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Abstract

Thelocal tree-width of a graphG = (V, E) is the function Itvf : N — N
that associates with everye N the maximal tree-width of an-neighborhood in
G. Our main graph theoretic result is a decomposition thediangraphs with
excluded minors, which says that such graphs can be decedhpot trees of
graphs of almost bounded local tree-width.

As an application of this theorem, we show that a number oflioatorial
optimization problems, such asiNiMuM VERTEX COVER, MINIMUM DOM-
INATING SET, and MAXIMUM INDEPENDENTSET have a polynomial time ap-
proximation scheme when restricted to a class of graphsamitexcluded minor.

1. Introduction

Tree-width, measuring the similarity of a graph with a tree, has turneideoto be an
important notion both in structural graph theory and in theorry of graph algorithms.
It is well known that planar graphs may have arbitrarily &tgee-width. However,
for every fixedd the class of planar graphs of diameter at mbstas bounded tree-
width. In other words, the tree-width of a planar graph cabdended by a function
of the diameter of the graph. This makes it possible to decs@mplanar graps into
families of graphs of small tree-width in an orderly way. Bdecompositions of planar
graphs, better known under the naowterplanar decompositions, have been explored
in various algorithmic settings [5, 8, 13, 11]. The main islga back to a fundamental
article of Baker [5] on approximation algorithms on planeahs.

Thelocal tree-width of a graphG' = (V, E) is the function ItW : N — N that
associates with eveny e N the maximal tree-width of artneighborhood irG. More
formally, we define the--neighborhood N,.(v) of a vertexv € V' to be the set of all
w € V of distance at most from v, and we le{ N, (v)) denote the subgraph induced
by G on N,.(v). Then, denoting the tree-width of a grafihby tw(H ), we let

1w (r) = mas] tw( (N (v)) \ vev}.

We are mainly interested in classes of graphdainded local tree-width, that is,
classe<’ for which there is a functiorf : N — N such that for allG € C and
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r € N we have Itvf'(r) < f(r). The class of planar graphs is an example. It has
been observed by Eppstein [8] that if a clé@ss closed under taking minors and has
bounded local tree-width (Eppstein calls this the “diam&teewidth property”), then
the graphs i€ admit a decomposition into graphs of small tree-width indtyée of the
outerplanar decomposition of planar graphs, and the pigrageh algorithms based on
this decomposition generalize to graphgirEppstein [9] gave a nice characterization
of such classes; he proved that a minor closed dfae$ graphs has bounded local
tree-width if, and only if, it does not contain all apex graph

The main graph-theoretic result of this paper, Theorem a8,be phrased as fol-
lows: LetC be a minor closed class of graphs that does not contain gdhgraThen
all graphs inC can be decomposed into a tree of graphs that, after remowngrded
number of vertices, have bounded local tree-width. The foobthis result is based
on a deep structural characterization of graphs with exadudinors due to Robertson
and Seymour [19].

We defer the precise technical statement of our decompngiieorem to Section 4
and turn to its applications now. In this paper, we focus goreximation algorithms,
but we shall also use the theorem to re-prove a result of Aaymour, and Thomas
[2] that graphg? with an excluded minor have tree-width/|G]).*

Actually, the main result of Alon, Seymour, and Thomas's#tis a separator the-
orem for graphs with an excluded minor, generalizing a \kethwn separator theorem
due to Lipton and Tarjan [14] for planar graphs. These sépatfzeorems have numer-
ous algorithmic applications, among them a polynomial tapgroximation scheme
(PTAS) for the MaxXIMUM INDEPENDENT SET problem on planar graphs [15] and,
more generally, classes of graphs with an excluded minor [1]

A different approach to approximation algorithms on plagiaphs is Baker's [5]
technique based on the outerplanar decomposition. It dtesnty give another PTAS
for MAXIMUM INDEPENDENT SET, but also for other problems, such asN\vMum
DOMINATING SET, to which the technique based on the separator theorem ades n
apply.

We can use our decomposition theorem to extend Baker’s apprtw arbitrary
classes of graphs with an excluded minor. Our purpose héveeiglain the technique
and not to give an extensive list of problems to which it aggliWe show in detalil
how to get a PTAS for MNIMUM VERTEX COVER on classes of graphs with an ex-
cluded minor and then explain how this PTAS has to be modifiedlve the problems
MINIMUM DOMINATING SET and MAXIMUM INDEPENDENTSET. It should be no
problem for the reader to apply the same technique to othtémization problems.

The paper is organized as follows: In Section 2 we fix our teaiaigy and recall
a few basic facts about tree-decompositions of graphs. |lteewidth is introduced
in Section 3. In Section 4, we prove our decomposition thadia classes of graphs
with an excluded minor. Approximation algorithms are dissed in Section 5, and in
Section 6 we briefly explain two other applications of theateposition theorem.

1we have observed this in discussions with Reinhard DiesttDaniela Kithn.



2. Preliminaries

The vertex set of a grapfi is denoted by, the edge set bi“. Graphs are always
assumed to be finite, simple, and undirected. We writec £ to denote that there is
an edge from to w. For a subsek C V¢, we let{X)“ denote the induced subgraph
of G with vertex setX. We letG \ X := (V¢ \ X)“. For graphs7 and H, we let
GUH := (VEUVH EYUEH). We often omit the superscrifitif G is clear from
the context.

K, denotes the complete graph withvertices, and for an arbitrary sat, K x
denotes the complete graph with vertex et A vertex setX C V¢ in a graphG
is acliqueif Kx C G. Theclique number w(G) of a graphG is the maximal size
of a clique inG. For a clas¥ of graphs, we letv(C) be the maximum of the clique
numbers of all graphs i@, or oo, if this maximum does not exist.

Note that ifC is closed under taking subgraphs and is not the class of &tihg:;
thenw(C) is finite.

2.1. Graph minors. A minor of a graphGG is a graphH that can be obtained from a
subgraph of7 by contracting edges; we writd < G to denote thafd is a minor of
G.

Note thatH < G if, and only if, there is a mapping : VH — Pow(V'“) such
that (h(x))“ is a connected subgraph 6ffor all z € V¥, h(z) N h(y) = 0 for
r #y € VH and for every edgey € E there exists an edgev € E such
thatu € h(z),v € h(y). We say that the mappiny witnesses H < G and write
h:H<d.

A classC is minor closed if, and only if, for allG € C andH < G we haveH € C.
We callC non-trivial if it is not the class of all graphs.

AclassC is H-freeif H A G for all G € C. We then callH anexcluded minor for
C. Note that a clas§ of graphs has an excluded minor if, and only if, there iman 1
such that is K ,-free. Furthermore, this is equivalent to saying thé contained in
some non-trivial minor closed class of graphs.

Robertson and Seymour’s [1&raph Minor Theorem states that for every minor
closed clasg of graphs there is a finite s&t of graphs such that

C={G|VHeF: HAG}.

For a nice introduction to graph minor theory we refer thelezdo the last chapter of
[6]; a recent survey is [20].

Tree-decompositions.In this paper, we assume trees to be directed from the root to
the leaves. Itu € ET we callu achild of + andt the parent of u. The root of a tred’
is always denoted by’ .2

A tree-decomposition of a graphG is a pair(T, (B;);cy ), WhereT is a tree and
(Bt) ey afamily of subsets of @ such that J, .- (B;)“ = G and for every € V¢

2To have rooted directed trees instead of plain (undiredreg) is not relevant for the graph theory, but
convenient for the algorithms.



the set{t | v € B;} is connected. The sef3; are called thélocks of the decompo-
sition. Thewidth of (T, (B;),cy ) is the number ma§{f|B;|| | t € VT} — 1. The
tree-width of G, denoted by tM(), is the minimal width of a tree-decomposition@f

The following lemma collects a few simple and well-knownt&aabout tree-de-
compositions:

Lemmal. (1) Let (T, (B:);cyr) be atree-decomposition of a graph G and X C
V& aclique. Thenthereisat € VT suchthat X C B,.

(2) Let G, H be graphs such that V& N VH isa cliquein both G and H. Then
tw(G U H) = max{tw(G),tw(H)}.

(3) Let G beagraphand X C V. Thentw(G) < tw(G \ X) + | X|.

(4) Let G, H begraphssuchthat H < G. Thentw(H) < tw(G).

Throughout this paper, for a tree-decompositi@n(B;),cyr) andt € T\ {rT}
with parents we letA; := B; N B,. We letA,r := ().
Theadhesion of (T, (B;);cy ) is the number

Y

ad T, (B)err) = max{|[ 4] | ¢ € V7).
Thetorso of (T, (B;),cyr) att € VT is the subgraph

[Bi]:=(B)?UKs U |J Ka,,
w child of ¢

or equivalently, the subgraph with vertex €tin which two vertices are adjacent if,
and only if, either they are adjacent@hor they both belong to a block,, with u # ¢.
(T, (B)ievr) is a tree-decomposition @ over a classB of graphs if all its torsos
belong toB.

Note that the adhesion of a tree-decomposition &/&rbounded bw(5). More-
over, it can be easily seen that if a graph has a tree-decatigpas/er a minor-closed
classB then it has a tree-decomposition o¥&of adhesion at most(53) — 1.

Path decompositions. A path-decomposition of a graphG is a tree decomposition
where the underlying tree is a path. Of course we can alwaysasthat the patF of

a path decompositiot, (B,),cp) has vertex set' ¥ = {1,... ,m}, for somem €
N, and that the vertices occur éhin their natural order (that is, we haig + 1) € EF
for1 <i < m).

Lemma 2. Let G, H be graphsand ({1,... ,m}, (B;)i<i<m) a path-decomposition
of H of width k. Let z; ...z, beapathin G suchthat z; € B; for 1 < i < m and
VENVHE ={zy,... ,z,,}. Thentw(G U H) < (tw(G) + 1)(k + 1) — 1.

Proof: Let (T, (Ct);cvr) be atree-decomposition 6f. Then(T, (C});cv ) With

1<i<m,
z;€C

is a tree-decomposition &f U H. The size of the block§’; can easily be bounded by
(tw(G) + 1)(k + 1). O



3. Local tree-width

The distancel®(z,y) between two vertices,y of a graphG is the length of the
shortest path iy from z to y. Forr > 1 andz € G we define the-neighborhood
aroundz to be N%(z) := {y € VY | d%(z,y) < r}.

Definition 3. (1) Thelocal tree-width of a graphG is the function It : N — N
defined by

tw (r) := max{tw((NE (z))) | z € VI}.

(2) AclassC of graphs habounded local tree-width if there is a functiorf : N — N
such that ItW (r) < f(r) forall G € C,r € N.
C haslinear local tree-width if there is a\ € R such that ItW (r) < Ar for all
GelC,reN

Note that the local tree-width of a graph is not minor-mometéhat is,H < G
does notimply Itw (r) < Itw%(r) for all r).

Example 4. LetG be a graph of tree-width at mast Then Itw” (r) < kforallr € N.

Example 5. Let G be a graph of valence at mdstfor ani > 1. Then Itw(r) <
I(l-1)~tforallr € N.

The planar graph algorithms due to Baker and others that weiomed in the
introduction are based on the following result:

Proposition 6 (Robertson and Seymour [17]).The class of planar graphs has lin-
ear local tree-width. More precisely, for every planar graph G and » > 1 we have
ltw< (r) < 3r.

In this paper, aurface is a compact connected 2-manifold with (possibly empty)
boundary. The (orientable or non-orientalge)us of a surfaceS is denoted by;(.S).
An embedding of a graph( in a surfaces is a mappindI that associates distinct points
of S with the vertices of7 and internally disjoint simple curves Bwith the edges of
G in such a way that for all verticasand edges of G, II(v) is not an interior point
of the curvell(e), andII(v) is an endpoint ofI(e) if, and only if, v is incident withe.

Proposition 7 (Eppstein [9]). Let S be a surface. Then the class of all graphs embed-
dablein S haslinear local tree-width. More precisely, there is a constant ¢ such that
for all graphs G embeddablein S and for all » > 0 we have ltw(r) < ¢ - g(S) - r.

In the next subsection, we prove an extension of Proposititrat forms the bases
of our decomposition theorem for graphs with excluded nsnor

But before we do so, let us state another result due to Eppttai characterizes
the minor closed classes of graphs of bounded local trethwifin apex graph is a
graphG that has a vertex € V¢ such thatG \ {v} is planar.



Theorem 8 (Eppstein [8, 9]). Let C be a minor-closed class of graphs. Then C has
bounded local tree-width if, and only if, C does not contain all apex graphs.

It is an interesting open problem whether there is a minosetloclass of graphs
of bounded local tree-width that does not have linear (oypamially bounded) local
tree-width.

Almost embeddable graphs. Let S be a surface with non-empty boundary. The
boundary ofS consists of finitely many connected componefits. .. , C,, each of
which is homeomorphic to the cyck.

We now define a grap&' to bealmost embeddablein S. Roughly, this means that
we can obtainG from a graphGG; embedded irS by attaching at most graphs of
path-width at mosk to G along the boundary cycl€s, , ... , C, in an orderly way.

This notion plays an important role in the structure thedrgraphs with excluded
minors, to be outlined in the next subsection.

Definition 9. Let S be a surface with boundary cyclés, ... ,C,. A graphG is
almost embeddable in S if there are (possibly empty) subgrapfs, ... ,G, of G
such that

- G=GuU...UG,,
— G has an embedding in S,

- Gy,...,G, are pairwise disjoint,

— for1 <i <k, G; has a path decompositi¢fil, . .. ,m;}, (B})1<j<m;) of width
at most,

— for1 < i < & there are vertices!, ...z}, € V° such that} € B! for
1<j<miandV nVe = {ai, ... 2l 1},

— for1 < i < &, we havell(VE) N C; = {TI(}),... ,1(x},,)}, and the points
(x}),...,I(x;,,) appear onC; in this order (either if we walk clockwise or

anti-clockwise).

Proposition 10. Let .S be a surface. Then the class of all graphs almost embeddable
in S haslinear local tree-width.

Proof: Let G be a graph that is almost embeddableSin We use the notation of
Definition 9. LetH, be the graph obtained fro@, by adding new vertices, ... , z.,
and edgesz;, %), (x4, 2%, ), and(z}, #}), for1 <i < &,1 < j < m; (see Figure 1).
Clearly, Hy is still embeddable ity. Forl <i < kweletH; := HhUG; U...UG;.

Let A € N such that for every grapi embedabble ir$ and everyr € N we have
ltw& (r) < Ar (such a) exists by Proposition 7). For € N we let fo(r) := Ar and,
fori e N, weletf;(r) := (fi—1(r + 1) + 1)(x + 1) — 1. Thenf; is a linear function
for everyi € N.

By induction oni > 0 we shall prove that for eveny € N andz € Vi we have

tw((N i (z))) < filr). (1)
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Figure 1. From&7, to Hy

Fori = 0, this is immediate. So we assume that 1 and that we have proved (1) for
i—1.
‘For allx € H;, we either haveVFi(z) C H;_y, or Nfi(z) C G;, or NHi n
{ah,... @i, } #0.
If NH( ) C VHi-1 then twW(NHi(2))H) < fimi(r) < filr).
If z € VHi-t andNHi(z) ¢ Vi1, thenN " (z) N {ai,. .. ,xfni};é@ By the
construction offly, this impliesz; € N/~ () and thus{z?, . .. ,xh, } C NM_Z1 Y(z).
By Lemma 2 and the induction hypothesis we get
(N (2)) ) < tw((NT () U Ve
S (fz 1(T+1)+1)(n+1)_1—f1( )
If 2 € V¥, thenNi(z) n VHi-t C N7 (z;). Thus by Lemma 2 and the
induction hypothesis we have
tw (N (@) ™) < tw((NT (z0) U VI
< (fimrr+ D+ Dk +1) =1 = filr).

Recall that local tree-width is not minor-monotone. Howewae do have
HCG = Iwf <litw®. (2)

Proposition 11. Let S be a surface. Then the class of all minors of graphs almost
embeddablein S haslinear local tree-width.

Proof: Recall the proof of Proposition 10. We use the same notagoe.lSupposé’
is a minor ofG. We can assume thét' is a subgraph of a gragh” obtained from&
only by contracting edges. Because of (2) we can even ashat@'t= G".

Let X = {2} | 1 <i < k,1 < j < m;}. Contracting edges with at least
one endpoint not inX is unproblematic, because the resulting graph is still atmo
embeddable it%.



So we can further assume th@Gt is obtained fronG by contracting edges, .. .,
e, With both endpoints inX. Let H := H,; (the graph obtained fro¥ by adding the
verticesz; and corresponding edges as in Figure 1). Hébe the graph obtained from
H by contracting:, ... ,e,, and leth : H' < H witness these edge contractions.

The key observation is that for ally € V#' andu € h(z),v € h(y) we have
d"(u,v) < d" (2,y) + 3k — 1 (3)

(no matter how large: is). To see this, le’’ be a shortest path fromto y in H'.
Let P be a path fromu to v in H such thatP’ is obtained fromP by contracting
the edges ... ,e,. Let us call such an edge dn j)-edge if it connects a vertex

in {z{,...,x;, } with a vertexin{z{,... ,zJ, }. Suppose thaP = w; ...w,. For
1 <i <k, letw, andw;, wherel < s < t < r, be the first and last vertex from
{zi,... 2l YonP.If s < t we replace the intervad, . .. w; in P by wsz;w;. Doing

this for1 < ¢ < k we obtain a new patty fromw« to v in H. This path@ contains at
most2x edges that are not aR and no(i, 7)-edges. Furthermore, far< i < j <n
the number ofi, j)-edges o) is at most(x — 1). To see this, assume thatcontains
at leastx such edges. Then there would be a “cyadez iy,is,...,i; = i such that
for1 < j < I, @ contains ar(i;, i;41)-edge. However, this cycle would have been
removed while transforming to Q.

Hence lengtf) < length(P’) + 3k — 1, which proves (3).

(3) implies that for all- > 0,z € V', andu € h(z) we have
(N (@) 2 AN g1 (w)), 4)

To see this, ley € NH'(z). Then for allv € h(y), by (3) we haver € N, (u).
Thush(NH'(z)) € PowN/,,._(u)). Therefore the restriction of to N/ (z)
witnesseg N2 (z)) < (N 5, _; (u)). This proves (4).

By (1) and (4) we get t{ N} (z))) < f.(r+3x—1). The statement of the lemma
follows. O

4. Graphs with excluded minors

The following deep structure theorem féf,,-free graphs plays a central role in the
proof of the Graph Minor Theorem. For a surfa€@ndu € N we let A(S, 1) be the
class of all graphé&' such that there is a C V¢ with || X|| < p such thaGG \ X is
almost embeddable ifi.

Theorem 12 (Robertson and Seymour [19]) For every n € N thereexist © € N and
surfaces S, S’ such that all K,,-free graphs have a tree-decomposition over A(S, u) U
A(S', ).

Further details concerning this theorem can be found inQ712].



For A, u > 0 we let
LA):={G|VH=<GVr>0: tw(r) <X-r},
L\ p) = {G \ IX CVO: (|X||<uAG\X € c(x))}.

Note that£(A, 1) is minor closed and thab(L(\, 1)) = A+ p + 1. Thus a tree-
decomposition ovef (A, 1) has adhesion at most+ u + 1.

Theorem 13. Let C be a class of graphs with an excluded minor. Then there exist
A, 1 € Nsuchthat all G € C have a tree-decomposition over £(A, u).

Proof: This follows immediately from Theorem 12 and Proposition 11 O

For algorithmic applications we have in mind, Theorem 13als not enough; we
also have to compute a tree-decomposition of a given graphdi\, 1). Fortunately,
Robertson and Seymour have proved another deep resulteipatds with this task:

Theorem 14 (Robertson and Seymour [18]) Every minor closed classof graphshas
a polynomial time membership test.

Lemma 15. Let C bea minor closed class of graphs.
Then thereis a polynomial time algorithm that computes, given a graph G, a tree-
decomposition of G over C, or rejects GG if no such tree-decomposition exists.

Proof: Note that the clas§ of all graphs that have a tree-decomposition aves
minor closed. Thus by Theorem 14 we have polynomial time nesthp tests for
bothC andT.

Without loss of generality, we can assume that not the class of all graphs. Thus
the cligue numbetw := w(C) is finite. Recall that every tree-decomposition oder
has adhesion at most Our algorithm uses the following observation to recurgive
construct a tree-decomposition of the input gréph

G € T if,andonlyif, G € C or thereisaset X C V¢ suchthat | X| < w,
G\ X hasat least two connected components, and for all components C
of G\ X wehave (X UC)YUKx € T.

We omit the details. O

In particular, we are going to apply this result to the minlosed classes (A, u).

5. Approximation algorithms

Optimization problems. An NP-optimization problem is a tuple(Z, S, C, opt), con-
sisting of a polynomial time decidable sebf instances, a mappingS that associates
a non-empty sefS(z) of solutions with eachz € I such that the binary relation
{(z,y) | y € S(z)} is polynomial time computable and there i&a N such that



forallz € I,y € S(z) we havelly|| < ||z||*¥, a polynomial time computableost (or
value) functionC' : {(z,y) |z € I,y € S(z)} — N, and agoal opte {min, max}.
Given anz € I, we want to find g € S(z) such that

C(x,y) = opi(z) := opt{C(z, 2) | z € S(x)}.
Letx € I ande > 0. A solutiony € S(z) for x is e-close if
(1 —e)opt(z) < C(z,y) < (1 +€)opt(z).

A polynomial time approximation scheme (PTAS) for (I, S, C, opt) is a uniform family
(Ac)e>o Of approximation algorithms, wheté. is a polynomial time algorithm that,
given anxz € I, computes an-close solution forz in polynomial time. Uniformity
means that there is an algorithm that, givenomputesA..

Note that no restrictions are made on the dependence of tiienei of the algo-
rithms A, one. It can be very bad, and unfortunately it will be for our aligfoms.

The levels of graphs of bounded local tree-width. For graphG, a vertexv € V&,
and integerg > i > 0 we let

L0, 5] = {w e VY| i < d%(w,w) < j}.

To keep the notation uniform, we are actually going to wiitg[i, j] for arbitrary
i,j € Z,with the understanding th& i, j] :=  fori > j andLS[i, j] := L0, j]
fori <0.

Lemma 16. Let A € N. Thenfor all G € £()\),v € V¥, andi,j € Z withi < j we
havetw((LS[i, 1)) <A~ (j —i+ 1),

Proof: First note thatL.S'[1, j] € L§ [0, j] = N{(v), thus the claim holds for < 1.
Fori > 2, consider the minoff of G obtained by contracting the connected subgraph
(L§10,i — 1]) to a single vertex'. Then we have.{[i,j] € N7, ,(v'), and the
claim follows. O

Minimum vertex cover. Instances of NNIMUM VERTEX COVER are graphg,
solutions are set¥ C V¢ such that for every edgav € E eitherv € X orw € X
(such sets\ are calledrertex covers), the cost function is defined Wy(G, X) := | X|,
and the goal is min.

Lemma 17 (Arnborg, Lagergren, Seese [3]).
For every k > 1, theredtriction of MINIMUM VERTEX COVER to instances of tree-
width at most £ is solvablein linear time.

Theorem 18. Let C be a class of graphs with an excluded minor. Then the restriction
of MINIMUM VERTEX COVERtoinstancesin C hasa PTAS

10



Proof: Applying Theorem 13, we choosk i € N such that everyd € C has a
tree-decomposition ovef (A, ). Lete > 0; we shall describe a polynomial time
algorithm that, given a grap® € C, computes ar-close solution for MNIMUM
VERTEX COVER on G. Uniformity will be clear from our description. Lét = [1]
and note that= < (1 + ).

In a first step, let us prove that the restriction ofNMUM VERTEX COVER to
instances inC(A) has a PTAS.

LetG € £(\) andv € V¢ arbitrary. Forl < i < kandj > 0we letL;; :=
LS[(j — 1)k + i, jk +i]. By Lemma 16, tW(L;;)) < A(k + 1).

Forl <i <k, j > 0let X;; be a minimal vertex cover dfL;;). We letX; :=
Uj>0 Xi;j. ThenX; is a vertex cover ofy. Let Xmin be a minimal vertex cover for
G. We havel X ;| < |Xmin N L;j|, because¥min N L;; is also a vertex cover dfL;;).
Hence

k

k k
SIX <Y Y X1 <D 0D iy N Xl < (K + 1)| X -

i=1 i=1 j>0 i=1 j>0

The last inequality follows from the fact that everye V¢ is contained in at most
(k + 1) setsL;;.
Choosen,1 < m < k such thatX,,,| = min{|X:],...,|Xs|}. Then

k+1
| Xom| < T|Xmin| < (1 + €)[ Xmin|-

Since theX;; can be computed in polynomial time by Lemma 1¥,, can also be
computed in polynomial time.

In a second step, we show how to extend this approximatiarithgn to classes
L\, p) for \,u > 0. LetG € L(\,p) andU C V¥ such thatU| < pandH :=
G\ U € L()0). The following extension of Lemma 17 can be proved by stashdar
dynamic programming techniques (cf. [3]):

Lemma 19. For every &k > 0, the following problem can be solved in linear time:
Given agraph G, asubset U C V¢ suchthat tw(G \ U) < k, andasubset Y C U,
computeaset X C V¢ \ U of minimal order suchthat X U Y is a vertex cover of G,
if such a set exists, or reject otherwise.

For everyY C U we shall compute aiX (V) € Pow(V¢ \ U) U { L} such that
eitherX (Y) UY is a vertex cover off and

X(Y)| < (1+e)min{|X|| X CVY\U, X UY vertex cover of7},

or X(Y) := L if nosuchX(Y) exists. Using Lemma 19 instead of Lemma 17, we
can do this analogously to the first step.

Then we choose &, C U such thaj X (Yy) U Yy| is minimal. Here we define
1 UZ:=1forall Zand|L]|:= oco. Then clearlyX (Y;) U Yy is ane-close solution
for MINIMUM VERTEX COVERONnG. Moreover, sincéU| < p, there are at mo¥*
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setsY C U, so X (Y;) U Y, can be computed in polynomial time (remember iég
a constant only depending on the cl&3s

In the third step, we extend our PTAS to graphs that have edeeemposition over
L(A, ), i.e.to all graphs irt.

So letG be such a graph. We first compute a tree-decomposiio(B; ) ;v )
of G over £(A, u). Remember that by Lemma 15 this is possible in polynomiagtim
Recall thatr” denotes the root of' and that, for every € V7 with parentu, we
let A, = B, N B,. Foreveryt ¢ VT, we letS,; be the subtree of” with root ¢,
that is, the subtree with vertex st | t occurs on the path fromtor?}. We let
Ct = UseSi Bt.

Inductively from the leaves to the root, for every nade V7 and for everyy” C
A we compute aiX (¢,Y) € Pow(C; \ A;) U {L} such that eitheX (¢,Y)UY isa
vertex cover of C;) and

| X (¢, Y) < (1+e)min{|X| | X UY vertex cover ofC,)}

or X (t,Y) := L if no such vertex set exists. Since a tree-decomposition 6¢&, 1)
has adhesion at moat+ x + 1 we have A4;| < A + pu + 1, thus for every € VT we
have to compute at mogt+#*! setsX (¢,Y). For the root” we haved,r = () and
(C,r) =G, s0X(rT, ) is ane-close solution for MNIMUM VERTEX COVER onG.

Suppose thate VT and that for every child of T we have already computed the
family X (¢',-). LetU C B; suchthatU| < pand[B;]\U € L()\). LetW := U U 4;
andletZ C W. Let Xpin(Z) € PowWC; \ W) U {L} be a vertex set of minimal order
such thatXmin(Z) U Z is a vertex cover ofC;), or X(Z) := L if no such vertex set
exists.

We show how to compute a¥i(Z) € Pow(C; \W)U{ L} suchthatX (Z)UZ isa
vertex cover ofCy) and| X (Z)| < (1 + €)| Xmin(2)|, if Xmin(Z) # L,or X(Z) = L
otherwise. Then for every C A; we choose & C W such that” C Z with
minimal | X (Z) U (Z\ Y)| (among allZ D> Y) and letX (¢,Y) := X(Z). Note that,
since|U| < pu, for everyY we have to compute at mogt setsX (Z) to determine
X(t,Y).

So let us fix aZ C W; we show how to comput& (Z) in polynomial time.

It W = By weletX(Z) := Uy chigor X (' Av N Z).

Otherwise, we choose an arbitrawye B, \ W. Forl < i < kandj > 0
we let L;; = LP\W[( — Dk + i, jk + i]. Then t((L;;)) < Ak + 1). For
1 <i < k and every child’ of ¢ there is at least ong > 0 such thatd, \ W C L;;,
becaused, induces a clique irjB,]. Let j*(i,t') be the least such and Lj; :=
LijU Ut"*t(:hi)ltclj)oft. Co \ Ap.

For (Jeve’ryX]g L;; we let

X*:=Xu |J X(t.(Xuz)nAy)

¢’ child of ¢
Jr(it)=j

We compute arX;; C L;; with minimal |Xi*j\ such thatX;; U Z is a vertex cover of
(L;; U W) if such a vertex cover exists, adf};; = L otherwise. The usual dynamic
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programming techniques on graphs of bounded tree-widtiv shat eachX;; can be
computed in linear time if the numbéeX (¢, Y")| for the childrer¢’ of ¢ are given (cf.
Lemmas 17 and 19 and [3]). Itis important here that evéry\ W is a clique in(L;; )
and thus by Lemma 1(1) completely contained in a block ofyetrele-decomposition
of <L”>

We let.X; := ;5o Xij and X} := U5, X};. ThenX7y U Z is a vertex cover of
(Cy), if such a vertex cover exists, add = | otherwise. We choose anl <i < k,
such that X| = min{|X}|,...,|X;|} and letX(Z) := X}. ThenX(Z) can be
computed in polynomial time.

Recall thatXmin := Xmin(Z) C C; \ W is a vertex set of minimal order such
that Xmin U Z is a vertex cover ofC}), if such a vertex cover exists, adnin = L
otherwise. It remains to prove tha (Z)| < (1 + €)| Xmin|-

Recall that for every child’ of t we have

X, (XminUZ)NAp)| < (14 €)|Xmin N Cp \ Ay |.

Our construction of the(;; and X}, guarantees that far< i < k, j > 0 we have

[ X351 < [Xmin 0 Lij| + Z (X (¢, (Xmin U Z) N Ap)].

t' child of ¢
j*(i!t,):j
Then
k
KX(Z) <> 1X]|
i=1
k
=3 >Ixy
i=1 >0
k
<SS (KmnNLyl+ > X, (XmnU Z) N Av))
i=1 j>0 t' child of t
3 (6t)=j

-

(IXmn N Lyl + 3 (146X N Cor \ Av])
i=1 j>0 t' child of ¢
it (t)=j
<(k+ 1) Xmin N By| + k(1 + €)| Xmin N Cy \ By

This implies| X (Z)| < (1 + €) Xmin. O

Minimum dominating set. Instances of NNIMUM DOMINATING SET are graphss,
solutions are setX C V¢ such that for every € V¢ \ X there is aw € X such
thatvw € EY (such sets\ are callecdominating sets), the cost function is defined by
C(G,X) := | X]|, and the goal is min.

Theorem 20. Let C be a class of graphs with an excluded minor. Then the restriction
of MINIMUM DOMINATING SET toinstancesin C hasa PTAS,
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Proof: We proceed very similarly to the proof of Theorem 18, the agals result
for MINIMUM VERTEX COVER. Let A, u € N such that every graph ifi has a tree-
decomposition ovef (), 11). Lete > 0 andk := [2].

Again, in the first step we consider the restriction of thelyem to input graphs
from £()). Given such a grap&, we choose an arbitrarye V. For1 < i < k and
j>0weletL;; ;== LS[(j — Dk +i — 1, jk +i]. Then tw((L;;)) < A(k + 2). Note
thatL;; andL;(;41) overlap in two consecutive rows, which is different from fheof
of Theorem 18. Thénterior of L;; is the setl.; := LY[(j — 1)k +4, jk + i —1].

Forl <i <k,j > 0weletX;; C L;; be a vertex set of minimal order with the
following property:

(x) Foreveryw € L7, \ X;; thereis ar € X;; such thafw, z) € B,

Then forl < i < k the setX; := Uj>0 X; is a dominating set off. Letm be such
that| X,,,| = min{| X1|,...,|X|}. ComputingX,, amounts to solving a variant of
MINIMUM DOMINATING SET on instances of tree-width at mostk + 2); using the
usual dynamic programming techniques, this can be doneéatitime.

Since for every dominating séf of G the setX N L;; has propertyx) we have
Xi; < X N L. Using this, we can argue as in the proof of Theorem 18 to shatv t
X, is ane-close solution.

Adapting the second and third step of the proof of Theorenit i8straightforward
to extend this algorithm to arbitrary input graph<’in O

Maximum independent set. Instances of MXIMUM INDEPENDENTSET are graphs
G, solutions are set¥ C V¢ such that for alb, w € X we havevw ¢ E® (such sets
X are calledndependent sets), the cost function is defined by (G, X) := | X]|, and

the goal is max.

Theorem 21. Let C be a class of graphs with an excluded minor. Then the restriction
of MAXIMUM INDEPENDENTSET to instancesin C hasa PTAS

Proof: Again we proceed similarly to the proof of Theorem 18. Aetr € N such that
every graph irC has a tree-decomposition ov&f), 1). Lete > 0 andk = [%1.

We describe how to treat input graphsdf\). Following the lines of the proof of
Theorem 18, the extension to arbitraiye C is straightforward. LetG € £(\) and
ve VY Forl <i<kandj > 0weletL;; := LS[(j — 1)k + 14,5k + 4 — 2]. Then
tw((L;;)) < A(k —1). Note that there are no edges betwégnandL;(;1).

Forl <i < k,j > 0 we letX;; be a maximal independent set@f;;). Then
X; = Uj>0 X;; is an independent set ¢f. Letl < m < k such that X,,| =
max{| Xi|,...,|Xk|}. Since the restriction of MXIMUM INDEPENDENT SET to
graphs of bounded tree-width is solvable in linear timehsarcX,,, can be computed
in linear time.

Let Xmax be a maximum independent set@f Then forl < i < k, 5 > 0 we have
|X2]| > |Xmaxﬁ L”‘ Thus

k k k
B 2 301X = 3 S X0 2 305 e Lig| > (k — 1)) Xl
i=1

i=1 j>0 i=1 j>0
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which implies that¥,,, > 21 Xnad > (1 — €)| Xmaxl. O

Other problems. Our technique for extending approximation schemes fromasla
graphs to classes of graphs with excluded minors is fainhega. It is straightforward
to apply it to a number of other problems that are known to haslgnomial time
approximation schemes on planar graphs, in particulaetother problems considered
by Baker [5].

6. Other applications of Theorem 18

The tree-width of K, -free graphs. We re-prove a theorem of Alon, Seymour, and
Thomas [2] that the tree-width of &,,-free graphG' is O(+/|G|). This is joint work
with Reinhard Diestel and Daniela Kiihn.

The technique used to prove the following lemma is the samused in the proof
of the planar separator theorem of Lipton and Tarjan [14].

Lemma 22. Let A € Nand G € L()). Thentw(G) < 3/A|G|.

Proof: Letv € V¢ arbitrary and, fori > 0, L; := {w € V¥ | d%(v,w) = i}. Let
m be maximal such thak,, is non-empty. We subdividél, ... ,m} into intervals
I, Ji, I, ..., Ji—1, 1}, J; such that forl < i <[ we have

- |Lj| < /A |Gl forallj € I,
- ‘LJ| > \/)\‘G‘ forall j € J;.

For eachi <1, j € I; we define a path decomposition@;, (C}),cy#: ) as follows:
Suppose thak; = [z;,y;]. We letP; be the path with vertex sét” := {z;, ... Vi
1} and the natural successor relation as edge relation anadkérblocks by, :=
in, Céi+1 = Lyi, andC,i = Lj_1 ULy for Tit1 < k< Yi- Since|Lj| < VA ‘G‘
for everyj € I;, the width of this decomposition is at mas{/\ - |G| — 1. Moreover,
the first block C% | and the last bloclC}, | | have size at mosy/ - |G/, and all edges
out of the subgrapflJ,;, L;) go either fromC; to Ly, or fromCy ; t0 Ly, 41.

6l
A )

w({ U ) s (15) [ = v

JEJ:

SinceG € L()\) and the length of; is at most we have

Let (T3, (Bj):er,) be a tree-decomposition ¢, ;, L;) of width at most,/X - |G/.
We combine all these decompositions to a tree-decompo$ifid B; );c ) of G as
follows: The tre€T is the disjoint union of all the pathB; and the tree&’;, connected
by an edge from the first vertex of P; to an arbitrary vertex of; _; (for2 <i <)
and an edge from the last vertgx+ 1 of P; to an arbitrary vertex df; (for 1 < i <1).
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For everyi,1 < i < landt € V¥ we letB, = C}. Foreveryi,1 <i <—1and
t € VTi we let

By=BjuC} ,,uC,

that is, we add the last block of the previous path and thelfiostk of the following
path to all blocks of the tree-decomposititH, (B} ):ct,). Moreover, for every €
VTiweletB, = BlUCl

It is easy to verify thatT, (B;).cr) is a tree-decomposition @F of width at most

3./ NG O

Corollary 23. Let \,p € Nand G € L(\, p). Thentw(G) < 3/A |G| + p.

Corollary 24 (Alon, Seymour, Thomas [2]).
Let G be K ,-free. Thentw(G) < O(v/|G)).

Deciding first-order properties. Another algorithmic application of Theorem 13 is
given in [10]: It is proved that for every clagsof graphs with an excluded minor
there is a constarnt> 0 such that for every property of graphs that is definable i firs
order logic there is a®(|G|¢)-algorithm deciding whether a given graphe C has
this property. More consisely, this can be phrased as: Gssetaof graphs with an
excluded minor, first-order model-checking is fixed-partangactable.

For example, this implies that for every clagsvith an excluded minor there is a
constant such that for every grapH there is arO(|G|¢)-algorithm testing whether a
given graphGG € C has a subgraph isomorphic ib.

7. Further research

We have never specified the exponents and coefficients obtiiegmials bounding the
running times of our algorithms; they seem to be enormoususalgorithms are only
of theoretical interest. The first important step towardgrowing the algorithms would
be a practically applicable algorithm for computing treseompositions of graphs of
small tree-width. On the graph theoretic side, it would tally help to prove Theorem
13 directly without using Robertson’s and Seymour’s Theoie.

The traveling salesman problem is another optimizatiomlero that has a PTAS
on planar graphs [12, 4]. It would be interesting to see i fiioblem has a PTAS on
class of graphs with an excluded minor.

Acknowledgements. | thank Reinhard Diestel, David Eppstein, and Jorg Flum for
helpful comments on earlier versions of this paper.
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