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Abstract We give a survey of recent results on the complexity of con-
straint satisfaction problems. Our main emphasis is on tractable struc-
tural restrictions.

1 Introduction

The objective of a constraint satisfaction problem (CSP) is to assign values to
variables subject to constraints on the values. Obviously, this is a very general
type of problem, and it is not surprising that many algorithmic problems in
various areas of computer science can be described as CSPs. It is neither sur-
prising that, in general, CSPs are computationally hard. Considerable efforts
have been made to precisely understand the complexity of CSPs, with the goal
of identifying tractable restrictions (often referred to as “islands of tractability”
in this context) and, ultimately, determining the boundary between tractable
and intractable CSPs. There are two main types of restrictions that have been
studied: Constraint language restrictions, which are concerned with the types of
constraints that occur, and structural restrictions, which are concerned with the
structure induced by the constraints on the variables, for example, with the way
the constraints overlap.

1.1 CSP-Instances

An instance of a CSP is a triple (V, D, C) consisting of a set V' of variables, a
domain D, and a set C of constraints. The objective is to find an assignment of
values from D to the variables such that all constraints in C' are satisfied. The
constraints are expressions of the form Rz ...xg, where R is a k-ary relation
on D and z1,...,x, are variables. A constraint Rz ...xy is satisfied if the k-
tuple of values assigned to the variables x1, ...,z belongs to the relation R.
The constraint language of a CSP-instance (V, D, C) is the set of all relations
that occur in the constraints in C.

Ezxample 1. We describe SAT, the satisfiability problem for Boolean formulas in
conjunctive normal form (CNF), as a CSP: A CNF-formula ¢ corresponds to
a CSP-instance whose variables are the variables of ¢, whose domain is {0,1},
and whose constraints are given by the clauses. For example, the clause (z V
-y V —z) corresponds to a constraint Rxyz, where R is the ternary relation
{(0,0,0),(0,0,1),(0,1,0),(1,0,0),(1,0,1),(1,1,0),(1,1,1)} on {0, 1}.



Example 2. As a second example, we consider the 3-COLOURABILITY problem
for graphs. Its objective is to colour the vertices of a graph with 3 colours in such
a way that adjacent vertices get different colours. Each graph G, viewed as an
instance of 3-COLOURABILITY, corresponds to the following CSP-instance: Vari-
ables are the vertices of G, the domain is the set of colours, say, {red, blue, green},
and for each edge {v, w} of G there is a constraint Tvw, where I is the disequality
relation on the domain.

Ezxample 3. As a third example, consider the CLIQUE problem, whose objective
it is to decide whether a graph G has a clique of size k. An instance (G, k) of
CLIQUE corresponds to the following CSP-instance: The variables are x1, . .., Tk,
the domain is the vertex set of G, and there are constraints Ex;x; for 1 <i < j,
where FE is the edge relation of G.

1.2 Relational structures and homomorphisms

It is a well known observation (going back to Feder and Vardi [16]) that CSPs
can be described as homomorphism problems for relational structures (and vice
versa). A (relational) vocabulary is a finite set 7 of relation symbols, each with a
prescribed arity. A structure A of vocabulary 7 (for short: 7-structure) consists
of a finite set A, called the universe of A, and a k-ary relation r* for each
k-ary relation symbol r € 7. A homomorphism from a 7-structure A to a -
structure B is a mapping h : A — B from the universe of A to the universe of
B that preserves all relations, that is, for all r € 7, say, of arity k, and all tuples
(a1,...,ax) € r it holds that (h(ay),...,h(ax)) € rB.

With every CSP-instance Z = (V, D,C) we associate two structures A(Z)
and B(Z) as follows: The vocabulary 7(Z) of both structures contains a k-ary
relation symbol r for every k-ary relation R in the constraint language of Z.
The universe of B(Z) is D, and the relations of B are those appearing in the
constraint language. More precisely, for every r € 7(Z) we let 785%) = R. The
universe of A(Z) is V, and for each k-ary relation symbol r € 7(Z) we let
AT = {(21,...,21) | Rey...x, € C}. Then a mapping h : V — D is a
satisfying assignment for the CSP-instance Z if and only if it is a homomorphism
from A(Z) to B(Z). Thus Z is satisfiable if and only if there is a homomorphism
from A(Z) to B(Z). Conversely, for all pairs of structures A, B of the same
vocabulary, we can easily construct a CSP-instance Z such that A(Z) = A and
B(I)=5.

1.3 Restricted CSPs

The structures A(Z) and B(Z) associated with a CSP-instance Z precisely reflect
the two kinds of restrictions on CSPs studied in the literature on the complexity
of CSPs: B(Z) is just a fancy representation of the constraint language. Hence
restrictions on B(Z) are constraint language restrictions. A(Z) is the “structure
induced by the constraints on the variables”, made precise. Hence restrictions
on A(Z) are structural restrictions.

In general, for all classes C and D of structures, we have the following re-
stricted CSP:



Csp(C,D)
Instance: CSP-instance 7 with A(Z) € C and B(Z) € D.
Problem: Decide if 7 is satisfiable.

We write Csp(—, D) instead of Csp(C,D) if C is the class of all structures and
Csp(C, —) if D is the class of all structures. For structures B, we write Csp(C, B)
and Csp(—, B) instead of Csp(C, {B}) and Csp(—, {B}). Restrictions of the form
Csp(C, B) are called nonuniform [27].

Ezample 2 revisited: The 3-COLOURABILITY problem corresponds to Csp(G, D),
where G denotes the class of all (undirected, loop-free) graphs and D is a tri-
angle. To see this, note that the disequality relation on a three element domain
corresponds to a triangle if viewed as a graph. Since only graphs can be mapped
homomorphically to a triangle, Csp(G, D) is essentially the same problem as
CsP(—, D). Thus 3-COLOURABILITY is a nonuniform CSP with a restricted con-
straint language.

Ezample 3 revisited: The CLIQUE problem corresponds to CsP(K, G), where K
denotes the class of all complete graphs. This problem is essentially the same
problem as CsP(K, —). Thus CLIQUE is a CSP with a restricted structure.

Ezample 1 revisited: The description of SAT as a problem Csp(C,D) is slightly
more complicated: The sign pattern of a clause v = (Ay V A2 V...V \,) is the
tuple o(y) = (s1,...,8,) of signs, where s; = + if \; is a positive literal (that
is, a variable) and s; = — if ); is a negative literal (that is, a negated variable).
For example, the sign pattern of the clause (xV -y V —z) is (+, —, —). With each
n-ary sign pattern o we associate an n-ary relation R, over the Boolean domain
that consists of all satisfying assignments for clauses with sign pattern o. For
example, Ry _ _y ={0,1}*\ {(0,1,1)}.

Now let Z be the CSP-instance associated with a CNF-formula ¢. The vo-
cabulary 7(Z) consists of an n-ary relation symbol r, for every sign pattern o
that occurs in ¢. Furthermore, B(Z) is the 7(Z)-structure with universe {0, 1}
and relations rf @ — R,. Let S be the class of all structures B whose universe
is {0,1} and whose vocabulary consists of finitely many relation symbols r, for
sign patterns o, such that r8 = R,. Then SAT corresponds to Csp(—,S).!

The examples show that problems Csp(C,D) are NP-hard in general. Fur-
thermore, both structural restrictions Csp(C, —), such as CLIQUE, and constraint
language restrictions Csp(—, D), such as SAT, can be NP-hard. Even nonuniform
constraint language restrictions Csp(—, B), such as 3-COLOURABILITY, can be
NP-hard. However, observe that “nonuniform structural restrictions” of the form
Csp({A}, —) are always in PTIME, because the set of variables is fixed.

The reader may wonder why we write “NP-hard” instead of “NP-complete”
— it seems obvious that all problems Csp(C, D) are in NP. However, this is not
entirely true, because the membership problem for the classes C and D may not
be in NP (it may even be undecidable), and in this case it is not even decidable

! The astute reader may notice that the translation from SAT to Csp(—,S) involves
an exponential blow-up in size. We shall discuss this issue in Sec. 3.1.



in NP if a given CSP-instance 7 is an instance of CspP(C, D). We could avoid this
problem by requiring the classes C and D to be polynomial time decidable, but
there are interesting examples where they are not. Instead, we view Csp(C, D)
as a promise problem: We say that Csp(C, D) is solvable in polynomial time if
there is a polynomial time algorithm that, given an instance Z with A(Z) € C and
B(Z) € D, correctly decides if 7 is solvable. We do not care what the algorithm
does if the input is not of this form.

Definition 4. Let C,D be classes of structures. Then Csp(C,D) is tractable if
it is solvable in polynomial time (viewed as a promise problem) and intractable
otherwise. Csp(C, D) is hard if it is NP-hard.

2 Constraint language restrictions

Most and the mathematically deepest work on the complexity of CSPs is con-
cerned with constraint language restrictions (e.g., [7,8,6,4,13,16,22,26,29]). As a
matter of fact, most of this work is only concerned with nonuniform constraint
language restrictions of the form Csp(—, 8). The driving force behind this work
is a conjecture that has first been stated by Feder and Vardi in 1993 (in the
conference version of [16]):

Conjecture 1 (Dichotomy Conjecture). For every structure B, the problem
Csp(—, B) is either tractable or hard.

In other words: Every problem of the form Csp(—, B) is either in PTIME or
NP-complete (as all such problems are contained in NP). A priori, there is no
reason why this should be true, in particular in view of Ladner’s theorem [28]
stating that if PTIME # NP, then there are problems in NP that are neither in
PTIME nor NP-complete. Nevertheless, the Dichotomy Conjecture still stands
unrefuted, and it has actually been proved in several significant special cases.

Two important special cases of the conjecture had already been proved when
Feder and Vardi stated it. In 1978, Schaefer [29] studied what he called “gener-
alised satisfiability problems”. In our terminology, these are just CSPs over the
Boolean domain {0, 1}. Let us call a structure B Boolean if its universe is {0, 1}.

Theorem 5 (Schaefer [29]). The dichotomy conjecture holds for all Boolean
structures. More precisely, for every Boolean structure B, the problem Csp(—, B)
1s tractable if B satisfies one of the following conditions:

(1) Ewvery relation of B contains a tuple in which all entries are 0.

(2) Ewvery relation of B contains a tuple in which all entries are 1.

(3) Every relation of B is definable by a CNF-formula in which every clause
contains at most one negative literal.

(4) Every relation of B is definable by a CNF-formula in which every clause
contains at most one positive literal.

(5) Every relation of B is definable by a CNF-formula in which every clause
contains at most two literals.



(6) Every relation of B is the set of solutions of a system of linear equations
over the two element field GF(2).

Otherwise, Csp(—, B) is hard.

Obviously, Schaefer’s theorem implies the Dichotomy conjecture for all two-
element structures B. It is not hard to see that Schaefer’s theorem also implies
a dichotomy for all classes of Boolean structures: For every class B of Boolean
structures, Csp(—, B) is tractable if every structure B € B satisfies one of the
conditions (1)—(6) and hard otherwise.

Note that Csp(—, B) is tractable for all one-element structures 5. Hence, for
the rest of this section we assume that all structures have at least two elements.

Hell and Nesettil [22] studied the complexity of the graph homomorphism
problem for a fixed target graph H (the so called H-colouring problem) and
proved a dichotomy result. In our terminology, their result reads as follows:

Theorem 6 (Hell and NeSetiil [22]). The dichotomy congjecture holds for
graphs. More precisely, for every graph H, the problem Csp(—,H) is tractable if
H is bipartite; otherwise, it is hard.

Remember that we assume graphs to be undirected an loop-free. The di-
chotomy can easily be extend to graphs with loops, because Csp(—, H) is tractable
for every H that has a loop. Hell and Nesetfil’s theorem also implies a dichotomy
for classes of graphs: For every class H of graphs, Csp(—, H) is tractable if every
‘H € H is bipartite and hard otherwise. For directed graphs, the situation is much
more complicated: Feder and Vardi [16] proved that the dichotomy conjecture
for directed acyclic graphs is equivalent to the general dichotomy conjecture.
Even for oriented trees, the conjecture is still open (cf. [23,24]).

In recent years, Bulatov, Cohen, Dalmau, Jeavons, Krokhin and others very
successfully pursued an algebraic approach to the complexity of CSPs. While still
short of proving the dichotomy conjecture, they made some remarkable progress.
We cannot hope to explain the approach in any depth in this short survey. For
detailed presentations of the algebraic approach, we refer the reader to [8,11,26].
Our modest goal for the rest of this section is to state the main results obtained
by this approach and the currently conjectured dividing line between tractable
and hard constraint language restrictions.

The £th power of a T-structure B is the T-structure B¢ with universe B¢ and
relations

T,Be _ {((bll,---7b12)a---a(bklv'-'vbk5>) ‘ (blj,---,bkj> ETB fOI‘lS]SK}

for every k-ary r € 7. An (€-ary) polymorphism of B is a homomorphism from
B’ to B. Equivalently, an f-ary polymorphism of B can be described as an /-
ary operation h on B (that is, a mapping h : B® — B) such that for every k,

every k-ary r € 7, and every matrix (b;;)i<i<k € B*** the following holds: If
155<0
all columns of the matrix are in 74, then the k-tuple obtained by applying h to

each row of the matrix is in r*.



Example 7. Consider the Boolean structure B with one ternary relation
R ={(0,1,0),(0,1,0),(1,0,0), (1,1,1)}

Observe that R is the set of solutions to the linear equation xy + x2 + x3 = 1
over GF(2). Then the mapping f : {0,1}2 — {0,1} defined by f(x,y) = v +y+1
(addition in GF(2)) is a binary polymorphism of B. To see this, note that if the
two columns of the matrix

by 1

ba c2

bs c3

solve the equation 1 + x5 + x3 = 1, then so does the vector

f(bl,cl) b1 —|—01—|—1
f(bQ, 02) = bQ + C2 + 1
f(bg, 63) bs +c3+1

The set of all polymorphisms of a structure B, denoted by Pol(B), is called the
clone of B. The following lemma establishes a fundamental connection between
the complexity of Csp(—,B) and the clone of B that underlies the algebraic
approach:

Lemma 8 (Jeavons [25]). Let B, B’ be structures over the same universe. If
Pol(B) C Pol(B’) then Csp(—, B’) is polynomial time reducible to Csp(—, BB).

In particular, if Pol(B) = Pol(B’) then Csp(—,B) and Csp(—,B’) are poly-
nomial time equivalent.

In other words: The larger the clone of a structure, the simpler the corre-
sponding CSP. Intuitively, this is plausible, because more complex relations will
have fewer polymorphisms. Note that the clone of every structure contains all
projections f(z1,...,x¢) = x;. Thus if the clone of a structure B (with at least
two elements) contains only the projections, then Csp(—, B) is certainly hard.
The converse of this observation fails; it is easy to construct structures B such
that Csp(—, B) is hard and Pol(B) does not only contain projections.

An algebra is a pair (A, F) consisting of a set A and a set F' of operations
on A. With every structure B we associate the algebra A(B) = (B, Pol(B)). It
follows immediately from Lemma 8 that for all structures B, B', if A(B) = A(B')
then Csp(—, B) and Csp(—, B’) are polynomial time equivalent.

The set of term operations of an algebra (A, F) is the closure of F' and all
projections under composition. Since a clone contains all projections and is closed
under composition, the term operations of A(B) are precisely the operations in
Pol(B). An algebra is idempotent if all its term operations are idempotent, that
is, f(a,...,a) = a for all a.

Lemma 9 (Bulatov, Jeavons, and Krokhin [8]). For every structure B
there exists a structure B’ such that A(B') is idempotent, and Csp(—,B) and
Csp(—, B') are polynomial time equivalent.



For the readers familiar with the terminology, let us remark that the structure
B’ of Lemma 9 is an expansion of the core of B by unary relations {b} for all
elements b. In particular, this implies that the cardinality of the universe of B’
is less than or equal to the cardinality of the universe of 5.

A subalgebra of an algebra (A, F') is an algebra (A’, F'), where A’ is a subset
of A that is closed under all operations in F' and F’ consists of the restrictions of
the operations in F' to A’. A homomorphic image of (A, F) is an algebra (A’, F")
such that there exist surjective mappings h: A — A’ and ¢ : F — F’ such that
for all ¢-ary operations f € F, i(f) is an ¢-ary operation on A’ with

h(f(a1,...,ae)) =(f)(h(a1),...,h(ar))

for all tuples (a1, ...,ar) € A% A factor of an algebra (A, F) is a homomorphic
image of a subalgebra of (A, F'). A factor is nontrivial if it has at least two
elements. Now we are ready to state the main conjecture by Bulatov, Jeavons,
and Krokhin [8]:

Conjecture 2 (BJK-Conjecture). For every structure B, if A(B) is idempo-
tent, then the problem Csp(—,B) is hard if A(B) has a nontrivial factor all of
whose operations are projections, and tractable otherwise.

By Lemma 9, the BJK-Conjecture implies the Dichotomy Conjecture. But in
addition, the BJK-Conjecture predicts where the dividing line between tractable
and hard instances is located. Bulatov, Jeavons, and Krokhin [8] proved one
direction of the BJK-Conjecture: If A(B) has a nontrivial factor all of whose
operations are projections, then Csp(—, B) is hard. It follows from Theorems 5
that the BJK-Conjecture holds for all two-element structures.

Theorem 10 (Bulatov [6]). The BJK-Conjecture (and hence the Dichotomy
Conjecture) holds for all three-element structures B.

Bulatov also proved the BJK-Conjecture for graphs [5] and so-called conser-
vative CSPs [4], in which the set of values for each variable can be restricted arbi-
trarily. Conservative CSPs can be characterised as problems Csp(—, BB) for struc-
tures B such that every £-ary polymorphism f satisfies f(b1,...,b¢) € {b1,...,bs}
for all by,...,bs € B.

3 Structural restrictions

We start with an example that illustrates a simple, but important algorithmic
idea:

Ezample 11. A labelled tree is a structure 7 = (T,E, P1,..., P,), where FE is
binary, n > 0, and Pi,..., P, are unary, such that the restriction (T, E) is a
tree. Let T denote the class of all labelled trees. Then Csp(T,—) is tractable.
To see this, it will be most convenient to view CsP(T, —) as a homomorphism
problem (as described in Section 1.2). The input consists of a labelled tree 7 =



(T,E,Py,...,P,) and a structure B = (B, F,Q1,...,Q,), where without loss
of generality we assume that 7 and B have the same vocabulary. We fix an
arbitrary root r for 7 and direct the edges away from the root. For ¢t € T', let 7;
denote the induced subtree of 7 whose nodes are ¢ and all its descendants in 7.
ForteT,be B, we write t Cbif (t € P,=be Q) for 1 <i < n. Note that
t C b is a necessary condition for the existence of a homomorphism from 7 to B
that maps ¢ to b.

For every node ¢t € T, let H(t) C B be the set of all b € B such there is a
homomorphism from 7; to B that maps ¢ to b. The sets H(t) can computed in
the following way:

— If ¢ is a leaf, then H(t) consists of all b € B such that ¢ C b.

— If ¢t has children ti,...,t,, we first compute H(t1),...,H(t,) recursively.
H(t) consists of all b € B such that ¢ C b and there exist by € H(t1),...,b, €
H(ty) such that (b,b1),...,(b,by) € F.

Then there is a homomorphism from 7 to B if and only if H(r) # (). Clearly,
this yields a polynomial time algorithm.

The simple algorithmic idea underlying the example can be generalised from
trees to structures that are, in some sense, “similar” to trees. It will be convenient
to phrase the following definitions in terms of hypergraphs: A hypergraph is a pair
H = (V, E) consisting of a finite set V of vertices and a set E C 2" of subsets of
V called (hyper)edges. With each T-structure A we associate a hypergraph H(.A)
as follows: The vertex set of H(A) is the universe of A, and for all k, all k-ary
r € 7, and all tuples (ay,...,ax) € 74, the set {a1,...,ar} is an edge of H(A).
For a CSP-instance Z, we let H(Z) = H(A(Z)). Note that the vertices of H(Z)
are the variables of Z and the edges of H(Z) are the scopes of the constraints of
T, where the scope of a constraint Rxy ...z is {21,..., 2k}

A tree decomposition of a hypergraph H = (V, E) is a pair (7, B), where 7
is a tree and B = (B;)ter a family of subsets of V' such that for each e € E
there is a node t € T with e C By, and for each v € V theset {t € T | v € B} is
connected in 7. The sets B; are called the bags of the decomposition. The width
of the decomposition (T, B) is max{|B;| | t € T} — 1, and the tree width of H,
denoted by tw(H), is the minimum of the widths of all tree decompositions of
‘H. Figure 1 gives an example.

1,13,7

[1,12,13,7] [1,2,13,7]
\ [
\12,1‘3,7,8 | \2,13‘,7,6 |
[11,12,89] [2356 |

Figure 1. A hypergraph H and a tree decomposition of H of width 3



The tree width tw(A) of a structure A is defined to be the tree width of its
hypergraph H(A). We say that a class C of structures has bounded tree width
if there is a k such that tw(A) < k for all A € C. (We shall use a similar
terminology for other invariants such as bounded hypertree width later without
explicitly defining it.)

It is NP-complete to decide whether a given hypergraph or structure has tree
width k if k is given as part of the input [2]. However, for every fixed k there
is a linear time algorithm that computes a tree decomposition of width k for a
given structure A if the tree width of A is k [3].

Tree width may be seen as a measure for the “tree-likeness” of hypergraphs
and structures. Freuder [18] generalised Example 11 and proved that for every
class C of structures of bounded tree width, the problem Csp(C, —) is tractable.
This can be further generalised: Two structures A and A’ are homomorphically
equivalent if there is a homomorphism from A to A’ and a homomorphism from
A’ to A. For example, all bipartite graphs with at least one edge are homo-
morphically equivalent. Observe that CSP-instances Z and Z’ for which A(Z) is
homomorphically equivalent to A(Z') and B(Z) is homomorphically equivalent
to B(I') are either both satisfiable or both unsatisfiable.

Ezxample 12. Let C be a class of structures such that each structure A € C is
homomorphically equivalent to a labelled tree. Then Csp(C, —) is tractable.

To prove this, again we view CsP(C,—) as a homomorphism problem. The
input consists of a structure A = (A, E, P1,...,P,) that is homomorphically
equivalent to a labelled tree and a structure B = (B, F,Q1,...,Qx).

If we could efficiently compute a labelled tree 7 that is homomorphically
equivalent to A, then we could solve the problem by testing if there is a homo-
morphism from 7 to B as in Example 11. Unfortunately, there is no obvious way
to find such a tree 7 (cf. [14]).

Let us define a game on A, B. The game is played by two players called
Spoiler and Duplicator. Positions of the game are pairs (a,b) € A x B such that
aCb(ie,a€ P, =0beQ; for 1 <i<n). In the initial round of a play,
Spoiler chooses an ag € A and Duplicator answers by choosing a by € B with
bo 3 ap. Then the initial position is (ag,bp). In each subsequent round, with
current position (a, b), the next position (a’,b’) is determined as follows: Spoiler
chooses a’ such that (a,a’) € E. Then duplicator chooses b’ such that b J o’
and (b,b’) € F. If in some round of the play Duplicator cannot answer, she loses.
If she can continue to play forever, she wins.

We claim that there is a homomorphism from A to B if and only if Du-
plicator has a winning strategy for the game. The forward direction is easy: If
h : A — B is a homomorphism from A to B then Duplicator simply answers
every choice a of Spoiler by choosing h(a). For the backward direction, suppose
that Duplicator has a winning strategy for the game. We exploit the fact that
A is homomorphically equivalent to a labelled tree. Assume first that A is a
labelled tree. We define a mapping h : A — B as follows: Let a¢ be arbitrary.
Suppose Spoiler chooses ag in the initial round. For every a € A there is precisely
one path agay . ..a,, = a from ag to a in the tree A. We define by, ..., b, to be



the Duplicator’s answer if the Spoiler plays ag, ..., a,;, and let h(a) = by,. It is
easy to verify that h is indeed a homomorphism from A to B.

Now suppose that A is not a tree. Let 7 = (T, E', P{,..., P}) be a labelled
tree that is homomorphically equivalent to A, and let g1 : A - T, g2 : T — A be
homomorphisms from A to 7 and from 7 to A, respectively. Then Duplicator
has a winning strategy for the game on 7, : If Spoiler plays t € T, she answers
as she would have answered in the game on A, B if Spoiler had played g2(t).
Hence there is a homomorphism A from 7 to B. Then ho g; is a homomorphism
from A to B.

As the number of positions of the game is quadratic in the size of the input,
it can be decided in polynomial time if Spoiler has a winning strategy for the
game. Duplicator has a winning strategy if and only if Spoiler does not.

Again, this example can be generalised from trees to structures of bounded
tree width. A class C of structures has bounded tree width modulo homomorphic
equivalence if there is a k such that each structure A € C is homomorphically
equivalent to a structure A" with tw(A4") < k.

Theorem 13 (Dalmau, Kolaitis, and Vardi [14]). Let C be a class of struc-
tures of bounded tree width modulo homomorphic equivalence. Then Csp(C,—)
is tractable.

Surprisingly, this theorem has a (partial) converse; for classes of structures
of bounded arity, bounded tree width modulo homomorphic equivalence is also
a necessary condition for the tractability of Csp(C, —). The arity of a structure
is the maximum arity of its relations.

Theorem 14 (Grohe [20]). Assume that FPT # W[1]. Let C be a recursively
enumerable class of structures of bounded arity.

Then Csp(C, —) is tractable if and only if C has bounded tree width modulo
homomorphic equivalence.

Let us discuss the assumptions of this theorem: FPT # W][1] is a complexity
theoretic assumption from parameterized complexity theory (see [15,17]) that is
widely believed to be true. The assumption that C be recursively enumerable is
somewhat inessential. With a slightly stronger complexity theoretic assumption,
the statement of the theorem can also be proved for classes C that are not
recursively enumerable. The only serious restriction is that C be of bounded arity.
While many natural CSPs (e.g., CLIQUE, 3-COLOURABILITY) have bounded
arity, some have not: SAT is one prominent example. The rest of the paper
is devoted to CspP(C, —) for classes C of unbounded arity.

3.1 Unbounded arity

Let Z be a CSP-instance. Observe that the arity of the structure A(Z) is the
maximum edge size of the hypergraph H(Z).

The following example shows that there are classes C of unbounded tree
width modulo homomorphic equivalence (and thus unbounded arity) such that
Csp(C, —) is tractable:



Example 15. For n > 1, let r,, be an n-ary relation symbol, and let 4, be
the {ry}-structure with universe {z1,...,x,} and ri! = {(z1,...,2,)}. Let
C={A, | n>1}. It is easy to see that the structure A4,, has tree width n — 1
and is not homomorphically equivalent to a structure of smaller tree width. Thus
C has unbounded tree width modulo homomorphic equivalence.

But Csp(C, —) is tractable. To see this, let Z be an instance of Csp(C, —),
say, with A(Z) = A,. Then 7 has a single constraint R,x1 ...xz,. Thus 7 is
satisfiable if and only if R, is nonempty, and clearly this can be checked in
polynomial time.

At this point, it will be necessary to think about how CSP-instances are
actually specified. The crucial question is how to specify the relations in the
constraint language. In absence of any specific information about the instances,
it seems most reasonable to just list the tuples of the relations explictly. Then
the size of the representation of an instance 7 is roughly

IZI| = [V + D] + D |R| - arity(R) + Y _ |],
ReL ceC

where L denotes the constraint language of Z and the length |c| of a constraint
¢ = Rxy...zy is defined to be k 4+ 1. In the following, we call ||Z]| the size
of Z. Complexity will always be measured in terms of ||Z]|. Note that ||Z|| >
|[V| 4+ |D] + |C|. In general, ||Z|| can be much larger than |V| + |D| + |C|. The
best upper bound we get is ||Z|| = O(|V|+£-|D|*+¢-|C|), where £ is the maximum
of the arities of the relations in the constraint language. For the bounded arity
case, this means that ||Z|| is polynomial in [V |+ |D|+ |C|, and thus in this case
the choice of representation of the relations is not so significant.

Of course the explicit representation of the relations in the constraint lan-
guage is not the only representation one can think of. Indeed, if relations of
large arity occur in practice they are usually represented implicitly, for example,
by the clauses of a SAT instance. Note that a clause with n literals specifies a
relation with 2™ — 1 elements. The complexity of CSPs where the relations in
the constraint language are represented implicitly (e.g. by clauses) is studied in
[10]. But for the rest of this paper, we only consider the explicit representation.

Let H = (V, E) be a hypergraph. An edge cover of H is a set C C F of edges
such that V' = JC. Here UC = U,cce ={v eV |[Teec C: v e e}. The edge
cover number of H, denoted by p(H), is the minimum cardinality of an edge
cover of H. As usually, the edge cover number of a structure is defined to be the
edge cover number of its hypergraph. Note that the structure A,, of Example 15
has edge cover number 1 and tree width n — 1.

Ezample 16. Let C be a class of structures of bounded edge cover number. Then
Csp(C, —) is tractable. We leave it to the reader to verify this straightforward
claim.

The observation of the previous example can be combined with the ideas
developed for trees and structures of bounded tree width. Let H = (V, E) be a



hypergraph. A hypertree decomposition of H is a triple (7, B, C), where (7, B)
is a tree decomposition of H and C' = (Cy)ier is a family of subsets of F such
that for every t € V we have B; C |JC;. The sets C; are called the guards of the
decomposition. Note that the guard C} is an edge cover of the subhypergraph
induced by the bag B;.

The width of the decomposition (T, B, C) is max{|C:| | t € T'}. The hypertree
width of H, denoted by hw(H), is the minimum of the widths of the hypertree
decompositions of H.

Figure 2. A hypergraph H and a hypertree decomposition of H of width 2

Actually, what we call hypertree decomposition here is usually called “gen-
eralised hypertree decomposition” in the literature. The “standard” hypertree
decompositions incorporate an additional technical condition on how the guards
must be arranged in the tree. However, it has been proved in [1] that the width
measures derived from the two notions are the same up to a constant factor,
and for our purposes, this makes them interchangeable. Let us also remark that
hypertree width is called “cover width” in [9]. Another related decomposition
called “spread cut decomposition” has been introduced in [12].

As usually, we define the hypertree width of a structure to be the hyper-
tree width of its hypergraph. Gottlob, Leone, and Scarcello [19] proved that
Csp(C, —) is tractable for all classes C of bounded hypertree width. Let us
remark that Gottlob et al. stated their results for the problem of evaluating
Boolean conjunctive database queries. Constraint satisfaction, homomorphism,
Boolean conjunctive query evaluation, and also conjunctive query containment
are all equivalent (see [27]). Chen and Dalmau generalised Gottlob et al.’s re-
sult to classes of structures of bounded hypertree width modulo homomorphic
equivalence:

Theorem 17 (Chen and Dalmau [9]). Let C be a class of structures of
bounded hypertree width modulo homomorphic equivalence. Then Csp(C,—) is
tractable.

But this is still not the end of the story. The problem of finding a mini-
mum edge cover of a hypergraph H = (V, E) has the following integer linear



programming (ILP) formulation:

minimise Z Ze subject to Z Te > 1 forallv e V,
eckE eeFE
with v€e
ze € {0,1} for alle € E.

Let us consider the linear programming relaxation of this ILP, where the inte-
grality constraints z, € {0,1} are replaced by the inequalities 2. > 0. A feasible
solution for this linear program is called a fractional edge cover of H. The weight
> ec Te of an optimal solution is called the fractional edge cover number of H;
it is denoted by p*(H). An optimal fractional edge cover and hence the fractional
edge cover number can be computed in polynomial time by solving the linear
program. Computing the (integral) edge cover number is NP-complete.

It can be shown (see, e.g., [30], where edge covers are called “set covers”)
that for every hypergraph H with n vertices,

p*(H) < p(H) < p*(H) -Inn. (1)
The following example shows that the upper bound is fairly tight:

Example 18. Let £ > 1 and ‘H be the following hypergraph: H has a vertex vg
for every subset S of {1,...,2¢} of cardinality ¢. Furthermore, H has an edge
e; ={vs|i €S} foreveryie {1,...,2¢}.

Observe that the fractional edge cover number p*(H) is at most 2, because
xz. = 1/¢ for every edge e of H yields a fractional edge cover of weight 2. Actually,
it is easy to see that p*(H) = 2. It is also easy to see that p(H) = £+ 1.

Theorem 19 (Grohe and Marx [21]). Let C be a class of structures of
bounded fractional edge cover number. Then Csp(C, —) is tractable.

Observe that hw(H) < p(H) for every hypergraph H. To see this, consider
the hypertree decomposition of H that consists of a one vertex tree, with a bag
that contains all vertices and a guard that is an edge cover. Thus by (1) we
have hw(H) < p*(H) -logn for every n-vertex hypergraph. It can be shown that
the hypertree width of the graph H of Example 18 is £ + 1 = O(logn) [21].
Conversely, the hypergraph that is the disjoint union of n edges of cardinality 1
has hypertree width 1 and fractional edge cover number n. Thus fractional edge
cover number and hypertree width are incomparable. We can combine the two
invariants as follows:

A fractional hypertree decomposition of a hypergraph H = (V, E) is a triple
(T,B,g), where (T, B) is a tree decomposition of H and g = (g:)ter is a family
of functions from F to the nonnegative rationals such that for every t € T it
holds that

Z gi(e)>1 forallve B

e with vee

Hence the guard g; is a fractional edge cover of the subhypergraph induced by the
bag B;. The width of the decomposition (T, B,C) is max { Y . g:(e) | t € T}.



The fractional hypertree width of H is the minimum of the widths of the fractional
hypertree decompositions of H.

Conjecture 3. For every class C of structures, Csp(C,—) is tractable if and
only if C has bounded fractional hypertree width modulo homomorphic equiva-
lence.

Both directions of this conjecture are open. The forward direction is implied
by a technical conjecture stated in [21], which is concerned with the number of
maximal subsets of the vertex set of a hypergraph that have a certain fractional
edge cover number.

This is a good place to stop. All that remains to do is prove the conjectures.
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