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Abstract

We give a complexity theoretic classification of homomospiiproblems for graphs and, more gen-
erally, relational structures obtained by restricting léfe hand side structure in a homomorphism. For
every clas< of structures, let l&m(C, —) be the problem of deciding whether a given structdre C
has a homomorphism to a given (arbitrary) structiréVe prove that, under some complexity theoretic
assumption from parameterized complexity theorgM{C, —) is in polynomial time if and only ifC
has bounded treewidth modulo homomorphic equivalence.

Translated into the language of constraint satisfactiablpms, our result yields a characterization
of the tractable structural restrictions of constraintsfattion problems. Translated into the language
of database theory, it implies a characterization of thetaale instances of the evaluation problem for
conjunctive queries over relational databases.

1. Introduction

The homomorphism problem for relational structures is alumental algorithmic problem playing an
important role in different areas of computer science. Tih&eovation that the homomorphism problem is
equivalent to both the evaluation problem and containmestilpm for conjunctive database queries goes
back to Chandra and Merlin [7] (also see [29, 36]). Feder aardlf17] noted that constraint satisfaction
problems in artificial intelligence can also be phrased awdmorphism problems. It is therefore no
surprise that considerable efforts have been made to flassious restrictions of the homomorphism
problem according to their computational complexity.

Let us look at graph homomorphisms first. Recall that a homphism from a grapl@ to a graph
‘H is a mapping from the vertex set ¢gfto the vertex set o that preserves adjacency. The general
homomorphism problem asks, given two graghandH, if there is a homomorphism frorg to H.
Several well-known NP-complete problems can be viewed stscgons of the homomorphism problem.
For example, the clique problem is equivalent to the homgumiem problem where the left hand side input
graphg is a complete graph, and the 3-colourability problem is esjant to the homomorphism problem
where the right hand side input graphis a triangle. For class&sandD of graphs, let hm(C, D) denote
the restriction of the homomorphism problem to input gra@les C andH € D. To simplify the notation,
if either C or D is the class of all structures, we just use the placeholder

Hell and NeSetfil [26] proved the following beautiful skification theorem: For every claBs of
(undirected simple) graphs,di1(—, D) is in polynomial time if all graphs i are bipartite: Otherwise,
Hom(—, D) is NP-completé. This completely settles the classification problem forietsons on the right
hand side graphs.

We look at the corresponding question for restrictions @nléfit hand side, that is, at problems of the
form Hom(C, —). Of course for every fixed graghthe problem bm({G}, —) is in polynomial time (as
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1We consider the 1 vertex graph without any edges as bipartite

2As a matter of fact, Hell and Nesetfil [26] stated theirulein the following equivalenhonuniformversion: For every grapht,
the problem tbm(—, {H}) is in polynomial time if{ is bipartite. Otherwise, HM(—, {H}) is NP-complete. See Section 6.1 for
more on the issue of uniformity.



opposed to m(—, {H})). Furthermore, it is well-known that the problenoM (C, —) is in polynomial
time if C is a class of graphs dfounded treewidthThis can be seen by a straightforward dynamic pro-
gramming algorithm, and has been noted independently laraleesearchers in different contexts [8, 20].
Dalmau, Kolaitis, and Vardi [13] where able to push this @dtether by showing that Hv(C, —) is in
polynomial time if the clas€ hasbounded treewidth modulo homomorphic equivaleagqeoperty that is
defined as follows: Two graplis H are homomorphically equivalent if there is a homomorphismmfG

to H and a homomorphism frofi to G. A classC has bounded treewidth modulo homorphic equivalence
if there is ak such that every graph i@ is homomorphically equivalent to a graph of treewidth at mos
k. For example, every bipartite graph with at least one ed@@isomorphically equivalent to the graph
with two vertices and one edge between them. Thus the cladblpartite graphs has bounded treewidth
modulo homorphic equivalence. We show that essentiallyebelt of Dalmau et al. [13] is optimal:

Assume thaFPT # WI[1]. Then for every recursively enumerable cl&of graphs, the
problemHom(C, —) is in polynomial time if and only i€ has bounded treewidth modulo
homomorphic equivalence.

FPT # WI1] is a standard assumption from parameterized compleiéory that is widely believed to
be true. We will give a brief introduction into parametedzsomplexity theory in Section 2.4. Let us
just remark here that FPE W[1] would imply that 3-SAT is in deterministic timg°(™) [2], and that
PTIME = NP would imply FPT= WI[1]. The latter immediately prompts the question of whetlie can
weaken the assumption of the theorem to PTIMENP. It turns out that we cannot — we prove that the
statement of the theorem is equivalent to the assumptionFM[1], that is, if FPT= W[1] then there is

a recursively enumerable (actually, polynomial time dabld) classC of graphs of unbounded treewidth
modulo homomorphic equivalence such that the problesmtC, —) is in polynomial time. This is quite
remarkable, because the statement of the theorem has gtaido with parameterized complexity theory.

Under the assumption FP# W[1], we can only prove the theorem for recursively enumkralasses
C of graphs. However, if we slightly strengthen the assunmpticmonuniformFPT £ nonuniformW[1],
we can prove our theorem for arbitrary clas€e#\gain we can show that this statement is equivalent to the
assumption, that s, if nonuniform-FP¥ nonuniform-W[1] then there is a cla€sof graphs of unbounded
treewidth modulo homomorphic equivalence such that thblpm Hom(C, —) is in polynomial time.

Hell and Ne3etfil's classification of problemsid(—, D) is not only a classification of all polynomial
time computable problems of this form under the assumptiiVME # NP, but it actually also is di-
chotomy theorerim the sense that problemsit(—, D) are either in polynomial time or NP-complete. We
give some evidence that no such dichotomy holds for probléoe(C, —) by constructing a polynomial
time computable clas§ of graphs for which bm(C, —) is equivalent to the bG-CLIQUE problem. It
seems unlikely that G-CLIQUE, the problem of deciding whether a given graph witlvertices has a
clique of size at least log, is either in polynomial time or NP-complete. However, weya a dichotomy
for the parameterized complexity of the homomorphism moblLetp-Hom(C, —) denote the parameter-
ization of HoM(C, —) by the size of the left hand side input grapke C (see Section 2.4 for details). Then
p-HoM(C, —) is fixed-parameter tractable if, and only ifdth(C, —) is in polynomial time. Moreover, if
p-HoM(C, —) is not fixed-parameter tractable then it is W[1]-complete.

So far, we have only looked at homomorphisms of undirectaglys. However, our classification the-
orem holds in the much wider setting of relational strucsufkhis includes, for example, homomorphisms
of directed graphs and coloured graphs and also the impart@ass ofconstraint satisfaction problems
Homomorphisms of relational structures are naturally @efias relation preserving mappings, and we can
extend the problem Bim(C, D) to arbitrary classe€ andD of relational structures.

Our characterization of the tractable problemsn{C, —) extends from classes of undirected graphs
to classes of relational structures in a straightforwardmea This may be slightly surprising, because Hell
and NeSetfil's [26] classification of the tractable righnd sight restrictions (that is, problemei(—, D))
so far resisted all attempts to be extended even to cl@sésriented trees. The only restriction we have
to pose on the class€sis that thearity of the relations of structures @ is bounded. In particular, the arity
is always bounded if all structure i@ have the same finite vocabulary; this is the most common abeci
case. Putting everything together, our main theorem resftslaws:



Theorem 1. Assume thaFPT # WI[1]. Then for every recursively enumerable cl&structures of
bounded arity the following three statements are equivalen

(1) Hom(C, —) is in polynomial time.

(2) p-Hom(C, —) is fixed-parameter tractable.

(3) C has bounded treewidth modulo homomorphic equivalence.
If either statement is false, theaHom(C, —) is W[1]-hard.

As for the graph version of the theorem, we can drop the hygsighthatC be recursively enumerable if
we strengthen the complexity theoretic assumption to nifom-FPT £ nonuniform-W/[1].

Our theorem has an important pre-cursor [25] stating theesaguiivalence for certain special classes
of structures. For every clas$ of undirected graphs, 16€(G) be the class of all relational structures
whose underlying graph is i6. For exampleC(G) contains all directed graphs obtained by orienting
the edges of a graph i@ in an arbitrary way. Then essentially, [25] proves our maisuit for classes of
the formC(G), except that there is no need for homomorphic equivalen¢®)irbecause it can easily be
seen that a clas3(G) has bounded treewidth if and only if it has bounded treewiaiitlulo homomorphic
equivalence. In Section 5 we shall prove that a slight impnognt of the main result of [25] follows from
our Theorem 1.

Theorem 1 will be proved in Sections 3 and 4. The proof useagimdeas as the proof of [25]. At its
core, it builds on the deep Excluded Grid Theorem due to Reberand Seymour [33]. In Section 6, we
discuss applications of Theorem 1 in the contexts of coimstsatisfaction problems and database query
evaluation. Finally, in Section 7 we make a few complexigydtetic observations and, in particular, show
the equivalence of the complexity theoretic assumption EPW[1] with the statement of our theorem.

2. Preliminaries
N denotes the set of positive integers, and for evesyN we let[n] = {1,...,n}.

2.1. Relational structures and homomorphisms. A vocabularyr is a finite set of relation symbols
of specifiedarities. Thearity of 7 is the maximum of the arities of all relations symbols it @@ns. A
T-structure A consists of a finite set called theuniverseof A and for each relation symbdl € 7, say, of
arity r, anr-ary relationkR C A”. Note that we require vocabularies and structures to befitfiC is a
class of structures anda vocabulary, then we writ€[r] for the class of alr-structures irC. We say that

a clas<C of structures is obounded arityif there is an- such that arity of the vocabulary of every structure
in C is at most-. Note that every clas§|r] for a (finite) vocabulary- is of bounded arity.

For vocabularies C 7, the o-reductof a r-structureB is the o-structure A with universeA = B
andRA = RB for all R € 0. We denote the-reduct of3 by B|,. A 7-structure is anexpansiorof a
o-structured if B|, = A. A 7-structureA is asubstructuref ar-structureB if A C B andR* C R for
all R € 7. We write A C B to denote thatd is a substructure d8 and.A C B to denote thatd is aproper
substructure o8, that is, A C B and.A # B. A substructured C B is inducedif for all R € 7, say, of
arity ~, we haveR* = R® N A”. For a subsetl C B, we write B[A] to denote the induced substructure
of B with universeA.

We distinguish between the cardinaljt§| of the universed of a r-structure4 and the sizé|.A|| of A,
which we define as

Al = I7| +A] + Y |RA| - arity(R).
ReT
[|A]| is roughly the size of a reasonable encodinglads an input for a RAM (see [18] for details). When
taking structuresd as inputs for algorithms, we measure the running time in $esfi.A||.

2.2. Homomorphisms. We often abbreviate tupl€s, ..., ax) by a. If f is a mapping whose domain
containsay, . . ., ax we write f(a) to abbreviatd f (a1), . .., f(ax)).

A homomorphisnfrom ar-structure4 to ar-structureB3 is a mapping: : A — B such that for alll
R € 7 and all tuplesi € R we haveh(a) € R®. For two classe€ andD of structures, k&M(C, D) is
the following problem:

3The results in [25] are formulated in terms of the evaluapiesblem for conjunctive queries, but this is equivalent.



Howm(C, D)
Instance: A € C, B € D.
Problem: Decide if there is a homomorphism frashto B.

Let us point out that the class€sandD may contain structures of different vocabularies. By dééini
there can never be a homomorphism between structures efetiff vocabularies, so instande$, ) of
Howm(C, D) whereA andB have different vocabularies are always ‘no’-instance® i the class of all
finite structures, we usually writedM(C, —) instead of Hbm(C, D). (Similarly, we write HOM(—, D) if
C is the class of all structures, but we are mainly interesig@oblems Hbm(C, —) in this paper.)

Remark 2. A remark is in order as to what we actually mean when we sayfttadome classC the
problem Hom(C, —) is in polynomial time. When considered as a decision prokitethe usual sense,
Hom(C, —) is the language (over some finite alphabet) consisting oétteadings of all pair$A, B) of
structures such thatlt € C and there is a homomorphism fradito B. Then clearly, the membership
problem forC is reducible to bm(C, —), and hence Bm(C, —) can only be in PTIME if the clas€
itself is decidable in PTIME. However, we prefer to vievoM(C, —) as apromise problemwhen we say
that Hom(C, —) is in polynomial time for an arbitrary clags of structures we mean the followinghere
is a polynomial time algorithm that, if its input consists(tife encoding of) two structure4 € C and 5,
correctly decides whether there is a homomorphism frbto 5. If the input is not of this form, then the
answer of the algorithm may be arbitraryhis liberal point of view only makes our results stronger.

The reader feeling uneasy about this should restrict oun rigiorem to polynomial time decidable
classe<C of structures. If the polynomial time decidability of theoptem Hom(C, —) is viewed in the
strict sense, this is not a severe restriction because polial time decidable class€sare the only ones
for which Hom(C, —) may be in polynomial time anyway.

Two structuresd andB arehomomorphically equivaleritthere is a homomorphism frod to 5 and
also a homomorphism froifi to .A. Note that if structuresgl and. A’ are homomorphically equivalent, then
for every structurds there is a homomorphism from to B if and only if there is a homomorphism from
A’ to B; in other words: the instancégsl, B) and(A’, B) of the homomorphism problem are equivalent.
However, the two instances may have vastly different sizes.

Homomorphic equivalence is closely related to the concEfteocore of a structure: A structusé is
acoreif there is no homomorphism fromd to a proper substructure of. A coreof a structured is a
substructured’ C A such that there is a homomorphism frofrio A’ and A’ is a core. Obviously, every
core of a structure is homomorphically equivalent to theditire. The following lemma states another
basic fact about cores:

Lemma 3. Let.A and B be homomorphically equivalent structures, andAétand B’ be cores of4d and
B, respectively. Thesl’ andB’ are isomorphic.

In particular, all cores of a structuré are isomorphic. Therefore, we often spealthafcore of A.

Remark 4. Itis easy to see thatitis NP-hard to decide, given strustdr& B, whether a4 is isomorphic
to the core of3. (For an arbitrary grap§, let A be a triangle and the disjoint union ofG with .A. Then

A is a core of3 if, and only if, G is 3-colourable.) Hell and Ne3etfil [27] proved that itis-NP-complete
to decide whether a graph is a core.

2.3. Graph minorsand treewidth. Let F be a binary relation symbol. We view graphs@s}-structures
G. We usually denote the vertex set of a grgplthat is, the universe of thglZ}-structureg) by V9 instead
of G. Unless explicitly stated otherwise, we assume graphs tmb&ected and loop free. In this case, we
usually view edges = (v, w) as unordered pair, w} and use notations like € e or {v, w} € EY.

A graph™ is aminor of a graphg if H is isomorphic to a graph that can be obtained from a subgraph
of G by contracting edges. Ainor mapfrom # to G is a mappings : V* — 29 with the following
properties:

— Forallv € V™ the setu(v) is non-empty and connectedéh



— For allv,w € V* with v # w the sets:(v) andu(w) are disjoint.
— For all edgegv, w} € E™ there are)’ € u(v),w’ € u(w) such thav’,w'} € EY.

Slightly abusing terminology, we call a minor magrom H to G ontoif ( J, oy u(v) = V9. Itis easy to
see that there is a minor map frdrhto G if, and only if, H is a minor ofG. Moreover, ifH is a minor of a
connected grap then we can always find a minor map fréhontog.

Treesare connected acyclic graphs.ti®ée-decompositionf a graphg is a pair(7, 3), where7 is a

treeands: V7 — 2V9 such that the following conditions are satisfied:
— Forevery € V9 the set{t € VT | v € 8(t)} is non-empty and connectedTn
— Forevery € EY thereis & € V7 such that C j3(t).

Thewidth of a tree-decompositiof7’, 3) is max{|3(t)| | t € VZ} — 1, and thetreewidthof a graphg,
denoted by tWG), is the minimumw such thayy has a tree-decomposition of width

Fork, ¢ > 1, the(k x £)-grid is the graph with vertex s@t] x [¢] and an edge betwegf) j) and(i/, j')
if | —4'| + |7 — 4’| = 1. Itis not hard to see that tHé& x k)-grid has treewidtl. Robertson and Seymour
proved the following “converse”, which is known as the Ext#d Grid Theorem.

Theorem 5 (Robertson and Seymour [33]). For everyk there exists av(k) such that thék x k)-grid is
a minor of every graph of treewidth at leastk).

The best currently known upper bound fofk) is 202%° [35].

We need to transfer some of the notions of graph minor theoarlitrary relational structures. The
Gaifman graphalso known agprimal graph) of a r-structureA is the graphg(.A) with vertex setd and
an edge betweea andb if a # b and there is a relation symbé € 7, say, of arityr, and a tuple
(a1,...,a,) € R4 suchthau,b € {ay,...,a,}. We can now transfer graph theoretic notions to relational
structures. In particular, a subs8tC A is connectedn a structured if it is connected inG(A4). A minor
mapfrom a structure4 to a structure is a mappinge : A — 2 that is a minor map frong(A) to
G(B). A tree decompositionf a 7-structureA can simply be defind to be a tree-decompositiog Oft).
Equivalently, a tree decomposition @f can be defined directly by replacing the second conditioén t
definition of tree decompositions of graphs by

— ForeveryR € 7 and(ay,...,a,) € R* thereis & € V7 suchthaf{as,...,a,} C B(t).

A classC of structures habounded treewidtif there is aw € N such that tw4) < wforall A € C. A
classC of structures halsounded treewidth modulo homomorphic equivaléhiteere is aw € N such that
every A € C is homomorphically equivalent to a structure of treewidtmastw. Slightly ambiguously,
we say that a clags of structures hasnbounded treewidth modulo homomorphic equivaléritdoes not
have bounded treewidth modulo homomorphic equivalence fdlfowing straightforward lemma provides
a useful characterization of bounded treewidth modulo hmorphic equivalence in terms of cores.

Lemma 6. A structure4 is homomorphically equivalent to a structure of treewidtimmstw if and only
if the core of A has treewidth at most.

Proof: Use the fact that treewidth is monotone with respect to subitres, that is, if4A C B then
tw(A) < tw(B), and Lemma 3, by which two homomorphically equivalent dtrtes have isomorphic
cores. m|

2.4. Parameterized complexity theory. Parameterized complexity theory provides a framework forex
grain complexity analysis of algorithmic problems that enteactable in general. It builds on a notion of
tractability calledfixed-parameter tractabilitywhich relaxes the classical notion of tractability, pajymial
time computability, by admitting algorithms whose runntimge is exponential, but only in terms of some
parameterof the problem instance that can be expected to be small itygheal applications.

A parameterizatiomf a decision problen® C X* is a polynomial time computable mappirg ¥* —
N, and aparameterized probleraver some alphabét is a pair(P, x) consisting of a problen® C ¥*



and a parameterizationof P. For example, thparameterized clique problepr CLIQUE is the problem
(P, k), whereP is the set of all pair$g, k) (suitably encoded over some finite alphabet) ansl defined
by (G, k) := k. We usually present parameterized problems in the follgamm:

p-CLIQUE
Instance: Graphg, k € N.
Parameter: k.
Problem: Decide ifG has a clique of sizé.

The problem we are mainly interested in here is the homonsmpproblem parameterized by the size of
the left hand side input structure. For two clas8esndD of structures, we let:

p-Hom(C, D)
Instance: Structures4d € C, B € D.
Parameter: ||A||.
Problem: Decide if there is a homomorphism frashto B.

Again, we writep-HoM(C, —) to denotep-HoM(C, D) if D is the class of all finite structures.
A parameterized probleifP, ) overX is fixed-parameter tractablé there is a computable function
f : N — Nand an algorithm that decides if a given instamce ¥* belongs taP in time

Fr(x)) - 270

FPT denotes the class of all fixed-parameter tractable peteatirped problems.
An fpt-reductiorfrom a parameterized problef®, <) overX to a parameterized problef®’, <) over
> is a mappingR : ¥* — (X/)* such that:

— Forallx € ¥* we haver € P <= R(x) € P'.

— There is a computable functigh: N — N and an algorithm that, given € ¥*, computesRk(z) in
time f(k(x)) - |2|°M.

— There is a computable functign: N — N such that for all instances € ¥* we havex/'(R(x)) <
9(r(2))-

Hardnessandcompletenessf parameterized problems for a parameterized complekigsare defined in
the usual way.

For example, for every clags of structures that contains all complete graphs, the mapbiat asso-
ciates with every instand@, k) of p-CLIQUE the instance(le, g) of p-HoM(C, —), whereK;, denotes
the complete graph with vertices, is an fpt-reduction from CLIQUE to p-Hom(C, —).

Downey and Fellows [14] defined a hierarchy W[Z] W[2] C --- of parameterized complexity
classes, and they conjecture that this hierarchy is stnidtthat FPT is strictly contained in W[1]. The
classes of the W-hierarchy are defined in terms of a pararpeteversion of the satisfiability problem
for bounded-depth Boolean circuits. We refer the readel & 19] for the technical definitions. In this
paper, we are only interested in the class W[1], which careke sis an analogue of NP in parameterized
complexity theory. Our hardness proof uses the followiregptem:

Theorem 7 (Downey and Fellows [15]). p-CLIQUE is W[1]-complete under fpt-reductions.

By the reduction we have given above, this implies thatom(C, —) is W[1]-hard under fpt-reductions
for every clas<C of structures that contains all complete graphs.

The notions as we described them are based on what Downeyediod/& [16] callstrongly uniform
fixed parameter tractability. There also is a nonunifornmsiaer of the theory. A parameterized problem
(P, k) is nonuniformly fixed-parameter tractabiethere is a constant € N such that for every; € N
there is an algorithm that, given ane ¥* with x(x) = k, decides ifc € P in time O(|z|¢). The class of
all nonuniformly fixed-parameter tractable problems isated bynonuniform-FPTSimilarly, one defines



a notion ofnonuniform fpt-reduction Thennonuniform-W[1]is the class of all parameterized problems
that can be reduced @ CLIQUE by a nonuniform fpt-reduction. We can slightly strengthem mesults

if we replace the assumption FP* W[1] by its nonuniform version. Note that FPE W[1] implies
nonuniform-FPT= nonuniform-W[1], because #-CLIQUE is in FPT, then it is in nonuniform-FPT. Thus
the assumption nonuniform-FP# nonuniform-W/[1] is at least as strong as FRETW[1]. The converse

is not known.

3. Thetractability result

Theorem 8 (Dalmau, Kolaitis, and Vardi [13]). LetC be a class of structures of bounded treewidth mod-
ulo homomorphic equivalence. Thelom(C, —) is in polynomial time.

Dalmau et al. state a slightly weaker theorem; they only adlasse<C of structures of a fixed vocab-
ulary 7. However, their proof can easily be extended to arbitraagst<C. For the reader’s convenience,
we sketch a proof of the theorem:

Proof: Letw € N such that all structures i@ are homomorphically equivalent to a structure of treewidth
at mostw. Let A € C, and letB be an arbitrary structure. By Lemma 6, the cgreof A has treewidth at
mostuw.

We consider the following 2 player game, which is known asstkistential(w + 1)-pebble gam28]:
The positions of the game are pai% i) consisting of a subsét C A of size at mostv+ 1 and a mapping
h : S — B. The initial position is(, #). In each round of the game, player | chooses a new subset
of A of size at mostv + 1. Then player Il chooses a new mappilag S — B subject to the following
compatibility conditionIf (S, k") was the previous position, théria) = h'(a) foralla € SN .S’. Player
I wins the game if in each positiofb, 2) that occursh is a homomorphism from the induced substructure
A[S] of Ato B.

Claim: There is a homomorphism fromd to B if and only if player Il has a winning strategy for the
game.

Proof: The forward direction is straightforward: Suppose thas a homomorphism fror to 5.
The strategy of player Il is to always choose the restrictibh to the current sef. Obviously, this is a
winning strategy.

The backward direction is based on the fact that the gBref .A has treewidth at most. Let (7, 3)
be a tree decomposition of of width at mostw. We fix a rootr for 7. For each nodeé of 7, let T; be
the vertex set of the subtree Bfrooted int. Let A, denote the induced substructure

AU )]

u€T

of A’, and letH (t) be the set of all mappings: 3(t) — B that can be extended to a homomorphism from
A} to B. Then there is a homomorphism fradi to 5 (and hence fromd to 5) if, and only if, H(r) # (
for the rootr.

Now suppose that there exists no homomorphism fréno 3. ThenH (r) = (. We shall describe
a winning strategy for player | in the game. He maintains tiilofving invariant for each positioqS, )
that occurs:

(%) There is some nodeof 7 such thatS = §(t), andh € H(t).

Furthermore, in each move the nade (x) will be closer to a leaf, and ifis a leaf then player | will win
the game. Let us emphasise that we play the game on the sesidtand3 and not ond’ andB3. But since
A’ is a substructure ofl, player | can always pick subsefsC A’. In his first move, player | picks(r).
SinceH (r) = 0, (x) will be satisfied after the first round of the game no matter pdayer Il answers.
Now suppose we are in a positioi(t), k), whereh ¢ H(t). If t is a leaf,h cannot be a homomorphism
from A[3(t)] to B, and player | wins the game. #fis not a leaf and. is a homomorphism, then there must
be some child’ of ¢ such that for alk’ € H(t'), h is not compatible witth’, because otherwigewould

be in H(t). (Note that here we use the first property of tree decompositiin an essential way.) Player |
choosegi(t’) for such a child and maintains the invaridsj.



This completes the proof of the claim.

There is a straightforward dynamic programming algoritheniding whether player | has a winning
strategy for the game in tim@(| A|>(*+1)). This proves the theorem. O

4. The main hardnessresult

In this section, we shall prove the following hardness teamrCombined with the tractability theorem of
the previous section, it yields Theorem 1 (details will beegi after the proof of Theorem 9).

Theorem 9. Let C be a recursively enumerable class structures of boundes #mat does not have
bounded treewidth modulo homomorphic equivalence. Thetom(C, —) is W[1]-hard under fpt-re-
ductions.

The proof requires some preparation. ket 2 and K = (’;) and letA be a connected-structure
whose Gaifman graph containg/a x K)-grid as a minor. Lef : [k] x [K] — 24 a minor map from
the (k x K)-grid onto.A. Recall that: beingontomeans that the sefgh), for b € [k] x [K], form a
partition of the universel of A and that we can choose the minor map to be onto becduseonnected.
We fix some bijectiop betweern K] and the set of all unordered pairs of elementgfForp € [K], we
sloppily writei € p instead ofi € p(p). It will be convenient to jump back and forth between viewihg
columns of thek x K)-grid as being indexed by elements|[&f] and unordered pairs of elements/&f.

LetG = (V9,EY) be a graph. We shall definerastructureB = B(A, i, G) such that there is a
homomorphism fronA to B if, and only if, G contains &-clique. The universe d8 is

B ={(v,e.i,p0)

veVYeeEYic[k],pe|K]suchthalv € e =i €p),ac ,Lt(i,p)}.
We define therojectionll : B — A by letting
H(’U7 677:7p)a) =a

forall (v,e,i,p,a) € B. Recall that the minor map is onto. Thus every € A is contained inu(i, p) for
somei € [k] andp € [K]. Note that, for an element € (i, p), [I"!(a) contains all tuplesv, e, i, p, a)
with v € V9 e € EY9 suchthatlv € e <= i € p). As usually, we extendl andII~! to tuples
of elements by defining it componentwise. We shall define étations of 3 in such a way thail is a

homomorphism fronB to .A. For everyR € 7, say, of arityr, and for all tuples: = (a1, ..., a,) € RA
we add toR” all tuplesb = (by,...,b,) € II~!(a) satisfying the following two constraints for &b’ €
{bl, R ,br}:
(C1) If b= (v,e,i,p,a) andd’ = (v',e',4,p',a’)

thenv = v'.

(C2) If b= (v,e,i,p,a) andd’ = (v',e',i',p,a’)
thene = ¢€'.

Lemma 10. The projectioril is a homomorphism froifi to A.

Proof: Follows immediately from the definition @. |

Lemma 11. If G contains ak-clique, then there is a homomorphism frofro 5.

Proof: Let vy, ..., v be the vertex set of A-clique inG. Recall tha is a bijection betweefi'] and the
set of unordered pairs of elementgbf. Forp € [K] with p(p) = {4, 5}, lete, € EY be the edge between
V; andl}j.

We defineh : A — B by letting
h(a) = (vi, €p, i, p, a)



fori € [k], p € [K], anda € u(i,p). We have to make sure that indele@h) € B for all a € A, that s,
that(v; € e, <= i € p), but this is immediate from the definition ef.

To prove that is a homomorphism, leR € 7 ber-ary anda = (a1, ...,a,) € R, Letiy,..., i, and
P1,--.,pr besuchthat; € pu(i;, p;) for j € [r]. Then

h(C_L) = ((’Uiueplvilaplaal)a ceey (’UiraeprviraprvaT))'

Conditions (C1) and (C2) are trivially satisfied, thug) € R". ]
Lemma 12. Suppose thatl is a core. If there is a homomorphism frodto B, theng contains ak-clique.

Proof: Leth : A — B be a homomorphism from to B. Thenf = II o h is a homomorphism fromt
to A. Thus by Lemma 3f is an isomorphism, becaugkis a core. Without loss of generality we assume
that f is the identity. If this is not the case, we consider the homigrhismh o f~! instead ofh.

By the definition oflI, this means that for € [k], p € [K], anda € u(i,p) we have

h(a) = (Uaa €q,1,p,a).

for a vertexv, € V9 and an edge, € EY such tha(v, € e, <= i€ p).

Claim 1: Fori € [k],p € [K] anda, a’ € u(i,p) we havev, = v, ande, = e, .

Proof: Sinceu(i, p) is connected i, it suffices to prove the claim far, o’ such that there is an edge
betweem anda’ in the Gaifman graph ofl.

So letR € 7, say, of arityr, anda = (ay,...,a,) € R4 such thata,a’ € {ai,...,a,}. Sinceh is
a homomorphism we havga) € RB. Thus by conditions (C1) and (C2), we must haye= v, and
eq = eq. This proves Claim 1.

Claim 2: Fori, i’ € [k],p € [K] anda € u(i,p), o’ € u(i’, p) we havee, = e, .

Proof: By a simple inductive argument in which Claim 1 is the basecasuffices to prove Claim 2
fori’ =i+ 1.

Sincey is a minor map from thék x K')-grid to .4 and there is an edge betwegnp) and(i’, p) in the
grid, there must be some edge betwegh p) andu(i’, p) in the Gaifman grapiy(.A). Thus there must
be some relatio® € 7 and tupleaz € R such that bothu(i, p) andu(i’, p) contain an element af.

Let R € 7 ber-ary anda = (a1, ...,a,) € R*. Without loss of generality, suppose that<c (i, p)
anday € u(i',p). Sinceh is a homomorphism we havga) € RZ. Thus by condition (C2) we have
€a; = €a,. By Claim 1, we have, = e,, ande, = e,,. This completes the proof of Claim 2.

Claim 3: Fori € [k],p,p’ € [K]anda € u(i,p), ' € u(i,p") we havev, = v, .
Proof: Analogously to the proof of Claim 2 using condition (C1) et of (C2).

Together, the three claims imply that there are vertiges. ., v, € VY and edges;,...,ex € EY
such that for ali € [k], p € [K], anda € u(i, p) we haveh(a) = (v;, ep,,p,a). Sinceh(a) € B for all
a € A, this implies that

Vi € ep — 1 € p.

Thuswy, . .., v; form ak-clique. O

Proof of Theorem 9: We shall give an fpt-reduction from-CLIQUE to HoM(C, —). LetG be a graph
andk > 1. LetK = (’;) By the Excluded Grid Theorem 5, there is some structire C such that the
(k x K)-grid is a minor of the Gaifman graph of the core4f

We enumerate the recursively enumerable cassitil we find such and = A(k). Then we compute
the coreA’ of A and a minor map from the(k x K)-grid to . A’. We let.A” be the connected component
of A’ that contains the image of A" is also a core. Without loss of generality we can assumetisma
minor map from from thék x K)-grid onto.A”. We letB’ = B(A”, 1, G). By Lemma 11 and Lemma 12,
there is a homomorphism from” to B’ if, and only if, G contains &-clique. LetB be the disjoint union



of B’ with A’ \ A”. SinceA’ is a core, every homomorphism fradti to B mapsA” to B’. Thus there is
a homomorphism frord’ to 5 if, and only if, G contains &-clique. SinceA’ is the core of4, it follows
that there is a homomorphism frashto B if, and only if, G has ak-clique.

The construction of4 only depends otk and is effective becausg is recursively enumerable. Com-
puting the cored’ and the minor map. may require time exponential in the size 4f but this is still
bounded in terms of. Observe that the size of arary relationR” is at most

(A7) < (VO] 1B9] - |A])"

Since the arity ofC is bounded, this is polynomial ifj.A|| and||G||. It follows that the size of3 is
polynomially bounded in terms dfA|| and||G||, and it is easy to see th&tcan actually be computed in
polynomial time. This shows that the reducti@ k) — (A, B) is an fpt-reduction. |

Proof of Theorem 1:Assume that FPF W[1] and letC be a recursively enumerable class of structures of
bounded arity. Trivially, if HOM(C, —) is in polynomial time then it is fixed-parameter tractablg. Beo-
rem 9 and our assumption FBT W[1], if p-HoM(C, —) is fixed-parameter tractable thénhas bounded
treewidth modulo homomorphic equivalence. FinallyCihas bounded treewidth modulo homomorphic
equivalence, then &IM(C, —) is in polynomial time by Theorem 8. |

Remark 13. Inspection of our proof shows that we need the recursive enalpility of the clas< only

to guarantee the uniformity of the fpt-reduction frgrCLIQUE to p-Hom(C, —). If we strengthen the
complexity theoretic assumption to nonuniform-FTonuniform-W[1], then we can prove the theorem
for arbitrary classe€ of bounded arity.

Remark 14. Itis not hard to show that for every decidable cl@ssf structures, the problemrHom(C, —)
is in W[1]. Hence for decidable class€s the W[1]-hardness stated in Theorems 9 and 1 becomes W[1]-
completeness.

5. A characterization of tractability in terms of the underlying graphs

For a classG of graphs, [etC(G) denote the class of all structures whose Gaifman graph @.ifThe
following theorem is a slight improvement of a result due tol&, Schwentick, and Segoufin [25].

Theorem 15. Assume thaFPT £ W[1]. LetG be a recursively enumerable class of graphs. L&k a
vocabulary that is at least binary. Then the following thst@&ements are equivalent:

(1) Hom(C(G), —) is in polynomial time.
(2) HoMm(C(G)[r], —) is in polynomial time.
(3) G has bounded treewidth.

The statement proved in [25] is weaker in that it requiresviligabularyr to contain at least two at least
binary relation symbols, one of which needs to be interpreieequality. Note that (3) states thathas
bounded treewidth and not just bounded treewidth modulodmanphic equivalence.

Essentially, to derive Theorem 15 from Theorem 1, we havedgepthat ifG is a class of graphs of
unbounded treewidth, then for everythat is at least binaryC(G)[r]| has unbounded treewidth modulo
homomorphic equivalence. Of course it suffices to do thigtfer'minimal” binary vocabulary = { E'},
whereF is a binary relation symbol. Then what we need to prove isithae have a class of graphs of
unbounded treewidth, then we can orient the edges of theghgin such a way that the resulting class of
directed graphs has unbounded treewidth modulo homonegjuiivalence.

It will be convenient to work withwalls instead of grids. Figure 1 shows the wallshefight1, 2, 3, 4,
which we denote byV,, ..., W,. Itis obvious from the figure how to defing’,, thewall of heightk for
everyk > 1. Observe that thék + 1) x (k 4 1)-grid is a minor of the wallW,,. Therefore, the treewidth
of Wy is at least(k + 1). Furthermore, the waWV;, is a subgraph of thé: + 1) x 2k-grid. Thus, by the
Excluded Grid Theorem 5, for evekythere is aw such that every graph of treewidth at leagtas the walll
Wi as a minor. An important difference between walls and gedkat walls have maximum degraeWe
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Wl W2 W3 W4

Figure 1. Walls of height 1-4

will exploit the well-known fact that if a graph of maximumglee3 is a minor of some other graph, then
it is actually a topological minor. Let us explain this:sfibdivisorof a graphg is a graph obtained froig
by replacing the edges ¢f by nonintersecting pathg; is atopological minorof H if some subdivison of
G is (isomorphic to) a subgraph &f. Clearly, if G is a topological minor of<, then it is also a minor. In
general, the converse does not hold, but it doésig a graph of maximum degree at m@stTo see this,
note that contracting an edgesuch that both endpoints efhave degree at lea8tyields a new vertex of
degree at least. Call an edge contractiailwpologicalif at most one endpoint of the contracted edge has
degree at least. It follows that a graph of maximum degréés a minor of a grapf if and only if G can
be obtained from a subgraph &f by a series of topological edge contractions. But this i€isady the
case ifG is a topological minor of+.

The preceding discussion yields the following lemma:

Lemma 16 ([33]). A classG of graphs has unbounded treewidth if and only if for eviery 1 there is a
graphg € G such that the wallW, is a topological minor of.

With this lemma at hand, we can turn towards a proof of ThedtBnAn orientationof an undirected
graphg is a directed graph obtained fraghby giving each edge one direction.

Lemma 17. LetG be a graph such that the wall,, is a topological minor off. Theng has an orientation
D such that every directed graph homomorphically equivate® has treewidth at least + 1).

Figure 2. An acyclic orientation ofV; with a Hamilton path

Proof: We first observe that the wall,, has an acyclic orientatiod;, with a Hamilton path. Figure 2
illustrates this. Ifh is a homomorphism from;, to some acyclic directed grag@h thenh is one-to-one.
Obviously, this can be extended to subdivision$@f: If S is a subdivison oV, thenS has an acyclic
orientationA, which is a “directed subdivison” ofl;, such that ifh is a homomorphism fror to some

acyclic directed grapB, thenh is one-to-one.

Now letG be a graph that containd, as a topological minor, and I& C G be a subdivision ofV.
Let A be an acyclic orientation af such that ifh is a homomorphism frord to some acyclic directed
graphs, thenh is one-to-one. We extend in arbitrary way to an acyclic orientatid® of G. LetD’ be
homomorphically equivalent tB. ThenD’ is also acyclic. Let, be a homomorphism fror® to D’. Then
h is one-to-one. Thugl is isomorphic to a subgraph &, and thereforéVy is a topological minor of the
Gaifman graph of underlyin®’. As W, has treewidth at leagk + 1), so hasD’. O
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Lemma 18. LetG be a class of graphs of unbounded treewidth, ardvocabulary that is at least binary.
ThenC(G)[r] has unbounded treewidth modulo homomorphic equivalence.

Proof: Suppose first that containssome binary relation symbd@!. By Lemma 16, for every > 1 there
is a graphg, € G such thatV, is a topological minor ofj;.. Let Dy, be the orientation of;, obtained from
Lemma 17, and le#d;, be ther-structure with( A, E4*) = D, andR** = (j forall R € 7\ {E}. Then
G(Ax) = G, and henced;, € C(G). Furthermore, by Lemma 1%, is not homomorphically equivalent
to a structure of treewidth less thanHenceC(G) does not have bounded treewidth modulo homomorphic
equivalence.

If 7 does not contain a binary relation symbol, we can simply ustagion symbolR of higher arity,
say,r, instead ofE and defineR* to contain all tuplesay, . .., a,) such that'a;, az) is an edge oD;,
andas = a3 = ... = a,. O

Proof of Theorem 15: The implication (1)=— (2) is trivial. To prove that (2= (3), suppose that

G has unbounded treewidth. Then by Lemma@83) has unbounded treewidth modulo homomorphic
equivalence. Thus by Theorem 1pM(C(G)[r], —) is not in polynomial time. To prove that (3= (1),
observe that i has bounded treewidth, thé{G) has bounded treewidth and therefore bounded treewidth
modulo homomorphic equivalence. Hence, by TheoremdmBC(G), —) is in polynomial time. O

6. Applications

6.1. Constraint satisfaction problems. An instanceZ of a constraint satisfaction problem (CSK)
specified by a se¥’ of variables adomainD, and a set of constraints of the fornrRZx; ... z,, where
r>1,21,...,2 € V,andR? anr-ary relation on the domai®. A solutionfor Z is an assignment
h:V — D such that for all constraint8”z; ...z, € C we have(h(z1),...,h(z,)) € RE. The relations
R? appearing ir€ form theconstraint languagef the instancq.

Feder and Vardi[17] observed that constraint satisfagifoblems can be described as homomorphism
problems for relational structures. With every CSP-instsh = (V, D,C) we associate two structures
A(Z) andB(Z) as follows: The vocabulary(Z) of both structures contains arary relation symboR for
everyr-ary relationR? in the constraint language @t The universe of3(Z) is D, and the relations o
are those appearing in the constraint language. More jigcier everyR € 7(7) we let RB@) = RZ.
The universe ofA(Z) is V, and for eachr-ary relation symboR € 7(Z) we let RAT) = {(z,...,z,) |
Rxy...x, € C}. Thenamapping : V — D is a solution forZ if and only if it is a homomorphism from
A(Z) to B(Z). Thus instanc€ is satisfiable if and only if there is a homomorphism froftZ) to B(Z).
Conversely, for all pairs of structured B of the same vocabulary, we can easily construct a CSP-icestan
7 such thatd(Z) = AandB(Z) = B.

For classe€, D of relational structures we lets®(C, D) be the restricted constraint satisfaction prob-
lem with instanced satisfying.A(Z) € C andB(Z) € D. If C or D is the class of all structures, we
use the notation &(—, D) or CsP(C, —), respectively. By the preceding discussion, for all classeD
of relational structures the problemsgC, D) and Hom(C, D) are polynomial time equivalent. In the
literature on constraint satisfaction problems, restics on the clas€, that is, on the structurd(Z) im-
posed by the constraints on the variables, are often reféorasstructural restrictions Restrictions orD
are referred to asonstraint language restrictiongAnother distinction made is betweaonuniform CSP
where domain and constraint language (and hence the seugtl)) are fixed, andiniform CSR where
they are part of the input [29]. Considerable efforts havenb@ade towards identifying restrictions that
lead to tractable problems; recent results include [4, 8, 60, 11, 24]. Our main result implies an almost
complete characterization of the tractable structuraftict®ns for uniform CSP:

Corollary 19. Assume thaFPT # W[1]. Then for every recursively enumerable cl&ssf structures of
bounded arityCsP(C, —) is in polynomial time if and only i€ has bounded treewidth modulo homomor-
phic equivalence.

It is an interesting question what happens in the nonunifase. Let us call a clagsanonuniformly
tractable structural restrictionif Csp(C, {B}) is in polynomial time for all structure8. Now we may ask
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what the nonuniformly tractable restrictions are. CleaffCsp(C, —) is in polynomial time therC is a
nonuniformly tractable structural restriction. Thus diissesC of bounded treewidth modulo homomor-
phic equivalence are. However, we can go beyond boundedittieemodulo homomorphic equivalence:
Let us say that a clags of structures hatogarithmic treewidthif there is a constant such that for all
A e Citholds that tw.A) < c-log ||Al|.

Proposition 20. Every clas<C of structures of logarithmic treewidth is a nonuniformlgd¢table structural
restriction.

Proof: If C has logarithmic treewidth, then for every fixed structiirevith d elements we can solve
Hom(C, {B}) in time n©(°9 9 py a straightforward dynamic programming algorithm on & lecompo-
sition of logarithmic width of the input structuté. Such a decomposition can be computed in polynomial
time a by an algorithm due to Robertson and Seymour [34] &ded32, 19]) that, given amvertex graph

G of treewidthk, computes a tree-decompositiongdbf width at mostik + 1 in time 20 . 2, 0

It is an open question whether this tractability result cerelstended to class&s of structures that
have logarithmic treewidth modulo homomorphic equivaéenghe algorithm underlying Theorem 8 is
only quasi-polynomial in this case.

6.2. Conjunctive query evaluation. It is well known that relational databases can be modeledrite fi
relational structures and that first-order logic forms tbheecof the standard query language SQL (see, for
example, [1]). A particularly important class of querieghis class ofonjunctive querigswhich can be
defined by formulas of first-order logic of the following form

cp(zl,...,xk):EkaJrl...Ea:g(ozl/\.../\am), (1)
where eaclatome; is of the formRz;, ... x;, for anr-ary relation symboR and indiceg, .. ., j, € [¢].
Let () be the vocabulary that contains all relation symbols appgan . For ar(y)-structure3 and
an/-tupleb = (by,...,b,) € BY, we say tha, b satisfiesy; = Rx;, ...z, if (bj,,...,b;.) € RE. Fora
k-tupleb = (by,...,bx) € B*, we say thaB3, b satisfiesp(z1, . .., zx) (and writeB = (b)) if there are
bk+1,.-.,besuchthats, (by,...,b,) satisfiesyy, . .., a,,. We let

p(B) ={be B" | B ¢(b)}.

Intuitively, ¢(B) is the answer of the query in the “database’B. The conjunctive query evaluation
problemis to computep(B) for given andB. For every clas® of conjunctive queries and every class
D of structures, we let &L (®, D) be the problem of computing(3) for a giveny € ® andB € D. As
usually, we write EAL (®, —) if D is the class of all structures.

Observe the close relationship between query evaluatidncanstraint satisfaction problems [29]:
Let ¢ be a conjunctive query anfl a structure as above. L&t= (V, D,C) be the CSP-instance with
V ={z1,...,2x}, D = B,andC = {au, ..., an}, where we identify the atomy; = Rz, ...x;, with
the constraint?®z;, ...z, . Then for everyk-tupleb = (by,...,bs) € B* it holds thatB |= ¢(b) if
and only if there is a solutioh : V' — D for Z with h(x;) = b; for i € [k]. Thus “solutions” to the
query evaluation problem, that is, tuples in the query ansare projections of solutions to the constraint
satisfaction problem. However, there is an important diffiee: In the query evaluation problem, we have
to compute all tuples in the query answer, whereas in thet@nts satisfaction problem we are usuallly
happy to find just one solution or decide if a solution exigtwe view the problem as a decision problem,
which we do in this paper.

To apply our main result to the conjunctive query evaluafiooblem, we have to define an analogue
of structural restrictions for conjunctive queries. L&t, ..., z;) be a conjunctive query. Recall that the
vocabularyr(¢) consists of all relation symbols that occuripand letF, be a newk-ary relation symbol
not contained irr(y). We define ar(y) U {F,, }-structureA(y) as follows: The universe ofl(y) is the
set of variables occurring ip. For every relation symbak € (), we letRA®) = {(zj,,...,z;.) |

Rxj, ...x;, is anatom ofp}. Moreover, we letF ) = {(21,...,24)}. Recall thatA(y)|,(,) denotes
ther(p)-reduct of A(y). It is easy to see that for everyp)-structuress,

o(B) = {(h(xl), SN ES)) ’ h is a homomorphism fromi(¢)| - (,,) to B}.
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For every clas® of conjunctive queries, we |&(®) = {A(y) | ¢ € ®}. We say tha® hasbounded
arity if there is ak € N such that for allp € ®, the vocabulary-(y) is at mostk-ary. Note that ifC(®)
has bounded arity then so hésbut that the converse is not always true. Instéxd@) has bounded arity
if and only if ® has bounded arity and there i¢ & N such that every € ® has at mosk free variables.

Corollary 21. Assume thaEPT # WI[1]. Then for every recursively enumerable cldssf conjunctive
queries of bounded aritfEvaL (@, —) is in polynomial time if and only iC(®) has bounded treewidth
modulo homomorphic equivalence.

Proof: For the forward direction, suppose thatdt (®, —) is in polynomial time.

We first prove tha€ (®) has bounded arity. AS\RL (P, —) is in polynomial time, the size of the query
answersp(8) must be polynomially bounded. Hence there exists & N such that for every € ¢ and
every sufficiently largeB it holds that|p(B)| < ||B||*. Letk; € N such thatr(y) is at mostk;-ary for
everyp € ® and suppose for contradiction that there i® & ® with more thank, - k; free variables.
Let us fix such ap, and letk > ko - k1 be the number of free variables of For everyn > 1, let 5,
be ther(y)-structure with universgn] and R® = [n]" for everyr-ary R € (). Thenp(B,) = [n]*,
because every tuple of elements®f satisfies all atoms op. However,||3,|| = O(n**) (where the
big-Oh constant may depend @i and therefore

lo(Bn)| < [[Bal|* = O(n***) = o(n*) = o(lp(B)).

This is a contradiction, and th&(®) must have bounded arity.

Hence by Theorem 1, it suffices to prove thatt{C(®), —) is in polynomial time. So suppose we are
given an instancel, 5 of Hom(C(®), —), whereA = A(yp) for somep = ¢(z1,...,x;) € ®andBis an
arbitraryr () U { F,, }-structure. Using the polynomial time algorithm fovAL (®, —), we can enumerate
the set

O(Blr(p)) = {(h(wl), ... h(zy)) ’ h is a homomorphism from| () to B|T(¢)}.

To find out if there is a homomorphism from to 3, we simply have to check whether the g&B3|,,,))
contains a tuple i%.

For the backward direction, suppose tR4f>) has bounded treewidth modulo homomorphic equiva-
lence. Then by Theorem 8,d#1(C(®), —) is in polynomial time. We shall prove thatviL (®, —) is in
polynomial time as well.

Again, we prove first that there is a bound on the number of yez@bles of the queries i®. Let
ko € N such that everyd € C(®) is homomorphically equivalent to a structure of treewidtimastk.

Let p(z1,...,2r) € ®, where we assume that the variahlgs. . ., z; are distinct. We shall prove that
k < ko + 1. Consider the structurd = A(p). The reIationF;j‘ contains only one tuplézy, ..., zx).

Hence(xy,...,zx) € FA' for the cored’ of A. As x1,- .., T} are pairwise distinct, this implies that the
treewidth of 4’ is at leastt — 1, and thust < kg + 1.

To prove that EAL (@, —) is in polynomial time, consider an instangel3, wherep = ¢(z1, ..., 21) €
® andB is aT(yp)-structure. Letd = A(y). For everyk-tupleb € B*, let (3, b) denote the-(p) U {F,,}-

expansion of3 with FSE,B’Z’) ={(b1,...,br)}. Then
{( h(zk) ‘ h is a homomorphism fromi ()| () to B}
={be B’C | there is a homomorphism from(y) to (B,b) }.

Using the polynomial time algorithm for &v(C(®), —), this set can be computed in polynomial time,
becausé: is bounded by the constakg + 1. O

It is an interesting open problem to characterize thoseselasf conjunctive queries for which the
answer can be computed olynomial total timgthat is, in time polynomial in the size of the input and
the size of the output, which can be exponential in the sizbeinput) or by gpolynomial delay algorithm
(that is, an algorithm that may run for an exponential nundfesteps, but produces at least one tuple in
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the solution every polynomial number of steps). This qoesis even interesting for the special case of
conjunctive queries without any existential quantifiehgsittis, queries where all variables are free. In this
case, the problem is equivalent to the problem of enumeratirsolutions for a given CSP-instance. Itis
proved in [8] (also see [18]) that for classésof conjunctive queries of bounded treewidth, the problem
EvAL (@, —) is in polynomial total time, and it is not hard to show thatasta polynomial delay algorithm.

It is not clear at all whether this can be extended to clagsesbounded treewidth modulo homomaorphic
equivalence.

7. Complexity theoreticremarks

The following result shows that the assumption FETWI[1] is not only sufficient to prove our main
theorem, but also necessary. Recall that a fungtioll — N istime constructibléf there is a deterministic
Turing machine that for alk € N on every input of length halts in exactlyf (n) steps. Clearly, for every
computable functiorf there is time constructible functignsuch thatf (n) < g(n) forall n € N.

Proposition 22. Suppose thatPT = W[1]. Then there is a polynomial time decidable cl&ssf graphs
of unbounded treewidth modulo homomorphic equivalende thatHom(C, —) is in polynomial time.

Proof: FPT = W[1] implies that the parameterized clique problem is fiyedameter tractable. Suppose
p-CLIQUE is solvable in timef (k) - n¢ for some computable functiofi and constant. Without loss of
generality we may assume thats time constructible and thgt(k) > & for all £ > 1.

Fork > 1, let G, be the graph with vertex sgf(k)] and edgegi, j} for 1 <i < 57 < k. ThusGy is a
clique of sizek padded withf (k) — k isolated vertices. The core i, is a clique of sizé; and thus has
treewidthk — 1. LetC be the class of aff;,, for £ > 1. As the cores of the structures@have unbounded
treewidth,C has unbounded treewidth modulo homomorphic equivalerioee$ is time constructibleC
is decidable in polynomial time.

We shall now describe a polynomial time algorithm fooM(C, —). LetG € C, say,g = Gi, and let
‘H be an arbitrary graph. There is a homomorphism f@ito 7 if, and only if, H contains a-clique.
Deciding whethet{ contains &-clique requires tim¢ (k)-||H||© < ||G||-||H||¢ if we use the fpt-algorithm
for p-CLIQUE. O

A similar result holds for the nonuniform version of the asgtion:

Proposition 23. Suppose thatonuniform-FPT= nonuniform-W[1] Then there is a clasS of graphs of
unbounded treewidth modulo homomorphic equivalence swathiiom(C, —) is in polynomial time.

Proof: Nonuniform-FPT= nonuniform-W[1] implies thap-CLIQUE is in nonuniform-FPT. This means
that there exists a constanand, for everyk > 1, a Turing machinél/;, and a constant;, that decides if
its inputz is (the encoding of a) graph that containk-alique in at mostly, - |z|° steps. Let us fix sucha
and families(Mk)kzl, (dk)kZI-

Itis easy to find an enumeratigivy, e1), (N, e2), . .. of all pairs(lV, e) consisting of a Turing machine
N and a natural numbersuch that there is a polynomial time algorittMrthat, given a natural numbeér
in unary and an input, decides ifN; accepts: in at moste;|z|° steps.

Let f : N — Nsuch thatNy) = M andey ) = di. Note thatf is not necessarily computable.
Without loss of generality we can assume tfigt) > k for all £ > 1. So givenf (k) in unary and a graph
‘H, the algorithmA decides in polynomial time wheth@t contains &-clique.

We define a clas€ of graphs as follows: For evefy > 1, again we letj,. be the graph with vertex set
[f(k)] and edgeqi,j} for 1 < i < j < k. Thusgy is a clique of size: padded withf (k) — k isolated
vertices. LeCC be the class of alf, for £ > 1. Clearly,C has unbounded treewidth modulo homomorphic
equivalence.

We shall now describe a polynomial time algorithm fooM(C, —). LetG € C, say,G = Gi, and let
‘H be an arbitrary graph. There is a homomorphism f@ito 7 if, and only if, H contains a-clique.
We can decide in polynomial time whethircontains &-clique by executing our algorithm on input
f(k) = V9| K. o
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Our last result gives some evidence that there are probléthe édorm Hom(C, —) which are in NP,
but neither in PTIME nor NP-complete. Consider the follogvproblem:

LoG-CLIQUE
Instance: Graphg.
Problem: Decide ifG has a clique of size at least l0g¥|.

LoG-CLIQUE has been considered by Papadimitriou and Yannakakis [B8]uhlikely that LOoG-CLIQUE
is in PTIME because that would imply that the parameteriziegle problem is fixed-parameter tractable
and thus FPTE= W[1]. It also seems unlikely that@G-CLIQUE is NP-complete because that would imply
that NPC DTIME (nC(09™)),

We call two problemd? and@ polynomial time equivaleiitthere is a polynomial time reduction from
P to @ and, vice versa, a polynomial time reduction frghto P.

Proposition 24. There is a polynomial time decidable cla8of graphs such thatilom(C, —) andLoG-
CLIQUE are polynomial time equivalent.

Proof: For everyn > 1, letG,, be the graph with vertex sét] and edgegi, j} for 1 <i < j < [log n],
and letC = {G,, | n > 1}.

To see that bG-CLIQUE is reducible to bM(C, —), we just observe that a graf with n vertices
has a clique of size at least lagif, and only if, there is a homomorphism frof, to H.

To reduce bm(C, —) to LOG-CLIQUE, we proceed as follows: Suppose we are given a géaphC
and a graph. Suppose thaf = G,, and thus: = |V9|. Letn’ = |V, ¢ = [log n], and¢’ = [log n'].

We shall define a grapK’ such that there is a homomorphism frgihto # if, and only if, H' has a
clique of size at least log/**'|.

If £ = ¢' then we simply letH’ = H.

If £ > ¢’ then we letH’ be the graph obtained fro by addingn — |V isolated vertices.

If ¢ < ¢ then we defing{’ as follows: We add’ new vertices;, ..., v, toH. Letk = ¢ +1 — £.
We add edges betweenandv; for 1 <i < j < k and betweem; and all vertices of{ for 1 < i < k.
Observe thaflog [V*'[] = [log |[V*[] + 1 = ¢ + 1. Furthermore}t’ has ar¥ + k = ¢ + 1-clique if,
and only if,H has ar¢-clique, which is the case if, and only if, there is a homonhism fromG toH. O

8. Conclusions

We give a chacterisation of all tractable problems of thenfétom(C, —), for classe< of bounded arity,
in terms of the treewidth modulo homomorphic equivalencinefstructures it€. Given the large variety
of classe<C, it is quite surprising that such a clear cut combinatorieracterisation of tractability exists
at all. Furthermore, this characterisation coincidesyiar hatural notions of tractability, polynomial time
decidability and fixed-parameter tractability.

It is easy to see that our charaterization of tractable problHOm(C, —) fails for classe<C of un-
bounded arity: For example, consider the cl@ssf all structures with universie:] and onen-ary relation
that only contains the tuplg, . .., n). Clearly, this class has unbounded treewidth modulo homphio
equivalence, but it is easy to see thatt(C, —) is nevertheless in polynomial time. For a while, it looked
as if bounded hypertree width modulo homomorphic equival¢atk(also see [3, 9, 10, 22]) could be
the right tractability criterion for class&3 of unbounded arity, but recently it was proved that a bounded
fractional edge cover number of the hypergraph associatbdive structures i€ also implies tractability
[24] and goes beyond bounded hypertree width modulo hompinoequivalence. There are good reasons
to believe that the right combinatorial characterizatibtractable Hom(C, —) is bounded fractional hy-
pertree width modulo homomorphic equivalence [24], whih tombination of bounded hypertree width
and bounded fractional edge cover number. However, clyriéig neither known whether Bm(C, —) is
in polynomial time for all classeS bounded fractional hypertree width (it is known that thegpaeterized
problemp-Hom(C, —) is tractable for such classes) nor whether the tractalwfitiom(C, —) implies
thatC has bounded fractional hypertree width modulo homomoregigvalence.
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Shortly after the conference version of this article [23fpvpublished, Dalmau and Jonsson [12] ob-
tained a similar characterization for the problentoéinting homomorphisnietween two structures. The
combinatorial criterion for tractability of the countinggblem is just bounded treewidth (homomorphic
equivalence is not needed). It is open to characterize dotatnle instances of the correspondingstruc-
tion problem(“Given A, B compute a homomorphism from to B if there exists one.”) and thiisting
problem(*Given A, B compute all homomorphism fromd to B.”), the latter with respect to polynomial
total time or polynomial delay algorithms.

Related to the homomorphism problem is #rabedding problemwhere by embedding we simply
mean one-to-one homomorphism. The embedding problem f&phgris also known as tteubgraph
isomorphism problemAgain we are interested in restrictionsiE(C, —) of the embedding problem. Note
first that BvB(C, —) is NP-complete even i€ is the class of all paths, because the Hamiltonian path
problem is reducible to the embedding problem for paths. H@rother hand, the naturally parameterized
problemp-EmB(C, —) is fixed-parameter tractable for all clas§eef bounded treewidth [31]. | conjecture
that this is optimal, that is, that-EMB(C, —) is fixed parameter tractable if, and only @, has bounded
treewidth and that it is W[1]-complete otherwise. A proofthfs conjecture would also solve another
notorious open problem in parameterized complexity thedmst Ky, , be the complete bipartite graph
with k vertices on both sides of the bipartition. Is the problemexfiding whether a given graph contains
K. as a subgraph, parameterizediyyV[1]-complete? It looks as if it should be easy to prove that the
problem is indeed W[1]-complete, but so far this eluded fidires.

Acknowledgements. | would like to thank the anonymous referee for pointing outiatake in an earlier
version of Corollary 21.
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