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Abstract

We prove upper bounds for combinatorial parameters of freiegional structures, related to the complex-
ity of learning a definable set. We show that monadic secoddraiMSO) formulas with parameters have
bounded Vapnik-Chervonenkis dimension over structurelsoohded clique-width, and first-order formulas
with parameters have bounded Vapnik-Chervonenkis dirnarsier structures of bounded local clique-width
(this includes planar graphs). We also show that MSO formofa fixed size have bounded strong consistency
dimension over MSO formulas of a fixed larger size, for labetees. These bounds imply positive learnability
results for the PAC and equivalence query learnability oéfinéible set over these structures. The proofs are
based on bounds for related definability problems for treeraata.

1. Introduction

The general problem afoncept learnings to identify an unknown set from a given family of sets. Tlieg
family, referred to as theoncept classrepresents the possible classifications of the elemertteeafiniverse,
and the unknown set, also called tia¢get conceptis the actual classification. The identification can be £xac
or approximate (for example, in a probabilistic sense, alsérmodel of Probably Approximately Correct (PAC)
learning). In order to specify a formal model of learningeaiso has to determine what type of information
is available to the learner (for example, random examplesedain types of queries), and what complexity
measures are considered (for example, sample size, nurindpeeides or computation time).

It is an interesting fact that several notions of learningiptexity turn out to be closely related to certain
combinatorial parametersf the concept class. The best known example is sample iRAf learning, which
is of the same order of magnitude as Wapnik-Chervonenkis dimensionVC-dimensiorof the concept class
(see, e.g., [23]). Other examples include the query conitglex learning with equivalence and membership
gueries, closely related wertificate sizg§21], and the query complexity of learning with equivalempgeeries,
closely related to thetrong consistency dimensif]. Determining these combinatorial parameters for djeci
concept classes thus gives useful information about legreomplexity.

The measures mentioned above are related tinfoemational complexityf learning and not to itsom-
putational complexity There are also results relating learning complexity todbmaplexity ofcomputational
problemsassociated with the concept class, such ashypethesis finding problefior PAC learning (see [23])
and therepresentation problerfor learning with equivalence and membership queries [1].

In this paper we consider some of the informational compfexieasures for learning in the context of
predicate logi¢c which is a frequently used framework in machine learniresittes, for example, propositional
logic and neural networks.

A general setup for predicate logic learning is to assumeekamples are elements (or, more generally,
tuples of elements) of &inite structure and concepts are represented bglass of predicate logic formulas
This framework can be appropriate when the data for learairgprovided by a relational database, but some
other models can also be represented in this way. For instarstandard setup forductive logic programming
is to learn a single non-recursive Horn clause with grounckgeound knowledge (see, e.g., [28]). This is
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equivalent to learning an existential sentence having guoation of atoms as its quantifier free part (also called
a conjunctive query), over the finite structure formed bygheund atoms in the background knowledge.

In the predicate logic framework, questions about the legrnelated combinatorial parameters lead to com-
binatorial questions about classesdefinable setswhich are much studied in model theory, mostly for infinite
structures [22]. In fact, one of the three simultaneousaeaifor the notion of VC-dimension is [35] in model
theory (besides [33] and [40]). The relationship betwearresults and the related results in model theory is dis-
cussed at the end of Section 6. A model theoretic approaeatodbility was proposed in [29], and some results
for finite models are given in [27, 38]. In particular, [27)gs an explicit upper bound for the VC-dimension of
first-order formulas over structures with unary predicates a single unary function.

The model checkingroblem for finite models is to decide, given a finite struetand a formula with a
variable assignment, whether the formula holds in the sirac There are several results for this problem,
putting together a picture of the borderline between tizletand intractable cases [19]. These results establish
connections between tlexpressiveness a logic and theeomputational complexitgf computational problems
associated with the logic. Our results show that for theniear complexity we get a very similar borderline
between tractable and intractable cases. On a more tethaviehour results show that the techniques developed
for the model checking problem, in particular the use of at@®mata and the notions of graph width, are also
useful in the learning context.

We show that the class of sets definablerbgnadic second-order (MS@)rmulas with parameters has
bounded VC-dimension for classes of structures of boutigde-width As a tool for proving this result, we
introduce tree automata versions of definability in a streeet These notions appear to be new, and may be of
some interest in themselves. On the other hand, we note tB&-frmulas can have unbounded VC-dimension
ongrids. We also show thdirst-order (FO)formulas with parameters have bounded VC-dimension fasels
of structures of boundddcal clique-width This includes, for example, the clasgatdinar graphsand all classes
of graphs obounded degreel'he main step in proving these results is a lemma that may inéoest in itself; it
states that bounded VC-dimension of first-order formuladagal property of structures, that is, it only depends
on bounded radius neighborhoods of elements of the stestél these bounded VC-dimension results imply
bounded sample complexity for PAC-learnability using ttamdard results of computational learning theory (see
[23)).

Besides discussing the VC-dimension, we also give somialinsults on the strong consistency dimension
[6], @ much less studied and understood notion. The poteatevance of the strong consistency dimension for
logic is discussed in Balcazar [4]. We show that on labealeed, fixed size MSO formulas with one free variable
and several parameters have a bounded strong consistenepsion with respect to MSO formulas of some
fixed, larger size. Using the characterization given by ik implies that on trees, such MSO formulas can be
learned usindogarithmically many(in the size of the underlying structurejjuivalence queriethat are larger,
but fixed size MSO formulas. This, perhaps somewhat sungrisesult is among the first applications of the
strong consistency dimension for proving positive leailitglvesults. We note that the result is not practical, for
two reasons: it does not provide an efficient algorithm to pote the queries, and it involves huge constants.
[27] gives a computationally efficient query learning aitfun for quantifier-free formulas over structures with
unary predicates and functions.

The paper is organized as follows. Sections 2 and 3 give baokg for definability and the VC-dimension.
Sections 4 and 5 contain the automaton and MSO definabisitytefor trees, respectively, for graphs of bounded
cligue-width and tree-width. First-order definability ults for structures of bounded local cligue-width and
tree-width are given in Section 6. The strong consistenmedision results are presented in Section 7. Finally,
Section 8 contains some further remarks and open problehms Appendix gives a schematic overview of all
the classes of structures considered in this paper.

2. Definability

A vocabularyis a finite set of relation symbols. In the followingalways denotes a vocabulary.7Astructure
A consists of a non-empty set, called theuniverseof A4, and a relationR* C A" for everyr-ary relation
symbolR € 7. For a vocabulary’ D 7, ar’'-expansiorof a r-structureA is ar’-structureA’ with universe
A" = AandRA = R4 forall R € 7. Unless explictly mentioned otherwise, in this paper, weanily consider
structures whose universe is finite.



An atomic formula or atom is a formula of the forme = y or Rz, ...z, whereR is anr-ary relation
symbol andr, y, z1, . . ., 2, are(individual) variables The formulas ofirst-order logicare built up from atomic
formulas using the usual Boolean connectives and exisfearid universal quantification over the elements of
the universe of a structure. The class of all formulas of-brster logic is denoted by FO.

Monadic second-order logits the extension of first-order logic allowing quantificatinot only over el-
ements of the universe of a structure, but also over sub$dte ainiverse. Formally, we have two types of
variables —individual variables which are interpreted by elements of the universe of a stracandset vari-
ables which are interpreted by subsets of the universe of a strectin addition to the first-order atoms, in
monadic second-order logic we also have atdfmssaying that the element interpreting the individual vadgab
x is contained in the set interpreting the set variakile Furthermore, we have existential and universal quan-
tification over both individual and set variables. MSO desahe set of all formulas of monadic second-order
logic.

We always use lowercase lettersy, ... to denote individual variables and uppercase letféry’, ... to
denote set variables. fee variableof a formulay is an (individual or set) variable that does not occur
in the scope of a quantifietv or Vv. The set of free variables of a formulais denoted by fregp). A
sentences a formula without free variables. We writg( X, ..., Xy, z1,...,2;) to indicate that fre@y) C
{Xy,..., X, 21,...,2,}. FOrastructured, subsets,,..., A, C A, and elements;,...,a; € A we write
A= p(Ar, ..., Ak, a1,...,q) to denote thatd satisfiesy if the set variables\y, ..., X}, are interpreted by
Ay, ..., Ay, respectively, and the individual variables, . . . , z; are interpreted by, .. ., a;, respectively. We
only consider formulas that only have free individual valés.

For a formulap(z1, ..., 2k, y1,...,y1), @ structured, and elements;, ..., b € A we let

@(A,bl,...,bl) = {(al,...,ak) GAk ‘ A|= Lp(al,...,ak,bl,...,bl)}.

We callp(A, by, ..., b) the set defined by in A with parameterd,, ..., b;. We let
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C(@,A) ={<p(A,b1,...,bl) ‘ bi,..., b EA}

We often denote tupl€s;, . . ., a;.) of elements of a set by a, and we writer € A instead ofi € A*. Similarly,
we denote tuples of individual variables by For tuplesa andb, we writeab to denote their concatenation.

The quantifier-rankof a first-order or monadic second-order formyladenoted by dkp), is the maximum
number of nested quantifiers in It is easy to see that for ajl £ > 0, up to logical equivalence there are only
finitely many first-order or monadic second-order formytasith gr(¢) < ¢ and|free(yp)| < ¢. Thesizeof a
formulay is denoted by|¢y||.

3. Vapnik—Chervonenkis dimension

LetV be asetand C 2V afamily of subsets of’, also referred to as@ncept classFor a subsel/ C V, we
letCNU ={CNU|C eC}. The sel isshatteredoy Cif CNU = 2Y.

TheVapnik-Chervonenkis dimensiar VC-dimensionof C, denoted by V), is the maximum of the sizes
of the shattered subsetsdf or oo if this maximum does not exist.

The Vapnik-Chervonenkis dimension characterizes the Eangmplexity needed for learning the concept
classC in the PAC model of learning. For completeness, we give & Hdscription of this model.

For a functionm (e, ¢), the concept clagsis PAC-learnablevith sample sizen(e, d) if there is an algorithm
which, givene andd, drawsm(e,d) many random examples of an unknown target con¢épt C from a
distribution P on X, and produces a hypothedisfrom C, such thatP(P(C @ H) > ¢) < ¢ for everyC and
P (whereC ¢ H denotes the symmetric difference@fand H). As we said in the introduction, we are only
concerned with the informational complexity of learningtiis paper and not with the computational complexity;
this is why we ignore issues of algorithmic efficiency in the&Pmodel.

Theorem 1 (Blumer, Ehrenfeucht, Haussler, Warmuth [8], Vamik, Chervonenkis [40])
Every concept class is PAC-learnable with sample size

0 (Logl + VC©) 0,1
m(5,5)—0< |Og(5-|— E |Og€>.
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If C is PAC-learnable with sample size(e, ¢) then

m(e,d) = Q <§|Og% + %(C)> .

The following combinatorial result is an important ingrexi in the proof of Theorem 1, and we also use it
in Section 6.

Theorem 2 (Sauer [33], Shelah [35], Vapnik and Chervonenkif40]) Let V be a setd > 1, andC C 2V
such thatvC(C) < d. Then for every sdtf’ C V we have

d
envi<y () o,

i=0

For a formulap(z, §) and a structured we let VC(p, A) = VC(C(yp, A)). We say that a formula(z, )
hasbounded VC-dimensioon a classK of structures if there is a such that for everyd € K we have
VC(p, A) < c.

The following standard example shows that even very singriedilas can have unbounded VC-dimension
if we do not put any restriction on the structures considered

Example 3 Let 7 consist of a single binary relatiof for graph adjacency, and consider the formyla=
E(z,y). LetG, be the(n + 2™)-vertex graph, where for each subset of the firstertices, there is a distinct
vertex which is connected to just the vertices in this subBeen clearhV C(y, G,,) > n.

In this paper, we shall show that MSO-formulas and FO-foaaihlave bounded VC-dimension on a variety
of classes of structures. This following general resulixshthat in order to prove the boundedness of the VC-
dimension for a class of structures, one may restrict attemd formulas with a single free variable.

Lemma 4 (Shelah [34]) Let K be a class of structures such that every first-order forme(la, ) has bounded
VC-dimension oi. Then every first-order formula(z, §) has bounded VC-dimension én
The analogous statement holds for formulas of monadic skoadter logic.

Laskowski [24] gave a purely combinatorial proof of thisukswhich yields an explicit upper bound for the
VC-dimension ofp(Z, 7). This is important for us, because in our results we alsoigeoexplicit bounds.

Usually, the lemma is only stated for FO, but it is easy tofyehat Laskowski’s proof goes through for MSO,
and actually for any class of formulas that is closed undeamgng of variables, Boolean combinations, and
existential quantification (see [39]). Recall here that vy @onsider MSO-formulas with only free individual
variables.

Remark 5 We will phrase our main results in the forrgvery formula of first-order logic or monadic second-
order logic has bounded VC-dimension on a certain classrogires. In a typical learning application, we
may not be interested in the concept cléég, A) defined by a single formula, but actually in the class of all
concepts defined by formulas of a certain size or quantifide,rar more generally in the clag$, ., C(¢, A) for
some finite clas® of formulas. However, it is a consequence of Theorem 2ftratll m, ¢ there is ad such that

if concept classed, .. .,C,, C 2V have VC-dimension at mosthen their uniorU?;1 C; has VC-dimension at
mostd. Thus whenever we prove that every formula of first-order onattic second-order logic has bounded
VC-dimension on some clags of structures, all finite unionig) , C(,, A) also have bounded VC-dimension on
K.

4. Definability in trees

4.1. Trees. The trees we consider are finite ordered binary trees. We simh trees a§S,, S, <}-structures,
whereS;, S», and=< are binary relation symbols. In atr§e= (T, S],S7,=<7), S{ is the left child relation
andSJ the right child relation. Moreover 7 is the tree-order, that is, the transitive closuréfu SJ . We do



notrequire each inner node of a tree to have exactly two childféns, in particular, we may also view strings
as trees, in which every inner node only has a left child.

We are mainly interested in trees whose vertices are labeibdletters from some finite alphabet. For a
finite alphabel, we letr(X) = {51, 52, X} U{P; | s € £}, where for alls € X, P; is a unary relation symbol.
A X-tree is ar (X)-structure

T = (Ta Sir; 527—, jTa (PST)SEZ)

such that(T, ST, ST, <7 ) is an ordered binary tree and for eacke T' there exists exactly one € ¥ such
thata € P] . We denote thig by 07 (a)
In order to be able to study subsets of trees defined by foswuith £ free variables, for some > 1, we let
Y, = ¥ x {0,1}*. For aX-tree7 and atupléi = (ay, ..., a;) of vertices of T, we letT; be theX,-tree with
the same underlying tree &sand
oTi(a) = (67 (a),e1,...,cx)

whereg; = 1if, and only if,a = a;.
We may view7; as aX-tree withk distinguishable pebbles placed @n .. ., a;, respectively.

4.2. Tree automata. Let X be a finite alphabet. A-tree automators a tuple2l = (@, d, F'), whereqQ is a
finite set of statest’ C @ is the set of accepting states, ahd(Q U {*})? x £ — (@ is the transition function.
Herex is a special symbol not containeddh

Arunp : T — @ of 2 on aX-treeT is defined in a bottom-up manner. dfis a leaf thenp(a) =
§(x,%,07 (a)). If a has two childrerb, bs, thenp(a) = 6(p(b1), p(b2), 07 (a)). If a only has a left child
thenp(a) = §(p(b), *,07 (a)), and similarly ifa only has a right child thenp(a) = §(x, p(b),0” (a)). The
automaton accepfg if p(r) € F for the rootr of 7.

We are mainly interested in automata running on trEggor someX-tree7 and tuplea = (a1, ...,ax) €
T*. Recall that we viewl; as7 with pebbles placed oay, ..., a;. Then aX,-tree automaton running on
7T is not only controlled by the labels” (a) of the vertices:, but also by the pebbles placed eninstead of
asking which trees the automaton accepts, in the followiegw¥l ask which pebble tuples on a fixed tree the
automaton accepts. Forg,-automator®l and aX-tree7, we let

A(T) = {a e T* | A acceptsT; }.
In this sense, & -tree automaton defineskaary relation on eaclk-tree.

4.3. The VC-dimension of automaton definable families. We need to extend the definition just made to
definability with parameters. Let be a finite alphabet]” a ¥-tree,k, £ > 1, andl a X ,-tree automaton.
Then for every tuplé € T* we let

A(T,b) = {a € T" | A accepts,;}.

Furthermore, we let o
COA,T) = {A(T.b) | be T}

and
VC(A, T) =VC({C&A,T)).

The notationg’ (2, 7) and VQ#(, T) are slightly ambiguous, because they do not explicitly noent, but ¢
will always be clear from the context.

Theorem 6 Let?¢, m > 1, and let be a¥;,,-tree automaton withn states. Then for evey-tree 7T we have:
VC(A,T) < 8m(f+1).
The proof depends on the following lemma:

Lemma 7 Let/,m, 2, T be as in the statement of the theorem and/idte a subset of " of sizep = 8m(¢{ +1).
Then there is a subs&t C U such that for every = (b4, ..., b) there exist € Y andd € U \ Y for which
20 acceptsy; if, and only if, 2 accepts] ;.



Proof (of Lemma 7)The strategy of the proof is to find subséts ..., V;,; of T that contain many elements
of U, but have ‘little communication with each other’, and theridrm Y by a cut-and-paste argument based on
these subsets.

We start by with a few remarks concerning our terminologysubtreeof a tree is a substructure that is itself
atree and that is upward closed with respect to the treeartiech means that children of vertices in the subtree
also belong to the subtree.

For a setZ of vertices in the tree, let tHargest common ancestof Z be the unique vertex I¢Z ) such that
Ica(Z) <7 zforall z € Z, and there is ng such that Ic&Z) <7 y andy <7 zforall z € Z. We letG(Z), the
subgraph generated by, be the union of all paths connecting the element& ofith Ica(Z). ThusG(Z) is a
tree, but it is in general different from the subtree rooteld& 7 ).

From the bottom up, take a minimal subtreefo{minimal with respect to inclusion) that contains at least
2m elements ofJ. LetU; be the elements df in this subtree; then the root of this subtree iglég. As the
tree is binary, it holds thdl/;| < 4m. Remove this subtree, and repeat the same proc@dare 1) times, to
obtains seté/y, ..., Usy41). Sincep = 4m-2(L+1), U is sufficiently large to form all the sets, , . . ., Uy (41).

By construction, the subgrapli§U;) are pairwise vertex disjoint and the vertice([¢g are all distinct.

We define a binary relatiod” on H = {Uj,...,Us41)} to be the set of all pairgU;, U;) such that
lca(U;) <7 Ica(U;) and there is nd: with Ica(U;) <7 Ica(Uy) <7 Ica(U;). Then(H, F) is a forest with
2(¢ + 1) vertices and thus with at mo2t + 1 edges. Therefore, at mosvertices of this forest have more than
one child. Without loss of generality we can assumethat . ., U,, have at most 1 child.

If U; has no children, we I&t; = {v € T | lca(U;) =7 v}, i.e. the set of vertices of the subtreefofooted
atlcaU;). If U; has one childJ;, then we letV; = {v € T | Ica(U;) =<7 wv,lca(U;) A7 v}, i.e. the set of all
vertices of the subtree @f rooted at Icél;) that are not in the subtree rooted at([¢a).

Now we turn to the second part of the proof, the constructfori based on th&;s. Letl <i < /+ 1. If U;
has no children (in the fore§H, F')), then sinceU;| > m we can find distinct vertices, d; of U; such that:

(1) There is a statg’ of 2 such that if none of the parametéis. . ., b, is contained in/; and2l is running
on either7, ; or 7, 3, then it reaches I¢&;) in stateq’.

Now let us assume thaf; has a childU;. Let the states o begq, ..., g,. We define elements j, d; ;. for

k = 1,...,m by induction onk. Suppose that < k& < m and we have already definegl,: andd, ;. for

1 < k' < k. Since|U;| > 2m we haveU; \ {d;1,...,d;r—1} > m, therefore there are distinct elements
Ci ks di,k e U; \ {di,la Ceey di’kfl} such that

(2) There is a statg”* of 2 such that if none of the parametéss. . . , b, is contained if;, the automatofl
is running on eithe,  ; or 7, 5, and it leaves lod/;) in stategy, then it reaches I¢&;) in stateg’*

Note that some of the; ;s may be identical, but all the ;s differ from all thed;: ;s.

We letY = {c¢; : U; has no childrehU {c; 1, : U; has one childl < & < m} and claim thal” satisfies the
requirements of the lemma. Consider any choice of the paeaste= (b, ...,b;). Then for somé, 1 < i <
¢+ 1, the setV; contains nd;. If U; has no children, thel accepts/,. ; if, and only if A accepts/, ;. If U; has
one childU; and the automaton leaves (€§) in stateg; then2 accepts],, _; if, and only if, 2 accepts];, ;.
O

Proof of Theorem 6.Let ¢,m, %, T be as in the statement of the theorem andlgt as in the statement of
Lemma 7. LetY” be the subset o provided by the lemma. Then there is no parameter settisigch that
A(T,b)NU =Y, soU cannot be shattered 6}, 7). O

As an important special case we obtain that the VC-dimerafigets defined by string automata is bounded.
Our proof simplifies in the string case and yields a bettemniou
The following example shows that up to a constant factorughfger bound of the theorem is optimal:

Example 8 Let ¥ = {0,1}. We show that for everyn > 1 there is a&,-tree automatofl with 3m-states and
aX-treeS such that V@2, S) > m. Actually, S is just aZ-string. The universe af is {1,...,m - (2™ + 1)},



with <¢ being the natural ordering. The labeling is defined by

0 if1<i<m,
o) =<e if (j+1)m <i<(j+2)mandeisthe(i — (j + 1)m)th bit
in the binary representation ¢f

The automatof is constructed in a such a way that for edck (j + 1)m for somej,0 < j < 2™ — 1 it
accepts precisely thosg;, for which theath bit of the binary representation gis 1. We leave it as an exercise
for the reader to construct the automaton.

Similarly, one can can show that there i&atree automatofl with O(m) states and a strin§ such that
VC(,S) € Q(m - £).

4.4. VC-dimension of MSO-definable familiesThere is a well-known correspondence between tree-automat
and sentences of monadic second-order logic: A déasf trees is definable by a sentence of monadic second-
order logic if, and only if, there is a tree-automaton thateqats precisely the trees i [37]. We define the
function tower: N — N by letting towet0) = 1 and, fori > 1, tower(i) = 2©°"T=1) |t is known that in the
worst case, the size of an automaton equivalent to an MS@tfiarof lengthn is in towel(©(n)) [36].

We need the following straightforward extension of the egléince between MSO-sentences and tree au-

tomata to formulas with free variables. ¥\ -tree automatofl is equivalento an MSO-formulap(z, ..., z)
of vocabularyr (X) if for all X-trees7 we have

AU(T) = @(T).
Lemma 9 For every MSO-formula(z1,. .., z;) of vocabularyr(X) there is aX-tree automatorl that is

equivalent top. Furthermore, the size of the automat@nis in toweO(n)), wheren is the length of the
formulay(zy, ..., k).

Theorem 10 Every formula of monadic second-order logic (and thus ev¥ergnula of first-order logic) has
bounded VC-dimension on the class of all trees.
Furthermore, the VC-dimension of an MSO-formgla:, §) of lengthn is in towerO(n)).

Proof: Lety(z, y1, - . .,y¢) be an MSO-formula of vocabulam(Y), for some finite alphabét, and letn be the
length of . Let2 be an automaton withh < tower(O(n)) states that is equivalent ta Then by Theorem 6,
for everyX-tree7 we have

VC(p, T) =VC&,T) <8 - m(£+1) < towerO(n)).
To bound the VC-dimension of formulagz,, ..., zk, y1,...,y¢), we apply Lemma 4. O

We will now show that the upper bound towéx(n)) stated in the theorem is close to optimal, even the case
of FO-formulas on strings. The basic idea of our lower bourobpis the same as the one used in Example 8,
but it requires some technical machinery, which is proviog{l5]. There, a familyu,, for h > 1, of encodings
of natural numbers by strings over certain finite alphabassideen introduced. They have the property that they
can be decoded by shorter and shorter first-order formulas.

Foralln,i € N we let biti,n) denote théth bit in the binary representation of (Here we count the lowest
priority bit as the0th bit.) For allh > 1 we letX(h) = {0,1,<1> </ 1>,...,<h> </ h>}. Note that the
“tags” <i > and</ i > are single symbols of the alphabet that are just used to wepreadability. We define
L:N—-NbyL(0)=0,L(1) =1, L(n) = [lg(n — 1)] + 1 forn > 2. Note that fom > 1, L(n) is precisely
the length of the binary representationof- 1.

We are now ready to define the encodings: N — X(h)*, for h > 1. We letu; (0) = <1></ 1> and for
n>1

p1(n) = <1>hbit(0,n — 1) bit(1,n — 1) ... bit(L(n) — 1,n — 1)</ 1>

forn > 1. Forh > 2, we letu,(0) = <h></ h>and
un(n) = <h>p,_1(0)bit(0,n — 1) up—1 (1) bit(L,n — 1) ... pup—1(L(n) — 1) bit(L(n) — 1,n — 1)</ h>.

The key result is the following lemma:



Lemma 11 ((Frick and Grohe [15])) Leth > 1 and letX D X(h). There is a first-order formulg (z1, z2) of
vocabularyr(X(h)) and sizeD (k) such that for all stringsS € ¥*, a1, as € S, andny,ny € {0,...,towerh)}
the following holds:

If a; is the first position of a substring; of S that is isomorphic tqu; (n1) andas is the first position of a
substringS, of S that is isomorphic tqu, (n2), then

S E xn(ar,a2) <= ny; =no.
Using this lemma we can easily prove our lower bound:

Theorem 12 There is a family of MSO-formulas, (z, y) and stringsS,,, forn > 1, such that the length af,,
isO(n), and
VC(pn,Sn) > tower(n).

Proof: Letn > 1. We letS,, be the string

1 (0)pin (1) - . . pn (tower(n) — 1)# gyt (0)pn1(1) .. png (tower(n + 1)),

over the alphabef(n + 1) U {#}.
The formulag,,(z, y) says

e o(z) = <n>andzx appears before.
Thus inS,,, z is the first position of a substring of the form, (r) for somer < tower(n) — 1, and this
substring appears befotte

e o(y) = <n+1>
Thus inS,,, y is the first position of a substring}, of the formg,,1(s) for somes < tower(n + 1)

e There exists an’ betweery and the next closing/ n+1> such thatz(z') = <n>, the bit after the next
closing</ n>is ‘1’, and x,, (z, z').
Herey,, is the formula provided by Lemma 11. ThusSp, ' is the first position of a substring &%, of
the formp, (r") for somer’ < L(towern + 1)) — 1, and the'th bit of s is 1, andr’ = r-.

We can easily write this in first-order logic:

on(z,y) = Pops(z) ANIz(Pe(2) Nz < 2)
A P<n+1>(y)
=l (P<n>(:n’) ANy <z’ AVz((y < 2Nz <z) = = Pens1>)
A Fv3w(Peyn>(v) AVz((2' < 2 Az <v) = =Pens) AS(v,w) A Pr(w))
A Xn(a:,a:’)).

Recall thatS is the successor relation in a string.

SinceL(tower(n + 1)) = tower(n), the stringu,,+1 (towern + 1)) contains precisely towét) substrings
un(r) whose first positions may serve as ThusC(g,(z,y),S,) shatters the set of all first positions of
subswords.,, (r) appearing beforé. This set has size tower), thus VQ ¢, (z,y),S,) > tower(n). O

Remark 13 The alphabet of the formulas, and stringsS,, in Theorem 12 depends on its size isO(n). We

do not know if the statement remains true for a fixed alphadétourse we can simply encode the symbols in
¥(n) by words over0, 1} and translate the formula,, and the stringS,, to the alphabef0, 1}, but this would
increase the formula size by a logarithmic factor.

Remark 14 Theorem 10 is closely related to recent results of Benedikti<in, Schwentick, and Segoufin
[7] on the VC-dimension of first-order formulas and monadicand-order formulas on infinite trees. (Note
that our results speak about finite trees.) Their settingraethods are quite different; they study algebras of
strings, which can be considered as infinite trees, and teermodel-theoretic techniques to prove bounded
VC-dimension.
It seems that the fact that the VC-dimension of MSO-formoladrees is bounded can also be derived by
their techniques.



5. Tree-like structures

There are different ways of defining classes of structurasdte similar to trees. The best-known notion mea-
suring the similarity of a graph to a treetiee-width[31]. It is well-known that structures dfounded tree-width
inherit many of the nice properties of trees; we shall seeltbanded VC-dimension of MSO-definable families
of sets is among them.

However, instead of tree-width we shall measure the siitylaf structures to trees by theilique-width[9].
Itis well-known that all classes of structures of boundeéiwidth have bounded clique-width. There are natural
classes of structures of bounded clique-width that haveuntled tree-width, maybe the simplest example is
the class of all linear orders. Another example is the clag®es. If the partial ordex is present, then trees do
not have bounded tree-width, but it is easy to see that théyade bounded clique width.

A k-coloredr-structureis a pair(.A, v) consisting of ar-structure4d and a mapping : A — {1,...,k}. A
basick-coloredr-structureis ak-coloredr-structure(A, v) where|A| = 1 andR4 = @ forall R € 7.

We letT';[7] be the smallest class &fcoloredr-structures that contains all bagiecoloredr-structures and
is closed under the following operations:

e Union: Take twok-coloredr-structures on disjoint vertex sets and form their union.
e (i — j)-recoloring, forl <i,j < k: Take ak-coloredr-structure and recolor all vertices coloretb ;.

e (R,iy,...,i,)-connecting, for every > 1, everyr-ary R € 7 and1 < iy,...,i, < k: Take ak-colored
r-structure( A4, v) and add all tuplega, . . ., a,) € A" with y(a;) = i; for 1 < j < rto RA.

Definition 15 Theclique-widthof a r-structureA, denoted by c\A), is the minimumé such that there exists
ak-coloringy : A — {1,...,k} suchthai{ 4, ~) € T')[7].

For everyk-colored structuréA, v) € T'x[r] we can define a binary, label@arse-treen a straightforward
way. The leaves of this tree are the elementsl débeled by their color, and each inner node is labeled by the
operation it corresponds to. parse-treef a structured of clique-widthk is a parse tree of songel, v) € T'x[7].

For the next lemma, it is important to note thafifis a parse-tree for a structud thenA C T'.

Lemma 16 Letk > 1. For every MSO-formulg(z) there is a formulap(z) such that for every structurd of
clique-widthk and for every parse-tre€ of A we havep(A) = @(T).
Furthermore, there are constantsd (only depending o and the vocabulary) such thgts|| < c||¢|| and

ar(@) < ar(y) + d.

Proof: The proof is a straightforward induction, the only non-tthcase beingy(z) = Rz ...z, for some
r-ary relation symboR. For a vertex € T, we let7; denote the subtree gf with roott. Note that for each
t € T there exists a substructus, C A and a labelingy; : A; — {1,...,k} such thatT; is a parse-tree
for (A;,v:). For every tupler = (a1,...,a,) € A" we havea € R4 if, and only if, there exists a nodeof
T and indices,...,i, € {1,...,k} such that is labeled by the operatior(R, i1, ..., ,)-connecting”, and
Ye(a;) =i;forl <j<r.

We claim that for alli € {1,...,k} there is an MSO-formula;(z,y) such that for aln € A, t € T we
have:

T = ¢i(a,t) < a € A; andy(a) =i.

To see this, consider the path framto a as a string and observe that the language of all such striftgs w
~t(a) =i is regular. Indeed, a finite automaton moving along this pathkeep track of all the relabelings, and
thus it can compute the label efat¢. Thus by Biichi’s Theorem, the language is MSO-definable.

Let Pr;, .. ;. be the predicate symbol indicating that a nedelabeled by the operation

“(R,i1,-..,ir)-cONNecting’
and let¢(z) be a formula saying thatis a leaf of the tree. We let

¢(x1,. .y 2y) = 3y (Priy,..iny A /\ (i) A i, (zi, ).

=1



Then, recalling thap(z) = Rz ...z, forallay,. .., a, € Awe have

3 3

"4|: (p(ala---aar) — T|: @(al,...,ar).

Theorem 17 Letw > 1. Then every formula of monadic second order logic has bodiM{e-dimension on the
class of all structures of clique-width at mast

Proof: This follows immediately from Theorem 10 and Lemma 16. m

Note that the proof of this result does not involve any largestants, so the bounds on the VC-dimension
we obtain are essentially the same as those of Theorem 10.

As we have mentioned before, the clique-width of a strucisifgounded in terms of itgee-width more
precisely, a structure of tree-width at maéshas clique-width at mog* [10].

Corollary 18 Letw > 1. Then every formula of monadic second-order logic has bednC-dimension on the
class of all structures of tree-width width at mast

We now show that in some weak sense, our previous resulthiéov€-dimension of MSO-formulas are
optimal. As a first step, in the following example we obsehat MSO-formulas have unbounded VC-dimension
ongrids.

Example 19 Letn, m > 0. The(n x m)-grid is the graplg,, « ., with vertexsef0,...,m—1}x{0,...,n—1}
and an edge betwedn j) and(i’, j') if, and only if, eitheri = i’ and|j — j'| = 1 orj = j' and|i — 4| = 1.
We think of the vertices of a grid as being numbered as a mateix(0, 0) is the upper left corner, and, j) is
the vertex in théth row andjth column.

Itis not hard to see that there is an MSO-formula;, y) such that for alh > 1,

VC(C(#,Gnxn)) > log(n).

Let us sketch a proof of this result: We show that there is a®M&mulay(z, y1, y2) such thatforl <i <n
we have
(0,7) € ©(Gnxn, (0,0),(i,0)) < thejth bit in the binary representation dfs 1.

This shows that (¢, G,,«x»,) shatters the se€ft(0,5) | 0 < j < log(n)}. Itis easy to get rid of the additional
parameter o1f0, 0), which is only used to fix our coordinate system (togethehwite second parameter).
1 says that:

e There exists a seY such that fol < p, ¢ < n we have(p, ¢) € X if, and only if, thegth bit in the binary
representation gf is 1. To express this in MSO, we say that foK p < n — 2, the(p + 1)st row is one
plus thepth row if we read the rows as binary numbers with element¥ dfeing ones, starting with the
least significant bit.

e There is a path from, to = that goes horizontally to the right frogs to an element o\, then vertically
up toxz.

Itis easy to formalize this in MSO.

The excluded grid theorerdue to Robertson and Seymour [32] says that a di&ss graphs has bounded
tree-width if, and only if, there is am > 1 such thatj,, «,, is nhot a minor of any graph i&.

Corollary 20 Let K be a class of graphs that is closed under taking subgraphen Bvery MSO-formula has
bounded VC-dimension dii if, and only if, K has bounded tree-width.
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Proof: For classedy that are closed under taking minors, the statement of thalaoy follows immediately
from Corollary 18, Example 19, and the excluded grid theorem

To obtain the stronger statement for classes that are meleded under taking subgraphs, we work with
walls (or hexagonal gridsinstead of the grids of Example 19 and use a variant of theudrd grid theorem
stating that a clask™ of graphs has bounded tree-width if, and only if, there i® @n 1 such that no subdivision
of a wall of height and width is a subgraph of any graph i [32]. Then we note that Example 19 can easily
be extended to subdivisions of walls. O

Note that Corollary 20 does not contradict Theorem 17, beealoe class of all graphs of clique-width at
mostk is not closed under taking subgraphs for &y 2. Bounded clique-width isot a necessary condition
for bounded VC-dimension of MSO-formulas on arbitrary sisof graphs, as the following example shows.

Example 21 Let H,, be the graph obtained from the complete gr&jphby subdividing each edge by a new ver-
tex. Then it follows directly from symmetry consideratidhat every MSO-formula has bounded VC-dimension
on this class. On the other hand, the clique-width#6f is Q(y/n), asH, contains anm x m grid with

m = Q(y/n) as an induced subgraph, and the class of graphs of cliquirwiés closed under taking induced
subgraphs [10].

6. Locally tree-like structures

While Example 19 and Corollary 20 indicate that we cannoemdtthe range of structures where formulas
of monadic second-order logic have bounded VC-dimensioohniurther, we shall show in this section that
formulas offirst-order logichave bounded VC-dimension on many other interesting cdaskstructures, most
notably the class of planar graphs and classes of graphsiofied degree.

Our main technical tool is thiecality of first-order logic. We need some new notation: T&fman graph
of ar-structureA is the graphy 4 with vertex set7 4 = A and an edge between two distinct vertiags € A
if there exists am? € 7 and a tuple(ay, . ..,a;) € RA such thata,b € {ay,...,a;}. Thedistanced”(a,b)
between two elements b € A of a structure4 is the length of the shortest pathdiy connecting: andb. The
distance between two tuplés= (a1,...,a;) € A*,b = (by,...,b;) € Al of elements of a structurd is the
minimum distance between their elements, i.e., the nuahbér, b)) = min{d*(a;,b;) | 1 <i <k, 1< j <1}
Forr > 1 anda € A we define the-neighborhoodf a in A to be N/A(a) = {b € A | d*(a,b) < r}. Fora
tuplea = (ay,...,ax) € A* weletNA(a) = Ule NA(a;). By NA(a) we denote the induced substructure of
A with universeNA(a).

One of the features that distinguish first-order logic fraomd-order logic is thiecality of first-order logic,
as it is described icaifman’s locality theorenfil6]. The following lemma, which is the main technical resul
of this section, states that bounded VC-dimension of firdeoformulas is a local property. For ar> 1 and a
classK of structures, we lel (r, K) = {NA(a) | A € K,a € A}.

Lemma 22 Let K be a class of structures such that for every> 1, every first-order formula has bounded
VC-dimension on the clas§(r, K'). Then every first-order formula has bounded VC-dimensioA on

The proof of this lemma requires some additional terminplagd a few model-theoretic facts. We fix a
vocabularyr. Letq, k > 0. Let A be ar-structure and € A*. The(q, k)-type ofa in A, denoted by tﬁ(d), is

is a maximal consistent set of first-order formulgg , . . ., z;) of quantifier rank at mosf. Equivalently, a
(¢, k)-type is the(q, k)-type of somek-tuple @ in some structured. For all ¢, k& there are only finitely many
(¢, k)-types; we denote the number(@f k)-types byt(q, k).

Since up to logical equivalence there are only finitely marst-forder formulag(z1, . . ., zy) of quantifier
rank at mosy, for every(q, k)-type © there is a first-order formulé(z) of quantifier rankg such that for all
structures4 and tuplesi € A* we have tg‘(d) =0 <= A= 6(a). We say thatl isolatesthe typeO.

Theunionof two 7-structures4, B is the structuredU B with universeAU B and relation?*“? = RAUR?
for R € 7. The following lemma is a simple consequence of the wellvkm&eferman-Vaught theorem:; it can
easily be proved directly using the Ehrenfeucht-Fraiissge for first-order logic (see e.g. [12]).
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Lemma 23 Letk,l,q > 0, and letA, B, A', B' be structures Witk N B = 0, A' N B' = § anda € A*,a’ €
(A)*,b e B,V € (B') such thatp;!(a) = tp;' (a’), to (b) = tp? (b').
Then B o
tp;'5 (ab) = tp;* V7 (a't').

We exploit the locality of first-order logic using the follavg lemma. Let us remark that for a larger value-pf
itis an immediate consequence of Gaifman’s locality theof6]:

Lemma 24 (Libkin [25]) Letq > 0 andr = 2¢ — 1. Then for all structures4 and all k-tuplesa, b € A* we

have ) - e
to;'(a) = to;'(b) < tp(’lvr @ (@) = tqur ®) (p)
Combining the previous two lemmas, we obtain the following:

Corollary 25 Letg > 0 andr = 27 — 1. Let.A be a structure andi,a’ € A*,b,b' € A' such thattpy(a) =
to (@), toy! (b) = tp;' (V') anddA(a, b) > 2r + 1, dA(a',b') > 2r + 1.
Thentp:! (ab) = tp'(a't’).

Proof (of Lemma 22)We only prove that every first-order formufdz, §) has bounded VC-dimension dfj;
the extension to formulas(z, §) then follows from Lemma 4.

So letp(z,y1,. .., y¢) be afirst-order formula of quantifier raglandr = 2¢—1. Let A € K,C = C(yp, A),
andX C A a setthatis shattered iy

Step 1:We prove thatX has no subsét” of size(2¢ + 1) - t(g, 1) + 1 such that for alk, b € ¥ we have
d*(a,b) > 4r + 2.

To see this, suppose that is such a set. Then there are pairwise distinct. . ., a2¢42 € Y such that
to7! (a;) = tp'(a;) for 1 < i,j < 20+ 2. We claim that there is no choice of parametars .., b, € A such
that

(P(A,bl,.. .,b[) ny = {al,. . ,ag+1}.

If this claim is correct, thed” and thereforeX is not shattered bg(p, .4), which is a contradiction.

So we have to prove the claim. Let= (by,...,b;) € Al. Sinced*(a;,a;) > 4r + 2, for eachb; there
exists at most one; such thad“(b;,a;) < 2r + 1. Thus there are at least ofiec {1,...,¢ + 1} and one
j' € {+2,...,2¢+ 2} such thati (b, a;) > 2r + 1 andd” (b, a;) > 2r + 1. Since tg(a;) = tp;'(a;), by
Corollary 25 we have

tp;' (a;0) = tp;'(a;D).

But thena; € ¢(A,b) if, and only if,a; € p(A,b). This proves thap(A, bi,...,b) NY # {a1,..., a1}
and thus completes Step 1.

Step 2: We prove that there is a numh€f, ¢) such thatX has no subsét” of sizes(¢, ¢) for which there
exists amg € A such that” C Ni4,,(ao).

To see this suppose thaf € A andY” C X such that” C Nj,,(ao). SinceX is shattered by, for every
Z CY thereis atuplé? = (bZ,...,b%) € A such thatp(A4,b%) NY = Z. Consider the + 1 disjoint sets

One of these sets will contain bg for 1 < i < ¢. Thus there existsasét C {1,...,¢}andapz,0 < pz < ¢
such thaibiz € N(2+pz)(27“+1l(a0) foralli € I andbiZ ¢ N(2+pz+1)(2r+1)(a0) foralli € {1, Ca ,é} \ 1.
We letcZ be the subtuple of? consisting of allb? with i € I, andd? the subtuple ob? consisting of the
remainingb? (it may happen that eithe’ or 4% is the empty tuple). Note that if both tuples are non-empgy, w
haved*(¢%,d?) > 2r + 1. Moreover, ifd? is non-empty, we havé* (ao, d?) > 6r + 3 and thus foralh € Y,
dMa,d”) > 2r + 1.

Let

T ={(Iz,pz,t0;(d%)) | Z C Y}

12



andt =2¢- (£ +1)- Zi:o t(g, k). Recall that(q, k) denote the number @f, k)-types. ThusT| < ¢, so there
existsanl C {1,...,¢},ap,0 < p < ¢ a(q,{— |I|)-type®, and a subseE C 2" of size at least"'| /¢ such
that forall Z € Z we havel; = I, pz = p, and tg“(dz) = ©. Without loss of generality we assume that
I={1,...,k} forsomek < /.

ForallZ € Z anda € Z we letfz . (z,y1, ..., yr) be a formula isolating the typeﬁ@a,éz). Moreover,
we let
w(xayla' 7yk): \/ 9Z’a($,y1,....yk)
ZEZ
a€E”Z

Claim: For all Z € Z we havey(A,e%)NY = Z.

LetZ € Z. To see thatZ C ¢(A,¢?) NY, note that by the definition &z ,(z,9), for alla € Z we have
A 0z4(a,é%) and thusA = ¢ (a, 7).
To prove the converse inclusion, te€ ¢ (A,z2)NY. LetZ' € Z anda’ € Z' suchthat € 07 . (A,&%).
Thus
tp:A(ac”) = tp;'(a'c”). (+)

Recall that

o b7 =% d% anddA(E” ,d”") > 2r + 1,

o b7 = ¢Zd”? anddA(¢?,d?) > 2r + 1,

o tp(d?) = tp(d?) = O,

e foralla” € Y,dA(d",d”') > 2r + 1 andd4(a”,d?) > 2r + 1.
By Corollary 25 and*), this implies that

tpt(ab”) = tp(a'D?).

Thusa € (A, b7) if, and only if,a’ € p(A,b7"). Sinced’ € Z' = o(A,b% ) NY, we haven € (A, b7) and
thus, recalling that € Y, )
a€Z=pAb)NY.

This proves the claim.
It is an immediate consequence of the claim thalfgZ € Z such thalV # Z we have

V(A E)NY £p(A.eV)nY. (%%)

Let N = N, oy ars1) 4. (00). By Lemma 24(xx) implies

YN &) NY £V, V) nY,

becauseV;*(ac”) C Ny

C Ni34 py(2r+1)1r(@0) fOr everya € Y. Since| 2| > 21¥1/t, this implies

9lY]
CH,N)nY > 5

Let d be an upper bound for the VC-dimensionobn N ((2 + ¢)(2r + 1) + r, K); we can find such a bound
only depending o and/. Note that\V" € N((2 + £)(2r + 1) + r, K). Thus by Lemma 2, we have
Y|
Zcevi,
t
for some constant. This puts a bound(¢, ¢) on the size ofY'| and completes Step 2.

Steps 1 and 2 together imply that

This proves Lemma 22. |
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Remark 26 It is worthwhile noting that the clask of structures in Lemma 22 may contain finite as well as
infinite structures.

Combined with the results of the previous section, this lensimows that first-order formulas have bounded
VC-dimension on a number of interesting classes of strestie say that a clags of structures habounded
local clique-width if there is a functionf : N — N such that for every > 1, A € C, anda € A we have
ew(NA(a)) < £(r).

Theorem 27 Let be a vocabulary and be a class of-structures of bounded local clique-width. Then every
first-order formula has bounded VC-dimensionien

Proof: If K has bounded local clique-width, then by Theorem 17, foryever 0 every first-order formula has
bounded VC-dimension on the cladgr, K'). The theorem follows from Lemma 22. O

Surprisingly many natural classes of structures have beditatal cligue-width, among them the class of all
planar graphs, and more generally all classes of graphswfdemsl genus, and all classes of graphs of bounded
degree. As a matter of fact, all these classes bavmded local tree-widtfiL3, 18].

Corollary 28 Let K be a class of graphs of bounded genus or bounded degree. Vhgnfast-order formula
¢ has bounded VC-dimension éa

As a matter of fact, the corollary also follows from knownuks in model-theory. Let us a call a graph
Kn-free, if it does not contain a subdivision of the complete grapmerertices as a subgraph. We call a class
K of graphsC,,-free if every graph ink is K,,-free. Itis easy to see that for every cldgof graphs of bounded
genus or bounded degree there exista anch thatk is KC,,-free.

Podewski and Ziegler [30] proved that an infinite graph thét,j-free for somer > 1 has astabletheory.

It is known that if a structured has a stable theory, then V¢, A)) < oo for every first-order formulg (in
model-theoretic terminology, a stable structure does awé¢ltheindependence propeitylt is easy to see that if
a structured is the disjoint union of all structures of a clas5of finite structures, and VC(y, A)) < oo for
every first-order formula, then every first-order formula has bounded VC-dimension dn. Thus we obtain:

Theorem 29 (Podewski and Ziegler [30])Letn > 1 and K be ak,,-free class of graphs. Then every first-
order formulay has bounded VC-dimension éa

In particular, this gives another proof of Corollary 28. Bidtowever, that unions of classes of finite structures
of bounded local clique-width or bounded clique-width aot stable in general. For example, the clique-width
of a linear order is just 2.

We close this section with an example of a natural class otsires that has bounded local clique-width,
but neither bounded clique-width nor bounded local tredthwi

Example 30 Letk > 0 andr = {Ey, E», =, P1,..., P}, whereE, E,, and= are binary and,, ..., P, are
unary. We letK be the class of alt-structures]” whose restriction ta- \ {=} is a labeled binary tree without
the tree-order, and on whiche7 is the “equal-height” relation. Thus far b € T we haven =7 b if the paths
from a andb to the root of7 have the same length.

To see that the clasE” has bounded local clique-width, we first observe that folhdathe class of all
h-labeled (remember the definition of clique-width) forest$ieight at mosh, where all vertices of the same
height have the same label, has clique-width at nhosBince neighborhoods of radiusn trees7 € K are
essentially forests of heigl- + 1 with an “equal-height” relation, it follows that such nelgrhoods have
cligue-width at mos2r + 1.

To see that the clas®” does not have bounded local tree-width, we note that then@aifgraphs of trees
T € K may contain arbitrarily large cliques, and this is impoksib a class of structures of bounded local
tree-width.

Finally, we claim that MSO-formulas may have unbounded \i@ehsion onk’; by Theorem 17 this implies
that K has unbounded clique-width. To prove the claim, consiler K such that the underlying tree @f is
the complete binary tree of height We letX C T be the set of vertices of the leftmost pattirfrom the root
to a leaf, except the root itself. Théxis shattered by an MSO-formufgz, y) which says:
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There exists a on the path from the root tg such thatz has the same height asandz is a right
child of its parent.

7. Strong Consistency Dimension

Let V be a set, and laf C H C 2" be two families of subsets df. A partially specified subsdt of V is
amapping/ : V — {0,1,%}, wherev € U if U(v) = 1,v ¢ U if U(v) = 0 (in these cases we say that the
membership ob in U is specified, and the membership efin U is unspecified otherwise. Thezeof U is
the number of elements whose membershifiis specified. A partially specified subdét is arestrictionof a
partially specified subséf if U’'(v) = U(v) for everyv such thatV’(v) € {0,1}. In this case we also say that
U is anextensiorof U".

Thestrong consistency dimensif8] of C with respect td4, denoted by S, H), is the smallest numbelr
for which the following holds:

For every partially specified subdétof V, if every sized restrictionU’ of U has an extension i,
thenU has an extension iH.

As we consider only finite sels, the strong consistency dimension is defined}dds a possible value fat.
Strong consistency dimension turns out to be relevantdfaming with equivalence queriedn order to

present the learnability implications of our result, wegga/brief description of this model. The families of sets
C and’H above are called theoncept classrespectively thénypothesis classThe learner has to identify an
unknowntarget conceptC’ € C by askingequivalence querieBom 7. An equivalence query is a hypothesis
H € H. If C = H then the answer to the query is ‘yes’, and the learning psotainates. Otherwise,
the answer is @ounterexamplei.e., an element from C & H. The complexity EQC, #) of learningC
with equivalence queries frofi is the minimal worst-case number of queries asked by anpilegualgorithm
identifying the target, for every choice of the target aneltbunterexamples.

Learning algorithms using equivalence queries can be tuim® PAC learning algorithms that produce
hypotheses frorfi{, by replacing every equivalence query with several randcamples [2]. If a counterexample
is found, the simulation of the query learning algorithm cantinue. Otherwise, the final equivalence query is
an approximately correct hypothesis, with high probapilit

Theorem 31 (Bald@zar, Castro, Guijarro, Simon [6])

Letm,¢ > 1 andT be aX-tree. ThendUT (m,¢,T) is the class of all subsets @f definable bym-state
Y¢41-tree automata iff’, or more formally,

AUT (m, ¢, T) = JC@,T),
A

where the union is over ath-stateX.;, , -tree automatal.

Theorem 32 Let X be a finite alphabet. For evemy and/ there is anM such that for every-tree 7 it holds
that
SCAUT (m, 6, T), AUT (M, ¢, T)) <2(£+1).

Let us introduce some additional notions used in the proofpa#ial X-tree is defined the same way as
a Y-tree, except that for every leaf, its label can be eitherlament ofX or the special symbol. Given a
Y-tree automator, an®l-initialized partial X-tree is of the form (7, 8), whereT is a partialX-tree, and3
is an assignment of states 2fto thex-leaves of7. An 2-initialized partialX-tree (7, 3) determines a run
p:V — @ of A in the natural way. The stajgr) obtained at the root of 7 is denoted by/(T, 3,%2).

Let a be a vertex of a partiaf-tree 7, such that the label aof is notx. Recall thatZ; = ¥ x {0,1}.
In accordance with our previous notation, we Tgtbe the partiabl; -tree with the same underlying tree As
where vertex: has labelo7 (a), 1), every vertex # a with o7 (b) # % has labelo7 (b), 0), and every with
o7 (b) = % has labek.
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Verticesc andd of a partialX-tree7 are calledndistinguishableif for everym-stateX; -tree automatofl
and every initializatiorg it holds that

p(Te, B,2A) = p(Ta, B,2).

Let 7 be aX-tree. Consider a partially specified sub8evf T' such that every siz&(¢ + 1) restriction ofU has
an extension indUT (m, ¢, T). Remember that this means that for every Sige+ 1) restrictionU’ of U there
is a X, -automator®l with m states and afrtupleb € T* of parameters such thaii( 7, b) is an extension of
U’'. We need to show thaf has an extension idU/T (M, ¢, T), for someM only depending oX. andm. Thus,
we have to construct 8, -tree automatof(* with M/ states and a parameter tuple 7 such that for every
a € T,if U(a) = 1thenA* accepts,;, and ifU(a) = 0 then2* rejectsT,;.

We define a sequence of partiltrees7; fori = 0,1, ...,k by induction oni, starting with7, = 7. If
there are no indistinguishable verticeg € T; such thal/(¢) = 1, U(d) = 0 then the construction terminates.
Otherwise, consider a minimal subtrég of 7; which contains vertice® (¢;) = 1 andU(d;) = 0 that are
indistinguishablén the treeS;. (Here asubtrees considered to be upward closed with respect to the trderor
<7, i.e., its universeis asdw € T | t =7 v} for somet € T.) T;,, is obtained by removing; from T;,
and replacing it with a-labeled leaf. As we always delete at least two vertices fiteercurrent tree and replace
them by at most one new leaf, the procedure terminates, ahdsswmell defined.

Claim: k < 4.

To prove this claim, suppose for contradictibn> ¢ and consider the siz&(¢ + 1) restriction ofU to
Y = {¢,d; 1 i =0,...,£}. By our assumption that eveB(¢ + 1)-element subset d¥ has an extension in
AUT (m, £, T), there exists &, -automator? with at mostm states and a tuple= (b,...,b;) € T such
that((7, b) is an extension of .

By the pigeonhole principle, there is &0 < ¢ < ¢ such thatS; does not contain &;,1 < j < /. Sincec;
andd; are indistinguishable i5;, 2 accepts]_ ; if, and only if, it accepts/,; ;. However, we havé/(c;) = 1
andU (d;) = 0, so2(T,b) cannot be an extension bf. This is a contradiction, and the claim is proved.

As we mentioned on Page 5, it is useful to think & a ; -tree automaton as being controlled by the labels of
the vertices an@/ + 1) pebbles placed on the tree. We call the first pebble#nable-pebblend the remaining
pebbles thgparameter-pebblesMe show how to construct an automah and place thé parameter-pebbles
in such a way that whenever the variable-pebble is ewith U (c) = 1 the automaton will accept and whenever
the variable-pebble is ondwith U (d) = 0 the automaton will reject.

The automatoR(* essentially simulates all size automata (actually, multiple copies of all these automata)
in parallel, with a certain switching mechanism at the pa@mpebbles. We only neddparameter-pebbles,
which will be placed on the roots of the subtrégsconstructed above.

Let us assume first thdt = 0, i.e., there are no indistinguishable vertieed € 7 such thatU(c¢) = 1,
U(d) = 0. Let2,,...,y be alist of all¥; -tree automata witln states. The standard product construction,
or in other words, the parallel simulation of all these audtancomputes a lengthi vector of states at the root
of 7. As there are no indistinguishable pairs, the set of vedtattedgood statescorresponding to trees with
the variable-pebble placed orrae T (i.e., treesT.) with U(c) = 1 and the set of vectors (calldzhd state}
corresponding to trees with the variable-pebble placedda & with U (d) = 0 are disjoint. Hence the required
automaton can be constructed with a suitable choice oftitsf$§mal states, without using any parameters.

Assume now thak > 0, and let us consider a subtré&e which does not have amyleaf. Letr be the
root of S;. Furthermore, let' andr? be the two children of andS' andS? the subtrees rooted at and
r?, respectively. By the minimality of, neitherS! nor S? contains an indistinguishable paird such that
U(c) = 1,U(d) = 0. So forj = 1,2 the product automaton constructed above will be able togrize atr
whether the variable pebble is placed on@ S with U(e) = 1, or on ad € S7 with U(d) = 0, or whether it
is not placed on an element&f at all. The parameter pebble placedrois used to

1. send the automaton straight to the roofoin an accepting state if for eithgr= 1 or j = 2, the state at
r’ is a good state (i.e., it indicates that the variable pelsfgdced on a € S7 with U(c) = 1),

2. send the automaton straight to the roofoih a rejecting state if for either = 1 or j = 2, the state at’
is a bad state (i.e., it indicates that the variable-pelshpdgiced on @ € S7 with U(d) = 0),
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3. send the automaton straight to the root (it does not mattghich state), if for eithej = 1 orj = 2, the
state at’ indicates that the variable-pebble is placed or @S’ but it is neither a good nor a bad state,

4. reset the automaton and continue otherwise (we will éxfdalow what we mean by ‘resetting the au-
tomaton’).

To implement (1)—(3) our automaton needs two separatesstate accepting and one rejecting, that cause it to
proceed upwards no matter what it reads.

Now we turn to the discussion of &) that hasx-leaves. By our construction, there can be at niostich
leaves; to simplify the notation, we assume that indeed we héeaves labeled.

Letr be the root ofS;. Furthermore, let' andr? be the two children of andS* andS? the subtrees rooted
atr! andr?, respectively. By the minimality a$;, neitherS' nor S? contains an indistinguishable paitd such
thatU(c) = 1,U(d) = 0. This means that fof = 1,2 and for alle,d € S7 with U(c) = 1,U(d) = 0 there
is aX;-tree automatofll with at mostm states and an initializatiofi that assigns a state 2fto each of the:
*-leaves such that ‘

p(S1,B8,2) # p(S), B, 2).

(Recall thatp(S?, 5,2) denotes the state @f at the root ofS? if it is run on SJ with initialization 3.) So
now we not only have to simulate 8, -tree automata with at most states in parallel, but actually all these
automata with alln* possible initializations of states at tiex-leaves. So we actually need an even bigger
product automaton. But we can construct such an automatdrthan proceed as in the case withedéaves.

It remains to explain what it meanstesetthe automaton at the rogf of some subtre§;, which happens if
the variable-pebble is not in this subtree. Thebecomes a-leaf in7; 1. Recall tha®l,, ..., Ay is alist of all
¥, -tree automata witlm states. Without loss of generality we can assume that thee st 0of all these automata
is{1,...,m}. We are runningn* copies of each of these automata in parallel. We can think tfesem-state
automata as being identified by a tupte s1, ..., s;), wherel <n < Nandl <s; <mforl <j<k.

What we do at; if the variable-pebble is not in the subtrSgis start automaton numbén, s, ..., sx) in

states;. This guarantees that in a subtree witleaves we indeed run a copy of each possitistate automaton
with each possible initialization. |

Letg,/ > 1 andT be aX-tree. We let

MSO(q,6,T) = C(e. T),

where the union is over all MSO-formulagx, y1, . . ., y¢) (with a single free variable anél parameters) of

guantifier-rank at most. The following result is an immediate consequence of The@2 and Lemma 9.
Corollary 33 Let¥ be a finite alphabet. For everyand/ there is a() such that for ever-tree 7 it holds that
SCMSO(q, 6, T), MSO(Q,¢,T)) <2(£+1).

Finally, combining this with Theorem 31, we obtain:
Corollary 34 Let¥ be a finite alphabet. For everyand/ there is a() such that for ever-tree 7 it holds that
EQMSO(q, 4, T), MSO(Q, ¢, T)) = O(log|T)).

The following simple example shows that without any resitsiton the structures considered, no such result
holds in general.

Example 35 Letq = 0, ¢ = 1, letQ, L, d be arbitrary, and puV = 2dL + 2. LetGp, 4 be theN + (J;’) vertex
graph where for every sizésubset of the firsiV vertices there is a distinct vertex that is connected totheste
vertices. Consider a partially specified subSethat assigns 0, resp. 1, to half of the firétvertices. Then
every sizel restriction ofU is consistent withE (z, a) for some choice of the parametemwhereF is the binary
adjacency relation. On the other hand, for symmetry readéris not consistent with any formula having at
mostL parameters. Thus

SC(MS0(0,1,Gr.a), MSO(Q, L,Gyr.q4)) > d.
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Note that the bound of Corollary 34 is sharp — to learn a prefastringS (which is defined a$(S, b) for
the formulaz < y of quantifier-rank) and a suitable parameti&rone needs at lea$t(log|S|) queries, even if
equivalence queries with arbitrary sets and membershipeguef the form ‘Isz € C ?’ are allowed [26].

8. Conclusions

In this paper we presented upper bounds for the VC-dimermiahthe strong consistency dimension of the
classes of definable sets in finite relational structuresrfonadic second-order logic and first-order logic. As
these quantities characterize the sample complexity of lBa@hability, respectively, the complexity of learning
with equivalence queries, the bounds imply upper boundefrning complexity in these models.

Finite upper bounds for some of the cases considered follom previous results in model theory, but even
in these cases we obtain explicit bounds, as opposed to theamstructive previous results.

Although our bounds are explicit, the resulting learn&piiesults are not practical in the sense that they only
refer to the informational (sample, resp., query) compjeat the learning algorithms, and they do not provide
efficient algorithms to find a consistent hypothesis, rasgdgrm the next query.

Our results are based on a new view of definability for treemata. It is an interesting question whether
one can develop computationally efficient learning aldponis for the corresponding learning problem.

There are many open problems related to the strong consystiimension. It would be of interest to extend
our results to formulas with more than one free variable anddre general structures than trees. Also, it is not
clear, what the relationship between the strong consigtdintension of MSO and FO is (they may be unrelated).

Acknowledgements. We thank Michael Benedikt for clarifying the relation betmeour Theorem 10 and the
results of [7].
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Appendix: Properties of classes of structures

Figure 1 below gives an overview of the properties of clas$structures considered in this papers, amended by
examples separating the different properties.
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