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Abstract. We prove an existential version of Gaifman’s locality theorem and
show how it can be applied algorithmically to evaluate existential first-order sen-
tences in finite structures.

1 Introduction

Gaifman’s locality theorem [12] states that every first-order sentence is equivalent to
a Boolean combination of sentences saying: There exist elements. , a;, that are

far apart from one another, and eachsatisfies some local condition described by a
first-order formula whose quantifiers only range over a fixed-size neighborhood of an
element of a structure. We prove that everystentialfirst-order sentence is equivalent

to apositiveBoolean combination of sentences saying: There exist elements. , ay,

that are far apart from one another, and eachatisfies some local condition described
by anexistentiaffirst-order formula.

The locality of first-order logic can be explored to prove that certain properties
of finite structures are not expressible in first-order logic, and it seems that this was
Gaifman’s main motivation. More recently, Libkin and others considered this technique
of proving inexpressibility results using locality in a complexity theoretic context (see,
e.g., [5,14,13,15)).

A completely different application of Gaifman’s theorem has been proposed in [11]:

It can be used to evaluate first-order sentences in certain finite structures quite effi-
ciently. In general, it takes time® (") to decide whether a structure of sizesatisfies

a first-order sentence of sizeand under complexity theoretic assumptions, it can be
proved that no real improvement is possible: The problem of deciding whether a given
structure satisfies a given first-order sentence is PSPACE-complete [17,19], and if pa-
rameterized by the size of the input sentence, it is complete for the parameterized com-
plexity class AWsx] [7]. The latter result implies that it is unlikely that the problem

is fixed-parameter tractable (cf. [6]), i.e., that it can be solved in jifi¢- n ¢, for a
function f and a constant.

Gaifman’s theorem reduces the question of whether a first-order sentence holds in
a structure to the question of whether the structure contains elements that are far apart
from one another and satisfy some local condition expressed by a first-order formula.
In certain structures, it is much easier to decide whether an element satisfies a local



first-order formula than to decide whether the whole structure satisfies a first-order sen-
tence. An example are graphs of bounded degree: Local neighborhoods of vertices in
such graphs have a size bounded by a constant only depending on the radius of the
neighborhoods, so the time needed to check whether a vertex satisfies a local condition
does not depend on the size of the graph. Another, less obvious example are planar
graphs. To evaluate local conditions in planar graphs, we can exploit the fact that in
planar graphs neighborhoods of fixed radius have bounded tree-width [16]. In general,
such a locality based approach to evaluating first-order sentences in finite structures
works for classes of structures that have a property called bounded local tree-width; the
class of planar graphs and all classes of structures of bounded degree are examples of
classes having this property. It has been proved in [11] that for each class C of structures
of bounded local tree-width there is an algorithm that, given a structueeC and a
first-order sentence, decides whethed satisfiesp in time near linear in the size of

the structure4 (the precise statement is Theorem 7).

While a linear dependence on the size of the input structure is optimal, the depen-
dence of these algorithms on the size of the input sentence leaves a lot to be desired:
There is not even an elementary upper bound for the runtime in terms of the size of the
sentence. Although the dependence of the algorithm on the structure size matters much
more than the dependence on the size of the sentence, because usually we are evaluating
small sentences in large structufaswould be desirable to have a dependence on the
size of the sentence that is not worse than exponential. Of course, since we are dealing
with a PSPACE complete problem, we cannot expect the runtime of an algorithm to be
polynomial in both the size of the input structure and the size of the input sentence.

We have observed that one of the main factors contributing to the enormous runtime
of the locality based algorithms in terms of the formulas size is the number of quantifier
alternations in the formula. This has motivated the present paper. We can use a variant of
our existential locality theorem to improve the algorithms described above to algorithms
whose runtime “only” depends doubly exponentially on the size of the input sentence.

In this paper we concentrate on the proof of our existential locality theorem, which
is surprisingly complicated. This proof is presented in Section 3. The algorithmic ap-
plication is outlined in Section 4.

2 Preliminaries

A vocabularyis a finite set of relation symbols. Associated with every relation sym-
bol R is a positive integer called therity of R. In the following, T always denotes a
vocabulary.

A r-structure A consists of a non-empty set, called theuniverseof A, and a
relation R4 C A" for eachr-ary relation symbolR € 7. For instance, we consider
graphsas {E}-structuresi = (G, EY), where the binary relatio 9 is symmetric
and anti-reflexive (i.e. graphs are undirected and loop-freel. i a r-structure and

% The generic example is the problem of evaluating SQL database queries against finite relational
databases, which can be modeled by the problem of evaluating first-order sentences in finite
structures.



B C A, then(B)* denotes the substructure inducedwn B, that is, ther-structure
B with universeB andRB := R4 N B for everyr-ary R € .

The set of all free variables of a first-order formyais denoted by fre@). A
sentencés a formula without free variables. The notatipfx 1, . .., z;) indicates that
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all free variables of the formula are amonge ¢, . . ., xy; it does not necessarily mean

that the variables:, ..., ;. all appear inp. Theweightof a first-order formulay is
the number of quantifier8z andVz occurring ing.

A first-order formula ieexistentialif it contains no universal quantifiers and if every
existential quantifier occurs in the scope of an even number of negation symbols. A
literal is an atom or a negated atom.canjunctive query with negatids a formula of
the form3z A, \;, where each\; is a literal. Every existential formula of weight
w and lengthl is equivalent to a disjunction of at mo2t conjunctive queries with
negation, each of which is of weight at mestind length at most

We often denote tuples; . .. a; of elements of a sefl by a, and we writea € A

instead ofa € A*. Similarly, we denote tuples of variables by

2.1 Gaifman’s Locality Theorem

The Gaifman graphof a r-structureA is the graphj 4 with vertex set4 and an edge
between two vertices, b € A if there exists arR € 7 and atupley; .. .a, € R such
thata,b € {ai,...,a;}. Thedistanced*(a,b) between two elemenis b € A of a
structureA is the length of the shortest pathdhy connectingz andb. Forr > 1 and
a € A, we define the-neighborhoof a in A to be N A(a) := {b € A | d*(a,b) <
r}. ForasubseB C A we letNA(B) := U,z NA(D).

For everyr > 0 there is an existential first-order formuda(z,y) such that for
all 7-structuresA4 anda,b € A we haveA = §,(a,b) if, and only if, d*(a,b) < r.
In the following, we writed(x,y) < r instead 0§, (z,y) andd(z,y) > r instead of
_‘(Sr (xa y) .

If o(x) is a first-order formula, thep™~(*) () is the formula obtained fromp(z)
by relativizing all quantifiers taV,.(z), that is, by replacing every subformula of the
form Iy (x,y,z) by Jy(d(z,y) < r Ay(z,y,z)) and every subformula of the form
Yy (z,y, z) byVy(d(z,y) <r — ¢(x,y,2)). We usually writedy € N,.(z) ¢ instead
of 3y(d(z,y) < r Ay)andVy € N,(z) ¢ instead oy (d(z,y) <r — ).

A formula®)(z) of the formp™-(#) (), for somep(z), is calledr-local. The basic
property ofr-local formulasy (z) is that it only depends on theneighborhood of:
whether they hold at or not, that is, for all structured anda € A we haveA = ¢ (a)
if, and only if, (N7 (a)) = 1(a). Observe that if)(z) is r-local ands > r, themi)(z)
is equivalent to the-local formulasy N+ (*) (). We often use this observation implicitly
when considering-local formulas as-local for somes > r.

Sentences can never be local in the sense just defined. As a substitute, we say that a
local sentencés a sentence of the form

Elsnl...EI:Uk( /\ d(zi, i) > 2r A /\ 1/)(332)) (1)

1<i<j<k 1<i<k

wherer, k > 1 andy(x) is r-local.



Theorem 1 (Gaifman [12]). Every first-order sentence is equivalent to a Boolean
combination of local sentences.

3 The Existential Locality Theorems

If () is an existential first-order formula, then for every> 1 the r-local formula

Y N-(#)(z) obtained fromy is also existential. We define a local sentence as in (1) to be
existentialif the formulas is existential and-local. Let us remark that, in general, an
existential local sentenceii®t equivalent to an existential first-order sentence, because
the formulad(z;, z;) > s is not existential for any > 2.

Theorem 2. Every existential first-order sentence is equivalent to a positive Boolean
combination of existential local sentences.

Unfortunately, neither Gaifman’s original proof of his locality theorem (based on
guantifier elimination) nor Ebbinghaus and Flum’s [8] model theoretic proof can be
adapted to prove this existential version of Gaifman’s theorem. Compared to these
proofs, our proof is very combinatorial, which is not surprising, because there is not
much “logic” left in existential sentences.

We illustrate the basic idea by a simple example:

Example 3. Let
¢ = J23y(~E(z,y) A RED(z) A BLUE(y))

(hereE is a binary relation symbol ande®, BLUE are unary relation symbols). Al-
though the syntactical form af is close to that of an existential local sentence, it is
not obvious how to find a positive Boolean combination of existential local sentences
equivalent tap. Here is one:

3z 32’ € Ny(z)3y € Nao(z)(—E(z',y) A RED(z') A BLUE(y))

V(Elx Jy(d(z,y) > 2 A (RED(z) V BLUE(y)) A (RED(y) V BLUE(Y)))
A Jz RED(z) A 3z BLUE(m))

To understand the following proof it is worthwhile trying to extend the idea of this
example to the sentence

J23y3z(~E(z,y) A —E(z,2) A—E(y, z) A RED(z) A BLUE(y) A GREEN(2))

(although it is very complicated to actually write down an equivalent positive Boolean
combination of existential local sentences). Indeed, it is the main difficulty of the proof
to handle sentences saying “there is an independent set of paqints. , x;, of colors

e, ..., Cr, respectively.” Playing with such sentences leads to the crucial observation

that the basic combinatorial problem can be handled by Hall's theorem (as it is done in
Step 4 of the proof of Lemma 4).



The proof requires some preparation. We definegaimé of a local sentence

Elsnl...EI:Uk( /\ d(zi, i) > 2r A /\ 1/)(332))

1<i<j<k 1<i<k

to be the paik + w,r), wherew is the weight ofy). We partially order the ranks by
saying thatq,r) < (¢',7") if ¢ < ¢ andr < r'.

Lemmad4. Letk > 2,» > 1, w > 0, and letA4, B E)e structures such that every
existential local sentence of rank at mokt (w + 1), 2% r) that holds inA4 also holds
in B. Let

k
@ = dxy ...Ea:k( /\ d(z;, x;) > 2 A /\ 1/)z($z))
i=1

1<i<j<k

where forl < i < k, the formulay; (z;) is r-local, existential and of weight at mast
Suppose thatl = ¢.
Then

B|:3x1...3xk( /\ d(mi,xj)>2r/\/k\d)i(xi)).

1<i<j<k i=1

Proof: We prove the lemma in four steps.

Step 1We show that if for somé 1 < [ < k, sayl = k, there aréhy,...,b; € B
such thawd(b;,b;) > 4rforl < i < j < k,andB = ¢,(b;) for1 < i < k, thenit
suffices to prove that

k—1
B|= Eia:l...EI:nk_l( /\ d(ﬂ:z’,ﬂ:j) > 2r A /\ ’(/)Z(CUZ))
1<i<j<k—1 i=1
To see this, suppose that we have stich .., b, and we findcy, . .., cx—1 such that

d(ci,c;) > 2rforalll < i< j<k-1andB |= ¢;(c;) forl <i < k—1.Then
there will be at least ong 1 < i < k such thab; has distance greater than from c;
forall j,1 < j <k —1.Thuscy,...,cr_1,b; withess that

k
B = 31 ...ka( /\ d(z;, ;) > 2r A /\ z[)l(xl))
i=1

1<i<j<k

So without loss of generality, in the following we assume thatlfet i < k, there
are at mos{k — 1) elements o3 of pairwise distance greater thdn satisfyingi ;.

Step 2.We let K := {1,...,k}, and for every sef C K we lety(z) :=
Vicr %i(z). Note thaty; is a formula of weight at most - w. LetC' := {c € B |
B = ¢k(c)}. By the assumption we made at the end of Step 1, there exist at most
k(k — 1) elements of” of pairwise distance greater thdn.

Claim: There arep,l,1 < p < k(k—1)+ 1,1 <[ < k(k — 1), and elements
c1y...,¢ € Csuchthat®(c;,c;) > 2P+rfor1 <i < j <1, and foralle € C there

3

exists an < I such thati®(c, ¢;) < 2Pr.



Proof: We constructcy, ..., ¢; inductively: As the inductive basis, let; be an
arbitrary element of. If ¢4, ..., ¢; are constructed, we choosg ; € C such that for
1 < j < iwe haved®(cii1,¢;) > 2FE=D+1=(=Up |f no suchc;y; exists, we let
l:=i,p:=k(k—1)+1— (I —1) and stop.

Our construction guarantees that foK i < j <[ we have

dB(c;,cj) > 2kk=DH1=(=2) ()

Forj < k(k — 1) + 1, this impliesd®(c;, ¢;) > 4r. Since there are at moktk — 1)
elements of” of pairwise distance greater thdn, this guarantees that< k(k — 1).
(2) also guarantees that for< i < j <[ we haved?(c;,c;) > 2kk=1D+1=0=2)p =
ortly,

Since we stopped &t= i, for all ¢ € C there exists an < I such thad?(c, ¢;) <
gk(k=1)+1-(I-1) — 9Py This proves the claim.

Step 3Letp, 1, c1,..., ¢ be as stated in the claim in Step 2. HoE K, let
pr = dzy ... Ea:k( /\ d(CUi,ZEj) > 2Ptlp A /\ ’(/)](CUZ))
ijel icl
i<j
SinceA E ¢, we haved | ¢;. Thus, sincep; is an existential local sentence of rank
at most(k - (w + 1), 2’“27"), we also haveé8 = ;.

Step 4.Let L := {1,...,l}. We define a relatio® C K x L as follows: For
i € K,j € L weletiRj if there is ab € B such thai3 |= 1;(b) andd® (b, ;) < 2Pr.

Claim: Foreveryl C K thesetR(I):={j € L |3i € I : iRj} contains at least
as many elements ds

Proof: Recall thatB |= ¢;. Fori € I, letb; € B, such that for ali, j € I with
i < j we haved® (b;,b;) > 2P+1r and for alli € T we haveB = 1 (b;). Thenb; € C,
and thus there existae L such that® (b;, ¢;) < 2Pr. Sinced®(b;,b;) > 2P+1r, for
everyj € L there can be at most ores I such thad®(b;, c;) < 2Pr. This proves the
claim.

By Hall's theorem, there exists a one-to-one mappfnaf K into . such that for
alli € K we havelRf (7). In other words, there exisf, . .., by such thatfod <i < k
we haveB = 1;(b;) andd® (b;, cp(;)) < 2°Pr. Sinced® (cp(;), cp(j)) > 2P 1r, the latter
impliesd® (b;, b;) > 2r. Thus

k
B = 31 ...ka( /\ d(z;, ;) > 2r A U)i(xi)).

1<i<j<k i=1

O

Lemma 5. There is a functiory (k), such that the following holds for all > 1: Let
A, B be structures such that every existential local sentence of (afik+ 1), f(k))
that holds inA4 also holds inB. Then every existential sentence of weight at rhdlsat
holds inA also holds inB.



Proof: Since every existential sentence is equivalent to a disjunction of conjunctive
queries with negation of the same weight, it suffices to prove that every conjunctive
query with negation of weighit that holds in4 also holds in5. Let

w:= 3z ... Jzpp(2, ..., T8)

with

where all they; are atoms and th; are negated atoms. Suppose that ¢. We shall
prove thatB |= .

We define thepositive graph ofy to be the grapl@ with universeG := var(y) =
{z1,...,z} and

EY:={xy|3i,1<i<p: z,y€vara)}.

Let?#,...,H, be the connected componentgoiWwithout loss of generality, we may
assume that fot < ¢ < r we havex; € H; (recall thatH; denotes the universe of
the structureH;). Then we know thaff; C N/ (z;). If r = 1, then this means that
var(p) C NY (z1), andy is equivalent to thé-local sentence

Jzy Az € Ni(z1) ... 32) € Ni(21)00

of rank(k, k). If we choosef such thatf(k) > k, thenA = ¢ impliesB |= ¢. Inthe
following, we assume that > 2.

Letco := 0 ande;yq := 2’“2(cl~ +Ek+1)fori > 0.WeletR := {{z’,j} \ 1<i<
j<r}, h:=|R|=(}) and

Flk) =28 (cp + k+1). A3)

Fora = a;...a, € A", thedistance patterrof a is the mappingdA; : R —
{0,...,h} defined by

0 if dA(ai,aj) =0
Aa({i,j}) =<t ife; <d?(ai,a;) < i1 for somet suchthad < ¢ < h
h o if d*(a;,a;) > cn

By the pigeonhole principle, for every distance patteyriihere is an integer gég)
such that) < gapgA) < handA({i,j}) # gapA) forall {i,j} € R.

Leta = a;...a; € A suchthatd = ¢(a). Let A := A,, .., andg := gag4).
Then for all{i,j} € R we either havel(a;,a;) < c, of d(a;,a;) > 2% (c, + k +
1). This implies that the relation ofay, .. .,a,} defined byd*(a;,a;) < ¢, is an
equivalence relation. Without loss of generality, we may assumethat. , a; form a
system of representatives of the equivalence classes.

We letl := ¢, + k. Forl <i < s,weletl; ;= {j | 1 < j < k,d*(ai,a;) < 1}.
Then(I;)1<i<s is a partition of{1,...,k}. To see this, first recall that fdr < j < r



thereis an, 1 < i < s such thati“(a;, a;) < ¢,. Fort withr +1 < ¢ < k there exista
J,1 < j <rsuchthat; € H;, the connected componentof in the positive graph of
. SinceA = v(a), this implies that(a;, a;) < k. Thus there exists a1 < i < s
such that*(a;, a;) < ¢y + k.

Forl < <s,welet

gi(w) =3 € M) N\ an N B (4)

var(a; )CI; var(3;) CI;

wherez’ consists of all variables; with j € I; \ {i}. Thenforl < i < s we have
A = 1;(a;), becaused = ¢(a). Thus

Al=3Tzy ... ( /\ dxl,xj)>2’” I+1)A /\ 1/%%)

1<i<j<s 1<i<s

Sincef (k) = 2% (¢, + k + 1) > 2¥° (1 + 1), by Lemma 4, this implies

B|:3x1...EIxs( A d@iz)>20+ DA N\ wi(xi)).

1<i<j<k 1<i<s

Thus there exisby,...,bs € B suchthatforl < i < j < s we haved®(b;,b;) >
2(l+ 1) and forl < i < s we haveB = v¢;(b;). Sincely,..., I, is a partition of
{1,...,k}, there aré,1,...,bx € B such that:

(0 ds(bl,bj) <lforallj € I.
(i) Bl= a;(b)forallj, 1< j < psuchthatvai;) C I;.
(i) B | B;(b) forall j,1 < j < ¢ such thatvas;) C I;.

We claim that33 = +(b). Since for each connected componHi}tof the positive graph
of ¢ there is ani,1 < i < s such thatt € I; wheneverz; € Hj, (i) implies that
B E a;() for 1 < j < p. It remains to prove thaB = j3;(b) forl <j<qlf
var(3;) C I; for somei, thenB [= 3;(b) by (iii). Otherwise,3; has variables:,,, =,
such that there exist # i’ with z,, € I;,z, € Iy. Then by (i),d?(b;,b,) < | and
dB(by,b,) < 1. SincedB(b;,by) > 21 + 1, this impliesd® (b, b,) > 1. Sinces; is a
negated atom, this implie8 = 3; (b).

ThusB | . m|

Proof (of Theorem 2)Let ¢ be an existential sentence of weighandC := {A| A =
v} the class of all structures satisfying Let & be the set of all existential local sen-
tences of rank at mosk:(k + 1), f(k)), wheref is the function from Lemma 5. Let

=\ A ¢

AEK vew
A=y

We claim thatp is equivalent tap’. The forward implication is trivial, and the backward
implication follows from Lemma 5. Since up to logical equivalence, thelsist finite



and therefores’ contains at most'”! non-equivalent disjuncts, this proves the theorem.
O

Our proof of the existential version of Gaifman’s theorem does not give us good
bounds on the size and rank of the local formulas to which we translate a given existen-
tial formula. Therefore, for the algorithmic applications, it is preferable to work with
the following weaker version of Theorem 2, which gives us better bounds.

An asymmetric local sentenéga sentence of the form

Elsnl...Eia:k( /\ d(zi, xj) > 2r A /\ 1/)2(561))

1<i<j<k 1<i<k

wherer, k > 1 andy (), ..., ¥ (z) arer-local. ¢ is anexistential asymmetric local

sentencgif in addition (z), . .., (z) are existential.

An r-local conjunctive query with negatipfor somer > 1, is a formulay(z) of
the form3y, € N,(z)...3y, € N, (z) AiIZ; \i, where each\; is a literal.

Theorem 6. Every existential first-order sentengds equivalent to a disjunctiop’ of
existential asymmetric local sentences.

More precisely, ifk is the weight ofp and! its size, theny' is a disjunction of
20(+k*) asymmetric local sentences of the form

Elsnl...Eia:k( /\ d(zi, i) > 2r A /\ 1/)2(561))

1<i<j<k 1<i<k

where, ..., are r-local conjunQCtive gueries with negation. The rank of each of
these local sentences is at m@s2* +1), and their size is i) (1).

Furthermore, there is a polynomialand an algorithm translating to ¢’ in time
0201y,

Proof: We first assume that is a conjunctive query with negation, say,

w:=3wy ... Jxpp(1, ..., T8)

with

where all ther; are atoms and thé; are negated atoms. Without loss of generality, we
may assume that > 2, because fok = 1 there is nothing to prove. L&, ..., H,
be the connected components of the positive graggh(af. proof of Lemma 5). Again
we may assume that> 2, and that forl < i < r we haver; € H;. Hence we know
thatH; C N (z;).

Letco := 0ande;y1 := 2(¢;+k+1) fori > 0. LetR := {{i, j} \ 1<i<j<r}
andh := |R| = (7). Itis not difficult to prove thaty, + k + 1 < 2+°+1,

Leta € A", A := Aj; the distance pattern @f, andg := gafA). The relation
on{ai,...,a,} defined byd*(a;,a;) < ¢, is an equivalence relation. Without loss



of generality, we may assume that, . .., as; form a system of representatives of the
equivalence classes.

Now suppose that we extend ...a, to ak-tuplea = a;...a; € A* such that
A =9Y(a). Letl := ¢, + k andl;, ¢i(x;) as in the proof of Lemma 5 . Define

Ya@,..,x) = N dziz)>20+4 )N N i)
1<i<j<s 1<i<s

ThenA |= ¢¥a(ay,...,as). Furthermore, for every tuple] ...a., € A® with A |

Ya(al,. .., al) there exists an extensia := aj ... aj}, such thatd |= ¢ (a'). To see
this, observe that every positive literal; occurs in an/; and thus im 4, and every
negative literal3; either occurs in ai; or has variables with indices in two distinct
I;,I; and is thus automatically satisfied, because the variables are forced to be far
apart.

The formulay a(z1, ..., z;) only depends on the distance pattekrand not on
the tuplea realizing it. So for every distance patterhwe obtain a formula) o (z4),
whose free variables? are among:y, .. ., z,, with the following properties:

— 3744 4 is an existential asymmetric local sentence of rank at |(rig§t’“2“).

— For every tuples € A* with A | ¢(a) andA,; = A we haveAd | ¢ (a?),
wherea? consists of the same entriesméasz 4 of z.

— Every tuplea® with A = ¢4 (a?) can be extended to a tugie= a; ...a; such
thatA = ¢ (a).

The last two items imply thap is equivalent to the formula

¢ = \/ 3z

A distance pattern

Itis not hard to see that the number of distance pattern2§ﬁ’i4), thusy is a disjunc-
tion of 20(k") existential asymmetric local sentences of rank at rﬂqél““) and size
in O(1) (wherel denotes the length qf).

If ¢ is an arbitrary existential sentence, we first transform it to a disjunction of at
most2! conjunctive queries with negation of the same weighpas

Finally, we observe that the translation framto the disjunction of asymmetric
local formulas is effective within the desired time bound: Giygrwe first translate
it to a disjunction of conjunctive queries with negation. This is possible in Af@ .
Then we treat each of the conjunctive queries with negation separately. We compute the
positive graph and all possible patterns. For each of patteme compute the gap and
then the formulap 4. Sincek < [, this is clearly possible in time?() for a suitable
polynomialp. |

4 An Algorithmic Application

Our underlying model of computation is the standard RAM-model with addition and
subtraction as arithmetic operations (cf. [1, 18]). In our complexity analysis we use

10



the uniform cost measure. Structures are represented on a RAM in a straightforward
way by listing all elements of the universe and then all tuples in the relations. For
details we refer the reader to [10]. We define sieof a r-structureA to be||A|| :=

|Al + Y ger pany” - |R4; this is the length of a reasonable representationd dff

we suppress details that are inessential for us). We fix some reasonable encoding for
first-order formulas and denote Hy|| the size of the encoding of a formula

The appropriate structural notion for the algorithmic applications of localligisided
local tree-width We assume that the reader is familiar with the definitiotrex-width
of graphs (see e.g. [4]). The tree-width of a structuredenoted by t4), is the
tree-width of its Gaifman graph. THecal tree-widthof a structure4 is the function
Itw 4 : N — N defined by

w4 () := max{ tw (N7 (@) ‘ aeal.

A class C of structures hdmunded local tree-widtif there is a functiom\ : N — N

such that ltwy (r) < A(r) forall A € C,r € N. Many well-known classes of structures
have bounded local tree-width, among them the class of planar graphs and all classes of
structures of bounded degree.

Theorem 7 (Frick and Grohe [11]). Let C be a class of structures of bounded local
tree-width. Then there is a functighand, for every > 0, an algorithm deciding in
time O(f(||¢|])|A|**¢) whether a given structurel € C satisfies a given first-order
sentencep.

The algorithm proceeds as follows: Given a structdrand a sentencg, they first
translatep to a Boolean combination of local sentences. Then they evaluate each local
sentence and combine the results. To evaluate a local sentence, say,

Elsnl...EI:Uk( /\ d(zi, i) > 2r A /\ 1/)(332))

1<i<j<k 1<i<k

they first compute the sef(.A) of all a € A such thatd = ¢(a). Sincey is local

and the class C has bounded local tree-width this is possible quite efficiently. (In the
special case of structures of bounded degree, this is easy to see, bgalgdas to

be evaluated in substructures4bf bounded size.) Finally, the algorithm tests whether
there areuy, ..., a; € (A) of pairwise distance greater than. This is possible in

linear time by the following lemma:

Lemma 8 (Frick and Grohe [11]). Let C be a class of structures of bounded local
tree-width. Then there is a function and an algorithm that, given a structurd,

a subsetP C A, and integersk, r, decides in timeJ(g(k, r)| A|) whether there are
ai,...,a € P of pairwise distance greater thar.

3

The drawback of this algorithm is that we cannot even give an elementary upper
bound for the functionf in Theorem 7. The main reason for the enormous runtime
of the algorithm in terms of the formula size is that to evaluate the local formulas,
it translates them to tree-automata, and in the worst case the size of these automata
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grows exponentially with each quantifier alternation. Therefore, it is a natural idea to
bound the number of quantifier alternations in order to obtain smaller automata. But this
would require that the translation of first-order sentences into local sentences preserves
the quantifier structure. Unfortunately, the known proofs of Gaifman’s theorem do not
preserve the quantifier structure of the input formula.

These considerations motivated the present paper. Indeed, Theorem 2 shows that ex-
istential first-order sentences can be translated into Boolean combinations of existential
local formulas. The price we pay for this is that these Boolean combinations of exis-
tential local formulas can get enormously large. Therefore, we use Theorem 6, because
this theorem at least gives us an exponential upper bound on the size of the resulting
formula. To evaluate an asymmetric local sentence, say

Elsnl...ﬂa:k( /\ d(zi, i) > 2r A /\ 1/)2(561))

1<i<j<k 1<i<k

where they; are conjunctive queries with negation, we first compute theisetst),
.. ¥r(A). This can be done as in the algorithm described above, but is actually faster
since they; are conjunctive queries with negation. We use Lemma 10. Then we have
to decide whether there atig € 1)1 (A),...,a; € ¥ (A) of pairwise distance greater
than2r. Lemma 11 is an analogue of Lemma 8 for this more general situation.

If we now combine Lemma 10 and Lemma 11 together with Theorem 6 and plug

them in the algorithms described in [11], we obtain the following theorem.

Theorem 9. Let C be a class of structures whose local tree-width is bounded by a
functionA : N — N (i.e,, forall 4 € Candr > 0 we havetw 4(r) < A(r)). Then
there are polynomialg, ¢ such that for every > 0 there is an algorithm that, given a
structure.4 and an existential first-order sentengedecides it4 |= ¢ in time

op (A (a(llel |+ (/) +lel|+(1/€) 1
0(2 A,

i.e., in time doubly exponential ifo|, (1/€), A(¢(||¢l] + (1/€))) and near linear in
Al

For many interesting classes of structures of bounded local tree-width, such as pla-
nar graphs, the local tree-width is bounded by a linear function
Let us complete the proof of Theorem 9 by showing the aforementioned lemmas.

Lemma 10. There is a polynomigb and an algorithm that solves the following prob-
lem in timeO (2PUl@[I+W(A) | 4]),

Input: StructureA, conjunctive query with negatiop.
Problem:Decide if A |= .

Lemma 10 can easily be proved using the standard dynamic programming techniques
on graphs of bounded tree-width.

Lemma 11. There is a polynomigb and an algorithm that solves the following prob-
lemin timeO(QP(ltWA((k+1)7”)+7”+k) . |AD

12



Input: StructureA, setsPy, ..., P, C A, integerr > 1.

Problem:Decide if there ar@, € Pi,...,a; € P of pairwise distance
greater tham.

The proof of Lemma 11 requires some preparation.A.éke a binary relation sym-
bol, and for each > 1, let P; be a unary relation symbol. A-colored graph, for some
k> 1,is an{E, P,..., Py}-structureA such that(4, E4) is a graph and the sets
P, ..., P are disjoint. For aseB C A we letcol*(B) = {i | BN PA # ).

Definition 12. Let .4 be ak-colored graph.

(1) AsetB C A of elements of a structurd is r-scatteredf |col”(B)| = |B| and for
all b, c € B with b # c we haved (b, c) > r.

(2) AsetB C Aismaximunr-scatteredf B isr-scattered, and foralle {1,...,k}\
col*(B) we havePA C NA(B).

For a structured, let
5r(A) = max{ | (NA@)]] | a € A4},
Since we have A|| € O(|A] - tw(A)) [3], we haves, (A) € O(|A| - ltw 4(r)).

Lemma 13. There is an algorithm that solves the following problem in time
O(JA] + k- s, (A)).

Input: k-colored graph4, integerr > 1.
Problem:Compute a maximum-scattered subset of.

Proof: We solve the problem by a simple greedy algorithm, which is shown in Figure
1. It is easy to see that after each execution of the IBdp anr-scattered sety =
NA(B), andR is the set of alf such that ¢ col”*(B) andPA ¢ N. Moreover, for all
i € Rwe havePA \ N C ;. The loop is executed until for all¢ col”(B) we have
Qi = 0, thatis,P/* C N = N/A(B). This shows that the algorithm is correct.

To estimate the running time, we observe that the loop is executed atdistes.
Each line of the pseudocode except Line 11 can be executed in constanttime. Line 11 is
executed at mogi times and requires tim@ (s, (A)). Together, this yields the desired
time bound. O

Let SCATTERED SET be the following problem.

Input: k-colored graph4, integerr > 1.
Problem:Decide if there is am-scattered set of sizein A.

Lemma 14. There is a polynomiap and an algorithm solvingSCATTERED SET in
time O (rP(WA+E) .| 4]).
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Input: k-colored graph4, r > 1
1. R:={1,...,k}; B:=0;N:=0
2. fori=1tokdoQ; := P od
3. while R # () do
4, choose an arbitrarye R andb € Q;
5. if b € N then
6. Qi = Qi \ {0}
7. if Q;=0thenR:=R\ {i}fi
8. else
9. R:= R\ {i}
10. B :=BU{b}
11. N := N U NA(b)
12. fi
13. od
Output: B
Fig. 1.

Proof: In this proof, we assume that the reader is familiar with tree-decompositions of
graphs and the typical dynamic programming algorithms on graphs of bounded tree-
width.

Our algorithm proceeds as follows: It first computes a tree-decomposition of the
input graphA of width w := tw(.4). Bodlaender [3] proved that this is possible in time
O(2r1(w)| A|), wherep, is a suitable polynomial.

Let (7, (Bt)icr) be this tree-decomposition; we can assume thas a binary
rooted tree and that each blogk contains exactlyy + 1 vertices, sayb!,... bt ;.

For everyt € T, we let
Ct = U Bt,

ueT
u=t or
u descendant of
andCt = <Ct>'A.
Starting from the leaves of the tree, for every nede T our algorithm computes
tablesD,, E; that store the following information:

— D, storesd’ (b;, b;) for1 <i<j<w+1,

— For each subsdt C {1,...,k}, say of sizd, and for all matricegs;;) icr,
1<j<w+1

with 0 < s;; < r + 1, the tableE; stores whether there are vertiegse PC | for
i € L, such that the seflc; | i € L} is r-scattered irC;, and fori € L,1 < j <
w + 1 we have

=g f0<s; <,
ORI
r |f8ij—7“+1.
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The size of these tables is i? (%) and it is easy to see that for a node T with
childrenu, v, we can comput®, andE; from D,,, E,,, D,, E, in timer?>(k+%) for a
suitable polynomiaps. ]

Lemma 15. There is a polynomiap and an algorithm solvingSCATTERED SET in
time O (27 (A ((k+1)r)+r+8) | 41).

Proof: The algorithm is shown in Figure 2. To prove that it is correct, it suffices to verify

Input: k-colored graph4, integerr > 1
1. D:={1,...,k};C:=0;t:=1
2. for1<i<kdo@Q;:= P;od
3. while D # @ do
4. compute a maximum-scattered seB?
in the colored graph4, E4, (Q;)iep)
5. if |Bt| = |D| then accept fi
6. for1 <i<kdoQ;:=P \ N, (B'U...UB! od
7. C:=0U{i|Qi=0},D:={1,...,k}\C
8. if there exists an-scattered3 with col”*(B) = C
in (N(41),(B* U...U B")) then
9. ti=1t+1
10. for1<i<kdoQ;:= P\ Ny, (B'U...UB) od
11. else
12. reject
13. fi
14. od
15. accept

Fig. 2.

the following loop conditions:

(1) Before executing the while-loop theh time we have:
(@) C ={i| P; C Ny_1),(B'U...UB"""},D = {1,...,k}\C,and|C| > t—1.
(b) If ky,..., k, is an enumeration af' then

A 3z, ... 3w, € Ny, (B'U...UB'™)
/\ d(l‘kl,l‘k]) >rA /\ Pklxk,)

1<i<j<n 1<i<n

(c) For alli, foralla € @;, and for allb € N(’?—W(Bl U...U B 1) we have
d*(a,b) > r.
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(2) If conditions (a) — (c) are met, then the algorithm accepts if, and only if, the desired
r-scattered set exists.

Before entering the while loop for the first time we h&ve= ¢, D = {1,...,k} and
conditions (b) and (c) are trivially satisfied. In Line 5 we start the algorithm of Lemma
13 with inputA, r. It returns some maximumscattered seB!. If |B'| = k = |D| we
are done. Otherwise, there existsiagh B! with P; C N;A(B'). After executing Lines
6 and 7 we havé); = @ andi € C. Without loss of generality, we may assume that
C =1{1,...,s}.Forallb;,b, € NA(B') we have

dA(by,by) <1 = dNEBY) (b by) < 1.

Therefore,Py, ..., P, C NA(B') implies that there exists anscattered seB with
co(B) = C in (Ns(B")) if, and only if, there exists such a sBtin A. Thus if in

Line 8 the algorithm finds out that there is no such Beit correctly rejects in Line

12, because if there is not evenmascattered seB with col”*(B) = C, then there is
certainly nor-scattered seB’ with col*(B’) = {1,...,k}. On the other hand, if there

is such a seB, then there is still hope, and the algorithm continues. Lines 9 and 10
ensure that (c) is satisfied before returning to Line 3.

Now lett > 1, and suppose (a) — (c) are satisfied. Without loss of generality, we may
assume that’ := {1,...,n}. Then by (b), there exigt,, ..., b, € N(ft‘fl)r(B1 U...U
B'~1) of pairwise distance greater tharsuch that forl < i < n we haveb; € PA.

Let B be the maximun-scattered set of vertices in colaps computed in Line 4.

By (c), we havei*(a,b) > rforalla € B' and allb € N ) (B'U...UB' ). If
|Bt| = |D| the algorithm correctly accepts in Line 5, becadiseU {b,...,b,} is an
r-scattered set of size

If |B*| < |D| there exists ain € D with Q; C N(B"). After executing Lines
6 and 7, for the new set andD we havelC| > t+ 1, D = {1,...,k} \ C, and
P; C Nj{(B'U...uUB?)foralli € C. Hence condition (a) holds far+ 1. We argue
similarly to the caseé = 1: For allby, by € Nrf,}(B1 U...U B?) we have

dA(by by) <1 = dNEH(BU-UBD) (b by <

ThereforeP; C NA(B*uU...UB?!)foralli € C implies that there exists anscattered
setB with col*(B) = C'in <N“§‘+1)T(B1 U...U BY)) if, and only if, there exists such
a setB in A. Thus if in Line 8 the algorithm finds out that there is no suchBeit
correctly rejects in Line 12. If there is such a gktthen the algorithm continues. Again,
Lines 9 and 10 ensure that (c) is satisfied before returning to Line 3.

Condition (a) implies that the while loop is iterated at mbst 1 times. If the
algorithm terminates within the loop, we have already seen that the answer is correct.
If the algorithm reaches Line 15, theh = {1,...,k} is computed in Line 7 of the
last, sayt-th, iteration. Since the algorithm did not reject in Line 12, there must be an
r-scattered seB with col*(B) = C' = {1,...,k} in (N7, (B' U...U B')) and
thus inA. Thus the algorithm accepts correctly.

This shows that the algorithm is correct.

To analyze the running time of the algorithm we notice that the auxiliary sets in
Lines 1 and 2 can be computed in tird¥k - | A|). The while loop in lines 3-14 is
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iterated at mosk + 1 times. By Lemma 13 the maximumscattered set in Line 4
can be computed in tim@(k - | A|). Set manipulation in Lines 6, 7 and 11 again takes
time O(k - | A|). For the test in Line 8, we use the algorithm of Lemma 14, we obtain a
runtime ofO (rP(Wa((k+1)r)+k)| 4]). Putting everything together, we obtain the desired
runtime. m|

Proof (of Lemma 11): Essentially we can just apply Lemma 15 to the Gaifman
graph of the input structure. The only problem is that in Lemma 11, thesets ., Py,
are not necessarily disjoint. To solve this problem, we replace each veréxhe
Gaifman graph that is containedirof the setsPy, ..., P, by anl-clique; outside the
clique, each vertex of this clique has the same neighbatshasl in the original graph,
and each of these vertices belongs to exactly Bnéhata belonged to. We obtain a
colored graphg. It is easy to see that, for amy> 1, there is arr-scattered set of size

k in G if, and only if, there exist vertices, € Pi,...,a; € P of pairwise distance
greater tham in A. O
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