t;) be a feasible transition

sequence in Z, with feasable run o(7) of o (r =79...7) i.e.
2o 2t T 2 = (M, hn),

and all 7; € R}. Then, there exists a further feasible run o(7*)

of o with

T t T
0 1 n n
20 =22 Y

Zp = (mp, hp).

such that
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Rounding of Runs
Main Property

Theorem 2 — Continuation:

@ Foreachi,0 < i< nthetime 7/ is a natural number.
© For each enabled transition t at marking m,(= mj,) it holds:

O hn(t)” = Tha(t)].
@ yri=[xm

© For each transition t € T holds:
t is ready to fire in z, iff t is also ready to fire in [ z,].

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 37/76



Some Conclusions

@ Each feasible transitions sequence o in Z can be realized with an
integer run.

@ Each reachable p-marking in Z can be reached using integer
runs only.

@ If zis reachable in Z, then | z] and [z] are reachable in Z as well.

@ The length of the shortest and longest time path (if this is finite)
between two arbitrary p-markings are natural numbers.

Arun o(r)=m t 7...t, 7o is anintegerone, if 7; € N
foreachi=0...n.
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State Space Essential States

Integer States

A state z = (m, h) is an integer one, if h(t) € N for each in m
enabled transition .

Let Z be a finite TPN, i.e. If{(t) # o forall t € T.

The set of all reachable integer states in Z is finite
if and only if

the set of all reachable p—markings in Z is finite.
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State Space Essential States

Integer States

A state z = (m, h) is an integer one, if h(t) € N for each in m
enabled transition .

Let Z be a finite TPN, i.e. If{(t) # o forall t € T.

The set of all reachable integer states in Z is finite
if and only if

the set of all reachable p—markings in Z is finite.

Theorem 3 can be generalized for all TPNs (applying a further
reduction of the state space).

- ¥

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 39/76



State Space Essential States

Modified Rule

Let Z be an arbitrary TPN. The state change by time elapsing
can be slightly modified for each transition t with /ft(t) = oo,
because to fire such a transition t

@ it is important if ¢ is old enough to fire or not, i.e. if t has
been enabled last for eft(t) (or more) time units or t is
younger.

@ Thus, the time h(t) increases until eft(t). After that,
the clock of t remains in this position (although the time
is elapsing), unless t becomes disabled.
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Essential States

In an arbitrary TPN a p-marking is reachable using the non-
modified definition iff it is reachable using the modified one.
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State Space Essential States

Essential States

In an arbitrary TPN a p-marking is reachable using the non-
modified definition iff it is reachable using the modified one.

All reachable integer states in an arbitrary TPN, obtained by
using the modified definition, are called the essential states of
this net.

- ¥
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State Space Essential States

Essential States

In an arbitrary TPN a p-marking is reachable using the non-
modified definition iff it is reachable using the modified one.

All reachable integer states in an arbitrary TPN, obtained by
using the modified definition, are called the essential states of
this net.

An arbitrary TPN is bounded iff the set of its essential states is
finite.

- ¥
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State Space Essential States

Discrete Reduction of the State Space

State Space

The set of all reachable states
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State Space Essential States

Discrete Reduction of the State Space

State Space
Reduced State Space

The set of all reachable states The set of all essential states
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Reachable Graph
(Reduced) Reachability Graph
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State Space Reachable Graph

(Reduced) Reachability Graph

The reachability graph is a weighted directed graph, including the time
explicit.
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Reduced State Space
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L
Reduced State Space
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Reachable Graph
Example: A finite TPN and its reachability graph

Gy 1] OPz B

L] 23]
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Example: A finite TPN and its reachability graph
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Reachable Graph
Example: A non-finite TPN and its reachability

graph

kY 1L I i B
St 2

t2| [2.00]
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Qualitative Analysis Boundedness

Boundedness: TPN vs. Skeleton

A TPN Z is bounded if the set of all its reachable p-markings is
finite.

Let Z be a TPN and S(Z2) its skeleton. Than it holds:
@ If S(Z) is bounded then Z is bounded as well.

@ If Z is bounded, then S(Z) can be bounded or unbounded,
i.e. the vice versa is not true.
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Reachability
Reachability in finite TPN

Let the skeleton S(Z) of the TPN Z be bounded. Than it holds:
@ The reachability of each p-marking in Z is decidable.

@ The reachability of each rational state z = (m, h) (i.e. h(t)
is a rational number for each enabled transition t by m)
is decidable.
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Reachability
Reachability: TPN vs. Skeleton

Let Z be a TPN, S(Z2) its skeleton and eft(t) = 0 for all
transitions t in Z. Than a p-marking m is reachable in Z iff mis
reachable in S(Z).

Let Z be a TPN, S(Z2) its skeleton and /ft(t) = oo for all
transitions t in Z. Than a p-marking mis reachable in Z iff mis
reachable in S(2).

Let Z be a TPN and z a state in Z. If one of the states |z] or
[z] are not reachable in Z then z is not reachable in Z as well.
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Qualitative Analysis Liveness

Liveness: Definitions

Let Z be a TPN, t be a transition in Z and z, Z’ two states in Z.
@ tis called live in Z, if
Vz3z7 (29 = z 2 27 L)

@ tis called dead in Z, if
Vz(29 =z )

@ Z is called live or dead, resp., if all transitions in Z are live or
dead , resp.
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Qualitative Analysis Liveness

Liveness: Definitions

Let Z be a TPN, t be a transition in Z and z, Z’ two states in Z.
@ tis called live in Z, if
Vz3Z (20 > z 5 27 L)
@ tis called dead in Z, if
Vz(29 =z )

@ Z is called live or dead, resp., if all transitions in Z are live or
dead , resp.

There is not a correlation between the liveness behaviors of a
TPN and its skeleton.
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Qualitative Analysis Liveness

Liveness: TPN vs. Skeleton
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Qualitative Analysis Liveness
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Qualitative Analysis Liveness

Liveness: TPN vs. Skeleton

.11
P'l

Zs is live Zg is not live
S(Zs) is not live S(Zg) is live
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Qualitative Analysis Liveness

Liveness: TPN vs. Skeleton

Let Z be a TPN, S(Z2) its skeleton and eft(t) = 0 for all
transitions t in Z. Than Z is live iff S(2Z) is live.

Let Z be a TPN, S(Z2) its skeleton and /ft(t) = oo for all
transitions t in Z. Than Z is live iff S(Z) is live.
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Qualitative Analysis Liveness

Liveness: TPN vs. Skeleton

Let Z be a TPN, S(Z2) its skeleton such that
@ S(Z) is a Free-Choice-Net,
@ S(Z) is homogeneous,
and it holds:
@ Min(p) < Max(p) for each place p in Z and
@ /ft(t) > 0O for each transition t in Z.
Than Z is live iff S(Z) is live.
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Arbitrary (unbounded or bounded) TPN
Some Decidable Problems without using RG

Problem 1:

Input: @ A transition sequence o in an arbitrary TPN Z.

Output: @ s o a firing sequence in Z?
@ A feasible run o(7) of o, if the answer to (1) is yes.
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Arbitrary (unbounded or bounded) TPN
Some Decidable Problems without using RG

Problem 2:

Input: @ A firing sequence o in an arbitrary TPN Z.

Output: @ A minimal run of o.
@ A maximal run of o, if it exists.
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Arbitrary (unbounded or bounded) TPN
Some Decidable Problems without using RG

Input: @ A TPN Z with an only partially defined interval function /.
@ A transition sequence ¢ and a number A € Rg.

Output: @ s it possible to complete / to a total function such that o

is a firing sequence in Z and /(o (7)) < A?

© A completed, totally defined function /, if the answer to
(1) is yes.

© Is it possible to complete / to a total function such that o
is a firing sequence in Z and /(o (7)) > A?

Q A completed, total defined function /, if the answer to (3)
is yes.
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Arbitrary (unbounded or bounded) TPN
Some Decidable Problems without using RG

Problem 4:

Input: @ A TPN Z with an only partially defined interval function /.
@ A transition sequence o1 = oty, where o is a transition
sequence and t; is a transition in Z.

@ A transition sequence oo = olp, Where b is a transition in
Z such that ty # b.

Output: @ Is it possible to complete / to a total function such that o4
is a firing sequence in Z and o3 is not a firing sequence
Z?

© A completed, totally defined function /, if the answer to
(1) is yes.
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Quantitative Analysis Bounded TPN

Some Decidable Problems with using RG

Problem 5:

Input: @ Two integer states zy and z, reachable in a TPN Z.
Output: @ Is z, € RSz(z)?

©@ The minimal time distance from z; to z» as well as the
corresponding minimal run, if the answer to (1) is yes.
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Quantitative Analysis Bounded TPN

Some Decidable Problems with using RG

Input: @ Two integer states zy and z, reachable in an arbitrary
TPN Z.

Output: @ Is z, € RSz(z)?

©@ The maximal time distance from z; to z, as well as the
corresponding maximal run, if the answer to (1) is yes.
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Quantitative Analysis Bounded TPN

Some Decidable Problems with using RG

Problem 7:

Input: @ Two p-markings my and mo, reachable in an arbitrary
TPN Z.

Output: @ s mp € Rz(m)?

@ The minimal time distance from my to m», as well as the
corresponding minimal run, if the answer to (1) is yes.
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Quantitative Analysis Bounded TPN

Some Decidable Problems with using RG

Input: @ Two p-markings my and mo, reachable in an arbitrary
TPN Z.

Output: @ s mp € Rz(m)?

©@ The maximal time distance from my to m, as well as the
corresponding maximal run, if the answer to (1) is yes.
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Open Problems

@ Equivalence of parametric states
@ Implementation of the quantitative analysis for unbounded TPN
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Open Problems

[1.31 [4.6]

Coffee!
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Petri Net

Definition (unmarked Petri Net)

The structure N' = (P, T, F, V) is an unmarked Petri Net (PN), iff

@ P, T and F are finite sets,
PNT=0, PUT#W,
FC(PxT)U(T x P)anddom(F)uUcod(F)=PUT,

@ V:F — NT (weights of edges).

P—set of places
T—set of transitions
F — set of edges (arcs)

} set of vertices(nodes)
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Petri Net

Definition (marked Petri net)

The structure Ny = (N, mp) is a marked Petri Net (PN), iff

@ N is an unmarked PN,

@ mg : P — N (initial marking).
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~ Appendix |
Petri Net

Definition (t—, t)

Let t be a transition in a PN V. t induces the markings ¢t~ and t*,
defined as follows:

) V(pt) iff (p,t)eF
t(p)_{o iff (p,t) & F
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~ Appendix |
Petri Net

Definition (firing a transition)

A transition t in a PN / is enabled (may fire) at a marking m iff

t— <m(eg. t~(p) < m(p) for every place p € P).

When an enabled transition f at a marking m fires, this yields a new
marking m’ given by

m'(p) := m(p) — t~(p) + t*(p)

(denoted by m -5 7).
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Time Petri Net

Definition (Time Petri net)

The structure Z = (N, /) is called a Time Petri net (TPN) iff:
@ S(Z):= N, is a PN (skeleton of Z)
@ /: T— Qf x(Qf U{cx})and
li(t) < k(t) foreach t € T, where I(t) = (h(t), k(t)).

I — Interval-function

Li(t) =: eft(t)

b(t) =: Ift(t)

w.olg.: [: T — Nx (NU{oo})
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state

Definition (state)
Let Z=(P,T,F,V,mo,l)beaTPNand h: T — R} U {#}.
z = (m, h) is called a state in Z iff:

@ mis a p-marking in Z .

@ his a t-marking in Z.

h(t) is the time shown by the clock of ¢t since the last enabling of t
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Appendix

Definition (state changing: by time elapsing)

Let Z= (P, T,F,V,my,I)be aTPN, t be a transition in T and
z=(m,h),Z/ = (m', ) be two states. Then the state z = (m, h) is
changed into the state z’ = (n”, i) by the time elapsing 7 ¢ R,
denoted by z — Z/, iff

Q@ m=mand

Q vt(te TAh(t)#+# — h(t)+ 7 < Ift(t) ) i.e. the time elapsing 7
is possible, and

h(t)++ iff t—<m

i iff t— < m )

Q vit(te T—>h’(t)::{
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Appendix

Definition (state changing: by firing a transition)

Let Z= (P, T,F,V,my,I)be aTPN, t be a transition in T and
z=(m,h),z’ = (m', ) be two states. Then the state z = (m, h) is

changed into the state 2/ = (n7, ') by firing the transition #, denoted

by z - 2/, iff

Qi <m i.e. tis enabled in z

Q eft(t) < h(1), i.e. tis old enough in z,

Q@ m=m+ At

4 iff t—<m

h(t) iff = <mAn
‘tNt=0At#t

0 otherwise

Q H(t):=

foreacht € T.
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Definition (state changing: by firing a transition)

Let Z= (P, T,F,V,my,I)be aTPN, t be a transition in T and
z=(m,h),z’ = (m', ) be two states. Then the state z = (m, h) is

changed into the state 2/ = (n7, ') by firing the transition #, denoted

by z - 2/, iff

Qi <m i.e. tis enabled in z

Q eft(t) < h(1), i.e. tis old enough in z,

Q@ m=m+ At

4 iff t—<m

h(t) iff = <mAn
‘tNt=0At#t

0 otherwise

Q H(t):=

foreacht € T.
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Modified Rule for Time Elapsing

Let Z= (P, T,F,V,moy,I)be aTPN, t be a transition in T and
z=(m,h),Z’ = (m', ) be two states. Then the state z = (m, h) is
changed into the state z/ = (n”, i) by the time elapsing 7 < R,
denoted by z —— Z/, iff
Q@ M =mand
Q Vi (te TAh(t)## — h(t)+ 7 < Ift(t) ) i.e. the time elapsing T
is possible, and

# iff t— £ m’
() = 3 ) iff t= < m' A ft(t) = oo
O vi(teT —M(o):= A h(t) > eft(t) )
h(t)+r else
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Appendix
1.4

zo 2L, 1,00, b, 04, L 12, 8,08, 814 (M, (1.9,1.4,1.4,1.4,42 1))

I x| x| %] x| x| x ||ht1h(tzh(ts)
B 0. |oo|o4|12|o5|14|| 14 42
ho(t) = X4 + Xs, hs(t2) = hy(t3) = ho(ta) = X5

hy(ts) = X1 + X2 + X3 + Xa + X5
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Appendix

zo 2L, 1,00, b, 04, 4 12, 8,08, 814 (M, (1.9,1.4,1.4,1.4,42 1))

| ” X0 | Xq | Xo | X5 ” h t1 h (tg h (t5)
8 = o 07 0.0 0412 05 4.2
B4 0.0/ 0.4
ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

zo 2L, 1,00, b, 04, b 12, 8,08, 8 L (M, (1.9,14,1.4,1.4,42 1))

| ” X0 | Xq | Xo | X5 ” h t1 h (tg h (t5)
8 = o 07 0.0 0412 05 4.2
B4 0.0]0.4 1
ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

07 t 00 &3 04 4 12 b 05 f 1

Z) — — o s S S S (mo,(1.5,1,0,1.071.0,3.8,11))

| ” X0 | Xq | Xo | X5 ” h t1 h (tg h (t5)
B = Bo 07 0.0 0412 05 4.2
B4 0.0(0.4 1 3.8
ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

07 4 00 B 04 4 12 & 05 B3 1
—_— S — —— — — —— —

2 % A, - (m,,(1.5,1.0,1.0,1.0,3.8, 1))

I [ x| X1 | X | X3 | xa | X5 || ho(t1) ho(t2) ho(t5)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
06210.7/0.0/04|1.2 1

ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5
hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

07 t 0.0 i

3 0.4 t 0 t3 1
Zy — —> —> — —> ——> _— > —>

— (m,,(1.5,1.0,1.0,1.0,3.8, 1))

1.2
—

I [ x| X1 | X | X3 | xa | X5 || ho(t1) ho(t2) ho(t5)

6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42

6110.7/0.0/04(1.2/05| 1 15 1.0 38
51107100 04|12 0| 1

ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5
hy(ts) = X1 + X2 + X3 + X4 + X5

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 72/76



Appendix

7o 07, 0,00, b, 04, W 12 B, 0, 8, 1, (m,,(1.0,1.0,1.0,1.0,3.3,1))

| ” X0 | Xq | Xo | X3 | X4 | X5 ” hg(t1) ho(tg) hg(t5)

B = [(0|07/00/04/12/05/14] 19 14 42
$1]0.7/0.0/04(12]|05| 1 15 1.0 38
5,107/00/04/12] 0| 1| 1.0 3.3

ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5
hy(ts) = X1 + X2 + X3 + Xa + X5
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Appendix

7o 07, 0,00, k04, W 12 B, 0,8, 1, (m,,(1.0,1.0,1.0,1.0,3.3,1))

| ” X0 | Xq | Xo | X3 | X4 | X5 ” hg(t1) ho(tg) hg(t5)
B = [(0|07/00/04/12/05/14] 19 14 42
$1]0.7/0.0/04(12]|05| 1 15 1.0 38

5210.7/0.0(04] 12| 0| 1 1.0 3.3
8s)0.7] 0.0] 0.4 0 1
ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + Xa + X5
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Appendix

07, 4,00, b, 04, & 1 B 05 1 (m,(1.0,1.0,1.0,1.0,33,1))

Zy — —

I [ x| X1 | X | x5 | X | X5 || ho(t1) ho(t2) ho(t5)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
% 07/00/04/12 0| 1] 1.0 3.3
3 0.7/ 0.0/ 04| 1| 0] 1

ha(t1) = X4 + X5, hcr(t2) = hcr(tS) = hcr(t4) = X5
hy(ts) = X1 + X2 + X3 + Xa + X5

Time Petri nets ATPN 2008 72/76
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Appendix

07, 0,00, b 04, W 1,8, 0,5 1 (m,(1.0,1.0,1.0,1.0,3.1,1)

Zy — —

| H X0 ‘ Xq ‘ Xo ‘ X3 ‘ X4 ‘ X5 H hg(t1) ho(tg) hg(t5)
B = [(0|07/00/04/12/05/14] 19 14 42
$1]0.7/0.0/04(12]|05| 1 15 1.0 38

3,107/ 00[04/12 0| 1| 1.0 33
63(0.7/00[{04 1| 0| 1 3.1
ha(t1) = X4 + X5, ho(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

07, 0,00, b 04 W 1,8, 0,5 1 (m,(1.0,1.0,1.0,1.0,3.1,1)

Zy — —

I Xo| X1 | X2 | X3 | Xa | X5 || hs(t1) ho(t2) hy(t5)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42

$1]0.7/0.0{0.4|1.2{ 05| 1 15 1.0 338
£2)0.7/00/04|12] 0 | 1 1.0 3.3
33)10.7/00/04] 1| 0| 1 3.1
8.110.7] 0.0 1] 0] 1

ha(t1) = X4 + X5, ho(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

07, 0,00, b, 1, W 1,k 0 8 1 (M, (1.0,1.0,1.0,1.0,3.1,1))

Zy — —

I Xo| X1 | X2 | X3 | Xa | X5 || hs(t1) ho(t2) hy(t5)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42

$1]0.7/0.0{0.4|1.2{ 05| 1 15 1.0 338
3,107/ 00[04/12 0| 1| 1.0 33
33)10.7/00/04] 1| 0| 1 3.1
064]07/00[ 1| 1] 0| 1

ha(t1) = X4 + X5, ho(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

7 2L, 00, b, 1, b, 1, 8, 0,8, 1, (m,,(1.0,1.0,1.0,1.0,3.7,1))

I Xo| X1 | X2 | X3 | Xa | X5 || hy(t1) ho(t2) hy(t5)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42

6110.7/0.0/04(1.2/05| 1 15 1.0 38
06-10.7/0.0[{04[1.2] 0| 1 1.0 3.3
0630.7/0.0/04| 1 0| 1 3.1
0G410.7/0.0] 1 1 0 1 3.7
ha(t1) = X4 + X5, ho(t2) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

7 20 A, 00, B, 1, R, B0 8 (M, (1.0,1.0,1.0,1.0,3.7, 1)

I Xo| X1 | X2 | X3 | X4 | X5 || ho(ty) hy(t2) hs(t5)

6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
% 07/00/04/12 0| 1] 1.0 3.3
0630.7/0.0/04| 1 0 1 3.1
0G410.7/0.0] 1 1 0 1 3.7
0G51/0.7 1 1 0 1

ha(t1) = X4 + X5, ha(tQ) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5
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Appendix

7 20 A 0, B, 1 R, B 0 8 (e, (1.0,1.0,1.0,1.0,3.7, 1)

I Xo| X1 | X2 | X3 | X4 | X5 || ho(ty) hy(t2) hs(t5)

6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
% 07/00/04/12 0| 1] 1.0 3.3
0630.7/0.0/04| 1 0 1 3.1
0G410.7/0.0] 1 1 0 1 3.7
0G5(0.7) 0 | 1 1 0 1

ha(t1) = X4 + X5, ha(tQ) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 72/76



Appendix

7 20 A 0 B, 1 B, B 0 8 (M, (1.0,1.0,1.0,1.0,3.7, 1)

I Xo| X1 | X2 | X3 | X4 | X5 || ho(ty) hy(t2) hs(t5)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
% 07/00/04/12 0| 1] 1.0 3.3
0630.7/0.0/04| 1 0 1 3.1
0G410.7/0.0] 1 1 0 1 3.7
0G5(0.7) 0 | 1 1 0 1 3.7
ha(t1) = X4 + X5, ha(tQ) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 72/76



Appendix
1

7 LM, 0, b, 1, b, 01, R, 0,8, 1, (m,,(1.0,1.0,1.0,1.0,3.7,1))

I Xo | X1 | X2 | X3 | Xa | X5 || hy(t1) hs(t2) hy(15)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
% 07/00/04/12 0| 1] 1.0 3.3
0630.7/0.0/04| 1 0 1 3.1
08410.7| 0.0 1 0 1 3.7
06507 0 1 0 1 3.7
6 = [Os 0 1 1 0 1
ha(t1) = X4 + X5, ha(tQ) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 72/76



Appendix
1

7 A0,k T, R TR 0 (m,(1.0,1.0,1.0,1.0,3.7, 1))

I Xo | X1 | X2 | X3 | Xa | X5 || hy(t1) hs(t2) hy(15)
6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42
6110.7/0.0/04(1.2/05| 1 15 1.0 38
% 07/00/04/12 0| 1] 1.0 3.3
0630.7/0.0/04| 1 0 1 3.1
08410.7| 0.0 1 0 1 3.7
06507 0 1 0 1 3.7
65 = G| 1 0 1 1 0 1
ha(t1) = X4 + X5, ha(tQ) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 72/76



Appendix

7 LAk T R TR 0 (m,,(1.0,1.0,1.0,1.0,4.0,1))

I Xo| X1 | X2 | X3 | X4 | X5 || ho(ty) hy(t2) hs(t5)

6 = (p)|0.7/0.0/04|12|/05{14| 19 14 42

6110.7/0.0/04(1.2/05| 1 15 1.0 38

% 07/00/04/12 0| 1] 1.0 3.3

0630.7/0.0/04| 1 0 1 3.1

08410.7| 0.0 1 0 1 3.7

06507 0 1 0 1 3.7

65 = G| 1 0 1 1 0 1 4.0
ha(t1) = X4 + X5, ha(tQ) = hcr(tS) = hcr(t4) = X5

hy(ts) = X1 + X2 + X3 + X4 + X5

Louchka Popova-Zeugmann (HU-Berlin) Time Petri nets ATPN 2008 72/76



Appendix

zg 2L, 1, 00, b, 04 L, 12 8,08 8, 1% (m,,(1.9,1.4,1.4,1.4,42 1))
I Xo| X1 | X2 | X3 | Xa | X5 || hs(ty) ho(to) hy(15)

6 = ()|0.7/0.0/04{12|/05|14| 19 14 42
6110.7/0.0/04|1.2| 05| 2 25 20 48
62110.7/0.0/04{12| 0 | 2 2.0 4.3
63]0.7/0.0/04| 2 | O | 2 51
64110.7/00] 0| 2| O | 2 4.7
651107, 0 0| 2| 0| 2 4.7
Ol 1 o0 2| 0] 2 5.0

Zp >k, 0 B 02 (m, (202 2, 2,5, 1))
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Appendix

zg 2L, 1, 00, b, 04 L, 12 8,08 8, 1% (m,,(1.9,1.4,1.4,1.4,42 1))

The time length of the run o(7) is
B(x0) + B(x1) + B(x2) + B(xs) + B(Xa) + B(xs) = 4.2
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Appendix

07 4 00 t 04 1

12 &b 05 t3 1.4
Zy — — —— —— —— ——> —— ——> —— ——>

= (mo,(1.9,1.4,1.4,1.4,42 1))

The time length of the run o(7) is
B(x0) + B(x1) + B(x2) + B(xs) + B(Xa) + B(xs) = 4.2

In tableau I: The time length of the run o(7;") is 4
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Appendix

0.7 4 0.0 B 0.4
—_— — —

L 05 B 14
Zy — —> _— > —>

= (mo,(1.9,1.4,1.4,1.4,42 1))

s 1.2
—_— —

The time length of the run o(7) is

Bx0) + B(x1) + Bx2) + B(xa) + B(xa) + B(xs) = 4.2

In tableau I: The time length of the run o(7;") is 4

In tableau II: The time length of the run o(75) is 5
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Appendix

Let Z= (P, T,F,V,my, 1) be a TPN and p a place in Z. Then
Min(p) :=max{ eft(t) | te T AN tep®}

Max(p) =min{/ft(t) | te T AN tep®}
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Appendix

Definition (maximal time distance between two states)

Let Z be a TPN and let z; and z, be two reachable states in Z with
Z> € RSz(z1). The maximal time distance dmax(z1, 22) from z; to z; is
defined by:

00 , if a cycle or a dead state is reachable
starting at z; before reaching z»
a Z1,22) = I(7)
max(21, 22) max > 7 ,else.
9 =0
210(;)22
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