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Abstract

We give a complexity theoretic classification of homomorphism problems for graphs and, more gen-
erally, relational structures obtained by restricting theleft hand side structure in a homomorphism. For
every classC of structures, let HOM(C,−) be the problem of deciding whether a given structureA ∈ C
has a homomorphism to a given (arbitrary) structureB. We prove that, under some complexity theoretic
assumption from parameterized complexity theory, HOM(C,−) is in polynomial time if and only ifC
has bounded treewidth modulo homomorphic equivalence.

Translated into the language of constraint satisfaction problems, our result yields a characterization
of the tractable structural restrictions of constraint satisfaction problems. Translated into the language
of database theory, it implies a characterization of the tractable instances of the evaluation problem for
conjunctive queries over relational databases.

1. Introduction

The homomorphism problem for relational structures is a fundamental algorithmic problem playing an
important role in different areas of computer science. The observation that the homomorphism problem is
equivalent to both the evaluation problem and containment problem for conjunctive database queries goes
back to Chandra and Merlin [7] (also see [29, 36]). Feder and Vardi [17] noted that constraint satisfaction
problems in artificial intelligence can also be phrased as homomorphism problems. It is therefore no
surprise that considerable efforts have been made to classify various restrictions of the homomorphism
problem according to their computational complexity.

Let us look at graph homomorphisms first. Recall that a homomorphism from a graphG to a graph
H is a mapping from the vertex set ofG to the vertex set ofH that preserves adjacency. The general
homomorphism problem asks, given two graphsG andH, if there is a homomorphism fromG to H.
Several well-known NP-complete problems can be viewed as restrictions of the homomorphism problem.
For example, the clique problem is equivalent to the homomorphism problem where the left hand side input
graphG is a complete graph, and the 3-colourability problem is equivalent to the homomorphism problem
where the right hand side input graphH is a triangle. For classesC andD of graphs, let HOM(C, D) denote
the restriction of the homomorphism problem to input graphsG ∈ C andH ∈ D. To simplify the notation,
if eitherC or D is the class of all structures, we just use the placeholder ‘−’.

Hell and Nešetřil [26] proved the following beautiful classification theorem: For every classD of
(undirected simple) graphs, HOM(−, D) is in polynomial time if all graphs inD are bipartite.1 Otherwise,
HOM(−, D) is NP-complete.2 This completely settles the classification problem for restrictions on the right
hand side graphs.

We look at the corresponding question for restrictions on the left hand side, that is, at problems of the
form HOM(C,−). Of course for every fixed graphG the problem HOM({G},−) is in polynomial time (as
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1We consider the 1 vertex graph without any edges as bipartite.
2As a matter of fact, Hell and Nešetřil [26] stated their result in the following equivalentnonuniformversion: For every graphH,

the problem HOM(−, {H}) is in polynomial time ifH is bipartite. Otherwise, HOM(−, {H}) is NP-complete. See Section 6.1 for
more on the issue of uniformity.
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opposed to HOM(−, {H})). Furthermore, it is well-known that the problem HOM(C,−) is in polynomial
time if C is a class of graphs ofbounded treewidth. This can be seen by a straightforward dynamic pro-
gramming algorithm, and has been noted independently by several researchers in different contexts [8, 20].
Dalmau, Kolaitis, and Vardi [13] where able to push this a step further by showing that HOM(C,−) is in
polynomial time if the classC hasbounded treewidth modulo homomorphic equivalence, a property that is
defined as follows: Two graphsG,H are homomorphically equivalent if there is a homomorphism fromG
toH and a homomorphism fromH to G. A classC has bounded treewidth modulo homorphic equivalence
if there is ak such that every graph inC is homomorphically equivalent to a graph of treewidth at most
k. For example, every bipartite graph with at least one edge ishomomorphically equivalent to the graph
with two vertices and one edge between them. Thus the class ofall bipartite graphs has bounded treewidth
modulo homorphic equivalence. We show that essentially theresult of Dalmau et al. [13] is optimal:

Assume thatFPT 6= W[1]. Then for every recursively enumerable classC of graphs, the
problemHOM(C,−) is in polynomial time if and only ifC has bounded treewidth modulo
homomorphic equivalence.

FPT 6= W[1] is a standard assumption from parameterized complexity theory that is widely believed to
be true. We will give a brief introduction into parameterized complexity theory in Section 2.4. Let us
just remark here that FPT= W[1] would imply that 3-SAT is in deterministic time2o(n) [2], and that
PTIME = NP would imply FPT= W[1]. The latter immediately prompts the question of whether we can
weaken the assumption of the theorem to PTIME6= NP. It turns out that we cannot — we prove that the
statement of the theorem is equivalent to the assumption FPT6= W[1], that is, if FPT= W[1] then there is
a recursively enumerable (actually, polynomial time decidable) classC of graphs of unbounded treewidth
modulo homomorphic equivalence such that the problem HOM(C,−) is in polynomial time. This is quite
remarkable, because the statement of the theorem has nothing to do with parameterized complexity theory.

Under the assumption FPT6= W[1], we can only prove the theorem for recursively enumerable classes
C of graphs. However, if we slightly strengthen the assumption to nonuniform-FPT 6= nonuniform-W[1],
we can prove our theorem for arbitrary classesC. Again we can show that this statement is equivalent to the
assumption, that is, if nonuniform-FPT= nonuniform-W[1] then there is a classC of graphs of unbounded
treewidth modulo homomorphic equivalence such that the problem HOM(C,−) is in polynomial time.

Hell and Nešetřil’s classification of problems HOM(−, D) is not only a classification of all polynomial
time computable problems of this form under the assumption PTIME 6= NP, but it actually also is adi-
chotomy theoremin the sense that problems HOM(−, D) are either in polynomial time or NP-complete. We
give some evidence that no such dichotomy holds for problemsHOM(C,−) by constructing a polynomial
time computable classC of graphs for which HOM(C,−) is equivalent to the LOG-CLIQUE problem. It
seems unlikely that LOG-CLIQUE, the problem of deciding whether a given graph withn vertices has a
clique of size at least logn, is either in polynomial time or NP-complete. However, we prove a dichotomy
for the parameterized complexity of the homomorphism problem. Letp-HOM(C,−) denote the parameter-
ization of HOM(C,−) by the size of the left hand side input graphG ∈ C (see Section 2.4 for details). Then
p-HOM(C,−) is fixed-parameter tractable if, and only if, HOM(C,−) is in polynomial time. Moreover, if
p-HOM(C,−) is not fixed-parameter tractable then it is W[1]-complete.

So far, we have only looked at homomorphisms of undirected graphs. However, our classification the-
orem holds in the much wider setting of relational structures. This includes, for example, homomorphisms
of directed graphs and coloured graphs and also the important class ofconstraint satisfaction problems.
Homomorphisms of relational structures are naturally defined as relation preserving mappings, and we can
extend the problem HOM(C, D) to arbitrary classesC andD of relational structures.

Our characterization of the tractable problems HOM(C,−) extends from classes of undirected graphs
to classes of relational structures in a straightforward manner. This may be slightly surprising, because Hell
and Nešetřil’s [26] classification of the tractable righthand sight restrictions (that is, problems HOM(−, D))
so far resisted all attempts to be extended even to classesD of oriented trees. The only restriction we have
to pose on the classesC is that thearity of the relations of structures inC is bounded. In particular, the arity
is always bounded if all structure inC have the same finite vocabulary; this is the most common special
case. Putting everything together, our main theorem reads as follows:
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Theorem 1. Assume thatFPT 6= W[1]. Then for every recursively enumerable classC structures of
bounded arity the following three statements are equivalent:

(1) HOM(C,−) is in polynomial time.

(2) p-HOM(C,−) is fixed-parameter tractable.

(3) C has bounded treewidth modulo homomorphic equivalence.

If either statement is false, thenp-HOM(C,−) is W[1]-hard.

As for the graph version of the theorem, we can drop the hypothesis thatC be recursively enumerable if
we strengthen the complexity theoretic assumption to nonuniform-FPT 6= nonuniform-W[1].

Our theorem has an important pre-cursor [25] stating the same equivalence for certain special classes
of structures.3 For every classG of undirected graphs, letC(G) be the class of all relational structures
whose underlying graph is inG. For example,C(G) contains all directed graphs obtained by orienting
the edges of a graph inG in an arbitrary way. Then essentially, [25] proves our main result for classes of
the formC(G), except that there is no need for homomorphic equivalence in(3), because it can easily be
seen that a classC(G) has bounded treewidth if and only if it has bounded treewidthmodulo homomorphic
equivalence. In Section 5 we shall prove that a slight improvement of the main result of [25] follows from
our Theorem 1.

Theorem 1 will be proved in Sections 3 and 4. The proof uses similar ideas as the proof of [25]. At its
core, it builds on the deep Excluded Grid Theorem due to Robertson and Seymour [33]. In Section 6, we
discuss applications of Theorem 1 in the contexts of constraint satisfaction problems and database query
evaluation. Finally, in Section 7 we make a few complexity theoretic observations and, in particular, show
the equivalence of the complexity theoretic assumption FPT6= W[1] with the statement of our theorem.

2. Preliminaries

N denotes the set of positive integers, and for everyn ∈ N we let [n] = {1, . . . , n}.

2.1. Relational structures and homomorphisms. A vocabularyτ is a finite set of relation symbols
of specifiedarities. Thearity of τ is the maximum of the arities of all relations symbols it contains. A
τ -structureA consists of a finite setA called theuniverseof A and for each relation symbolR ∈ τ , say, of
arity r, anr-ary relationRA ⊆ Ar . Note that we require vocabularies and structures to be finite. If C is a
class of structures andτ a vocabulary, then we writeC[τ ] for the class of allτ -structures inC. We say that
a classC of structures is ofbounded arityif there is anr such that arity of the vocabulary of every structure
in C is at mostr. Note that every classC[τ ] for a (finite) vocabularyτ is of bounded arity.

For vocabulariesσ ⊆ τ , theσ-reductof a τ -structureB is theσ-structureA with universeA = B

andRA = RB for all R ∈ σ. We denote theσ-reduct ofB by B|σ. A τ -structureB is anexpansionof a
σ-structureA if B|σ = A. A τ -structureA is asubstructureof aτ -structureB if A ⊆ B andRA ⊆ RB for
all R ∈ τ . We writeA ⊆ B to denote thatA is a substructure ofB andA ⊂ B to denote thatA is aproper
substructure ofB, that is,A ⊆ B andA 6= B. A substructureA ⊆ B is inducedif for all R ∈ τ , say, of
arity r, we haveRA = RB ∩ Ar. For a subsetA ⊆ B, we writeB[A] to denote the induced substructure
of B with universeA.

We distinguish between the cardinality|A| of the universeA of aτ -structureA and the size||A|| of A,
which we define as

||A|| = |τ | + |A| +
∑

R∈τ

|RA| · arity(R).

||A|| is roughly the size of a reasonable encoding ofA as an input for a RAM (see [18] for details). When
taking structuresA as inputs for algorithms, we measure the running time in terms of ||A||.

2.2. Homomorphisms. We often abbreviate tuples(a1, . . . , ak) by ā. If f is a mapping whose domain
containsa1, . . . , ak we writef(ā) to abbreviate(f(a1), . . . , f(ak)).

A homomorphismfrom a τ -structureA to aτ -structureB is a mappingh : A → B such that for all
R ∈ τ and all tuples̄a ∈ RA we haveh(ā) ∈ RB. For two classesC andD of structures, HOM(C, D) is
the following problem:

3The results in [25] are formulated in terms of the evaluationproblem for conjunctive queries, but this is equivalent.
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HOM(C, D)
Instance:A ∈ C, B ∈ D.
Problem: Decide if there is a homomorphism fromA to B.

Let us point out that the classesC andD may contain structures of different vocabularies. By definition
there can never be a homomorphism between structures of different vocabularies, so instances(A,B) of
HOM(C, D) whereA andB have different vocabularies are always ‘no’-instances. IfD is the class of all
finite structures, we usually write HOM(C,−) instead of HOM(C, D). (Similarly, we write HOM(−, D) if
C is the class of all structures, but we are mainly interested in problems HOM(C,−) in this paper.)

Remark 2. A remark is in order as to what we actually mean when we say thatfor some classC the
problem HOM(C,−) is in polynomial time. When considered as a decision problemin the usual sense,
HOM(C,−) is the language (over some finite alphabet) consisting of theencodings of all pairs(A,B) of
structures such thatA ∈ C and there is a homomorphism fromA to B. Then clearly, the membership
problem forC is reducible to HOM(C,−), and hence HOM(C,−) can only be in PTIME if the classC
itself is decidable in PTIME. However, we prefer to view HOM(C,−) as apromise problem; when we say
that HOM(C,−) is in polynomial time for an arbitrary classC of structures we mean the following:There
is a polynomial time algorithm that, if its input consists of(the encoding of) two structuresA ∈ C andB,
correctly decides whether there is a homomorphism fromA to B. If the input is not of this form, then the
answer of the algorithm may be arbitrary.This liberal point of view only makes our results stronger.

The reader feeling uneasy about this should restrict our main theorem to polynomial time decidable
classesC of structures. If the polynomial time decidability of the problem HOM(C,−) is viewed in the
strict sense, this is not a severe restriction because polynomial time decidable classesC are the only ones
for which HOM(C,−) may be in polynomial time anyway.

Two structuresA andB arehomomorphically equivalentif there is a homomorphism fromA toB and
also a homomorphism fromB toA. Note that if structuresA andA′ are homomorphically equivalent, then
for every structureB there is a homomorphism fromA to B if and only if there is a homomorphism from
A′ to B; in other words: the instances(A,B) and(A′,B) of the homomorphism problem are equivalent.
However, the two instances may have vastly different sizes.

Homomorphic equivalence is closely related to the concept of the core of a structure: A structureA is
a core if there is no homomorphism fromA to a proper substructure ofA. A coreof a structureA is a
substructureA′ ⊆ A such that there is a homomorphism fromA to A′ andA′ is a core. Obviously, every
core of a structure is homomorphically equivalent to the structure. The following lemma states another
basic fact about cores:

Lemma 3. LetA andB be homomorphically equivalent structures, and letA′ andB′ be cores ofA and
B, respectively. ThenA′ andB′ are isomorphic.

In particular, all cores of a structureA are isomorphic. Therefore, we often speak ofthecore ofA.

Remark 4. It is easy to see that it is NP-hard to decide, given structuresA ⊆ B, whether aA is isomorphic
to the core ofB. (For an arbitrary graphG, letA be a triangle andB the disjoint union ofG with A. Then
A is a core ofB if, and only if,G is 3-colourable.) Hell and Nešetřil [27] proved that it isco-NP-complete
to decide whether a graph is a core.

2.3. Graph minors and tree width. LetE be a binary relation symbol. We view graphs as{E}-structures
G. We usually denote the vertex set of a graphG (that is, the universe of the{E}-structureG) byV G instead
of G. Unless explicitly stated otherwise, we assume graphs to beundirected and loop free. In this case, we
usually view edgese = (v, w) as unordered pairs{v, w} and use notations likev ∈ e or {v, w} ∈ EG .

A graphH is aminor of a graphG if H is isomorphic to a graph that can be obtained from a subgraph
of G by contracting edges. Aminor mapfrom H to G is a mappingµ : V H → 2V G

with the following
properties:

– For allv ∈ V H the setµ(v) is non-empty and connected inG.
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– For allv, w ∈ V H with v 6= w the setsµ(v) andµ(w) are disjoint.

– For all edges{v, w} ∈ EH there arev′ ∈ µ(v), w′ ∈ µ(w) such that{v′, w′} ∈ EG .

Slightly abusing terminology, we call a minor mapµ fromH to G ontoif
⋃

v∈V H µ(v) = V G . It is easy to
see that there is a minor map fromH to G if, and only if,H is a minor ofG. Moreover, ifH is a minor of a
connected graphG then we can always find a minor map fromH ontoG.

Treesare connected acyclic graphs. Atree-decompositionof a graphG is a pair(T , β), whereT is a
tree andβ : V T → 2V G

such that the following conditions are satisfied:

– For everyv ∈ V G the set{t ∈ V T | v ∈ β(t)} is non-empty and connected inT .

– For everye ∈ EG there is at ∈ V T such thate ⊆ β(t).

Thewidth of a tree-decomposition(T , β) is max{|β(t)| | t ∈ V T } − 1, and thetreewidthof a graphG,
denoted by tw(G), is the minimumw such thatG has a tree-decomposition of widthw.

Fork, ℓ ≥ 1, the(k× ℓ)-grid is the graph with vertex set[k]× [ℓ] and an edge between(i, j) and(i′, j′)
if |i− i′|+ |j − j′| = 1. It is not hard to see that the(k × k)-grid has treewidthk. Robertson and Seymour
proved the following “converse”, which is known as the Excluded Grid Theorem.

Theorem 5 (Robertson and Seymour [33]). For everyk there exists aw(k) such that the(k × k)-grid is
a minor of every graph of treewidth at leastw(k).

The best currently known upper bound forw(k) is 202k5

[35].
We need to transfer some of the notions of graph minor theory to arbitrary relational structures. The

Gaifman graph(also known asprimal graph) of a τ -structureA is the graphG(A) with vertex setA and
an edge betweena and b if a 6= b and there is a relation symbolR ∈ τ , say, of arityr, and a tuple
(a1, . . . , ar) ∈ RA such thata, b ∈ {a1, . . . , ar}. We can now transfer graph theoretic notions to relational
structures. In particular, a subsetB ⊆ A is connectedin a structureA if it is connected inG(A). A minor
map from a structureA to a structureB is a mappingµ : A → 2B that is a minor map fromG(A) to
G(B). A tree decompositionof a τ -structureA can simply be defind to be a tree-decomposition ofG(A).
Equivalently, a tree decomposition ofA can be defined directly by replacing the second condition in the
definition of tree decompositions of graphs by

– For everyR ∈ τ and(a1, . . . , ar) ∈ RA there is at ∈ V T such that{a1, . . . , ar} ⊆ β(t).

A classC of structures hasbounded treewidthif there is aw ∈ N such that tw(A) ≤ w for all A ∈ C. A
classC of structures hasbounded treewidth modulo homomorphic equivalenceif there is aw ∈ N such that
everyA ∈ C is homomorphically equivalent to a structure of treewidth at mostw. Slightly ambiguously,
we say that a classC of structures hasunbounded treewidth modulo homomorphic equivalenceif it does not
have bounded treewidth modulo homomorphic equivalence. The following straightforward lemma provides
a useful characterization of bounded treewidth modulo homomorphic equivalence in terms of cores.

Lemma 6. A structureA is homomorphically equivalent to a structure of treewidth at mostw if and only
if the core ofA has treewidth at mostw.

Proof: Use the fact that treewidth is monotone with respect to substructures, that is, ifA ⊆ B then
tw(A) ≤ tw(B), and Lemma 3, by which two homomorphically equivalent structures have isomorphic
cores. 2

2.4. Parameterized complexity theory. Parameterized complexity theory provides a framework for afine-
grain complexity analysis of algorithmic problems that areintractable in general. It builds on a notion of
tractability calledfixed-parameter tractability, which relaxes the classical notion of tractability, polynomial
time computability, by admitting algorithms whose runningtime is exponential, but only in terms of some
parameterof the problem instance that can be expected to be small in thetypical applications.

A parameterizationof a decision problemP ⊆ Σ∗ is a polynomial time computable mappingκ : Σ∗ →
N, and aparameterized problemover some alphabetΣ is a pair(P, κ) consisting of a problemP ⊆ Σ∗
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and a parameterizationκ of P . For example, theparameterized clique problemp-CLIQUE is the problem
(P, κ), whereP is the set of all pairs(G, k) (suitably encoded over some finite alphabet) andκ is defined
by κ(G, k) := k. We usually present parameterized problems in the following form:

p-CLIQUE

Instance: GraphG, k ∈ N.
Parameter: k.

Problem: Decide ifG has a clique of sizek.

The problem we are mainly interested in here is the homomorphism problem parameterized by the size of
the left hand side input structure. For two classesC andD of structures, we let:

p-HOM(C, D)
Instance: StructuresA ∈ C, B ∈ D.

Parameter: ||A||.
Problem: Decide if there is a homomorphism fromA toB.

Again, we writep-HOM(C,−) to denotep-HOM(C, D) if D is the class of all finite structures.
A parameterized problem(P, κ) overΣ is fixed-parameter tractableif there is a computable function

f : N → N and an algorithm that decides if a given instancex ∈ Σ∗ belongs toP in time

f(κ(x)) · |x|O(1).

FPT denotes the class of all fixed-parameter tractable parameterized problems.
An fpt-reductionfrom a parameterized problem(P, κ) overΣ to a parameterized problem(P ′, κ′) over

Σ′ is a mappingR : Σ∗ → (Σ′)∗ such that:

– For allx ∈ Σ∗ we havex ∈ P ⇐⇒ R(x) ∈ P ′.

– There is a computable functionf : N → N and an algorithm that, givenx ∈ Σ∗, computesR(x) in
timef(κ(x)) · |x|O(1).

– There is a computable functiong : N → N such that for all instancesx ∈ Σ∗ we haveκ′(R(x)) ≤
g(κ(x)).

Hardnessandcompletenessof parameterized problems for a parameterized complexity class are defined in
the usual way.

For example, for every classC of structures that contains all complete graphs, the mapping that asso-
ciates with every instance(G, k) of p-CLIQUE the instance

(

Kk,G
)

of p-HOM(C,−), whereKk denotes
the complete graph withk vertices, is an fpt-reduction fromp-CLIQUE to p-HOM(C,−).

Downey and Fellows [14] defined a hierarchy W[1]⊆ W[2] ⊆ · · · of parameterized complexity
classes, and they conjecture that this hierarchy is strict and that FPT is strictly contained in W[1]. The
classes of the W-hierarchy are defined in terms of a parameterized version of the satisfiability problem
for bounded-depth Boolean circuits. We refer the reader to [16, 19] for the technical definitions. In this
paper, we are only interested in the class W[1], which can be seen as an analogue of NP in parameterized
complexity theory. Our hardness proof uses the following theorem:

Theorem 7 (Downey and Fellows [15]). p-CLIQUE is W[1]-complete under fpt-reductions.

By the reduction we have given above, this implies thatp-HOM(C,−) is W[1]-hard under fpt-reductions
for every classC of structures that contains all complete graphs.

The notions as we described them are based on what Downey and Fellows [16] callstrongly uniform
fixed parameter tractability. There also is a nonuniform version of the theory. A parameterized problem
(P, κ) is nonuniformly fixed-parameter tractableif there is a constantc ∈ N such that for everyk ∈ N

there is an algorithm that, given anx ∈ Σ∗ with κ(x) = k, decides ifx ∈ P in timeO(|x|c). The class of
all nonuniformly fixed-parameter tractable problems is denoted bynonuniform-FPT. Similarly, one defines
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a notion ofnonuniform fpt-reduction. Thennonuniform-W[1]is the class of all parameterized problems
that can be reduced top-CLIQUE by a nonuniform fpt-reduction. We can slightly strengthen our results
if we replace the assumption FPT6= W[1] by its nonuniform version. Note that FPT= W[1] implies
nonuniform-FPT= nonuniform-W[1], because ifp-CLIQUE is in FPT, then it is in nonuniform-FPT. Thus
the assumption nonuniform-FPT6= nonuniform-W[1] is at least as strong as FPT6= W[1]. The converse
is not known.

3. The tractability result

Theorem 8 (Dalmau, Kolaitis, and Vardi [13]). LetC be a class of structures of bounded treewidth mod-
ulo homomorphic equivalence. ThenHOM(C,−) is in polynomial time.

Dalmau et al. state a slightly weaker theorem; they only admit classesC of structures of a fixed vocab-
ulary τ . However, their proof can easily be extended to arbitrary classesC. For the reader’s convenience,
we sketch a proof of the theorem:

Proof: Let w ∈ N such that all structures inC are homomorphically equivalent to a structure of treewidth
at mostw. LetA ∈ C, and letB be an arbitrary structure. By Lemma 6, the coreA′ of A has treewidth at
mostw.

We consider the following 2 player game, which is known as theexistential(w + 1)-pebble game[28]:
The positions of the game are pairs(S, h) consisting of a subsetS ⊆ A of size at mostw+1 and a mapping
h : S → B. The initial position is(∅, ∅). In each round of the game, player I chooses a new subsetS

of A of size at mostw + 1. Then player II chooses a new mappingh : S → B subject to the following
compatibility condition: If (S′, h′) was the previous position, thenh(a) = h′(a) for all a ∈ S ∩ S′. Player
II wins the game if in each position(S, h) that occurs,h is a homomorphism from the induced substructure
A[S] of A toB.

Claim: There is a homomorphism fromA to B if and only if player II has a winning strategy for the
game.

Proof: The forward direction is straightforward: Suppose thath is a homomorphism fromA to B.
The strategy of player II is to always choose the restrictionof h to the current setS. Obviously, this is a
winning strategy.

The backward direction is based on the fact that the coreA′ of A has treewidth at mostw. Let (T , β)
be a tree decomposition ofA′ of width at mostw. We fix a rootr for T . For each nodet of T , let Tt be
the vertex set of the subtree ofT rooted int. LetA′

t denote the induced substructure

A′
[

⋃

u∈Tt

β(u)
]

of A′, and letH(t) be the set of all mappingsh : β(t) → B that can be extended to a homomorphism from
A′

t to B. Then there is a homomorphism fromA′ to B (and hence fromA to B) if, and only if, H(r) 6= ∅
for the rootr.

Now suppose that there exists no homomorphism fromA to B. ThenH(r) = ∅. We shall describe
a winning strategy for player I in the game. He maintains the following invariant for each position(S, h)
that occurs:

(⋆) There is some nodet of T such thatS = β(t), andh 6∈ H(t).

Furthermore, in each move the nodet in (⋆) will be closer to a leaf, and ift is a leaf then player I will win
the game. Let us emphasise that we play the game on the structuresA andB and not onA′ andB. But since
A′ is a substructure ofA, player I can always pick subsetsS ⊆ A′. In his first move, player I picksβ(r).
SinceH(r) = ∅, (⋆) will be satisfied after the first round of the game no matter howplayer II answers.
Now suppose we are in a position(β(t), h), whereh 6∈ H(t). If t is a leaf,h cannot be a homomorphism
fromA[β(t)] toB, and player I wins the game. Ift is not a leaf andh is a homomorphism, then there must
be some childt′ of t such that for allh′ ∈ H(t′), h is not compatible withh′, because otherwiseh would
be inH(t). (Note that here we use the first property of tree decompositions in an essential way.) Player I
choosesβ(t′) for such a child and maintains the invariant(⋆).
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This completes the proof of the claim.

There is a straightforward dynamic programming algorithm deciding whether player I has a winning
strategy for the game in timeO(|A|2(w+1)). This proves the theorem. 2

4. The main hardness result

In this section, we shall prove the following hardness theorem. Combined with the tractability theorem of
the previous section, it yields Theorem 1 (details will be given after the proof of Theorem 9).

Theorem 9. Let C be a recursively enumerable class structures of bounded arity that does not have
bounded treewidth modulo homomorphic equivalence. Thenp-HOM(C,−) is W[1]-hard under fpt-re-
ductions.

The proof requires some preparation. Letk ≥ 2 andK =
(

k
2

)

, and letA be a connectedτ -structure
whose Gaifman graph contains a(k × K)-grid as a minor. Letµ : [k] × [K] → 2A a minor map from
the (k × K)-grid ontoA. Recall thatµ beingontomeans that the setsµ(h), for h ∈ [k] × [K], form a
partition of the universeA of A and that we can choose the minor map to be onto becauseA is connected.
We fix some bijectionρ between[K] and the set of all unordered pairs of elements of[k]. Forp ∈ [K], we
sloppily writei ∈ p instead ofi ∈ ρ(p). It will be convenient to jump back and forth between viewingthe
columns of the(k × K)-grid as being indexed by elements of[K] and unordered pairs of elements of[k].

Let G = (V G , EG) be a graph. We shall define aτ -structureB = B(A, µ,G) such that there is a
homomorphism fromA toB if, and only if,G contains ak-clique. The universe ofB is

B =
{

(v, e, i, p, a)
∣

∣

∣
v ∈ V G , e ∈ EG , i ∈ [k], p ∈ [K] such that

(

v ∈ e ⇐⇒ i ∈ p
)

, a ∈ µ(i, p)
}

.

We define theprojectionΠ : B → A by letting

Π(v, e, i, p, a) = a

for all (v, e, i, p, a) ∈ B. Recall that the minor mapµ is onto. Thus everya ∈ A is contained inµ(i, p) for
somei ∈ [k] andp ∈ [K]. Note that, for an elementa ∈ µ(i, p), Π−1(a) contains all tuples(v, e, i, p, a)
with v ∈ V G , e ∈ EG such that(v ∈ e ⇐⇒ i ∈ p). As usually, we extendΠ andΠ−1 to tuples
of elements by defining it componentwise. We shall define the relations ofB in such a way thatΠ is a
homomorphism fromB to A. For everyR ∈ τ , say, of arityr, and for all tuples̄a = (a1, . . . , ar) ∈ RA

we add toRB all tuplesb̄ = (b1, . . . , br) ∈ Π−1(ā) satisfying the following two constraints for allb, b′ ∈
{b1, . . . , br}:

(C1) If b = (v, e, i, p, a) andb′ = (v′, e′, i, p′, a′)
thenv = v′.

(C2) If b = (v, e, i, p, a) andb′ = (v′, e′, i′, p, a′)
thene = e′.

Lemma 10. The projectionΠ is a homomorphism fromB toA.

Proof: Follows immediately from the definition ofB. 2

Lemma 11. If G contains ak-clique, then there is a homomorphism fromA toB.

Proof: Let v1, . . . , vk be the vertex set of ak-clique inG. Recall thatρ is a bijection between[K] and the
set of unordered pairs of elements of[k]. Forp ∈ [K] with ρ(p) = {i, j}, let ep ∈ EG be the edge between
vi andvj .

We defineh : A → B by letting
h(a) = (vi, ep, i, p, a)
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for i ∈ [k], p ∈ [K], anda ∈ µ(i, p). We have to make sure that indeedh(a) ∈ B for all a ∈ A, that is,
that(vi ∈ ep ⇐⇒ i ∈ p), but this is immediate from the definition ofep.

To prove thath is a homomorphism, letR ∈ τ ber-ary and̄a = (a1, . . . , ar) ∈ RA. Let i1, . . . , ir and
p1, . . . , pr be such thataj ∈ µ(ij , pj) for j ∈ [r]. Then

h(ā) =
(

(vi1 , ep1
, i1, p1, a1), . . . , (vir

, epr
, ir, pr, ar)

)

.

Conditions (C1) and (C2) are trivially satisfied, thush(ā) ∈ RB. 2

Lemma 12. Suppose thatA is a core. If there is a homomorphism fromA toB, thenG contains ak-clique.

Proof: Let h : A → B be a homomorphism fromA to B. Thenf = Π ◦ h is a homomorphism fromA
to A. Thus by Lemma 3,f is an isomorphism, becauseA is a core. Without loss of generality we assume
thatf is the identity. If this is not the case, we consider the homomorphismh ◦ f−1 instead ofh.

By the definition ofΠ, this means that fori ∈ [k], p ∈ [K], anda ∈ µ(i, p) we have

h(a) = (va, ea, i, p, a).

for a vertexva ∈ V G and an edgeea ∈ EG such that(va ∈ ea ⇐⇒ i ∈ p).

Claim 1: For i ∈ [k], p ∈ [K] anda, a′ ∈ µ(i, p) we haveva = va′ andea = ea′ .

Proof: Sinceµ(i, p) is connected inA, it suffices to prove the claim fora, a′ such that there is an edge
betweena anda′ in the Gaifman graph ofA.

So letR ∈ τ , say, of arityr, andā = (a1, . . . , ar) ∈ RA such thata, a′ ∈ {a1, . . . , ar}. Sinceh is
a homomorphism we haveh(ā) ∈ RB. Thus by conditions (C1) and (C2), we must haveva = va′ and
ea = ea′ . This proves Claim 1.

Claim 2: For i, i′ ∈ [k], p ∈ [K] anda ∈ µ(i, p), a′ ∈ µ(i′, p) we haveea = ea′ .

Proof: By a simple inductive argument in which Claim 1 is the base case, it suffices to prove Claim 2
for i′ = i + 1.

Sinceµ is a minor map from the(k×K)-grid toA and there is an edge between(i, p) and(i′, p) in the
grid, there must be some edge betweenµ(i, p) andµ(i′, p) in the Gaifman graphG(A). Thus there must
be some relationR ∈ τ and tuplēa ∈ RA such that bothµ(i, p) andµ(i′, p) contain an element of̄a.

Let R ∈ τ ber-ary andā = (a1, . . . , ar) ∈ RA. Without loss of generality, suppose thata1 ∈ µ(i, p)
anda2 ∈ µ(i′, p). Sinceh is a homomorphism we haveh(ā) ∈ RB. Thus by condition (C2) we have
ea1

= ea2
. By Claim 1, we haveea = ea1

andea′ = ea2
. This completes the proof of Claim 2.

Claim 3: For i ∈ [k], p, p′ ∈ [K] anda ∈ µ(i, p), a′ ∈ µ(i, p′) we haveva = va′ .

Proof: Analogously to the proof of Claim 2 using condition (C1) instead of (C2).

Together, the three claims imply that there are verticesv1, . . . , vk ∈ V G and edgese1, . . . , eK ∈ EG

such that for alli ∈ [k], p ∈ [K], anda ∈ µ(i, p) we haveh(a) = (vi, ep, i, p, a). Sinceh(a) ∈ B for all
a ∈ A, this implies that

vi ∈ ep ⇐⇒ i ∈ p.

Thusv1, . . . , vk form ak-clique. 2

Proof of Theorem 9: We shall give an fpt-reduction fromp-CLIQUE to HOM(C,−). Let G be a graph
andk ≥ 1. Let K =

(

k
2

)

. By the Excluded Grid Theorem 5, there is some structureA ∈ C such that the
(k × K)-grid is a minor of the Gaifman graph of the core ofA.

We enumerate the recursively enumerable classC until we find such anA = A(k). Then we compute
the coreA′ of A and a minor mapµ from the(k × K)-grid toA′. We letA′′ be the connected component
of A′ that contains the image ofµ. A′′ is also a core. Without loss of generality we can assume thatµ is a
minor map from from the(k×K)-grid ontoA′′. We letB′ = B(A′′, µ,G). By Lemma 11 and Lemma 12,
there is a homomorphism fromA′′ to B′ if, and only if,G contains ak-clique. LetB be the disjoint union
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of B′ with A′ \ A′′. SinceA′ is a core, every homomorphism fromA′ to B mapsA′′ to B′. Thus there is
a homomorphism fromA′ to B if, and only if,G contains ak-clique. SinceA′ is the core ofA, it follows
that there is a homomorphism fromA toB if, and only if,G has ak-clique.

The construction ofA only depends onk and is effective becauseC is recursively enumerable. Com-
puting the coreA′ and the minor mapµ may require time exponential in the size ofA, but this is still
bounded in terms ofk. Observe that the size of anr-ary relationRB is at most

|Π−1(Ar)| ≤
(

|V G | · |EG | · |A|
)r

.

Since the arity ofC is bounded, this is polynomial in||A|| and ||G||. It follows that the size ofB is
polynomially bounded in terms of||A|| and||G||, and it is easy to see thatB can actually be computed in
polynomial time. This shows that the reduction(G, k) 7→ (A,B) is an fpt-reduction. 2

Proof of Theorem 1:Assume that FPT6= W[1] and letC be a recursively enumerable class of structures of
bounded arity. Trivially, if HOM(C,−) is in polynomial time then it is fixed-parameter tractable. By Theo-
rem 9 and our assumption FPT6= W[1], if p-HOM(C,−) is fixed-parameter tractable thenC has bounded
treewidth modulo homomorphic equivalence. Finally, ifC has bounded treewidth modulo homomorphic
equivalence, then HOM(C,−) is in polynomial time by Theorem 8. 2

Remark 13. Inspection of our proof shows that we need the recursive enumerability of the classC only
to guarantee the uniformity of the fpt-reduction fromp-CLIQUE to p-HOM(C,−). If we strengthen the
complexity theoretic assumption to nonuniform-FPT6= nonuniform-W[1], then we can prove the theorem
for arbitrary classesC of bounded arity.

Remark 14. It is not hard to show that for every decidable classC of structures, the problemp-HOM(C,−)
is in W[1]. Hence for decidable classesC, the W[1]-hardness stated in Theorems 9 and 1 becomes W[1]-
completeness.

5. A characterization of tractability in terms of the underlying graphs

For a classG of graphs, letC(G) denote the class of all structures whose Gaifman graph is inG. The
following theorem is a slight improvement of a result due to Grohe, Schwentick, and Segoufin [25].

Theorem 15. Assume thatFPT 6= W[1]. Let G be a recursively enumerable class of graphs. Letτ be a
vocabulary that is at least binary. Then the following threestatements are equivalent:

(1) HOM(C(G),−) is in polynomial time.

(2) HOM(C(G)[τ ],−) is in polynomial time.

(3) G has bounded treewidth.

The statement proved in [25] is weaker in that it requires thevocabularyτ to contain at least two at least
binary relation symbols, one of which needs to be interpreted by equality. Note that (3) states thatG has
bounded treewidth and not just bounded treewidth modulo homomorphic equivalence.

Essentially, to derive Theorem 15 from Theorem 1, we have to prove that ifG is a class of graphs of
unbounded treewidth, then for everyτ that is at least binary,C(G)[τ ] has unbounded treewidth modulo
homomorphic equivalence. Of course it suffices to do this forthe “minimal” binary vocabularyτ = {E},
whereE is a binary relation symbol. Then what we need to prove is thatif we have a class of graphs of
unbounded treewidth, then we can orient the edges of these graphs in such a way that the resulting class of
directed graphs has unbounded treewidth modulo homomorphic equivalence.

It will be convenient to work withwalls instead of grids. Figure 1 shows the walls ofheight1, 2, 3, 4,
which we denote byW1, . . . ,W4. It is obvious from the figure how to defineWk, thewall of heightk for
everyk ≥ 1. Observe that the(k + 1) × (k + 1)-grid is a minor of the wallWk. Therefore, the treewidth
of Wk is at least(k + 1). Furthermore, the wallWk is a subgraph of the(k + 1) × 2k-grid. Thus, by the
Excluded Grid Theorem 5, for everyk there is aw such that every graph of treewidth at leastw has the wall
Wk as a minor. An important difference between walls and grids is that walls have maximum degree3. We
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Figure 1. Walls of height 1–4

will exploit the well-known fact that if a graph of maximum degree3 is a minor of some other graph, then
it is actually a topological minor. Let us explain this: Asubdivisonof a graphG is a graph obtained fromG
by replacing the edges ofG by nonintersecting paths.G is a topological minorof H if some subdivison of
G is (isomorphic to) a subgraph ofH. Clearly, ifG is a topological minor ofH, then it is also a minor. In
general, the converse does not hold, but it does ifG is a graph of maximum degree at most3. To see this,
note that contracting an edgee such that both endpoints ofe have degree at least3 yields a new vertex of
degree at least4. Call an edge contractiontopologicalif at most one endpoint of the contracted edge has
degree at least3. It follows that a graph of maximum degree3 is a minor of a graphH if and only if G can
be obtained from a subgraph ofH by a series of topological edge contractions. But this is precisely the
case ifG is a topological minor ofH.

The preceding discussion yields the following lemma:

Lemma 16 ([33]). A classG of graphs has unbounded treewidth if and only if for everyk ≥ 1 there is a
graphG ∈ G such that the wallWk is a topological minor ofG.

With this lemma at hand, we can turn towards a proof of Theorem15. Anorientationof an undirected
graphG is a directed graph obtained fromG by giving each edge one direction.

Lemma 17. LetG be a graph such that the wallWk is a topological minor ofG. ThenG has an orientation
D such that every directed graph homomorphically equivalenttoD has treewidth at least(k + 1).

b b b b

bbbbbb

b b b b b b

bbbb

Figure 2. An acyclic orientation ofW3 with a Hamilton path

Proof: We first observe that the wallWk has an acyclic orientationAk with a Hamilton path. Figure 2
illustrates this. Ifh is a homomorphism fromAk to some acyclic directed graphB, thenh is one-to-one.
Obviously, this can be extended to subdivisions ofWk: If S is a subdivison ofWk, thenS has an acyclic
orientationA, which is a “directed subdivison” ofAk, such that ifh is a homomorphism fromA to some
acyclic directed graphB, thenh is one-to-one.

Now letG be a graph that containsWk as a topological minor, and letS ⊆ G be a subdivision ofWk.
Let A be an acyclic orientation ofS such that ifh is a homomorphism fromA to some acyclic directed
graphB, thenh is one-to-one. We extendA in arbitrary way to an acyclic orientationD of G. LetD′ be
homomorphically equivalent toD. ThenD′ is also acyclic. Leth be a homomorphism fromD toD′. Then
h is one-to-one. ThusA is isomorphic to a subgraph ofD′, and thereforeWk is a topological minor of the
Gaifman graph of underlyingD′. AsWk has treewidth at least(k + 1), so hasD′. 2
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Lemma 18. LetG be a class of graphs of unbounded treewidth, andτ a vocabulary that is at least binary.
ThenC(G)[τ ] has unbounded treewidth modulo homomorphic equivalence.

Proof: Suppose first that containsτ some binary relation symbolE. By Lemma 16, for everyk ≥ 1 there
is a graphGk ∈ G such thatWk is a topological minor ofGk. LetDk be the orientation ofGk obtained from
Lemma 17, and letAk be theτ -structure with(Ak, EAk) = Dk andRAk = ∅ for all R ∈ τ \ {E}. Then
G(Ak) = Gk and henceAk ∈ C(G). Furthermore, by Lemma 17,Ak is not homomorphically equivalent
to a structure of treewidth less thank. HenceC(G) does not have bounded treewidth modulo homomorphic
equivalence.

If τ does not contain a binary relation symbol, we can simply use arelation symbolR of higher arity,
say,r, instead ofE and defineRAk to contain all tuples(a1, . . . , ar) such that(a1, a2) is an edge ofDk

anda2 = a3 = . . . = ar. 2

Proof of Theorem 15: The implication (1)=⇒ (2) is trivial. To prove that (2)=⇒ (3), suppose that
G has unbounded treewidth. Then by Lemma 18,C(G) has unbounded treewidth modulo homomorphic
equivalence. Thus by Theorem 1, HOM(C(G)[τ ],−) is not in polynomial time. To prove that (3)=⇒ (1),
observe that ifG has bounded treewidth, thenC(G) has bounded treewidth and therefore bounded treewidth
modulo homomorphic equivalence. Hence, by Theorem 1, HOM(C(G),−) is in polynomial time. 2

6. Applications

6.1. Constraint satisfaction problems. An instanceI of a constraint satisfaction problem (CSP)is
specified by a setV of variables, a domainD, and a setC of constraints of the formRIx1 . . . xr, where
r ≥ 1, x1, . . . , xr ∈ V , andRI an r-ary relation on the domainD. A solutionfor I is an assignment
h : V → D such that for all constraintsRIx1 . . . xr ∈ C we have

(

h(x1), . . . , h(xr)
)

∈ RI . The relations
RI appearing inC form theconstraint languageof the instanceI.

Feder and Vardi [17] observed that constraint satisfactionproblems can be described as homomorphism
problems for relational structures. With every CSP-instance I = (V, D, C) we associate two structures
A(I) andB(I) as follows: The vocabularyτ(I) of both structures contains anr-ary relation symbolR for
everyr-ary relationRI in the constraint language ofI. The universe ofB(I) is D, and the relations ofB
are those appearing in the constraint language. More precisely, for everyR ∈ τ(I) we letRB(I) = RI .
The universe ofA(I) is V , and for eachr-ary relation symbolR ∈ τ(I) we letRA(I) = {(x1, . . . , xr) |
RIx1 . . . xr ∈ C}. Then a mappingh : V → D is a solution forI if and only if it is a homomorphism from
A(I) to B(I). Thus instanceI is satisfiable if and only if there is a homomorphism fromA(I) to B(I).
Conversely, for all pairs of structuresA, B of the same vocabulary, we can easily construct a CSP-instance
I such thatA(I) = A andB(I) = B.

For classesC, D of relational structures we let CSP(C, D) be the restricted constraint satisfaction prob-
lem with instancesI satisfyingA(I) ∈ C andB(I) ∈ D. If C or D is the class of all structures, we
use the notation CSP(−, D) or CSP(C,−), respectively. By the preceding discussion, for all classes C, D
of relational structures the problems CSP(C, D) and HOM(C, D) are polynomial time equivalent. In the
literature on constraint satisfaction problems, restrictions on the classC, that is, on the structureA(I) im-
posed by the constraints on the variables, are often referred to asstructural restrictions. Restrictions onD
are referred to asconstraint language restrictions. Another distinction made is betweennonuniform CSP,
where domain and constraint language (and hence the structureB(I)) are fixed, anduniform CSP, where
they are part of the input [29]. Considerable efforts have been made towards identifying restrictions that
lead to tractable problems; recent results include [4, 5, 6,9, 10, 11, 24]. Our main result implies an almost
complete characterization of the tractable structural restrictions for uniform CSP:

Corollary 19. Assume thatFPT 6= W[1]. Then for every recursively enumerable classC of structures of
bounded arity,CSP(C,−) is in polynomial time if and only ifC has bounded treewidth modulo homomor-
phic equivalence.

It is an interesting question what happens in the nonuniformcase. Let us call a classC a nonuniformly
tractable structural restrictionif CSP(C, {B}) is in polynomial time for all structuresB. Now we may ask
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what the nonuniformly tractable restrictions are. Clearly, if CSP(C,−) is in polynomial time thenC is a
nonuniformly tractable structural restriction. Thus all classesC of bounded treewidth modulo homomor-
phic equivalence are. However, we can go beyond bounded treewidth modulo homomorphic equivalence:
Let us say that a classC of structures haslogarithmic treewidthif there is a constantc such that for all
A ∈ C it holds that tw(A) ≤ c · log ||A||.

Proposition 20. Every classC of structures of logarithmic treewidth is a nonuniformly tractable structural
restriction.

Proof: If C has logarithmic treewidth, then for every fixed structureB with d elements we can solve
HOM(C, {B}) in timenO(log d) by a straightforward dynamic programming algorithm on a tree decompo-
sition of logarithmic width of the input structureA. Such a decomposition can be computed in polynomial
time a by an algorithm due to Robertson and Seymour [34] (alsosee [32, 19]) that, given ann-vertex graph
G of treewidthk, computes a tree-decomposition ofG of width at most4k + 1 in time2O(k) · n2. 2

It is an open question whether this tractability result can be extended to classesC of structures that
have logarithmic treewidth modulo homomorphic equivalence. The algorithm underlying Theorem 8 is
only quasi-polynomial in this case.

6.2. Conjunctive query evaluation. It is well known that relational databases can be modeled by finite
relational structures and that first-order logic forms the core of the standard query language SQL (see, for
example, [1]). A particularly important class of queries isthe class ofconjunctive queries, which can be
defined by formulas of first-order logic of the following form:

ϕ(x1, . . . , xk) = ∃xk+1 . . .∃xℓ

(

α1 ∧ . . . ∧ αm

)

, (1)

where eachatomαi is of the formRxj1 . . . xjr
for anr-ary relation symbolR and indicesj1, . . . , jr ∈ [ℓ].

Let τ(ϕ) be the vocabulary that contains all relation symbols appearing in ϕ. For aτ(ϕ)-structureB and
anℓ-tupleb̄ = (b1, . . . , bℓ) ∈ Bℓ, we say thatB, b̄ satisfiesαi = Rxj1 . . . xjr

if (bj1 , . . . , bjr
) ∈ RB. For a

k-tuple b̄ = (b1, . . . , bk) ∈ Bk, we say thatB, b̄ satisfiesϕ(x1, . . . , xk) (and writeB |= ϕ(b̄)) if there are
bk+1, . . . , bℓ such thatB, (b1, . . . , bℓ) satisfiesα1, . . . , αm. We let

ϕ(B) = {b̄ ∈ Bk | B |= ϕ(b̄)}.

Intuitively, ϕ(B) is the answer of the queryϕ in the “database”B. The conjunctive query evaluation
problemis to computeϕ(B) for givenϕ andB. For every classΦ of conjunctive queries and every class
D of structures, we let EVAL (Φ, D) be the problem of computingϕ(B) for a givenϕ ∈ Φ andB ∈ D. As
usually, we write EVAL (Φ,−) if D is the class of all structures.

Observe the close relationship between query evaluation and constraint satisfaction problems [29]:
Let ϕ be a conjunctive query andB a structure as above. LetI = (V, D, C) be the CSP-instance with
V = {x1, . . . , xk}, D = B, andC = {α1, . . . , αm}, where we identify the atomαi = Rxj1 . . . xjr

with
the constraintRBxj1 . . . xjr

. Then for everyk-tuple b̄ = (b1, . . . , bk) ∈ Bk it holds thatB |= ϕ(b̄) if
and only if there is a solutionh : V → D for I with h(xi) = bi for i ∈ [k]. Thus “solutions” to the
query evaluation problem, that is, tuples in the query answer, are projections of solutions to the constraint
satisfaction problem. However, there is an important difference: In the query evaluation problem, we have
to compute all tuples in the query answer, whereas in the constraints satisfaction problem we are usuallly
happy to find just one solution or decide if a solution exists,if we view the problem as a decision problem,
which we do in this paper.

To apply our main result to the conjunctive query evaluationproblem, we have to define an analogue
of structural restrictions for conjunctive queries. Letϕ(x1, . . . , xk) be a conjunctive query. Recall that the
vocabularyτ(ϕ) consists of all relation symbols that occur inϕ, and letFϕ be a newk-ary relation symbol
not contained inτ(ϕ). We define aτ(ϕ) ∪ {Fϕ}-structureA(ϕ) as follows: The universe ofA(ϕ) is the
set of variables occurring inϕ. For every relation symbolR ∈ τ(ϕ), we letRA(ϕ) = {(xj1 , . . . , xjr

) |

Rxj1 . . . xjr
is an atom ofϕ

}

. Moreover, we letFA(ϕ)
ϕ = {(x1, . . . , xk)}. Recall thatA(ϕ)|τ(ϕ) denotes

theτ(ϕ)-reduct ofA(ϕ). It is easy to see that for everyτ(ϕ)-structureB,

ϕ(B) =
{

(

h(x1), . . . , h(xk)
)

∣

∣

∣
h is a homomorphism fromA(ϕ)|τ(ϕ) toB

}

.
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For every classΦ of conjunctive queries, we letC(Φ) = {A(ϕ) | ϕ ∈ Φ}. We say thatΦ hasbounded
arity if there is ak ∈ N such that for allϕ ∈ Φ, the vocabularyτ(ϕ) is at mostk-ary. Note that ifC(Φ)
has bounded arity then so hasΦ, but that the converse is not always true. Instead,C(Φ) has bounded arity
if and only if Φ has bounded arity and there is ak ∈ N such that everyϕ ∈ Φ has at mostk free variables.

Corollary 21. Assume thatFPT 6= W[1]. Then for every recursively enumerable classΦ of conjunctive
queries of bounded arity,EVAL (Φ,−) is in polynomial time if and only ifC(Φ) has bounded treewidth
modulo homomorphic equivalence.

Proof: For the forward direction, suppose that EVAL (Φ,−) is in polynomial time.
We first prove thatC(Φ) has bounded arity. As EVAL (Φ,−) is in polynomial time, the size of the query

answersϕ(B) must be polynomially bounded. Hence there exists ak0 ∈ N such that for everyϕ ∈ Φ and
every sufficiently largeB it holds that|ϕ(B)| ≤ ||B||k0 . Let k1 ∈ N such thatτ(ϕ) is at mostk1-ary for
everyϕ ∈ Φ and suppose for contradiction that there is aϕ ∈ Φ with more thank0 · k1 free variables.
Let us fix such aϕ, and letk > k0 · k1 be the number of free variables ofϕ. For everyn ≥ 1, let Bn

be theτ(ϕ)-structure with universe[n] andRB = [n]r for everyr-ary R ∈ τ(ϕ). Thenϕ(Bn) = [n]k,
because every tuple of elements ofBn satisfies all atoms ofϕ. However,||Bn|| = O(nk1 ) (where the
big-Oh constant may depend onϕ) and therefore

|ϕ(Bn)| ≤ ||Bn||
k0 = O(nk0·k1) = o(nk) = o(|ϕ(Bn|).

This is a contradiction, and thusC(Φ) must have bounded arity.
Hence by Theorem 1, it suffices to prove that HOM(C(Φ),−) is in polynomial time. So suppose we are

given an instanceA,B of HOM(C(Φ),−), whereA = A(ϕ) for someϕ = ϕ(x1, . . . , xk) ∈ Φ andB is an
arbitraryτ(ϕ)∪{Fϕ}-structure. Using the polynomial time algorithm for EVAL (Φ,−), we can enumerate
the set

ϕ(B|τ(ϕ)) =
{

(

h(x1), . . . , h(xk)
)

∣

∣

∣
h is a homomorphism fromA|τ(ϕ) to B|τ(ϕ)

}

.

To find out if there is a homomorphism fromA to B, we simply have to check whether the setϕ(B|τ(ϕ))
contains a tuple inFB

ϕ .
For the backward direction, suppose thatC(Φ) has bounded treewidth modulo homomorphic equiva-

lence. Then by Theorem 8, HOM(C(Φ),−) is in polynomial time. We shall prove that EVAL (Φ,−) is in
polynomial time as well.

Again, we prove first that there is a bound on the number of freevariables of the queries inΦ. Let
k0 ∈ N such that everyA ∈ C(Φ) is homomorphically equivalent to a structure of treewidth at mostk0.
Let ϕ(x1, . . . , xk) ∈ Φ, where we assume that the variablesx1, . . . , xk are distinct. We shall prove that
k ≤ k0 + 1. Consider the structureA = A(ϕ). The relationFA

ϕ contains only one tuple(x1, . . . , xk).

Hence(x1, . . . , xk) ∈ FA′

for the coreA′ of A. As x1, . . . , xk are pairwise distinct, this implies that the
treewidth ofA′ is at leastk − 1, and thusk ≤ k0 + 1.

To prove that EVAL (Φ,−) is in polynomial time, consider an instanceϕ,B, whereϕ = ϕ(x1, . . . , xk) ∈
Φ andB is aτ(ϕ)-structure. LetA = A(ϕ). For everyk-tupleb̄ ∈ Bk, let (B, b̄) denote theτ(ϕ) ∪ {Fϕ}-

expansion ofB with F
(B,b̄)
ϕ = {(b1, . . . , bk)}. Then

ϕ(B) =
{

(

h(x1), . . . , h(xk)
)

∣

∣

∣
h is a homomorphism fromA(ϕ)|τ(ϕ) to B

}

=
{

b̄ ∈ Bk | there is a homomorphism fromA(ϕ) to (B, b̄)
}

.

Using the polynomial time algorithm for HOM(C(Φ),−), this set can be computed in polynomial time,
becausek is bounded by the constantk0 + 1. 2

It is an interesting open problem to characterize those classes of conjunctive queries for which the
answer can be computed inpolynomial total time(that is, in time polynomial in the size of the input and
the size of the output, which can be exponential in the size ofthe input) or by apolynomial delay algorithm
(that is, an algorithm that may run for an exponential numberof steps, but produces at least one tuple in
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the solution every polynomial number of steps). This question is even interesting for the special case of
conjunctive queries without any existential quantifiers, that is, queries where all variables are free. In this
case, the problem is equivalent to the problem of enumerating all solutions for a given CSP-instance. It is
proved in [8] (also see [18]) that for classesΦ of conjunctive queries of bounded treewidth, the problem
EVAL (Φ,−) is in polynomial total time, and it is not hard to show that it has a polynomial delay algorithm.
It is not clear at all whether this can be extended to classesΦ of bounded treewidth modulo homomorphic
equivalence.

7. Complexity theoretic remarks

The following result shows that the assumption FPT6= W[1] is not only sufficient to prove our main
theorem, but also necessary. Recall that a functionf : N → N is time constructibleif there is a deterministic
Turing machine that for alln ∈ N on every input of lengthn halts in exactlyf(n) steps. Clearly, for every
computable functionf there is time constructible functiong such thatf(n) ≤ g(n) for all n ∈ N.

Proposition 22. Suppose thatFPT= W[1]. Then there is a polynomial time decidable classC of graphs
of unbounded treewidth modulo homomorphic equivalence such thatHOM(C,−) is in polynomial time.

Proof: FPT = W[1] implies that the parameterized clique problem is fixed-parameter tractable. Suppose
p-CLIQUE is solvable in timef(k) · nc for some computable functionf and constantc. Without loss of
generality we may assume thatf is time constructible and thatf(k) ≥ k for all k ≥ 1.

Fork ≥ 1, let Gk be the graph with vertex set[f(k)] and edges{i, j} for 1 ≤ i < j ≤ k. ThusGk is a
clique of sizek padded withf(k) − k isolated vertices. The core ofGk is a clique of sizek and thus has
treewidthk− 1. Let C be the class of allGk, for k ≥ 1. As the cores of the structures inC have unbounded
treewidth,C has unbounded treewidth modulo homomorphic equivalence. Sincef is time constructible,C
is decidable in polynomial time.

We shall now describe a polynomial time algorithm for HOM(C,−). Let G ∈ C, say,G = Gk, and let
H be an arbitrary graph. There is a homomorphism fromG to H if, and only if, H contains ak-clique.
Deciding whetherH contains ak-clique requires timef(k)·||H||c ≤ ||G||·||H||c if we use the fpt-algorithm
for p-CLIQUE. 2

A similar result holds for the nonuniform version of the assumption:

Proposition 23. Suppose thatnonuniform-FPT= nonuniform-W[1]. Then there is a classC of graphs of
unbounded treewidth modulo homomorphic equivalence such that HOM(C,−) is in polynomial time.

Proof: Nonuniform-FPT= nonuniform-W[1] implies thatp-CLIQUE is in nonuniform-FPT. This means
that there exists a constantc and, for everyk ≥ 1, a Turing machineMk and a constantdk that decides if
its inputx is (the encoding of a) graph that contains ak-clique in at mostdk · |x|c steps. Let us fix such ac
and families(Mk)k≥1, (dk)k≥1.

It is easy to find an enumeration(N1, e1), (N2, e2), . . . of all pairs(N, e) consisting of a Turing machine
N and a natural numbere such that there is a polynomial time algorithmA that, given a natural numberi

in unary and an inputx, decides ifNi acceptsx in at mostei|x|c steps.
Let f : N → N such thatNf(k) = Mk andef(k) = dk. Note thatf is not necessarily computable.

Without loss of generality we can assume thatf(k) ≥ k for all k ≥ 1. So givenf(k) in unary and a graph
H, the algorithmA decides in polynomial time whetherH contains ak-clique.

We define a classC of graphs as follows: For everyk ≥ 1, again we letGk be the graph with vertex set
[f(k)] and edges{i, j} for 1 ≤ i < j ≤ k. ThusGk is a clique of sizek padded withf(k) − k isolated
vertices. LetC be the class of allGk, for k ≥ 1. Clearly,C has unbounded treewidth modulo homomorphic
equivalence.

We shall now describe a polynomial time algorithm for HOM(C,−). Let G ∈ C, say,G = Gk, and let
H be an arbitrary graph. There is a homomorphism fromG to H if, and only if, H contains ak-clique.
We can decide in polynomial time whetherH contains ak-clique by executing our algorithmA on input
f(k) = |V G |,H. 2
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Our last result gives some evidence that there are problems of the form HOM(C,−) which are in NP,
but neither in PTIME nor NP-complete. Consider the following problem:

LOG-CLIQUE

Instance: GraphG.
Problem: Decide ifG has a clique of size at least log|V G |.

LOG-CLIQUE has been considered by Papadimitriou and Yannakakis [30]. It is unlikely that LOG-CLIQUE

is in PTIME because that would imply that the parameterized clique problem is fixed-parameter tractable
and thus FPT= W[1]. It also seems unlikely that LOG-CLIQUE is NP-complete because that would imply
that NP⊆ DTIME(nO(log n)).

We call two problemsP andQ polynomial time equivalentif there is a polynomial time reduction from
P to Q and, vice versa, a polynomial time reduction fromQ to P .

Proposition 24. There is a polynomial time decidable classC of graphs such thatHOM(C,−) andLOG-
CLIQUE are polynomial time equivalent.

Proof: For everyn ≥ 1, letGn be the graph with vertex set[n] and edges{i, j} for 1 ≤ i < j ≤ ⌈log n⌉,
and letC = {Gn | n ≥ 1}.

To see that LOG-CLIQUE is reducible to HOM(C,−), we just observe that a graphH with n vertices
has a clique of size at least logn if, and only if, there is a homomorphism fromGn toH.

To reduce HOM(C,−) to LOG-CLIQUE, we proceed as follows: Suppose we are given a graphG ∈ C
and a graphH. Suppose thatG = Gn and thusn = |V G |. Let n′ = |V H|, ℓ = ⌈log n⌉, andℓ′ = ⌈log n′⌉.

We shall define a graphH′ such that there is a homomorphism fromG to H if, and only if, H′ has a
clique of size at least log|V H′

|.
If ℓ = ℓ′ then we simply letH′ = H.
If ℓ > ℓ′ then we letH′ be the graph obtained fromH by addingn − |V H| isolated vertices.
If ℓ < ℓ′ then we defineH′ as follows: We addn′ new verticesv1, . . . , vn′ to H. Let k = ℓ′ + 1 − ℓ.

We add edges betweenvi andvj for 1 ≤ i < j ≤ k and betweenvi and all vertices ofH for 1 ≤ i ≤ k.
Observe that⌈log |V H′

|⌉ = ⌈log |V H|⌉ + 1 = ℓ′ + 1. Furthermore,H′ has anℓ + k = ℓ′ + 1-clique if,
and only if,H has anℓ-clique, which is the case if, and only if, there is a homomorphism fromG toH. 2

8. Conclusions

We give a chacterisation of all tractable problems of the form HOM(C,−), for classesC of bounded arity,
in terms of the treewidth modulo homomorphic equivalence ofthe structures inC. Given the large variety
of classesC, it is quite surprising that such a clear cut combinatorial characterisation of tractability exists
at all. Furthermore, this characterisation coincides for two natural notions of tractability, polynomial time
decidability and fixed-parameter tractability.

It is easy to see that our charaterization of tractable problems HOM(C,−) fails for classesC of un-
bounded arity: For example, consider the classC of all structures with universe[n] and onen-ary relation
that only contains the tuple(1, . . . , n). Clearly, this class has unbounded treewidth modulo homomorphic
equivalence, but it is easy to see that HOM(C,−) is nevertheless in polynomial time. For a while, it looked
as if bounded hypertree width modulo homomorphic equivalence[21] (also see [3, 9, 10, 22]) could be
the right tractability criterion for classesC of unbounded arity, but recently it was proved that a bounded
fractional edge cover number of the hypergraph associated with the structures inC also implies tractability
[24] and goes beyond bounded hypertree width modulo homomorphic equivalence. There are good reasons
to believe that the right combinatorial characterization of tractable HOM(C,−) is bounded fractional hy-
pertree width modulo homomorphic equivalence [24], which is a combination of bounded hypertree width
and bounded fractional edge cover number. However, currently it is neither known whether HOM(C,−) is
in polynomial time for all classesC bounded fractional hypertree width (it is known that the parameterized
problemp-HOM(C,−) is tractable for such classes) nor whether the tractabilityof HOM(C,−) implies
thatC has bounded fractional hypertree width modulo homomorphicequivalence.
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Shortly after the conference version of this article [23] was published, Dalmau and Jonsson [12] ob-
tained a similar characterization for the problem ofcounting homomorphismsbetween two structures. The
combinatorial criterion for tractability of the counting problem is just bounded treewidth (homomorphic
equivalence is not needed). It is open to characterize the tractable instances of the correspondingconstruc-
tion problem(“Given A, B compute a homomorphism fromA to B if there exists one.”) and thelisting
problem(“Given A, B compute all homomorphism fromA to B.”), the latter with respect to polynomial
total time or polynomial delay algorithms.

Related to the homomorphism problem is theembedding problem, where by embedding we simply
mean one-to-one homomorphism. The embedding problem for graphs is also known as thesubgraph
isomorphism problem. Again we are interested in restrictions EMB(C,−) of the embedding problem. Note
first that EMB(C,−) is NP-complete even ifC is the class of all paths, because the Hamiltonian path
problem is reducible to the embedding problem for paths. On the other hand, the naturally parameterized
problemp-EMB(C,−) is fixed-parameter tractable for all classesC of bounded treewidth [31]. I conjecture
that this is optimal, that is, thatp-EMB(C,−) is fixed parameter tractable if, and only if,C has bounded
treewidth and that it is W[1]-complete otherwise. A proof ofthis conjecture would also solve another
notorious open problem in parameterized complexity theory: Let Kk,k be the complete bipartite graph
with k vertices on both sides of the bipartition. Is the problem of deciding whether a given graph contains
Kk,k as a subgraph, parameterized byk, W[1]-complete?4 It looks as if it should be easy to prove that the
problem is indeed W[1]-complete, but so far this eluded all efforts.

Acknowledgements. I would like to thank the anonymous referee for pointing out amistake in an earlier
version of Corollary 21.

References

[1] S. Abiteboul, R. Hull, and V. Vianu.Foundations of Databases. Addison-Wesley, 1995.

[2] K.A. Abrahamson, R.G. Downey, and M.R. Fellows. Fixed-parameter tractability and completeness
IV: On completeness for W[P] and PSPACE analogs.Annals of Pure and Applied Logic, 73:235–276,
1995.

[3] I. Adler, G. Gottlob, and M. Grohe. Hypertree-width and related hypergraph invariants. In S. Felsner,
editor,Proceedings of the 3rd European Conference on Combinatorics, Graph Theory, and Applica-
tions, volume AE ofDMTCS Proceedings Series, pages 5–10, 2005.

[4] A. A. Bulatov. A dichotomy theorem for constraints on a three-element set. InProceedings of the
42nd Annual IEEE Symposium on Foundations of Computer Science, pages 649–658, 2002.

[5] A. A. Bulatov. Tractable conservative constraint satisfaction problems. InProceedings of the 18th
IEEE Symposium on Logic in Computer Science, pages 321–330, 2003.

[6] A. A. Bulatov, A. A. Krokhin, and P. Jeavons. The complexity of maximal constraint languages. In
Proceedings of the 33rd ACM Symposium on Theory of Computing, pages 667–674, 2001.

[7] A.K. Chandra and P.M. Merlin. Optimal implementation ofconjunctive queries in relational data
bases. InProceedings of the 9th ACM Symposium on Theory of Computing, pages 77–90, 1977.

[8] Ch. Chekuri and A. Rajaraman. Conjunctive query containment revisited. In Ph. Kolaitis and F. Afrati,
editors,Proceedings of the 5th International Conference on Database Theory, volume 1186 ofLec-
ture Notes in Computer Science, pages 56–70. Springer-Verlag, 1997.

[9] H. Chen and V. Dalmau. Beyond hypertree width: Decomposition methods without decompositions.
In Proceedings of the 11th International Conference on Principles and Practice of Constraint Pro-
gramming, 2005. To appear.

4I first heard about this problem from Markus Schaefer.

17



[10] D. Cohen, P. Jeavons, and M. Gyssens. A unified theory of structural tractability for constraint
satisfaction and spread cut decomposition. InProceedings of the 19th International Joint Conference
on Artificial Intelligence, 2005. To appear.

[11] V. Dalmau. Generalized majority-minority operationsare tractable. InProceedings of the 20th IEEE
Symposium on Logic in Computer Science, pages 438–447, 2005.

[12] V. Dalmau and P. Jonsson. The complexity of counting homomorphisms seen from the other side.
Theoretical Computer Science, 329:315–323, 2004.

[13] V. Dalmau, Ph. G. Kolaitis, and M. Y. Vardi. Constraint satisfaction, bounded treewidth, and finite-
variable logics. In P. Van Hentenryck, editor,Proceedings of the 8th International Conference on
Principles and Practice of Constraint Programming, volume 2470 ofLecture Notes in Computer
Science, pages 310–326. Springer-Verlag, 2002.

[14] R.G. Downey and M.R. Fellows. Fixed-parameter tractability and completeness I: Basic results.SIAM
Journal on Computing, 24:873–921, 1995.

[15] R.G. Downey and M.R. Fellows. Fixed-parameter tractability and completeness II: On completeness
for W[1]. Theoretical Computer Science, 141:109–131, 1995.

[16] R.G. Downey and M.R. Fellows.Parameterized Complexity. Springer-Verlag, 1999.

[17] T. Feder and M.Y. Vardi. The computational structure ofmonotone monadic SNP and constraint
satisfaction: A study through datalog and group theory.SIAM Journal on Computing, 28:57–104,
1998.

[18] J. Flum, M. Frick, and M. Grohe. Query evaluation via tree-decompositions.Journal of the ACM,
49(6):716–752, 2002.

[19] J. Flum and M. Grohe.Parameterized Complexity Theory. Springer-Verlag, 2006.

[20] E.C. Freuder. Complexity ofk-tree structured constraint satisfaction problems. InProceedings of the
8th National Conference on Artificial Intelligence, pages 4–9, 1990.

[21] G. Gottlob, N. Leone, and F. Scarcello. Hypertree decompositions and tractable queries.Journal of
Computer and System Sciences, 64:579–627, 2002.

[22] G. Gottlob, N. Leone, and F. Scarcello. Robbers, marshals, and guards: Game theoretic and logical
characterizations of hypertree width.Journal of Computer and System Sciences, 66:775–808, 2003.

[23] M. Grohe. The complexity of homomorphism and constraint satisfaction problems seen from the
other side. InProceedings of the 43rd Annual IEEE Symposium on Foundations of Computer Science,
pages 552–561, 2003.

[24] M. Grohe and D. Marx. Constraint solving via fractionaledge covers. InProceedings of the of the
17th Annual ACM-SIAM Symposium on Discrete Algorithms, 2006.

[25] M. Grohe, T. Schwentick, and L. Segoufin. When is the evaluation of conjunctive queries tractable.
In Proceedings of the 33rd ACM Symposium on Theory of Computing, pages 657–666, 2001.
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