Fixed-Point Definability and Polynomial Time on Chordal
Graphs and Line Graphs

Martin Grohe
Humboldt University Berlin

September 17, 2009

Abstract

The question of whether there is a logic that captures pohjaltime was formulated by Yuri Gure-
vich in 1988. It is still wide open and regarded as one of thearopen problems in finite model theory
and database theory. Partial results have been obtainegpéacific classes of structures. In particular,
it is known that fixed-point logic with counting captures yrmbmial time on all classes of graphs with
excluded minors. The introductory part of this paper is atsburvey of the state-of-the-art in the quest
for a logic capturing polynomial time.

The main part of the paper is concerned with classes of grdefised by excluding induced sub-
graphs. Two of the most fundamental such classes are treaflahordal graphs and the class of line
graphs. We prove that capturing polynomial time on eithetheke classes is as hard as capturing it
on the class of all graphs. In particular, this implies theedi-point logic with counting does not cap-
ture polynomial time on these classes. Then we prove that-fiént logic with counting does capture
polynomial time on the class of all graphs that are both chlardd line graphs.

1 The quest for a logic capturing PTIME

Descriptive complexity theory started with a theorem Fagioved in 1974, stating that existential second-
order logiccapturesthe complexity classiP. This means that a property of finite structures is decidable
in nondeterminisctic polynomial time if and only if it is deéble in existential second order logic. Sim-
ilar logical characterisations where later found for masieo complexity classes. For example, in 1982
Immerman [42] and independently Vardi [57] characteridezldlassPTIME (polynomial time) in terms

of least fixed-point logic, and in 1983 Immerman [44] chagsised the classe$L OGSPACE (nondeter-
ministic logarithmic space) anddGSPACE (logarithmic space) in terms of transitive closure logid &3
deterministic variant. However, these logical charastdibns of the classesTIME, NLOGSPACE, and
LOGSPACE, and all other known logical characterisations of compiesiasses contained PTIME, have

a serious drawback: They only apply to propertiesfered structuresthat is, relational structures with
one distinguished relation that is a linear order of the elets of the structure. It is still an open question
whether there are logics that characterise these comyplelsisses on arbitrary, not necessarily ordered
structures. We focus on the cla&BIME from now on. In this section, which is an updated version @[3
we a short survey of the quest for a logic capturing PTIME.

1.1 Logics capturing PTIME

The question of wether there is a logic that characterisemmturesPTIME is subtle. If phrased naively, it
has a trivial, but completely uninteresting positive answari Gurevich [35] was the first to give a precise
formulation of the question. Instead of arbitrary finitaustures, we restrict our attention to graphs in this
paper. This is no serious restriction, because the questiaethere there is a logic that captureBEIME

on arbitrary structures is equivalent to the restrictiothefquestion to graphs. We first need to define what
constitutes a logic. Following Gurevich, we take a veryfid@esemantically oriented approach. We identify
propertiesof graphs with classes of graphs closed under isomorphistogi& L (on graphs) consists of a
computable set aentencegogether with a semantics that associates a prop&gyof graphs with each



sentencep. We say that a grap satisfiesa sentence, and writeG = ¢, if G € &2;. We say that a
property & of graphs isdefinablein L if there is a sentencé such that??y = &?. A logic L captures
PTIME if the following two conditions are satisfied:

(G.1) Every property of graphs that is decidablePiNIME is definable irL.

(G.2) There is a computable function that associates with eiesgntence) a polynomialp(X) and an
algorithmA such thatA decides the property?; in time p(n), wheren is the number of vertices of
the input graph.

While condition (G.1) is obviously necessary, conditionZ@nay seem unnecessarily complicated. The
natural condition we expect to see instead is the followimgdition (G.2"): Every property of graphs that
is definable irL is decidable irPTIME. Note that (G.2) implies (G.2"), but that the converse dastshold.
However, (G.2") is too weak, as the following example ilhases:

Example 1.1. Let 471, 9%,, ... be an arbitrary enumeration of all polynomial time deciéaioperties of
graphs. Such an enumeration exists because there are amtably many Turing machines and hence
only countable many decidable properties of graphs.LLbe the “logic” whose sentences are the natural
numbers and whose semantics is defined by letting seniedefine property2?. Thenl’ is a logic
according to our definition, and it does satisfy (G.1) an®{/G.But clearly,L’ is not a “logic capturing
PTIME” in any interesting sense.

Let me remark that most natural logics that are candidatresafoturingPTIME trivially satisfy (G.2).
The difficulty is to prove that they also satisfy (G.1), thatdefine alPTIME-properties.

There is a different route that leads to the same questiorhettver there is a logic capturimyIME
from a database-theory perspective: After Aho and Ulimdm§al realised that SQL, the standard query
language for relational databases, cannot express abatdaqueries computable in polynomial time,
Chandra and Harel [10] asked for a recursive enumeratioheotlass of all relational database queries
computable in polynomial time. It turned out that Chandrd Hiarel’s question is equivalent to Gurevich’s
question for a logic capturingTIME, up to a minor technical detdli.

The question of whether there is a logic that capt®eE is still wide open, and it is considered
one of the main open problems in finite model theory and datli@eory today. Gurevich conjectured
that there is no logic capturingTIME. This would not only imply thaPTIME # NP — remember that
by Fagin's Theorem there is a logic capturiig — but it would actually have interesting consequences
for the structure of the complexity claBSIME. Dawar [15] proved a dichotomy theorem stating that,
depending on the answer to the question, there are two fustatty different possibilities: If there is a
logic for PTIME, then the structure (#TIME is very simple; allPTIME-properties are variants or special
cases of just one problem. If there is no logic RANME, then the structure d#TIME is so complicated
that it eludes all attempts for a classification. The forntalesnent of the first possibility is that there is a
complete problem foPTIME under first-order reductions. The formal statement of tleeisé possibility
is that the class dPTIME-properties is not recursively enumerable.

1.2 Fixed-pointlogics

Fixed-point logics play an important role in finite-modeétity, and in particular in the quest for a logic
capturingPTIME. Very briefly, the fixed-point logics considered in this aexttare extensions of first-order
logic by operators that formalise inductive definitions. Wéeve already mentioned thigast fixed-point
logic LFP captures polynomial time on ordered structures; this tasttnown as thdmmerman-Vardi
Theorem For us, it will be more convenient to work withflationary fixed-point logidFP, which was
shown to have the same expressive powerrson finite structures by Gurevich and Shelah [37] and on
infinite structures by Kreutzer [48].

IFP does not capture polynomial time on all finite structurese fitost immediate reason is the inability
of the logic to count. For example, there is If®-sentence stating that the vertex set of a graph has even

1In Chandra and Harel's version of the question, conditior2{@eeds to be replaced by the following condition (CH.2)efe
is a computable function that associates with elesentence an algorithmA such thatA decides the property?y in polynomial
time. The difference between (G.2) and (CH.2) is that in @the polynomial bounding the running time of the algoritAris not
required to be computable fron



cardinality; obviously, the graph property of having anremember of vertices is decidable in polynomial
time. This led Immerman [43] to extending fixed-point logyc’bounting operators”. The formal definition
of fixed-point logic with counting operators that we use tgdiaflationory fixed-point logic with counting
IFP+C, is due to Gradel and Otto [28]FP+C comes surprisingly close to capturirgIME. Even though
Cai, Furer, and Immerman [9] gave an example of a propertyafhs that is decidable RTIME, but not
definable inFP+C, it turns out that the logic does capti®&IME on many interesting classes of structures.

1.3 Capturing PTIME on classes of graphs

Let € be a class of graphs, which we assume to be closed under ighimor. We say that a logic
capture®PTIME on ¥ if it satisfies the following two conditions:

(G.1), For every property? of graphs that is decidable PTIME there is arL-sentence such that for
all graphsG € ¢ it holds thatG |= ¢ if and only if G € &2.

(G.2), There is a computable function that associates with evesgntence a polynomialp(X) and an
algorithmA such that given a graph € ¢, the algorithmA decides ifG = ¢ in time p(n), whereniis
the number of vertices db.

Note that these conditions coincide with conditions (Grig &5.2) if ¢ is the class of all graphs.

The first positive result in this direction is due to Immernzena Lander [46], who proved th&P+C
capturesPTIME on the class of all trees. In 1998, | proved tizR+C capturesPTIME on the class of all
planar graphs [30] and around the same time, Julian Manid aroved thatFP+C capture®TIME on all
classes of structures of bounded tree width [33]. In [31foMed the same result for the class of all graphs
that have no complete graph on five vertidés, as a minor. Aminor of graphG is a graptH that can be
obtained from a subgraph & by contracting edges. We say that a cl@sef graphsexcludes a minoif
there is a graphl that is not a minor of any graph i#1. Very recently, | proved thaFP+C captureTIME
on all classes of graphs that exclude a mior.

In the last few years, maybe as a consequence of ChudnowskgrRon, Seymour, and Thomas's
[11] proof of the strong perfect graph theorem, the focus afyngraph theorists has shifted from graph
classes with excluded minors to graph classes defined bydirg subgraphs. One of the most basic and
important example of such a class is the classhafrdal graphs A cycleC of a graphG is chordlessf it
is an induced subgraph. A graphdsordal (or triangulated if it has no chordless cycle of length at least
four. Figure 1.1(a) shows an example of a chordal graph. Bdirdal graphs arperfect which means
that the graphs themselves and all their induced subgraglesthe same chromatic number and clique
number. Chordal graphs have a nice and simple structungcrebe decomposed into a tree of cliques.
A second important example is the clasdioé graphs The line graph of a grap@ is the graph_(G)
whose vertices are the edge<®fwith two edges being adjacentlitG) if they have a common endvertex
in G. Figure 1.1(b) shows an example of a line graph. The clas§ @ graphs is closed under taking
induced subgraphs. Beineke [5] gave a characterisatidreafiass of line graphs (more precisely, the class
of all graphs isomorphic to a line graph) by a family of ninelexied subgraphs. An extension of the class
of line graphs, which has also received a lot of attentiorh@literature, is the class ofaw-freegraphs.

A graph is claw-free if it does not have a vertex with threenpesie nonadjacent neighbours, that is, if it
does not have elaw (displayed in Figure 1.2) as an induced subgraph. It is easge that all line graphs
are claw-free. Recently, Chudnowsky and Seymour (see fi2j¢loped a structure theory for claw-free
graphs.

It would be tempting to use this structure theory for clavefgFaphs, or at least the simple treelike
structure of chordal graphs, to prove tieR+C or capture®TIME on these classes in a similar way as the
structure theory for classes of graphs with excluded mirsoused to prove thaeP+C captureTIME on
classes with excluded minors. Unfortunately, this is omggble on the very restricted class of graphs that
are both chordal and line graphs (an example of such a gragitoisn in Figure 4.1 on p.11). We prove

2As this result has not been published yet, and not even a etenfdladable manuscript exists, the skeptic reader maythisas
a conjecture rather than a theorem.



(a) (b)
Figure 1.1. (a) a chordal graph, which is not a line graph, and (b) thedirag@h ofK,, which is not chordal

AN

Figure 1.2. A claw

the following theorem:

Theorem 1.2.
(1) IFP+C does not captureTIME on the class of chordal graphs or on the class of line graphs.
(2) IFP+C capturesPTIME on the class of chordal line graphs.

Our construction to prove (1) is so simple that it will appdyany reasonable logic, which means that
if a “reasonable” logic capturesTIME on the class of chordal graphs or on the class of line grapés,it
captureTIME on the class of all graphs.

To conclude our discussion of classes of graphs on witiehC capturesPTIME, let me mention a
result due to Hella, Kolaitis, and Luosto [39] stating tieR+C captureTIME on almost all graphs, in a
precise technical sense. Thus it seems that the resultpdoifie classes of graphs are not very surprising,
but it should be mentioned that almost all graphs are nectherdal nor line graphs nor do they exclude
any specific graph as a minor.

Instead of capturing aPTIME on a specific class of structures, Otto [52, 53, 54] studiedjtiestion
of capturing allPTIME properties satisfying certain invariance conditions. Mustably, he proved that
bisimulation-invariant properties are decidable in polyral time if and only if they are definable in the
higher-dimensiongli-calculus

1.4 Isomorphism testing and canonisation

As an abstract question, the question of whether there igia t@apturing polynomial time is linked to
the graph isomorphism and canonisation problems. Spdbifigahere is a polynomial time canonisation
algorithm for a clas&” of graphs, then there is a logic that captures polynomiad tom this clas$’. This
follows from the Immerman-Vardi Theorem. To explain thist, lis consider graphs and assume that we
represent them by their adjacency matricescahonisation mappingets as argument some adjacency
matrix representing a graph and returnsamonicaladjacency matrix for this graph, that is, it maps-
morphicadjacency matrices ®gualadjacency matrices. As an adjacency matrix for a graph igptetely
fixed once we specify the ordering of the rows and columns eftiatrix, we may view a canonisation
as a mapping associating with each graph a canonical ordemdof the graph. Now we can apply the
Immerman-Vardi Theorem to this ordered copy.

Clearly, if there is a polynomial time canonisation mappioga class of graphs (or other structures)
then there is a polynomial time isomorphism test for thissldt is open whether the converse also holds.



It is also open whether the existence of a logic for polynditize implies the existence of a polynomial
time isomorphism test or canonisation mapping.

Polynomial time canonisation mappings are known for martynahclasses of graphs, for example
planar graphs [40, 41], graphs of bounded genus [25, 51phgraf bounded eigenvalue multiplicity [3],
graphs of bounded degree [4, 50], and graphs of bounded tdtle [8]. Hence for all theses classes there
are logics capturin@TIME. However, the logics obtained through canonisation hagdlglify as natural
logics. If a logic is to contribute to our understanding oé ttomplexity clas®TIME— and from my
perspective this is the main reason for being interestedch a logic — we have to look for natural logics
that derive their expressiveness from clearly visible bpsinciples like inductive definability, counting or
other combinatorial operations, and maybe fundamentabadgc operations like computing the rank or the
determinant of a matrix. If such a logic captures polynortilaé on a class of structures, then this shows
that all polynomial time properties of structures in thizgd are based on the principles underlying the logic.
Thus even for classes for which we know that there is a logaturang PTIME through a polynomial-time
canonisation algorithm, | think it is important to find “nadll’ logics capturing®TIME on these classes. In
particular, | view it as an important open problem to find aunaltlogic that captureBTIME on classes
of graphs of bounded degree. It is known tleR+C does not captureTIME on the class of all graphs of
maximum degree at most three.

Most known capturing results are proved by showing thatetliea canonisation mapping that is de-
finable in some logic. In particular, all capturing resulis FP+C mentioned above are proved this way.
It was observed by Cai, Firer, and Immerman [9] that forsga®” of structures which admit a canonisa-
tion mapping definable itFP+C, a simple combinatorial algorithm known as the Weisfeilernan (WL)
algorithm [23, 24] can be used as a polynomial time isomapltest orig. Thus the the WL-algorithm
correctly decides isomorphism on the class of chordal liraplgs and on all classes of graphs with ex-
cluded minors. A refined version of the same approach was lms&@rbitsky and others [34, 47, 58] to
obtain parallel isomorphism tests running in polylogaritbtime for planar graphs and graphs of bounded
tree width.

1.5 Stronger logics

Early on, a number of results regarding the possibility gftaeing polynomial time by adding Lindstrom
guantifiers to first-order logic or fixed-point logic were ainted. Hella [38] proved that adding finitely
many Lindstrom quantifiers (or infinitely many of boundedygrto fixed-point logic does not suffice to
capture polynomial time (also see [17]). Dawar [14] proveat tif there is a logic capturing polynomial
time, then there is such a logic obtained from fixed-pointddry adding one vectorised family of Lind-
strom quantifiers. Another family of logics that have beemid in this context consists of extensions of
fixed-point logic with nondeterministic choice operatats18, 26].

Currently, the two main candidates for logics capturRJME are choiceless polynomial time with
countingCP+C andinflationary fixed-point logic with a rank operatdfFP+R. The logicCP+C was in-
troduced ten years ago by Blass, Gurevich and Shelah [&] ¢&ls [7, 19]). The formal definition of the
logic is carried out in the framework abstract state machingsee, for example, [36]). IntuitivelgP+C
may be viewed as a version BfP+C where quantification and fixed-point operators not only eaoger
elements of a structure, but instead over all objects thabeadescribed b®(logn) bits, wheren is the
size of the structure. This intuition can be formalised ineapansion of a structure by all hereditarily
finite sets which use the elements of the structure as atohesloficlFP+R, introduced recently [16], is
an extension of~P by an operator that determines the rank of definable matincastructure. This may
be viewed as a higher dimensional version of a counting eperéCounting appears as a special case of
diagonal{0, 1}-matrices.)

Both CP+C andIFP+R are known to be strictly more expressive thBR+C. Indeed, both logics can
express the property used by Cai, Furer, and Immerman soae-P+C from PTIME. For both logicsiitis
open whether they capture polynomial time, and it is alsonapleether one of them semantically contains
the other.



2 Preliminaries

Np, andN denote the sets of nonnegative integers and natural nurfthatss, positive integers), respec-
tively. Form,n € No, we letim,n] := {¢ € Ng | m< ¢ <n} and[n] := [1,n].

We often denote tupley, ..., v) by V. If V denotes the tuplévy,..., ), then byvwe denote the set
{Vi,..., W} fV=(vq,...,w) andW = (wy, ..., W), then byWw we denote the tupler, ..., v, w1,...,Wp).
By |V| we denote the length of a tuplethat is,|(v1,...,w)| = k.

2.1 Graphs

Graphs in this paper are always finite, nonempty, and simylere simple means that there are no loops
or parallel edges. Unless explictly called “directed”, gra are undirected. The vertex set of a gr&ph
is denoted by/(G) and the edge set ly(G). We view graphs as relational structures wifG) being a
binary relation orV (G). However, we often find it convenient to view edges (of unttied graphs) as 2-
element subsets ®(G) and use notations like= {u,v} andv € e. Subgraphs, induced subgraphs, union,
and intersection of graphs are defined in the usual way. We GNV] to denote the induced subgraph®f
with vertex seWW C V(G), and we writeG\ W to denote5[V (G) \W]. The sefwe V(G) | {v,w} € E(G)}

of neighboursof a nodev is denoted byN®(v), or justN(v) if G is clear from the context, and tliegree

of v is the cardinality ofN(v). Theorder of a graph, denoted bjG|, is the number of vertices d&.
The class of all graphs is denoted &y A homomorphisnirom a graphG to a graphH is a mapping
h:V(G) — V(H) that preserves adjacency, andsomorphisnis a bijective homomorphism whose inverse
is also a homomorphism.

For every finite nonempty saf, we letK[V] be thecomplete graptwith vertex setV, and we let
Kn:=K][[n]]. A cliquein a graphG is a seW C V(G) such thatG|W] is a complete graphPathsand
cyclesin graphs are defined in the usual way. Taegthof a path or cycle is the number of its edges.
Connectednesmndconnectedomponents are defined in the usual way. A§et V(G) is connectedn a
graphG if W = 0 andG|W] is connected. For sef¥, W, CV(G), a setSC V(G) separates Wfrom W if
there is no path from a vertex i \ Sto vertex inW, \ Sin the graphG\ S.

A forestis an undirected acyclic graph, andreeis a connected forest. It will be a useful convention
to call the vertices of trees and foresisdes A rooted treeis a tripleT = (V(T),E(T),r(T)), where
(V(T),E(T)) isatree and(T) € V(T) is a distinguished node called traot.

We occasionally have to deal withirected graphs We allow directed graphs to have loops. We use
standard graph theoretic terminology for directed graplithout going through it in detail. Homomor-
phisms and isomorphisms of directed graphs preserve tketdin of the edges. Paths and cycles in a
directed graph are always meant to be directed; otherwisgiliveall them “paths or cycles of the under-
lying undirected graph”. Note that cyles in directed graptes have length 1 or 2. For a directed graph
D and a vertew € V (D), we letNP(v) := {we V(D) | (vw) € E(D)}. Directed acyclic graphsvill be
of particular importance in this paper, and we introduce saaiditional terminology for them: L& be
a directed acyclic graph. A nodeis achild of a nodev, andv is aparentof w, if (v,w) € E(D). We let
<P be the reflexive transitive closure of the edge relaiigd) and<P its irreflexive version. Ther® is
a partial order o (D).

A directed treds a directed acyclic graph in which every node has at most one parent, and for which
there is a vertex called theroot such that for alt € V(t) there is a path fromtot. There is an obvious
one-to-one correspondence between rooted trees andediteees: For a rooted tr@ewith rootr :=r(T)
we define the corresponding directed tiéeny V (T') :=V(T) andE(T) := {(t,u) | {t,u} € E(T) andt
occurs on the palhTu}. We freely jump back and forth between rooted trees and t@idecees, depending
on which will be more convenient. In particular, we use thenieology introduced for directed acyclic
graphs (parents, children, the partial orglgret cetera) for rooted trees.

2.2 Relational structures

A relational structure Aconsists of a finite se¥ (A) called theuniverseor vertex setof A and finitely
many relations orA. The only types of structures we will use in this paper graphs viewed as
structuresG = (V(G),E(G)) with one binary relatiorE(G), andordered graphsviewed as structures
G = (V(G),E(G),< (G)) with two binary relation&(G) and< (G), where(V(G),E(G)) is a graph and



< (G) is a linear order of the vertex sé{(G).

2.3 Logics

We assume that the reader has a basic knowledge in logic.slisehtion, we will informally introduce
the two main logic$FP andIFP+C used in this paper. For background and a precise definitiaiet the
reader to one of the textbooks [21, 27, 45, 49]. It will be cament to start by briefly reviewinfirst-order
logic FO. Formulas of first-order logic in the language of graphs aik from atomic formula€(x,y) and

X =y expressing adajacency and equality of vertices by the Bu@lkan connectives and existential and
universal quantifiers ranging over the vertices of a graptst-Brder formulas in the language of ordered
graphs may also contain atomic formulas of the fargy with the obvious meaning, and formulas in other
languages may contain atomic formulas defined for theseikegms. We writ@ (x1, . ..,Xk) to denote that
the free variables of a formulg are among,...,x. For a graphG and verticess,...,v, we write

G E ¢[v1,...,Vv] to denote thaG satisfiesp if x; is interpreted by, for alli € [K].

Inflationary fixed-point logi¢FP is the extension ofO by a fixed-point operator with an inflationary
semantics. To introduce this operator,¢éX, X) be a formula that, besidekaupleX= (X, ..., X«) of free
individual variablesranging over the vertices of a graph, has a kewy relation variableranging over
k-ary relations on the vertex set. For every gr&pWwe define a sequené® = Ri(G, ¢, X,X), fori € N, of
k-ary relations otV (G) as follows:

Ry:=0
R =RU{V|GE¢[R,V} for alli € No.

Sincewe haviRg CR{ C R, C --- C V(G)k andV(G) is finite, the sequence reaches a fixed-p8int
Rn+1 =R foralli > n, which we denote bR, = R.(G, ¢, X,X). Theifp-operatorapplied tog, X, X defines
this fixed-point. We use the following syntax:

ifp (X — X | $)X. (2.1)
—_——
—(x)

HereX is anothek-tuple of individual variables, which may coincide with The variables in the tupi

are the free variables of the formulaX'), and for every grapks and every tupl& € V(G)¥ of vertices
we letG = @[V] <= Ve R.. These definitions can easily be extended to a situationaxvtherformulap
contains other free variables thXmnand and the variables i these variables remain free variableg/of
Now formulas of inflationary fixed-point logi€P in the language of graphs ar built from atomic formulas
E(x,y), x =Yy, andXX for relation variables< and tuples of individual variableswhose length matches
the arity ofX by the usual Boolean connectives and existential and waVeguantifiers ranging over the
vertices of a graph, and the ifp-operator.

Example 2.1. ThelFP-sentence
conn ;= VX, Vxo ifp (X — (X1,%2) ‘ X1 =X VE(X1,%2) V 3x3(X(xl,x3) A X(x3,x2))) (X1,%2)

states that a graph is connected.

Inflationary fixed-point logic with countingFP+C, is the extension of-P by counting operators that
allow it to speak about cardinalities of definable sets atatioms. To definaFP+C, we interprete the
logic IFP over two sorted extensions of graphs (or other relationaksires) by a numerical sort. For
a graphG, we letN(G) be the initial segemer|0, |G|| of the nonnengative integers. We 8t be the
two-sorted structur&U (N(G), <), where< is the natural linear order di(G). To avoid confusion, we
always assume th&(G) andN(G) are disjoint. We call the elements of the first 9¢(G) verticesand
the elements of the second sbitG) numbers Individual variables of our logic range either over the set
V(G) of vertices ofG or over the seN(G) of numbers ofG. Relation variables may range over mixed
relations, having certain places for vertices and certkings for numbers. Let us call the resulting logic,
inflationary fixed-point logic over the two-sorted extemsiaf graphsiFP*. We may still viewlFP™ as



a logic over plain graphs, because the exten&oris uniquely determined bg. More precisely, we say
that a sentencg of IFPT is satisfied by a grap@ ifit G |= ¢. Inflationary fixed-point logic with counting
IFP+C is the extension ofFP™ by counting termdormed as follows: For every formul and tuplex of
vertex variables we add a terrX #; the value of this term is the number of assigmentg sach thatp is
satisfied.

With eachlFP+C-sentencep in the language of graphs we associate the graph propégty= {G |
G = ¢}. As the set of allFP+C-sentences is computable, we may thus ViER#C as an abstract logic
according to the definition given in Section 1.1. It is easgée thatFP+C satisfies condition (G.2) and
therefore condition (G.2) for every class¢ of graphs. Thus to prove th&é&P+C capturesPTIME on a
class? it suffices to verify (G.1y.

In the following examples, we use the notational conventi@ix and variants such ag,x denote
vertex variables and thgtand variants denote number variables.

Example 2.2. ThelFP+C-term0 := #x —-x = x defines the number@® N(G). The formula

succ(yr,Y2) :=Yy1 < Y2 Ay = Y2 AVY(Yy <y1Vy2 <)

defines the successor relation associated with the lindar gr. The followingIFP+C-formula defines the
set of even numbers N(G):

even(y) :=ifp (Y —y ‘ y=0V3Iy3y (Y(y) Asucc(y,y") /\succ()/’,y)))y.

Example 2.3. A Eulerian cyclein a graph is a closed walk on which every edge occurs exantig.0A
graph isEulerianif it has a Eulerian cycle. It is a well-known fact that a gragltulerian if and only if
it is connected and every vertex has even degree. Then tloeviiod) IFP+C-sentence defines the class of
Eulerian graphs:

eulerian := conn A Xy even (#x; E(X1,X2)),

whereconn is the sentence from Example 2.1 aawén(y) is the formula from Example 2.2. By standard
techniques from finite model theory, it can be proved thatcthes of Eulerian graphs is neither definable
in IFP nor in the counting extensidrO+C of first-order logic.

2.4 Syntactical interpretations

In the following, L is one of the logicsFP+C, IFP, or FO, andA, u are relational lanuages such as the
languag€e/E} of graphs or the languadé&, <} of ordered graphs. An[A]-formulais anL-formula in the
language), and similarly fory. Furthermore, we let € N. We need some additional notation. letbe

an equivalence relation on a $¢t For everyu € U, by u/~. we denote the=-equivalence class af, and
we letU /~ ;= {u/~ | u€ U} be the set of all equivalence classes. For a tipte(uy, .. ., ux) € UK we let
U/~ = (U/~,...,U/~), and for arelatiolR C UK we letR/~ := {li/~ | U R}.

Definition 2.4. (1) An/-ary L-interpretation ofu in A is a tuple

(%) = (VapolX), W (%.9). Y= (% 92.92). (X IR) ey )

of L[A]-formulas, wher&, ¥, ¥1, Y2, andygr for R u are tuples of individual variables such thgt=

V1| = || = ¢ and|yr| = k- ¢ for all k-ary R € u. Furthermore, the tupbkconsists entirely of vertex
variables. The tupleg Vi, y», andyr for R< u either all consist entirely of vertex variables or they
all consist entirely of number variablédn the latter case, we cdll(X) anumericalinterpretation.

In the following, letl" (X) be an¢-ary L-interpretation ofu in A. Let G be aA-structure and € V (G)X:
(3) I'(X) is applicableto (G, V) if G |= yapp|V].

30f course we can relax this restriction by admitting bottteseand number variables in the tuples and making sure thayfes
match where necessary. However, the restricted definifi@ndere is usually sufficient.



(4) If r(X) is applicable tqG, V), we letl [G;V] be theu-structure with vertex set
V(F(GV]) == w[GiV.9]/~,

where= is the reflexive, symmetric, transitive closureyfG;V,y1,¥,] viewed as a binary relation
onV(G)‘. Furthermore, fok-aryR € 1, we let

R(M[G;V)) := (yR[G;v,yR] mW[G;Wk) /

Here we view thé - ¢-ary relationyr[G; V, yr] as ak-ary relation orV (G)’.

Syntactical interpretations mayp-structures tqu-structures. The crucial observation is that they also
induce a reverse translation frdrfu]-formulas toL[A ]-formulas.

Fact 2.5 (Lemma on Syntactical Interpretations). LetI" (X) be an¢-ary L-interpretation ofu in A. Then
for everyL[u]-sentence there is an_[A]-formula¢ —" (X) such that the following holds for all-structures
G and all tuplesi € V(G)X: If () is applicable to(G, V), then

GE¢ "V <= TGV = ¢.
A proof of this fact for first-order logic can be found in [22]he proof for the other logics considered here
is an easy adaptation of the one for first-order logic.

2.5 Definable canonisation

A canonisation mappintpr a class of¢” graphs associates with every graple 4 anordered copyf G,

that is, an ordered grafil, <) such thaH = G. We are interested in canonisation mappings definable in
the logiclFP+C by syntactical interpretations ¢E,<} in {E}. The easiest way to define a canonisation
mapping is by defining a linear ordet on the universe of a structu@ and then takgG, <) as the
canonical copy. However, defining an ordered copy of a sireds not the same as defining a linear order
on the universe, as the following example illustrates:

Example 2.6. Let .#" be the class of all complete graphs. It is easy to see that theolFP+C-formula
@ (x1,X%2) such that for alK € ¢ the binary relatiorg [K; x1,X2] is a linear order of/ (K).
However, there is aRO+C-definable canonisation mapping for the clags Let

T = (Yapp: W (¥), Ve (Y1, ¥2), VE (Y1, Y2), < (Y1,Y2))

be the numericafO+C-interpretation of E, <} in {E} defined by:

® Yapp:= VX X=X;

w(y) :=1<yAy<ord, whereord := #x x=X;

Ve (Y1,Y2) = Y1 =Y
o Ve(Y1,Y2) =1 =Yz
* Y<(Y1,¥2) =y1 < Yo
Itis easy to see that the mappilKg— I'[K] is a canonisation mapping for the cla#s.

Our notion ofdefinable canonisatioslightly relaxes the requirement of defining a canonisatiap-
ping; instead of just one ordered copy, we associate with etacture a parameterised family of polyno-
mially many ordered copies.

Definition 2.7. (1) Letl(X) be anL-interpretation offE, <} in {E}. Then[ (X) canonises graphG
if there is at least one tuplé € V(G)X such thatr (%) is applicable to(G,V), and for all tuples
¥V € V(G)* such thaf (X) is applicable tdG, V) it holds thatl"[G; V] is an ordered copy db.



(2) Aclass% of graphs admitg-definable canonisatioifithere is an_-interpretatior (X) of {E, <} in
{E} that canonises alt € %

The following well-known fact is a consequence of the Immanrvardi Theorem. It is used, at least
implicitly, in [30, 31, 33, 46]:

Fact 2.8. Let ¥ be a class of graphs that admitsP+C-definable canonisation. ThdRP+C captures
PTIME ON?.

3 Negative results

In this section, we prove thalEP+C does not captureTIME on the classes of chordal graphs and line

graphs. Actually, our proof yields a more general resulty Aogic that capture®TIME on any of these

two classes and that is “closed under first-order reducticaysturesPTIME on the class of all graphs. It

will be obvious what we mean by “closed under first-order mtiduns” from the proofs, and it is also clear

that most “natural” logics will satisfy this closure condit. It follows from our constructions that if there

is a logic capturingTIME on one of the two classes, then there is a logic captirfyIE on all graphs.
Our negative results fdFP+C are based on the following theorem:

Fact 3.1 (Cai, Furer, and Immerman [9]). There is aPTIME-decidable property?cr of graphs that is
not definable inFP+C.

Without loss of generality we assume that@lE Zcf are connected and of order at least 4.

3.1 Chordal graphs

Let us denote the class of chordal graphssy.
For every grapl®, we define a grapt as follows:

e V(G):=V(G)U{Vve| ec E(G)}, where for eacle € E(G) we letve be a new vertex;

2

The following lemmas collect the properties of the transfationG — G that we need here. We leave the
straighforward proofs to the reader.

E(G) = (V(G)) U{{wVe} |[veV(G),ec E(G),vee}.

Lemma 3.2. For every graph G the grap® is chordal.

Note that for the graphk, andls := ([3],0) it holds thatK, = I3 = K3. It turns out thatk, and |3

are the only two nonisomorphic graphs that have isomorphages under the mappi@— G. Itis easy
to verify this by observing that fo& with |G| > 4 andv € V(G), it holds thatv € V(G) if and only if
degv) > 3. Let4 be the class of all graphs such thaH = G for some graple.

Lemma 3.3. The clas i is polynomial time decidable. Furthermore, there is a polyral time algorithm
that, given a graph He ¢, computes the unique (up to isomorphism) grapt & \ {K | K = Kz} with
G=H.

Lemma 3.4. There is arFO-interpretation” of {E} in {E} such that for all graph G it holds that[G] = G.
Theorem 3.5. IFP+C does not captur@TIME on the clas$$Z of chordal graphs.

Proof. Let Zcf be the graph property of Fact 3.1 that separB®sIE from IFP+C. Note thatk; ¢ Pcr
by our assumption that all graphsi#icg have order at least 4. By Lemma 3.3, the clads= {H | H =
G for someG € Pcr} is a polynomial time decidable subclass&.

Suppose for contradiction thetP+C captures polynomial time o&%. Then by (G.2), there is an

IFP+C-sentence such that for all chordal grapli@it holds thatG = ¢ <= G ¢ 2. We apply the Lemma
on Syntactical Interpretations tp and the interpretatioh of Lemma 3.4 and obtain afP+C-sentence

¢*': such that for all graph& it holds that
GE¢ ' «— G=F[G ¢.

Thus¢*f definesZcr,, which is a contradiction. O
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G L(G)

Figure 4.1. A graphG and its line grapt.(G), which is chordal

3.2 Line graphs

Let .Z denote the class of all line graphs, or more precisely, thescbf all graph& such that there
is a graphG with L 2 L(G). Observe that a triangle and a claw have the same line graplanale.
Whitney [59] proved that for all nonisomorphic connectedmrsG,H except the claw and triangle, the
line graphs ofs andH are nonisomorphic. The following fact, corresponding tonnea 3.3, is essentially
an algorithmic version of Whitney’s result:

Fact 3.6 (Roussopoulos [56])The classZ is polynomial time decidable. Furthermore, there is a poly-
nomial time algorithm that, given a connected grapreHZ’, computes the unique (up to isomorphism)
graph Ge @\ {K | K = K3} with L(G) = H.

Lemma 3.7. There is arFO-interpretation/A of {E} in {E} such that for all graph G it holds that[G] =
L(G).

Proof. We define\ := (Aapp Av (Y1,Y2), A~ (Y1, Y2, Y4, Y5), A (Y1, Y2, Y1, Y5) ) by:
® Agpp:= VX X=X,
* A (Y1 Y2) i==E(y1,Y2);
o Ax(Y1.Y2.Y1:,Y2) == (Y1 =Y1AY2=Y5) V(Y1 = Yo AY2 = V});

. AE(Yl,i//z,))/l,)/z) =YL =YIA Y2 =Yo) V(Y2 =Yo A Y1 =Y V(Y1 =Yo A2 =V)) V(Y2 =Y A
—Y2=VY;)-

O
Theorem 3.8. IFP+C does not captur®TIME on the classZ of line graphs.
Proof. The proof is completely analogous to the proof of Theorem @stng Fact 3.6 and Lemma 3.7
instead of Lemmas 3.3 and 3.4. O
4 Capturing polynomial time on chordal line graphs

In this section, we shall prove th&P+C capturesPTIME on the clas’? N.¥ of graphs that are both
chordal and line graphs. As we will see, such graphs have pisitreelike structure. We can exploit this
structure and canonise the graph&i N.Z in a similar way as trees or graphs of bounded tree width.

Example 4.1. Figure 4.1 shows an example of a chordal line graph.

11



4.1 On the structure of chordal line graphs

Itis a well-known fact that chordal graphs can be decompogedliques arranged in a tree-like manner.
To state this formally, we review tree decompositions oppsa LetG be a graph. Aree decomposition
of a graphG is a pair(T, 8), whereT is a tree angB : V(T) — 2¥(®) is a mapping such that the following
two conditions are satisfied:

(T.1) ForeveryweV(G) the set{t e V(T) | ve B(t)} is connected ifT.
(T.2) Foreveryec E(G) thereis & € V(T) such thae C B(t).

The set3(t), fort € V(T), are called thdagsof the decomposition. It will be convenient for us to always
assume the tre€ in a tree decompition to be rooted. This gives us the partialorderd. We introduce
some additional notation. LéT, 3) be a tree decomposition of a gra@hFor everyt € V(T) we let:

y(t) = U B(u),

ueV(T) witht<Tu

The sety(t) is called theconeof (T,[) att. It easy to see that for evetye V(T) \ {r(T)} with parent
s the setf(t) N B(s) separatey(t) from V(G) \ y(t). Furthermore, for every cliqu¥ of G there is a
t € V(T) such thatX C B(t). (See Diestel's textbook [20] for proofs of theses facts hadkground on
tree decompositions.) Another useful fact is that everg tecompositioT,3) of a graphG can be
transformed into a tree decompositioi, 8) such that for alt’ € V(T’) there exists & € V(T) such that
B'(t") = B(t), and for allt,u € V(T’) with t # u it holds thatB’(t) £ B'(u).

Fact 4.2. A nonempty graph G is chordal if and only if G has a tree decasitjpm into cliques, that is, a
tree decompositiofiT, 3) such that for all tc V(T) the bagB(t) is a clique of G.

For a graph, we letMCL(G) be the set of all maximal cliques 1@ with respect to set inclusion. If
we combine Fact 4.2 with the observations about tree decsitiqrostated before the fact, we obtain the
following lemma:

Lemma 4.3. Let G be a nonempty chordal graph. Then G has a tree decorngoéit, §) with the follow-
ing properties:

(i) ForeveryteV(T) itholds thatB3(t) € MCL(G).
(i) For every Xe MCL(G) there is exactly one¢ V(T) such thatB(t) = X.

We call a tree decomposition satisfying conditions (i) aifjda(good tree decompositiarf G.

Let us now turn to line graphs. Lét:= L(G) be the line graph of a grapB. For every € V(G), let
X(v):={e€E(G) |vee} CV(L). Unlessvis an isolated vertex(v) is a clique inL. Furthermore, we

have
L= [J LX)
veV(G)

Observe that for al,w € V(G), if e:= {v,w} € E(G) thenX(v) N X(w) = {e}, and if{v,w} ¢ E(G) then
X(v)NnX(w) = 0. The following proposition, which is probably well-knaywcharacterises the line graphs
that are chordal:

Proposition 4.4. Let L=L(G) € .Z. Then
L € ¥ < allcyclesin G are triangles

Note that on the right hand side, we do not only consider desslcycles.

Proof. For the forward dircetion, suppose tHat ¥2, and letC C G be a cycle. TheL[E(C)] is a
chordless cycle ih. Hence|C| < 3, thatisC is a triangle.

For the backward direction, suppose that all cycles are triangles, and 1€ C L be a chordless cycle
of lengthk. Letey,..., e be the vertices of in cyclic order. To simplify the notation, ley := e. Then

12



foralli € [K it holds that{e_1,&} € E(L) and thuss_1Ng # 0. Letvy,v1 € V(G) such thae; = {vo,Vv1},
and fori € [2,K], letv; € ¢ \ _1. Thenv; # v; for all j € [i — 2], and ifi < k even forj € [0,i — 2], because
the cycleC is chordless and thusne; = 0. Furthermorey = V. Thus{vi,..., v} is the vertex set of a
cycle inG, and we havé = 3. O

Lemma 4.5. Let L= L(G) € ¥2N.%, and let Xe MCL(L) and e= {v,w} € X. Then X= X(v) or
X = X(w) or there is an % V(G) such that{x,v},{x,w} € E(G) and X= {e, {x,v}, {x,w}}.

Proof. Forall f € X, eitherve f orwe f, becausd is adjacent t@. HenceX C X(v) UX(w). If X C X(v),
thenX = X(v) by the maximality ofX. Similarly, if X C X(w) thenX = X(w). Suppose thaX \ X(v) # 0
andX\ X(w) # 0. Let f € X\ X(v) andg € X\ X(w). As X is a clique, we havé¢f,g} € E(L) and thus
fNg+# 0. Hence there is anc V(G) such thatf = {x,w} andg = {x,v}. FurthermoreX = {e, f,g}. To
see this, leh € X. Then{h,e} € E(L) and thuss € horw € h. Say,v € h. If w € h, thenh = e. Otherwise,
we havex € h, becausé is adjacent t@. Thush=g. O

Lemma 4.6. LetLe ¥2N.%Z, and let X, X; € MCL(L) be distinct. ThefX; N X;| < 2.

Proof. LetL = L(G) for some graplG. Suppose for contradiction thpt; N Xz| > 3. Then|Xy|, |Xz| > 4,
becauseX; andX, are distinct maximal cliques. By Lemma 4.5, it follows thia¢ite are verticeg,v» €
V(G) such thatX; = X(v1) andXz = X(vz), which implies|X; N Xz| < 1. This is a contradiction. O

Lemma4.7. LetLe €72 N.Z, and let X, Xy, X3 € MCL(L) be pairwise distinct such that XX, N X3 # 0.
Then there are,ij, k such thati, j,k} = [3] and X C Xj UX, and|X;| = 3.

Proof. Let L = L(G) for some graptG. Lete e X3 NXyNXs. Suppose thae = {v,w} € E(G). As the
cliquesXy, X2, X3 are distinct, it follows from Lemma 4.5 that there isian [3] and anx € V(G) such that
X = {e {x,v},{x,w}}. Choose suchandx.

Claim 1. Forall j € [3]\ {i}, eitherX; = X(v) or X; = X(w).
Proof. Suppose for contradiction thag # X(v) and X; # X(w). Then by Lemma 4.5, there exists a
y € V(G) such thaty,v}, {y,w} € E(G) andX; = {e {y,v},{y,w} }. But then

L[{yvh {vx}, {x,w}, {w,y}]
is a chordless cycle ib, which contradictd being chordal. J
Thus there arg, k such that(i, j,k} = [3] andX; = X(v) andX, = X(w). ThenX; C Xj U Xx. O
Lemma 4.8. Let Le ¥2N.%. Then every good tree decompositidn 3) of L satisfies the following
conditions (in addition to conditions (i) and (ii) of Lemm&%
(iii)y Forallt eV(T),

e either|B(t)| = 3 and t has at most three neighbours in T (teighbourf a node are its
children and the parent),

e or for all distinct neighbours W' of t in T it holds that3(u) N B(u") = 0.
(iv) Forallt,ueV(T) witht#£u it holds that|3(t) N B(u)| < 2.
Proof. Let (T,3) be a good tree decomposition lof Such a decomposition exists becauss chordal.

As all bags of the decomposition are maximal cliques o€ondition (iii) follows from Lemma 4.7 and
condition (iv) follows from Lemma 4.6. O
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4.2 Canonisation
Theorem 4.9. The class62 N.Z of all chordal line graphs admits-P+C-definable canonisation.
Corollary 4.10. IFP+C capturesPTIME on the class of all chordal line graphs.

Proof of Theorem 4.9The proof resembles the proof that classes of graphs of lmulittde width admit
IFP+C-definable canonisation [33] and also the proof of Theore2n(the “Second Lifting Theorem”) in
[31]. Both of these proofs are generalisations of the sinpptef that the class of trees admigP+C-
definable canonisation (see, for example, [29]). We shaktdiee an inductive construction that associates
with each chordal line grap@& a canonical copyc’ whose universe is an initial segment of the natural
numbers. For readers with some experience in finite modelyhi will be straightforward to formalise
the construction inFP+C. We only describe the canonisationaafnnecteathordal line graphs that are not
complete graphs. It is easy to extend it to arbitrary cholidalgraphs. For complete graphs, which are
chordal line graphs, cf. Example 2.6

To describe the construction, we fix a connected gaghs’? N.Z that is not a complete graph. Note
that this implie§G| > 3. Let(T,B8") be a good tree decomposition Gf As G is not a complete graph,
we have|T| > 2. Without loss of generality we may assume that the r¢b} has exactly one child iff,
because every tree has at least one node of degree at mospdogedies (i), (ii) of a good decomposition
do not depend on the choice of the root. It will be convenieni¢w the rooted tre& as a directed graph,
where the edges are directed from parents to children.

Let U be the set of all tripleguy,up,u3) € V(G)® such thatuz # ug,up (possibly,u; = up), and
there is a uniqueX € MCL(G) such thatuy,up,uz € X. For all i = (ug,up,u3) € U, let A(li) be the
connected component @\ {us,u,} that containaus (possibly,A(U) = G\ {uz,uz}). We define map-
pingsaV,aV,yW,pY : U — 2V(® as follows: For allt = (ug,up,uz) € U, we letaY () := {ug,u} and
aY (0) := V(A(T)). We lety! (0) := oY (t) uaY (0), and we letBY (T) the uniqueX € MCL(G) with
ug, Up, Uz € X. We define a partial ordet onU by lettingt < Vif and only if i =V or a () D a (V). We let
F be the successor relation gf that is,(t,V) € F if d<Vand there is n& € U \ {U,V} such thati«w<«V.
Finally, we letD := (U,F). ThenD is a directed acyclic graph. It is easy to verify that forialt U we

have
Y@=w@m\ (J a'w), (4.1)

VeND ()
whereNP(tl) = {Ve U | (U,v) eF}.

Recall that we also have mapping$,y" : V(T) — 2V(® derived from the tree decomposition. We
define a mapping ™ : V(T) — 2V(©) as follows:

e Foranodd € V(T)\ {r(T)} with parents, we leta (t) := BT (t)NBT(s).

e For the rootr :=r(T), we first define a s C V(G) by lettingS:= BT(r)\ B' (t), wheret is the
unique child ofr. (Remember our assumption thahas exactly one child.) Then |§ > 2, we
choose distinct,V € Sand leta' (r) := {v,V}, and if|S = 1 we leto" (r) := S.

Note thatBT(t)\ o (t) # 0 and 1< |a" (t)| < 2 for allt € V(T). For the root, this follows immediately
from the definition ofa™ (t), and for nodes € V(T)\ {r(T)} it follows from Lemma 4.8. We define a
mappinga” : V(T) — 2¥(® by lettinga™ (t) := y" (t)\ o' (t) for all t € V(T). We define a mapping
g:V(T) — U by choosing, for every nodec V(T), verticesuy, U, such thato " (t) = {uy,u,} (possible
U; = Up) and a vertexuz € B(t) \ o(t) and lettingg(t) := (u1,uy,us). Note that(us,u,,u3) € U, because
BT (t) is the unige maximal clique iIMCL(G) that containsiy, Uz, U.

Claim 1. The mappingy is a directed graph embeddingbfnto D. Furthermore, for ali € V(T) it holds
thata™ (t) = a¥ (g(t)), BT (t) = B (9(1)), ¥' (t) = W (g(t)), andaT (t) = a¥ (g(1)).
Proof. We leave the straightforward inductive proof to the reader. J

LetUp :=g(r(T)), and letUy be the subset dfi consisting of allt € U such thatlp < U. Let Ry be
the restriction ofF to Up andDg := (Up,Fp). Note thatUg is upward closed with respect td and that
g(T) € Do.
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Claim 2. There is mappindp: Up — V(T) such thath is a directed graph homomorphism frddg to T
andho g is the identity mapping ol (T). Furthermore, for alli € Uy it holds thataV (4) = aT (h(T)),

BY (W) = BT (h(d)), ¥ (1) = y" (h(1)), anda" (U) = o™ (h(T)).

Proof. We defineh by induction on the partial ordef. The uniquel-minimal element otJ is Up. We
let h(Up) :=r(T). Now letV = (v1,V2,v3) € U, and suppose thai(l) is defined for alli € Uy with U< V.
Let T € Up such that(T,V) € Fp, and lets:= h(t). By the induction hypothesis, we haa® (T) = a' (s),
BY(4) = BT (s), W (t) = y'(s), anda (V) = a'(s). The seta" (V) is the vertex set of a connected
component of5\ ¢¥ (V) which is contained iV (T) C Y (T) = y' (s), and by (4.1) it holds that¥ (V) N
BY (U) = 0. Hence there is a childof s such thataV (V) C aT(t). LetV :=g(t). If a¥(V) c a'(t) =
aY (¥), thenli«¥ <V, which contradictgd,V) € F. HenceaV (V) = a' (t) and thusoV (V) = ¢ (t). This
also impliesy” (V) = y' (t) andBY (V) = BT (t). We leth(V) :=t.

To prove thath is really a homomorphism, it remains to prove that fortalE Uy with (T',V) € Fy
we also haveh(U') = s. So letl’ € Up with (U,V) € Fp, and lets = h(t'). Suppose for contradiction
thats# <. If §<" sthenaV () > a¥ () and thuslf <G, which contradictgT,V) € Fp. Thuss 4" s,
and similarlys 47 . But then botho " (s) anda ™ () separate/’ (s) from y' (§) in G. This contradicts
a’(W) CaT(s)na’(s) C (y(siny'(s))\ (aT(s)ua’(s)). J

Thus essentially, the “treelike” decompositidy, BV ) is the same as the tree decomposition3 " ).
However, the decompositidiDo, BV ) is IFP-definable with three parameters fixing the tuide= g(r(T)).

Let us now turn to the canonisation. For evérg Up, we letG(U) := G[y(U)]. ThenG = G(Up). We
inductively define for everyi = (uz, Uz, u3) € Up a graphH (U) with the following properties:

(i) V(H(T)) = [ng], whereng := |y(t)| = [V (Gqg))]|.

(i) There is an isomorphisnfiy from G(U) to H (d) such that ifu; # uy it holds thatfg(u;) = 1 and
fa(uz) = 2, and ifu; = uy it holds thatfg(u;) = 1.

For the induction basis, l&t< Uy with NPo(@i) = 0. ThenyV (T) = BY (), andG(t) = K[BY (@))]. We let
n:=ng = |BY (U)| andH () := K. The (i) and (i) are obviously satisfied.

For the induction step, let € Up andNPo(T) = {V*,... ,¥"} # 0. It follows from Claim 2 that for all
i,j € [n], eithery(V') = y(V) or y(V)Ny(Vl) = (V)N o(W) C B(U). We may assume without loss of
generality that there arig, ... ,im € [n] such thati; <i, < ... <imand for allj, " € [m] with j # | we
havey(Vi) # y(V1") and for allj € [m], i € [ij,ij+1— 1] we havey(V) = y(Vi). Here and in the following
we letimi1:=n+1.

The class of all graphs whose vertex set is a subs&t ofay be ordered lexicographically; we let
H <s.exH' if eitherV(H) is lexicographically smaller than(H’), that is, the first element of the symmetric
differenceV (H)AV (H’) belongs td/ (H’), orV(H) =V (H’) andE(H) is lexicographically smaller than
E(H’) with respect to the lexicographical ordering of unorderagdsof natural numbers, di = H'.
Without loss of generality we may assume that for epelim| it holds that

H (V'J) Ss-lexH(vij+1) Ss—lexH(vijJrz) <sex--- <s-lexH (ViHrl)

and, furthermore, _ ) )
H (V1) <siexH(V2) <siex-.. <sdexH (V™) (4.2)

Note that, even though the graphg/'1), G(v'2), ..., G(Vm) are vertex disjoint subgraphsGfu), they may
be isomorphic, and hence not all of the inequalities in (Ae&)d to be strict. For afl € [m], letV; := vi
andG; := G(Vj) anHj :=H(Vj). ThenH; <siexH2 <s.lex ... <s.exHm. Let j1,...,]j, € [m] such that
j1<jz2<...<jrandHj =Hj foralli € [f], j € [ji, ji+1— 1], wherej, 1 = m+1, andHj; # Hj;, for all
i € [(—1]. Foralli € [¢], letJ := Hj,. Furthermore, let; := |J| andk; := ji;1— j andg; := |¢Y (V)| and

q:=

B @\ B (V)
=1
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Case 1:For all neighbours,t’ of h(ti) in the undirected tree underlyingit holds that3" (t) N BT (t') = 0.
We defineH (U) by first taking a complete graply, thenk; copies ofJ;, thenks copies ofd,, et
cetera, and finallk, copies ofJ,. The universes of all these copies are disjoint, consezuttervals
of natural numbers. Lé€ be the union ofq] with the firstq; vertices of each of this copies ofJ; for
alli € [¢]. ThenK is the set of vertices dfl (T) that corresponds to the cliqyit). We add edges
among the vertices iK to turn it into a clique. It is not hard to verify that the rethud) structure
satisfies (i) and (ii).

Case 2:There are neighboutst’ of h(T) in the undirected tree underlyifigsuch thaT (t) N BT (t') # 0.
Then by Lemma 4.8(iii) we havig" (T)| = 3, andh(t) has at most two children. Hence< 2, and
essentially this means we only have two possibilities of bmaombine the partdl;, H, to the graph
H(O); eitherH; comes first oH,. We choose the lexicographically smaller possibility. Weitcthe
details.

This completes our description of the construction of thepbsH ().
It remains to prove that (0) is IFP+C-definable. We first defineP-formulas8, (X), 6 (X,¥), 84 (X,y),
83 (X,y), 6y(X,y), 65(X,y) such that

U={deV(G)}®|GEald},
F={(V) cU?|GkE 6[oVv},
a’(U) = {veV(G)| G Oyt V]} foralldeU,

and similarly forB, y, 0. Then we define formula) (X, X), 62 (X, X) that definéDo. We have no canonical
way of checking that a tupléy really is the imagey(r(T)) of the root of a good tree decomposition, but
all we need is that the grafgb® (o) with vertex set{ti € V(G)? | G = 83[to, U]} and edge sef(U,V) €

u? ‘ G = B[, U, V]} has the properties we derive frolmbeing a good tree decomposition. In particular,
if a noded has a childv with gV (@) N a¥ (V) # 0 or childrenv; # v, with a¥ (V1) n oY (Vy) # 0, then
|BY ()| < 3. Once we have definddP, it is straightforward to formalise the definition of the ghesH (&)

in IFP+C and define amFP+C-interpretatior (Xp) that canonise®. We leave the (tedious) details to the
reader. O

Remark 4.11Implicitly, the previous proof heavily depends on the caguteéntroduced in [31]. In partic-
ular, the definable directed graphtogether with the definable mappingsanda constitute adefinable
tree decompositiarHowever, our theorem does not follow directly from Theoréd of [31].

The clas’? N.Z of chordal line graphs is fairly restricted, and there magbeasier way to prove the
canonisation theorem by using Proposition 4.4. The proamghere has the advantage that it generalises
to the class of all chordal graphs that have a good tree deasitign where the bags of the neighbours of
a node intersect in a “bounded way”. We omit the detalils.

5 Further research

| mentioned several important open problems related to tiestcfor a logic capturinBTIME in the survey

in Section 1. Further open problems can be found in [32]. Hexdl briefly discuss a few open problems
related to classes closed under taking induced subgraplegjuivalently, classes defined by excluding
(finitely or infinitely many) induced subgraphs.

A fairly obvious generalisation of our positive capturirgult is pointed out in Remark 4.11, but as far
as | can see this does not include any other particularlyestig classes. | conjecture that the theorem
generalises to all claw-free chordal graphs, that is, | etojre that the class of claw-free chordal graphs
admits IFP+C-definable canonisation. Another interesting class of dalographs closed under taking
induced subgraphs s the class of all interval graphs. lasgecture that the class of interval graphs admits
IFP+C-definable canonisation. A very interesing and rich famfiglasses of graphs closed under taking
induced subgraphs is the family of classes of graphs of bedirghk width [55], or equivalently, bounded
cligue width [13]. It is conceivable thaEP+C captures polynomial time on all classes of bounded rank
width, but | have no clear intuition whether this is the casaat. To the best of my knowledge, currently
it is not even know whether isomorphism testing for graphisafnded rank width is in polynomial time.
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