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Abstract

We show that for every fixetl > 0 there is a quadratic time algorithm that decides whethevengi
graph has crossing number at mésand, if this is the case, computes a drawing of the graph h&o t
plane with at mosk crossings.

1. Introduction

Hopcroft and Tarjan [13] showed in 1974 that planarity ofgdr&can be decided in linear time. Itis natural
to relax planarity by admitting a small number of edge-drggsin a drawing of the graph. Theossing
numberof a graph is the minimum number of edge crossings needed iavairty of the graph into the
plane. Not surprisingly, itis NP-complete to decide, giaggraph and ak, whether the crossing number
of G is at mostk [12]. On the other hand, for evefixedk there is a simple polynomial time algorithm
deciding whether a given graghhas crossing number at mdstlt guesses < k pairs of edges that cro'ss
and tests if the graph obtained fraghby adding a new vertex at each of these edge crossings isrplana
The running time of this algorithm is®(*). Downey and Fellows [7] raised the question of whether the
crossing-number problem fixed parameter-tractablehat is, whether there is a constant 1 such that
for every fixedk the problem can be solved in tiniyn¢). We answer this question positively with= 2.
In other words, we show that for every fixédhere is a quadratic time algorithm deciding whether a given
graphG has crossing number at mdstMoreover, we show that if this is the case a drawingrahto the
plane with at mosk crossings can be computed in quadratic time.

It is interesting to compare our result to similar resultsdomputing thegenusof a graph. (The genus
of a graph(G is the minimum taken over the genera of all surfaSestich thatd can be embedded int®.)
As for the crossing number, it is NP-complete to decide ifgarus of a given graph is less than or equal to
a givenk [18]. For a fixedk, at first sight the genus problem looks much harder. It is bgneans obvious
how to solve it in polynomial time; this has been proved pussby Filotti, Miller, and Reif [10]. In 1996,
Mohar [14] proved that for everk there is actually a linear time algorithm deciding whetler genus of
a given graph i&. However, the fact that the genus problem is fixed-paranetetable was known earlier
as a direct consequence of a strong general theorem due &rtBami and Seymour [17] stating that all
classes of graphs that are closed under taking minors asgmeable in cubic time. Recall that a minor of
a graphG is a graph obtained from a subgraphteby contracting edges. It is easy to see that the class of
all graphs of genus at moatis closed under taking minors.

Unfortunately the class of all graphs of crossing number @t is not closed under taking minors.
So in general Robertson and Seymour’s theorem cannot bédgpl compute crossing numbers. An
exception is the case of graphs of degree at most 3; Fellodd.angston [9] observed that for such
graphs Robertson and Seymour’s result immediately yietdséc time algorithm for computing crossing
numbers’: Although we cannot apply Robertson and Seymour’s reswdttlyr, the overall strategy of our
algorithm is inspired by their ideas: The algorithm firstédvely reduces the size of the input graph until
it reaches a graph of bounded tree-width, and then solveprtitdem on this graph. For the reduction
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1This can be implemented by exhaustive search of the spae@’ofk-tuples of edge pairs, where denotes the number of edges
of the input graph.

2This is simply because for graphs of degree at most 3 the métation and the topological subgraph relation coincide.



step, we use Robertson and Seymour's Excluded Grid Thedtéptdgether with a nice lemma due to
Thomassen [19] stating that in a graph of bounded genus Kaisdri a graph of bounded crossing number)
every large grid contains a subgrid that, in some preciseesdies “flat” in the graph. Such a flat grid
does not essentially contribute to the crossing number andherefore be contracted. For the remaining
problem on graphs of bounded tree-width we apply a theorema@Gourcelle [4] stating that all properties
of graphs that are expressible in monadic second-ordec g decidable in linear time on graphs of
bounded tree-width.

Let me remark that the hidden constant in the quadratic upend for the running time of our algo-
rithm heavily depends oh. As a matter of fact, the running timed(f (k) -n?), wheref is at least doubly
exponential. Thus our algorithm is only of theoretical rets.

2. Preliminaries

Graphs in this paper are undirected and loop-free, but they mave multiple edges.The vertex set of
a graphG is denoted by “, the edge set byg“. We always assume th&t“ N E¢ = (). For graphs
G andH we letGUH = (VEUVH ECUE")andG\ H := (V¢ \ V¥ {e € E¢\ E¥
both endpoints of are contained iV \ V7}). A subgraphof a graphG is a graphi with V7 C v¢
andEf C E“. We formally treat paths and cycles in a graph as subgraptisso§raph (as opposed to,
say, sequences of vertices). Paths and cycles are asirapts that is, they have no self-intersections.

2.1. Topological EmbeddingsA topological embeddingf a graph into a graphH is a mapping: that
associates a vertdnv) € V' with everyv € V¢ and a patth(e) in H with everye € E€ in such a way
that:

— For distinct vertices, w € V¢, the verticesi(v) andh(w) are distinct.

— For distinct edges, f € E“, the pathsi(e) andh(f) are internally disjoint (that is, they have at
most their endpoints in common).

— For every edge € E with endpointsy andw, the two endpoints of the pati(e) areh(v) and
h(w), andh(u) ¢ V() forallu € VE\ {v,w}.

We let h(G) be the subgraph off consisting of the images of the vertices and edgeé& afnderh.
Formally,h(G) := (R(V),0) UU.cpe h(e).

2.2. Drawings and Crossing NumbersA drawingof a graphd is a mapping\ that associates with every
vertexv € V& a pointA(v) € R? and with every edge € E“ a simple curve\(e) in R? in such a way
that:

— For distinct vertices, w € V¢, the pointsA (v) andA(w) are distinct.

— For distinct edges, f € EY, the curves\(e) andA(f) have at most one interior point in common
(and possibly their endpoints).

— For every edge € E¢ with endpointsy andw, the two endpoints of the curv&(e) areA(v) and
A(w), andA(u) ¢ A(e) forallu € VE\ {v,w}.

— At most two edges intersect in one point. Formalfy, ¢ E¢
R2\ A(VY).

We letA(G) := A(VY) U U, cpe Ale).

Anz € R2 \ A(VE) with [{e € E“ | € A(e)}| = 2 is called acrossingof A. Thecrossing number
of A is the number of crossings &. A drawing of crossing number O is callgdiane The crossing
numberof a graphG is the minimum taken over the crossing numbers of all drawinfy7. A graph of
crossing number 0 is callgganar.

x € Ale)}| < 2forallz €
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Figure 1. The hexagonal grid$,, H,, H

2.3. Hexagonal Grids.Forr > 1, we letH,. be the hexagonal grid of radius Instead of giving a formal
definition, we refer the reader to Figure 1 to see what thisn®e@heprincipal cyclesCh, .. ., C, of H,
are the the concentric cycles, numbered from the interitréaexterior (see Figure 2).

Figure 2. The principal cycles df;

2.4. Flat Grids in a Graph. For graphdd C G, anH-component (of7) is either a connected component
C of G\ H together with all edges connectiggwith H and their endpoints il or an edge irE“ \ E#
whose endpoints are both i together with its endpoints. The vertices in the intersectf an H-
component withH are called thevertices of attachmermf the component.

Let G be a graph and : H, — G a topological embedding. Theterior of h(H,.) is the subgraph
h(H, \ C,) (remember thaC' is the outermost principal cycle df,). A properh(H,)-component is
anh(H,)-component that has at least one vertex of attachment imtegar of h(H,.). The topological
embedding: is flat if the union of h( H,.) with all its proper components is a planar graph.

We shall use the following theorem due to Thomassen [19]udltt, Thomassen stated the result for
thegenusof a graph rather than its crossing number. However, it ig msee that the crossing number of
a graph is an upper bound for its genus.

Theorem 1 (Thomassen [19])For all k£, > 1 there is ans > 1 such that the following holds: K is
a graph of crossing number at mastandh : H; — G a topological embedding, then there is a subgrid
H, C H, such that the restriction|y, of h to H,. is flat.

2.5. Tree-Width. We assume that reader is familiar with the notime-width (of a graph) It is no big
problem if not; we never really work with tree-width, but fuake it as a black box in Theorems 2—4.
Robertson and Seymour’s deEgcluded Grid TheorerfilL6] states that every graph of sufficiently large
tree-width contains the homeomorphic image of a large §fie.use the following algorithmic version of
this theorem.

3Note that loops are completely irrelevant for the crossinmber, whereas multiple edges are not.



Theorem 2. (Robertson and Seymour [17], Bodlaender [1], P&ovit and Reed [15]).Letr > 1. Then
there is aw > 1 and a linear time algorithm that, given a gragh, either (correctly) recognizes that the
tree-width ofG is at mostw or computes a topological embeddihg H, — G.

Robertson and Seymour [17] gave a quadratic time algoritunthey pointed out that it can be im-
proved to linear time using Bodlaender’s [1] linear timeaalthm for computing tree-decompositions.
However, this improvement is not entirely straightforwardt us fix a constanty > 1. The essential part
of Robertson and Seymour’s algorithm for the problem stateéde theorem is a quadratic time algorithm
that, given a grapky, returns a tree-decomposition@fof width at mostlw if the tree-width of the input
graph is at mosw. Furthermore, the algorithm returns a “counterexamplégsaphH of GG of tree-width
larger thanw and at mosRw if the tree-width ofG is greater thamw. This counterexample is very important
here because the subgrafihis then used to find the topological embeddingffinto G.

Bodlaender [1] gave a linear time algorithm computing a-tteeomposition of width at most if the
tree-width of the input grapliy is at mostw, but his algorithm does not return a counterexample if the
tree-width ofG is greater tham. Perkovi¢ and Reed [15] extended Bodlaender’s algorithsuch a way
that it still works in linear time, but does return a countemaple if the tree-width of the input graph is
greater thamw.

2.6. Courcelle’s Theorem. Courcelle’s theorem states that properties of graphs ddéna Monadic
Second-Order Logic MS@an be checked in linear time on input graphs of boundedwidgs. In this
logical context we consider graphs as relational strustefevocabular{ E,V, I}, whereV and E are
unary relation symbols interpreted by the vertex set ané edtof a graph anflis a binary relation symbol
interpreted by the incidence relation. To simplify the tiota, for a graphG we letU® := V& U E“ and
call U9 theuniverseof G.

| assume that the reader is familiar with the definition of M$fowever, for those who are not | have
included it in Appendix A.

Theorem 3 (Courcelle [4]). Letw > 1 and let
(p(xla"':xk:Xla"':Xl)

be an MSO-formula. Then there is a linear time algorithm tlgaten a graph? of tree-width at mosiv
anday,...,a, € U9, Ay,..., A CUY, decides whethe = ¢(ay,...,a, A1,..., A).
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We shall also use the following strengthening of Courcellieéorem, a proof of which can be found in
[11]:

Theorem 4. Letw > 1 and let
L)0(:1:17"'7‘/1:k7‘)(17"'7‘)(l7:y17‘"7:’!7’77,7)/-17"'7)/'-771)

be an MSO-formula. Then there is a linear time algorithm tlgaten a graph? of tree-width at mosiv
andby,...,b, € U9 By,...,B, CU%, decides if there exist,, ...,a; € U%, A;,..., 4, C U such
that

G ‘Z (P(ala---aak;Ala---;Alabla---;bm;Bla---aBn);

and, if this is the case, computes such elements. ., a; and setsdy, .. ., 4;.
3. The Algorithm

For anl > 1, a graphG, and a subsef’ C E¢ of forbidden edgesani-good drawing ofG with respect
to F'is a drawingA of G of crossing number at moésuch that no forbidden edges are involved in any
crossings, that is, for every crossinge A(e) N A(f) of A we havee, f € E¢ \ F.

We fix ak > 1 for the whole section. We shall describe an algorithm thatesothe followinggener-
alizedk-crossing number probleim quadratic time:



Input:  GraphG and subsef C E©.
Problem: Decide ifG has ak-good drawing with respect tb'.

Later, we shall extend our algorithm in such a way that it abyicomputes &-good drawing if there
exists one.

Our algorithm works in two phases. In the first, it iterativetduces the size of the input graph until
it obtains a graph whose tree-width is bounded by a constaytdepending ork. Then, in the second
phase, it solves the problem on this graph of bounded treéawi

3.1. Phase IWe letr := 4k + 3 and choose sulfficiently large such that for every graghof crossing
number at most and every topological embeddihg H; — G there is a subgridf,, C H, such that the
restrictionh| g, of h to H, is flat. Such ars exists by Theorem 1. Then we choasewith respect tos
according to Theorem 2 such that we have a linear time algoribat, given a graph of tree-width greater
thanw, finds a topological embeddirig: H; — G. We keepr, s, w fixed for the rest of the section.

Lemma 5. There is a linear time algorithm that, given a gragh either recognizes that the crossing
number ofG is greater thank, or recognizes that the tree-width 6f is at mostw, or computes a flat
topological embedding : H, — G.

Proof: We first apply the algorithm of Theorem 2. If it recognizegtte tree-width of the input grap®
is at mostw, we are done. Otherwise, it computes a topological embeddind; — G. By our choice of
s, we know that either the crossing numbel(dfs greater thar or there is a subgrid, C H, such that
the restriction ofh to H, is flat.
For eachH, C H, we can decide whethéri 7, is flat by a planarity test, which is possible in linear

time [13]. Our algorithm tests whethéty;, is flat for all H, C H,. Either it finds a flath|y,, or the
crossing number of' is greater thark.*
Sinces is a fixed constant, the overall running time is linear. |

Let G be a graph and : H, — G a topological embedding. Far< i < r — 1, we letH’ be the
subgrid ofH,. bounded by théth principal cycleC;. We let K; be the subgraph @ consisting ofh(H?)
and allh(H,)-components all of whose vertices of attachment are(i’). Moreover, we letB; be the
subgraph of7 consisting ofh(C;) and allh(H,)-components all of whose vertices of attachment are in
h(C;). In particular, we call the subgrapgki, C G the kernelof h, B, the boundary of the kernghnd
K, \ B, theinterior of the kernelsee Figure 3).

Lemma 6. LetG be agraphF C E, and letA be ak-good drawing ofG with respect ta# of minimum
crossing number. Let : H, — G be a flat topological embedding. Then none of the edges oktine kof
h is involved in any crossing aX.

To understand the significance of this lemma, note that thieefts of the topological embeddinhg
guarantees that the graphkK;) is planar for alli < r — 1. However, this does not necessarily mean that
the restriction of the specific drawinyy to K; is plane. The lemma implies that at least the restriction of
A to the kernelK, is plane (the actual statement of the lemma is slightly sfeoh

Proof: For1l < i < r — 1, theithring of 4 is the subgrapt®; of G consisting ofa(C;) andh(C;+1) (the
images of theth and(:i + 1)th principal cycle) and the images of all edgesin connecting these two
cycles (see Figure 4). Thenfarj with1 < i < j—1 < r—2, the graph€?; U B; andR; U B; are disjoint.
Recall that- = 4k + 3. Since at most two edges are involved in any crossing, byitleophole-principle
there is anjp, 2 < ip < r — 1 such that none of the edgesih, U R;, is involved in any crossing ah.
LetR := R;,, B := B;,, C := h(C;,), K := K;, andI := K \ B. ThenK andI are both connected
planar graphs.

Let I be theG'\ I-component that contairfs ThusI consists ofl, all edges connectinfto G \ I, and
the endpoints of these edges. (Recall the definition adfacomponent of a grap& from the beginning
of Subsection 2.4.) Note that the vertices of attachmedita all onC.

4The proof of Thomassens’s theorem reveals that actuallyonethave to test ali7,, C H for flatness, but only a number that
is linear ink.



Figure 3. A flat grid in a graph, its kernel, and the boundarhefkernel

Figure 4. The ringR, in a grid

Without loss of generality we can assume thais connected. Then the gragh\ I consists of the
boundaryB and one connected compond&XT that contains the exterior part of the grid (in particular
the cycleC, — recall thatis < r) and the rest ofi. B consists of the cycl€' and possibly additional
C-component®, ..., D,. Let us first consider the restriction &fto G \ 1.

Claim 1: There exists a connected compongnof R* \ A(G \ I) such that the\-images of all vertices
of attachment of are on the boundary df.

Proof: SinceC is a cycle and none of the edges@fs involved in any crossing ah, A(C) is a simple
closed curve in the plan®?. Furthermore, sincEXT is a connected graph (EXT) must be entirely
contained in one connected componenkdf\ A(C'), say, in the exterior.

LetY C R? be the interior ofA(C). ThenA(I) must be contained i (except for its vertices
of attachment, which are on the boundaryiof To see this, suppose for contradiction thatl) is not
contained irt”. Sincel is a connected graph and none of the edges of theftiisgnvolved in any crossing
of A, eitherA(I) is contained in thé-image one of the hexagons of the riRg or it is contained in the
exterior of the ring. But this can both not happen, becauseéitices of attachment dfare onh(C'), and
they are not contained in the boundary of a single hexagor\ 39 is contained ir".

Now if B = C (that is, if there are no componerii), or if A maps all component®; to the exterior
of A(C), thenY is a connected component & \ A(G \ I) such that theA-images of all vertices of
attachment off are on the boundary df. But in general A may map some of the componetis to
Y. Suppose for contradiction that there are two connectecpooentZ, Z' of Y \ A(B) such that the
boundary of both contains the image of a vertex of attachmiht Sincel is connected, there is a path
P C I connecting these two vertices, ahdP) must intersect\(B). This contradicts the fact that none



of the edges oB is involved in any crossing ah.

Claim 2: The restriction ofA to K is plane.

Proof: Suppose for contradiction that this is not the case. Therettges off must cross undeh.

LetIT be a plane drawing of the planar grah Let Z' be the the connected componenTHfK \ I)
that containd. Without loss of generality we can assume tiatis not the exterior component, that is,
Z' is homeomorphic to an open disc. Similarly we can assumetibagetZ of Claim 1 is homeomorphic
to an open disc. Let,...,v,, be the vertices of attachment ffand letf be a homeomorphism from
Z'U{(vy),...,1M(vm)} to Z U {A(v1),...,A(vm)}. We define a new drawing’ of G by letting
A'"=AonG\TandA’' = follonl.

Then no edges af are involved in any crossing a@f’, thus the crossing number &f is smaller than
that of A. This contradicts the minimality of the crossing numbe\dfand proves Claim 2.

Claim 3: None of the edges dk is involved in any crossing oA.

Proof: Since the restriction oA to K is plane, and since none of the edgedof K \ I is involved in
any crossing, the only possible crossing involving an edg€ avould be between an edge BXT and an
edge ofl. But sincel andEXTare embedded into different component®Raf\ h(C) (we showed this in
the proof of Claim 1), each such crossing would induce a angssgith an edge o€ C B. So there cannot
be any such crossings, and Claim 3 is proved.

To complete the proof of the lemma, we just recall that the&kK', is a subgraph ol = K;,. O

Now we are ready to describe the main reduction step ourighgoperforms.

Lemma 7. There is a linear time algorithm that, given a gragh and an edge sef’ C E¢, either
recognizes that the crossing number(dfis greater thank, or recognizes that the tree-width 6f is at
mostw, or computes a grapt’ and an edge s’ C E¢ such thafV¢'| < |[V&|, andG has ak-good
drawing with respect td if, and only if, G’ has ak-good drawing with respect t6".

Proof: We first apply the algorithm of Lemma 5. If it tells us that thressing number o7 is greater than
k or that the tree-width off is at mostw, there is nothing else we need to do. So suppose the algorithm
returns a flat topological embeddihg H, — G.

Let K be the kernel ofi, I its interior, andB its boundary. LetG' the graph obtained fror&¥ by
contracting the connected subgrapto a single vertex; (see Figure 5.

Figure 5. The transformation from a graghto G’

Let 7’ be the union of" with the set of all edges @B and all edges incident with the new vertex |
claim thatG has ak-good drawing with respect t8 if, and only if, G’ has ak-good drawing with respect
to F'. The forward direction of this claim follows from Lemma 6. be backward direction we observe

5In other words (3" is obtained fromG by deleting all vertices of, deleting all edges with both endpoints inadding a new
vertexwvy, and replacing, for all edges with one endpoinf jrthis endpoint by; .



that everyk-good drawingA’ of G’ with respect toF” can be turned into &-good drawing ofG with
respect taF" by embedding the planar graghnto a small neighborhood at’(vy).

Clearly, givenG, F' andh, the graphG’ and the edge-sét’ can be computed in linear time. Moreover
V&' | < |VE|. This yields the desired algorithm O

Iterating the algorithm of the lemma, we obtain:

Corollary 8. There is a quadratic time algorithm that, given a gragheither recognizes that the crossing
number of( is greater thank or computes a grapti’ and an edge sefi’ C E' such that the tree-width
of G’ is at mostw and G has ak-good drawing with respect t#' if, and only if,G' has ak-good drawing
with respect taF".

3.2. Phase ILIf the algorithm has not found out that the graph has crossimgber greater thahin Phase
|, it has produced a graph’ of tree-width at mosty and a sef”’ C EC' such thats has ak-good drawing
with respect td?' if, and only if, G’ has ak-good drawing with respect t8’. In Phase Il, the algorithm has
to decide whethe@’ has ak-good drawing with respect t6”. Using Courcelle’s Theorem 3, we prove
that this can be done in linear time.

To this end, we shall find an MSO-formulg X ) such that for every grapfi and every sef’ C E¢
we haveG = ¢(F) if, and only if, G has ak-good drawing with respect tB. We rely on the well-known
fact that there is an MSO-formulgyianar Saying that a graph is planar. (Actually, this is quite easyee:
@planarjust says tha€r neither containg(s nor K3 3 as a topological subgraph. Also see [6].)

For a graphG' and edges;,e; € E that do not have an endpoint in common we @t >z be
the graph obtained frort by deleting the edges, ande, and adding a new vertex and four edges
connectinge with the endpoints of the edgesa@fande; in G (see Figure 6). Observe that for evéry 1

Figure 6. A graplG with selected edges, e» and the resulting7** *¢2

a graphG has anl-good drawing with respect to an edge $etC E“ if, and only if, eitherG has an
(I — 1)-good drawing with respect tB or there are edges, e; € E¢ \ F that do not have an endpoint in
common such tha&®!*¢2 has anl — 1)-good drawing with respect t5.

Lemma 9. For every MSO-formulgy(Y') there exists an MSO-formula*(y1,y2,Y) such that for all
graphsG, edge set¥# C E“ and edges;,e; € E¢ \ F that do not have an endpoint in common we
have:

G E ¢*(er,e2, F) = G |z o(F).

This lemma can easily be proved by a standard technique figio, lthe method ofyntactic interpre-
tations® For readers not familiar with syntactic interpretationsljrect proof of the lemma can be found
in Appendix B.

Using this lemma, we inductively define, for evéry 1, formulasy;(Y') andy;(y1,y2,Y’) such that
for every grapliG and edge sef C E“ we have

G = ¢i(F) < G has ari-good drawing
with respect taF',

8For an introduction to the technique | refer the reader toff8]the particular situation of MSO on graphs to [3, 5].



and for allG, F C E“, and edges;, e, € E¢ \ F that do not have an endpoint in common we have

G = dier,es, F) <= G°** has an(l — 1)-good
drawing with respect t&'.

We let
wl (yl s Y2, Y) = @;Ianar(yla y?)
and, forl > 1,

[%2J} (Y) Zz(pl_l(Y) V Elylflygflxn 3561233721 33722 (Eyl A Eyz A _|Yy1 A _|Yy2

A /\ Tij 75 T 4 A ICUllyl A I:Blgyl A ICUQlyQ A Iﬂ:ggyg
1<i,i',j,5' <2
(4,5)# (13"

/\wl(ylay2=y))a

Yre1(y1,y2,Y) =07 (Y1, 942, Y).

This completes our proof that there is a quadratic time #lgordeciding if a grapltz has a good drawing
with respect to a sei C EC.

3.3. Computing a Good Drawing. So far we have only proved that there is a quadratic time akgor
deciding if a graph has a good drawing. It is not hard to mottify algorithm so that it actually computes
a drawing: For Phase I, we observe that if we have a good dgeefiGr’ with respect taF” then we can
easily construct a good drawing @fwith respect ta?’. So we only have to worry about Phase II.

By induction onl, for everyl > 0 we define a linear-time procedure DRAWat, given a graply of
tree-width at mostv and a subsef’ C E“, computes ai-good drawing of with respect taF (if there
exists one). DRAW just has to compute a plane drawing(of

Forl > 1, we apply Theorem 4 to the MSO-formula

Xi(y1,92,Y) == Eyi ANEys A=Yy A=Yys
A 35611 3561235621 E'CUQQ( /\ Tij 75 T4 A ICUllyl A I:Blgyl A ICUQlyQ A Iﬂ?ggyg)
1<i,i',j,5' <2
(8:4) 233"
A¢l(y17y2:y)'

It yields a linear time algorithm that, given a gra@tand anF’ C EY, computes two edges, e, € E9\ F
such thatG = xi(e1,e2, F) (if such edges exist). It follows immediately from the defiom of ¢; that
G = xi(e1, es, F) if, and only if,e;, e; are inEY \ F that do not have an endpoint in common afd > °2
has an-good drawing with respect tB.
GivenG andF, the procedure DRAWapplies this linear-time algorithm to compute edges» such
that
G ‘: Xl(elaeQ:F)'

Then it applies DRAVW._; to the graphG¢t*©2 to compute ar{! — 1)-good drawing of a graplir©: *¢2
with respect taF. It modifies this drawing in a straightforward way to obtam/agood drawing of7 with
respect tav'.

Remark 10. In the conference version of this paper | claimed that theafigeourcelle’s theorem in our
proof can be avoided in favor of a direct algorithm that ergplthe usual dynamic programming tech-
nigues”. Although this is true — after all, Courcelle’s atigom also employs these dynamic programming
techniques, so we can simply take the formula constructedesdind extract an algorithm from Courcelle’s
proof — it is not as simple as | thought then.

The formula we construct essentially says: “There exisgesél , . . ., eo;, such that if we cross; with
e;y1 (for 1 < i < k) the graph does not contain/&-minor or aK; 3-minor.” This statement involves a
non-trivial quantifier alternation, which is what makes ttanslation to an algorithm difficult.

At this point, | think that the route through logic and Coule’s theorem is essential for our proof.



3.4. Uniformity. Inspection of our proofs and the proofs of the results we heavs that actually there
is onealgorithm that, given a grapfi with n vertices and a non-negative intedgerdecides whether the
crossing number of is at mostk in time O(f (k) - n?) for a suitable functiory.

Unfortunately,f grows extremely fast, at least doubly exponentially. Tothé® note that the tree-
width w = w(k) we derive a from the excluded grid theorem is exponenti&l ifesting whether a graph
has tree-widthw requires time exponential i, that is, doubly exponential ik.

To give an upper bound on the growthfyfwe mainly have to analyse the running time of the algorithm
we get out of Courcelle’s theorem. Its dependence on thedtarmis ¢-fold exponential in the tree-width
and the formula length, whetgs the number of quantifier alternations of the formula. Tin@ightforward
bound on the number of quantifier alternations of our fornsalging that the crossing number is at most
is 3 (independent of).

There may be slight improvements reducing the running timmerie or two exponentials, but as we
saw our approach will not give us a running time whose depecelenk is less than doubly exponential.

4. Conclusions

We have proved that for evely > 0 there is a quadratic time algorithm deciding whether a giyeph
has crossing number at mdstThe running time of our algorithm in terms kfis enormous, which makes
the algorithm useless for practical purposes. This isypdrik to the fact that the algorithm heavily relies
on graph minor theory.

However, knowing the crossing number problem to be fixedumater tractable may help to find better
algorithms that are practically applicable for small valoék. This has happened in a similar situation for
the vertex cover problem. The first proof [9] showing the fepadameter tractability of vertex cover used
Robertson and Seymour’s theorem that classes of graphedclosier taking minors are recognizable in
cubic time. Starting from there, much better algorithmsehlagen developed; by now, vertex cover can be
(practically) solved for a quite reasonable problem siee (8] for a state-of-the-art algorithm).

Although | do not expect there to be such a simple algorithndéziding whether the crossing number
of a graph is at mogt as there is for deciding whether there is a vertex cover efainost, | conjecture
that there is a more elementary algorithm for the crossimalrer problem whose running timea8 (%) .

Appendix A: Monadic Second Order Logic

We first explain the syntax of MSO: We have an infinite supplyirafividual variables denoted by
x,y, z, 1 et cetera, and also an infinite supplyseft variablesdenoted byX, Y, et ceteraAtomic MSO-
formulas (over graphsyre formulas of the form = y, Vz, Exz, Ixy, and X z, wherez, y are individual
variables andX is a set variable. The class of MSO-formulas is defined bydheviing rules:

Atomic MSO-formulas are MSO-formulas.

If ¢ is an MSO-formula, then so isp.

If ¢ andy are MSO-formulas, then so ageA ¥, ¢ V ¢, andy — .

If ¢ is an MSO-formula and is a variable (either an individual variable or a set vagdjthendvp
andvuvy are MSO-formulas.

Let G be a graph. Recall thdf® = V& U EY. A G-assignments a mappingx that associates an
element ofU“ with every individual variable and a subsetléf with every set variable. We inductively
define what it means that a gra@gttogether with aG-assignment satisfiesan MSO-formulay (we write

(G, a) = o)
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- (G,a)F—p = (G,a) F o,

- (G,a) Fp Ay < ((G,a) E pand(G,a) E ¢),
and similarly forv, meaning “or”, and—, meaning “implies”.

- (G,a) F Jzp < thereexistsan € U
such tha(G, a2) = ¢,
wherea % denotes the assignment wiitf (z) = a anda $ (v) = a(v) forallv # z.

- (G,a) EVzp < foralla e UY, (G,a2) E .

- (G,a) E3X¢ <= thereexistsanl C UY
such thal(G, a4) &= ¢,
and similarly forv X meaning “for allA C U,

Itis easy to see that the relati¢ff, ) |= p only depends on the values®fat thefree variableof ¢, that
is, those variables not occurring in the scope of a quantifi@ar or Vv. We write

(p(:Ul,...,CUk,Xl,...,Xl)

to indicate that the free individual variablesfre among:, . . ., x; and the free set variables are among
X1,...,X;. Then foragrapl@ anday,...,a, € U%, Ay,..., A C U we write

GlEylar,...,ar, A, ..., A)

if for every assignment with a(2;) = a; anda(X;) = A; we have(G, ) |= ¢. A sentencés a formula
without free variables.
For example, for the sentence

o= EiXEiY(‘v’:n(Va: = (XzV Y1)
/\VxVy((x #yATz(Izz Ayz)) - = (Xz AXy) V(Y A Yy))))
we haveG |= ¢ if, and only if, G is 2-colorable.
Appendix B: Proof of Lemma 9

For the reader’s convenience, we repeat the statement béthena:

For every MSO-formula(Y) there exists an MSO-formula* (y1,32,Y") such that for all
graphsG, edge set§ C E“ and edges;,e. € EY \ F that do not have an endpoint in
common we have:

G E ¢*(er,e2, F) > G |z o(F), 0

Proof: Let G be a graphF' C E¢, and lete;,es € EY \ F be edges that do not have an endpoint in

common. Letw;1,v12 be the endpoints of; andwsg, v the endpoints oé,. We define a grapl’* as
follows:

— The vertex set of/* is the set
VI = {(0,0) |v € VIYU{(e1, e2)).
— The edge set af* is the set
EY :={(e,e) | e € B9} U{(er,v11), (e1,v12), (e1,v21), (e1,v22) }.

— Avertex(u,w) € V& is an endpoint of an edge, y) € EC" if

11



— (u,w) = (v,v) for a vertexv € V& and(z,y) = (e,e) for an edgee € E¢, andwv is an
endpoint ofe, or

— (u,v) = (e1,e2) and(z, y) = (e1,v;;) for somei, j,1 <i,j <2, or

— (u,v) = (vi5,v55) and(z, y) = (e1,v;;) forsomei, j, 1 < i,j < 2.

Then it is easy to see thét* is isomorphic to the grap&y®t *¢2. (Note that in order for this to be true we
need our general assumption th&t N E¢ = ).) The point of getting an isomorphic copy 6f' *¢2 this
way is thatG* is definable withinG.

Now let p(Y) be an MSO-formula. We want to translate it to a formptdy, , y»,Y") thatG satisfies
v*(e1, eq, F) if, and only if, G* satisfiesp(F).

Without loss of generality, we can assume that the variaplgs, z11, 12, 221, 222 dO NOt appear in
¢ and that the set variablg only appears as a free variable (that is, there are no subfas®Y+) or
VY4). Since elements of the universe®@f are pairs of elements of the universe(affor every variable
v of ¢ we will have two variables’, v" in ¢*. For an element = (b, ¢) of the universe of7* we let
a' = b,a" = c. For asubset of the universe of7* we letA’ = {b | (b,b) € A} andA"” the subset of
{61, V11,12, V21, U22} defined by

{el € A" if (e1,e2) € A

vi; € A" if (eq,v55) € A(forl <i,j <2).

We shall inductively define for every subformuldz, ..., 2k, Z1,..., Z;,Y) of p aformula
(Y1, Y2, T11, Ti2, To1, T2, 20, 21 s+ ooy 24y 245 215 21 s oo Zyy 24 Y)

such thatforall,...,ar € US andA;,..., A, CUS we have

G* |: ,(/}(al:"':akaAl:-"aAfaF)
— ! ! 1" ! " ! 1" ! 1"
=2 G|—’¢J(61,62,1}11,1)12,1)21,1}22,&1,&1 ..... ak,ak,Al,Al,...,AE,AZ,F).

(@)

3 3

After we have done this, we let

0" (y1,y2,Y) = 35611356123562135622( /\ xij # Ty ANzriyr Aziayr A Tzaya A Txaays
1<i,i’ 5,5 <2
(i,5)#(,5")

AQ' (Y1,Y2, T11, T12, T21, T2, Y)) .

Clearly, (2) implies thap*(y1,y2,Y) satisfies (1).
So let us defing)’:

— F9(z1,22) = (21 = 22), theny' (21, 21, 25, 25) = (21 = 25 A 2 = 25).

If(2) = Vz, theny!(2',2") = (2 = 2" AVZ) V (2" = y1 A 2" = ya).

(
If ¢(2) = Ez, theny'(2',2") = (2' = 2" AE2') v Vicij<o (z' =er N2" = ).
If ’llJ(Zl, 22) = Iz129, then
P22, 20,25) = (21 = 21 A2y = 25 A2z

Vizi=ypAzl =pAz =y A Viijeo 22 = i)

V Vicijeco (21 = ij Azl =25 A2y = g1 A2y = wij).
— Ify(2,Y) =Yz, theny'(2', 2", Y) = (z’ =2" /\Yz’).
— Ify(2,Z) = Zz,then

w/(zl,Z,/,ZI,Z”) — (2/ =" A Z'Z’)
V(2 =y A" =y A Z"yy)
V vlgi,jSQ (ZI =1 Az = Tij A Z”ﬂ:ij).
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— If ¢ = =y, theny' = —x'.
— If ¢ =x A& theny' = x' A €. Disjunctions and implications are handled analogously.

— If ¢p = 3z, then

' = Hz’EIz”((z’ =2"VE =y A =) VE =y A \/ 2 = xij)) A x').
1<4,j<2

Universal quantification over individual variables is heattanalogously.

— If¢p =VZx, then

W =vZ'vNZ" (Vz(Z”z = (z=y V \/ z =) — X’)-
1<i,j<2

Existential quantification over set variables is handleal@gously.

Itis easy to verify (2) for every clause of this inductive défon. ]

Remark 11. Note that no clauses of the definition#fin the proof above, except the one for quantifica-
tion over set variables, did introduce any new quantifienrsegations in front of quantifiers.

It is worthwhile to observe that we can also modify the clafgequantification over set variables
in such a way that no new quantifiers are introduced; (2) resntiue if foryy = VZx we simply let
W' =VZ'NVZ" x" and fory = 3Zx we letyy’ = 3Z'3Z" ¥'.

After this modification)’ and> have the same quantifier structure. We need to introduceiawiali
quantifiers when going fromp’ to ¢*, but we can replace the existential quantifiers we introduceur
proof by universal ones. This way, we can achieve thand ¢* have the same number of quantifier
alternations.
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