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Abstract

The model-checking problem for a logic L on a class C of stiet asks whether a given L-sentence
holds in a given structure in C. In this paper, we give supg@ogaential lower bounds for fixed-parameter
tractable model-checking problems for first-order and ndansecond-order logic.

We show that unless PTIME NP, the model-checking problem for monadic second-ordgic lon
finite words is not solvable in timg(k) - p(n), for any elementaryfunction f and any polynomiap.
Herek denotes the size of the input sentence arle size of the input word. We establish a number of
similar lower bounds for the model-checking problem fortfoeder logic, for example, on the class of
all trees.

1. Introduction

Model-checking problems. We study the complexity of a fundamental algorithmic proml¢he so-
calledmodel-checkingroblem: Given a sentengeof some logic L and a structurd, decide whethep
holds in.4. Model-checking and closely related problems are of ingrwe in several areas of computer
science, for example, in database theory, artificial iigtefice, and automated verification. In this paper,
we prove new lower bounds on the complexity of the model-kimgmproblems for first-order and monadic
second-order logic.

It is known that model-checking for both first-order and mdinasecond-order logic is PSPACE-
complete [17, 20] and thus most likely not solvable in polyral time. While this result shows that the
problems are intractabla general it does not say too much about their complexity in practialations.
Typically, we have to check whether a relativelyall sentence holds in karge structure. For example,
when evaluating a database query, we usually have a smal} gnd a large database. Similarly, when
verifying that a finite state system satisfies some prop#réyspecification of the property in a suitable
logic will usually be small compared to the huge state spatisecsystem. When analysing the complexity
of the problem, we should take this imbalance between thredfithe input sentence and the size of the
input structure into account.

Parameterized complexity theory. Parameterized complexity theory (see [5]) is a relativelybranch
of complexity theory that provides the framework for a refirmmplexity analysis of problems whose
instances consist of different parts that typically havfeedént sizes. In this framework, @arameterized
problemis a problem whose instances consist of two parts of sizasdk, respectively.k is called the
parameteyand the assumption is thiais usually small, small enough that an algorithm that is exguial

in & may still be feasible. A parameterized problem is caflgdd-parameter tractabli it can be solved
intime f (k) - p(n) for an arbitrary computable functiohand some polynomial. The motivation for this
definition is that, sincé: is assumed to be small, the feasibility of an algorithm fa pinoblem mainly
depends on its behaviour in termssaf Under this definition, a running time @#(2* - n) is considered
tractable, but running times &¥(n*) or O(k - 2") are not, which seems reasonable.
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Let us remark that although fixed-parameter tractability pi@ven to be a valuable concept allowing
fine distinctions on the borderline between tractabilitg amtractability, it seems somewhat questionable
to admitall computable functiong for the parameter dependence of a fixed-parameter tractigagthm.

If f is doubly exponential or worse, a(f (k) - n)-algorithm can hardly be considered tractable. The
main contribution of this paper to parameterized compjetkieory is to show that there are natural fixed-

parameter tractable problems requiring parameter depergg that are doubly exponential or even non-

elementary.

The parameterized complexity of model-checking problems.Model-checking problems have a natural
parameterization in which the sizeof the input sentence is the parameter. We have argued ahat/e t

is usually small in the practical situations we are intedsh, so a parameterized complexity analysis is
appropriate. Unfortunately, it turns out that the modetaiting problem for first-order logic is complete
for the parameterized complexity class AW which is conjectured to strictly contain the class FPT of
all fixed-parameter tractable problems. Thus probably moldecking for first-order logic is not fixed-
parameter tractable. Of course this implies that modetking for the stronger monadic second-order
logic is also most-likely not fixed-parameter tractable.adwatter of fact, it follows immediately from the
observation that there is a monadic second-order sentago®shat a graph is 3-colourable that model-
checking for monadic second-order logic is not fixed-partamnteactable unless 2 NP.

It is interesting to compare these intractability resuttsffrst-order logic and monadic second-order
logic with the following: The model-checking problem fondéiar time temporal logic LTL is solvable in
time 29(%) ., [14], making it fixed-parameter tractable and also traetaflpractise. On the other hand,
model-checking for LTL is PSPACE-complete (as it is for fiostler and monadic second-order logic). So
parameterized complexity theory helps us establishingrgroitant distinction between problems of the
same classical complexifyWe may argue, however, that the comparison between LTL mciustking
and first-order model-checking underlying these resubightly unfair. As the name linear time temporal
logic indicates, LTL only speaks about a linearly orderegussce of events. On an arbitrary structure,
an LTL formula can thus only speak about the paths througtsthesture. First-order formulas do not
have such a restricted view. It is therefore more intergstircompare LTL and first-order logic amords
which are the natural structures describing linear secegent events. A well-known result of Kamp
[12] states that LTL and first-order logic have the same esgive power on words. And indeed, model-
checking for first-order logic and even for monadic secordkologic is fixed-parameter tractable if the
input structures are restricted to be words. This is a caressep of Biichi’s theorem [2], saying that for
every sentence of monadic second-order logic one can ie#ctind a finite automaton accepting exactly
those words in which the sentence holds. A fixed-parametetable algorithm for monadic second-order
model-checking on words may proceed as follows: It firstgtates the input sentence into an equivalent
automaton and then tests in linear time whether this autmmetcepts the input word. But note that since
there is no elementary bound for the size of a finite automedpiivalent to a given first-order or monadic
second-order sentence [18] (also see [15]), the paramepemdience of this algorithm is non-elementary,
thus it does not even come close to ") . n model-checking algorithm for LTL. Of course this does
not rule out the existence of other, better fixed-paramegetable algorithms for first-order or monadic
second-order model-checking.

Our results.  Our first theorem shows that there is no fundamentally béted-parameter tractable
algorithm for first-order and monadic second-order modiele&ing on the class of words than the automata
based one described in the previous paragraph.

Theorem 1. (1) Assume tha®TIME # NP. Let f be a an elementary function apa polynomial. Then
there is no model-checking algorithm for monadic secorakptogic on the class of words whose
running time is bounded bf(k) - p(n).

(2) Assume thaEPT # AW([x]. Let f be a an elementary function apda polynomial. Then there is no

2A critical reader may remark that this distinction betwebe tomplexities of LTL model-checking and first-order medel
checking was known before anybody thought of parameterimedplexity-theory. This is true, but how can we be sure thate
is no29(*) . n model-checking algorithm for first-order model-checkingfe role of parameterized-complexity theory is to give
evidence for this.



model-checking algorithm for first-order logic on the clagsvords whose running time is bounded
by f(k) - p(n).
Here k denotes the size of the input sentence of the model-chgmidbtgm andn the size of the input
word.

Recall that a functiorf : N — N is elementanyif it can be formed from the successor function,
addition, subtraction, and multiplication using compiasis, projections, bounded additions and bounded
multiplications (of the formd___, ¢(z, z) and[],., 9(Z, 2)). The crucial fact for us is that a functigh
is bounded by an elementary function if, and only if, it is hdad by am-fold exponential function for
some fixedh (see, for example, [4]).

To prove the theorem, we use similar coding tricks as thosedin be used to prove that there is no
elementary algorithm for deciding the satisfiability of fimder sentences over words [18].

Model-checking for first-order and monadic second-ordgid s known to be fixed-parameter tractable
on several other classes of structures besides words: Mbeéeking for monadic second-order logic is
also fixed-parameter tractable on trees and graphs of bduneke-width [3]. The latter is a well-known
theorem due to Courcelle [3] playing a prominent role in pagterized complexity theory. Theorem 1
implies that the parameter dependence of monadic-secatet+model-checking on trees and and graphs
of bounded tree-width is also non-elementary. In additmrirées and graphs of bounded tree-width,
model-checking for first-order logic is fixed-parametectadble on further interesting classes of graphs
such as graphs of bounded degree [16], planar graphs [1@mare generally locally tree-decomposable
classes of structures [10]. Theorem 1(2) doesimply lower bounds for the parameter dependence here.
The reason for that is a peculiar detail in the encoding ofdsdy relational structures. The standard
encoding includes the linear order of the letters in a wordragxplicit relation of the structure. If we
omit the order and just include a successor relation, Tmedx(@) still holds, because the order is definable
in monadic second-order logic. However, the order is nondéle in first-order logic, and Theorem 1(2)
does not extend to words without order. Indeed, we give a taduecking algorithm for first-order logic
on words without order, and more generally on structureggfee 2, with a running tim2?’" -, that s,
with a doubly exponential parameter dependence. We alsoagimodel-checking algorithm for first-order
logic on structures of bounded degrée> 3 with a triply exponential parameter dependence. We match
these upper bounds by corresponding lower bounds:

Theorem 2. Assume thaePT £ AW[x], and letp be a polynomial.
(1) There is no model-checking algorithm for first-orderitogn the class of words without order whose
running time is bounded by
22" p(n).

(2) There is no model-checking algorithm for first-orderitogn the class of binary trees whose running
time is bounded by

20(k)
2 p(n).
Again, k denotes the size of the input sentenceatige size of the input structure.

Finally, we obtain a non-elementary lower bound for firstermodel-checking on trees, which implies
lower bounds for planar graphs and all other classes of griqatt contain all trees.

Theorem 3. Assume thaEPT £ AW ([x]. Let f be a an elementary function apa polynomial. Then there
is no model-checking algorithm for first-order logic on tHass of trees whose running time is bounded by

f(k) - p(n).
2. Preliminaries

A vocabularyis a finite set of relation, function, and constant symbokcterelation and function symbol
has anarity. 7 always denotes a vocabulary. structure A of vocabularyr, or 7-structure, consists of a



setA called theuniverse and an interpretatioi* of each symbol” € 7: Relation symbols and function
symbols are interpreted by relations and functionsiasf the appropriate arity, and constant symbols are
interpreted by elements of. All structures considered in this paper are assumed to hdirgta universe
Thereductof a 7-structureA to a vocabulary”’ C 7 is ther’-structure with the same universe.dsand
the same interpretation of all symbols7ifh An expansion of a structutd is a structured’ such that4 is
areduct of4’. In particular, if A is a structure and € A, then by(.A, a) we denote the expansion gfby
the constant. We write 4 = 5 to denote that structure$ andB are isomorphic.

Let ¥ be a finite alphabet. We letX) be the vocabulary consisting of a binary relation symbph
unary function symbab, two constant symbols ‘min’ and ‘max’, and a unary relatigmbol P; for every
s € 3. A word structureoverX is a7 (X)-structureV with the following properties:

— <Wis alinear order of#/, min"¥ and maX¥ are the minimum and maximum elemento¥, and
S is the successor function associated wit, where we lets”Y (max") = max".

— For everya € W there exists precisely onec ¥ such thau € P)V.

We refer to elements € W as thepositionsin the word (structure) and, for every positiore 1, to the
uniques such thatz € PV as theletter ata.

It is obvious how to associate a word from the Sétof all words overY: with every word structure
overY. and, conversely, how to associate an up to isomorphism aniqud structure with every word in
>*. We identify words with the corresponding word structuned write)V € ¥* to refer both to the word
and the structure.

The class of all words (or word structures) over any alphabeéenoted byW. The length of a word
W is denoted byw|.

A subwordof a wordW = sg...s5,—1 € ¥* is either the empty word or a worg . .. s; for some
1,7,0 < i< j < n. Wewrite}Y T W to denote thaV is a subword oV,

We assume that the reader is familiar with propositionatldgst-order logic FO and monadic second-
order logic MSO (see, for example, [7]). dfis a formula of propositional logic and is a truth-value as-
signment to the variables 6f then we writen |= 6 to denote thatv satisfied). Similarly, if p(z1, ..., zk)
is a first-order or monadic second-order formula with fregaldesz,...,xx, A is a structure, and
ai...,ax € A, thenwe writed = ¢(as, ..., ax) to denote that satisfiesy if the variables:y, . . .,z are
interpreted byi4, . . ., ax, respectively. Asentencés a formula without free variables. Tlygantifier-rank
of a formulay, that is, the maximum number of nested quantifierg,irs denoted by drp).

The model-checking problerfor a logic L on a class C of structures, denoted by M), is the
following decision problem:

Input:  Structure4 € C, sentence < L.
Problem: Decide ifA |= .

We fix a reasonable encoding of structures and formulas bdswover{0,1}. We denote the length
of the encoding of a structutd by ||.4|| and the length of the encoding of a formueby ||¢||. When
reasoning about model-checking problems, we usuallyasedenote the sizg.A|| of the input structure
andk to denote the sizByp|| of the input sentence.

Our underlying model of computation is the standard RAM-gloslith addition and subtraction as
arithmetic operations (cf. [1, 19]). In our complexity aysit we use the uniform cost measure.

It is well-known that if we are interested in the complexityfost-order or monadic-second order
model-checking on words, the alphabet is inessential. ddmisbe phrased as follows:

Fact4. LetL € {FO,MSQO}. Then there is a linear time algorithm that, given a sentepce L and a
word W € W, computes a sentenge < L of vocabularyr({0,1}) and a wordW’ € {0, 1}* such that
€'l € Ollel), V'] € O(IWVI]), and (W = ¢ = W' = ¢').

N denotes the set of natural numbers (includifigFor alln,7 € N we let biti, n) denote theth bit
in the binary representation of (Here we count the lowest priority bit as théh bit.) Ig denotes the



base-2 logarithm, and, fare N, Ig®) denotes the-fold logarithm. More formally, 1§ is defined by
19 (n) = nand g™ (n) = Iglg® (n).

We define theéower functiorll’ : N x R — R by 7'(0,r) = r andT'(h + 1,7) = 27" forall h € N,
r € R. ThusT'(h, ) is a tower of2s of heighth with anr sitting on top. Observe that for all » € N with
n > 1we havel'(h,Ig™n) = n.

3. Succinct encodings

We introduce a sequence of encodings for h > 1, of natural numbers by words over certain finite
alphabets. They are more and more “succinct” not in the sitva¢ehe codewords are shorter and shorter,
butin the sense that they can be “decoded” by shorter antestimst-order formulas. Decoding is actually
said too much here, what we mean is that there are shortehani@sfirst-order formulas stating that two
words encode the same number. For example, if we encode msimhénary, for every: there is a first-
order formula of lengti® () stating that two words encode the same number smalle2thafiwe encode
numbers in binary, there is a first-order formula of len@tn) stating that two words encode the same
number smaller thag”. We shall give, for every, > 0, an encoding such that for evenythere is a
first-order formula of lengtiD(n) stating that two words encode the same number smallerftian.).
This is what Lemma 8, the key result of this section, states.

Forallh > 1 welety), = {0,1,<1> </ 1>,... ,<h> </ h>}. The “tags’<i > and</ i > represent
single letters of the alphabet and are just chosen to impeadability. We definé : N — N by L(0) = 0,
L(1) =1,L(n) = [lg(n—1)] + 1 forn > 2. Note that forn > 1, L(n) is precisely the length of the
binary representation of — 1.

We are now ready to define our encodings: N — X7, for b > 1. We letu, (0) = <1></ 1> and

u1(n) = <1>bit(0,n — 1) bit(l,n — 1) ... bit(L(n) —1,n— 1)</ 1>
forn > 1. Forh > 2, we letu,(0) = <h></ h>and

pn(n) = <h>
wr—1(0) bit(0,n — 1)
wh—1(1) bit(1,n — 1)

st (L(n) — 1) bit(L(n) — 1,n — 1)
</ h>

forn > 1. Here empty spaces and line breaks are just used to impragalgity.

Example 5.
ua(47) = <2> = <2>
w1(0) 0 <1></1>0
pi(l)1 <1>0</1>1
u(2)1 <1>1</1>1
pi1(3) 1 <1>01</1>1
u1(4)0 <1>11</1>0
pi(5) 1 <1>001</ 1> 1
</ 2> </ 2>
Lemma 6. lun(n)| € O(h-1g2n).

Proof: We define functiond,; : N — N as follows:L,(n) = L(n) foralln € NandL;(n) = L;_1(L(n))
forall i,n € Nwith ¢ > 2. Moreover, we definé;, : N — Nfori > 1 by

Pi(n) = H Lj(n).



Observe that for all > 2 andn > 1 we haveP;(n) = L(n) - P;—1(L(n)).
We first prove, by induction oh > 1, that for alln > 1,

lun(n)| < 4h - Py(n). (1)

We haveu, (n) = 24 L(n) < 4L(n) = 4P;(n), so (1) is true folh = 1. Leth > 2 an suppose that
(1) holds forh — 1. Then
L(n)—1
()] = 2+ L)+ > |pn-1(i)|
1=0
L(n)—1
= 24 Lm)+2+ > |unoa(
i=1
L(n)—
4+ L(n) + 4 ) Pr_1(4)
4+ L(n) +4 L(n) 1) (h=1)- Pyoa(L(n))
L(n) +4(h —1) - L(n) - Po—1(L(n))
L(n) +4(h —1) - Pu(n)

VAN VAN VAN VAN

This proves (1).

SinceL(n) € O(Ign), to complete the proof of the lemma it suffices to show thatetlieea constant
such that for all,n > 1 we haveP,(n) < ¢- L(n)2. SinceL(L(n)) € O(lglgn) andL(n) € Q(lgn),
there is amg such that for alh > ng we have

L(L(n))* < L(n).

Note thatP = {P,(m) | m < ng, h > 1} is afinite set and let = max(P).

We prove thatP,(n) < ¢ - L(n)? by induction onh > 1. SinceP;(n) = L(n), this statement is true
for h = 1. Forh > 2, we havePy,(n) = L(n) - P,_1(L(n)). If L(n) < ng, we haveP,_;(L(n)) < cand
thus P, (n) < cL(n). If L(n) > ng, we haveL(L(n))? < L(n). By induction hypothesisy}, 1 (L(n)) <
c- L(L(n))% Thus

Pu(n) = L(n) - P,_1(L(n)) < L(n) -c- L(L(n))* < c¢- L(n)>.

a
Lemma 7. There is an algorithm that, givela n € N, computegiy, (n) in imeO(|up, (n)|) = O(h-1g*n).
Proof: The algorithm computes;, (n) in a straightforward recursive manner. We get the followiecur-
rence for the running tim&(h, n):

L(n)
R(h,n) < O(L(n)) + > R(h—1,L(i))
This recurrence is very similar to the one we obtained in tto@fof Lemma 6 and can easily be solved
using the same methods. m]
Observe that for altn > 1 we have
2™ =max{n € N| L(n) < m}.

Recall thatl'(h, ¢) is a tower of2s of heighth with an¢ on top. Thus, in particular, for all, ¢ > 1 we have

T(h,t)=max{n e N| L(n) <T(h—1,0)}. (2)



Lemma 8. Leth > 1,¢ > 0. There is a first-order formulg, ;(z,y) of sizeO(h - Ig h + £) such that for
allwordsW, a,b € W, andm,n € {0,...,T(h,¢)} the following holds:
If a is the first position of a subwoid T W with i/ = u;,(m) andb is the first position of a subword
YV CWwithV 2 py,(n), then
W E xnela,b) <= m=n.

Furthermore, the formulg;, . can be computed fromaand? in timeO(h - Ig h + £).

Proof: Let h = 1. Recall that theu;-encoding of an integes > 1 is just the binary encoding gf — 1
enclosed ik1>, </ 1>. Hence to say that andy are u;-encodings of the same numbers, we have to
say that for all pairs: + 4,y + ¢ of corresponding positions betweemesp.y and the next closing/ 1>,
there are the same lettersiat ¢ andy + <. For numberg in {0,...,7(1,¢)}, there are at modi(p) < ¢
positions to be investigated. To express this, we let

X1e(x,y) = 3zi...3zJyr... .y
(Sl’ =x1 A /\f;ll ((Per1>@i Ay = @i41) V (~Pey 152 A S = 3i41))
NSy =y1 A /\f;ll ((P<r1syi Ay = yig1) V (- Pe 15y A Syi = yit1))
AN (Pos = Poyi) A (Pray = Puy))).

Now leth > 2 and suppose that we have already defingd; ((z,y). It will be convenient to have the
following auxiliary formulas available:

Xi(z,y) = z<yAVz((z <zAz<y) = Pyns2),
Xist(@,y) = T <yAPynsyAVz((z < 2Nz <y) — ~Pynsz).

Intuitively, x (z,y) says thaty is in the interior of the subword of the formy,(p) starting atz and
sz, y) says thay is the last position of the subword of the fopm (p) starting atr, provided such a
subword indeed starts at

To say that the subwords startingaatindy are u,-encodings of the same numbers, we have to say
that for all positionsw between: and the next closing/ h> and all positions: betweeny and the next
closing</ h>, if w andz are first positions of subwords isomorphicitg_; (¢) for someg € N, then the
positions following these two subwords are either bbshor bothOs. For all subwords ofiy,(p) of the
form pp—1(q) we haveq € {0,...,L(p)}. In order to apply the formulg;_ ¢ to test equality of such
subwords, we must have< L(p) < T'(h — 1,¢). By (2), the last inequality holds for all < T'(h,¢).
Thus for suchp we can use the formulgy,_1 , to test equality of subwords @i, (p) of the form,_1(g).
As a first approximation to our formubg, ¢, we let

X e, ) = Yoo (e, 0) A Pen15w0) = 32 (a9 2) A P15 A Xno1,e(w, 2)) )
A Vz((xi},ﬁt(y, 2) A Pep. 1>z) — ﬂw(xi},ﬁt(ac, w) A Pep- 15w A Xp—1,0(w, z)))
A va,z((xi’ﬁn(:c, W) A Pen- 15w A X (Y5 2) A Pene152 A Xn—1,0(w, 2))
— Elw’ﬂz/(xggtl(w, w') A Xt (2,2') A (PLS2 PlSw’)).

The first line of this formula says that every subword of therfe,, 1 (¢) in the subword of the form, (p)
starting atr also occurs in the subword of the form, (p) starting aty. The second line says that every
subword of the formu;,_1(¢) in the subword of the fornu, (p) starting aty also occurs in the subword
of the formpuy(p) starting atz. The third and fourth line say that it and z are the first positions of
isomorphic subwords of the form, _1 (¢), then they are either both followed byleor both by &0 (since
the only two letters that can appear immediately after a subyv, 1 (¢) in a wordyy, (p) are0 and1l).

This formula says what we want, but unfortunately it is togéato achieve the desired bounds. The
problem is that there are three occurrences of the subfargul; ¢(w, z). We we can easily overcome



this problem. We let
C(w, z) = Elw’ﬂz/()({;gtl (w,w") A X(;;tl(z, VYA PLS2 PlSw/)
and

Xh,é(wa y) = Vw3z t(xa w) - Xl}l?lt(ya Z))

=
=}

>

((

A (i (y, w) = xi(, 2))
A (P<h- 1>W — Pep. 1>Z)
A

(O (s w) V X (@,w)) A Pen15w) — Xn—1,e(w, 2) A C(w, 2)))-

It is not hard to see thay;, ¢(x, y) has the desired meaning.

Observing that|x1 ¢|| € O(¢) and that|xp.¢|| = ||xn-1.¢|| + ¢ g h for some constant, we obtain
the desired bound on the size of the formulas. To see why we theefactor Igh here, recall thal|pp, ¢||
is the length of &inary encoding ofey, .. The vocabulary of the formulay, ¢ is of sizeO(h), thus the
binary encoding of the symbols in this vocabulary will regu(lg 1) bits.

The fact thaty,, , can be computed in time linear in the size of the output is iciate from the
construction. a

4. Encodings of propositional formulas

In this section, we give a sequence encodings of propositimnmulas in conjunctive normal form and
assignments to the variables of these formulas such tha #ve shorter and shorter first-order formulas
stating that the encoded assignment satisfies the encodwudléo The key idea is to use the encodings
up, of the natural numbers to encode propositional variablethbi index. Then by Lemma 8, we can
check with a very short first-order formula if two subwordsaafodeword that represent variables actually
represent the same variable. This way we can look up the \wlaevariable in a table representing the
assignment.

The class of all formulas in conjunctive normal form is dextbby CNF, and for everi > 1 the class
of all formulas ink-conjunctive normal form, that is, conjunctions of clauseésize at most;, is denoted

by k-CNF.
We assume that propositional formulas only contain vaeislil;, for i € N. For a se©® of proposi-
tional formulas, we l1e®©(n) denote the set of all formulas & whose variables are amon, . .., X,,_1.

To encode formulas and assignments, we will use an alphlaeist obtained from the alphab¥j,
introduced in the previous section by adding a number of ®}&ih several stages throughout this section.
We start by adding the symbols

+,-,<lit></lit> <clause> </cl ause>,<cnf> </cnf>.

We fix h and define an encoding of CNF-formulas by words as follows:aHaeral A, we let

() = <lit>pp(@)+</lit> ifA=X;
P Z it s pn(i) - < 1it> if A= =X,

(foreveryi € N). Foraclausé = (A V...V \,,) we let
un(0) = <cl ause> pup (A1) ... un(Am) </ cl ause>,
and for a CNF-formulay = (61 A ... A d,,) We let

pn(y) =<enf> pup(61) ... pn(dm) </ cnf>.



Next, we need to encode assignments. ALgt) denote the set of all assignments
a:{Xo,...,Xn_1} — {TRUE, FALSE}.

We add the symbolsval >, </ val >, <asn>, </ asn>,true, f al se to our alphabet. For an assign-
menta € A(n), we let

pr(a) = <asn>
<val >u(0) a(Xo)</ val >

<val >up(n — 1) a(X,—1)</ val >
</ asn>.

Of course what is meant by(X;) here is the symbdir ue if a(X;) = TRUE and the symbof al se
otherwise. For a paify, «) € CNF(n) x A(n) we simply letu, (v, &) = pn(y) pn ().
The following lemma is an immediate consequence of Lemmald_.amma 7:

Lemma9. Leth € N and(y,a) € CNF(n) x A(n). Then|u,(v,a)] = O(h-1g°n - (||7]| +n)) and
there is an algorithm that computes (v, «) in time O (h - 1g°n - (||7]| +n)) (thatis, linear in the size of
the output).

Lemma 10. For all h,¢ € N there is a first-order sentence, , of sizeO(h - g h + £) such that for all
n < T(h,¢)and(y,a) € CNF(n) x A(n),

pr(v, @) E pne = a 7.

Furthermore, the formulay, , can be computed in tim@(h - Ig h + £).

Proof: Let x5 ¢(x, y) be the formula defined in Lemma 8. Recall that it says thatubeverds of the form
un(m) anduy (n) starting atz, y, respectively, are identical, provided that such subwetds atz andy
and thath, m < T'(h, ¢). Also recall the formula

YT, y) =2 < YA Pynsy AVz((z < 2 Az < y) — ~Peyns2),

defined in the proof of Lemma 8, which says tlyas the last position of the subword of the fopm (n)
starting at.

We first define a formula!! ,(x) such that if the subword of starting atr is the encoding of a literal,
then it is satisfied by. We let

no(x) = 3yﬂ:r/ﬂy’( Peyai >y A Xne(S2, Sy) A Xias( ST, 2") A Xiasd Sy, y')

A\ (P+S$I — Ptruesyl))

Suppose that the encoding of the litefal) X; starts atz. The formulaq/),f_l_’o(:z:) looks for ay such that
the encoding of a paifj, o( X)) starts aty, then comparesandy, and if they are equal, checks that the
symbol indicating the sign of the literal #sif, and only if, a(X;) = TRUE. Next, we define a formula
@2‘3’}“56(:(;) such that if the subword of starting atr is the encoding of a clause, then it is satisfiechbyVe
let

7/)(}1'?(”59(55) =y (VZ((:C <zAz< y) — Pl ause>2') A Peitsy A 7/)|}|Lt,€(y))

It simply says that there is a positignwhich is still within the boundary of the clause startingraguch
that a literal starts af and this literal is satisfied. Finally, we let

U e (x) =Vy (P<cl ause>Y — wzlius%y))_



This formula says that all clauses and thus the whole CNFvita are satisfied. |

For reasons that will become clear in the next section, wiegib have to encode tuplésg, V1, ..., V),
wherey € CNF(n) andV, ..., V;isapartitionof{1,...,n}. We add symbol¥1, ..., Vt tothe alphabet.
So now our alphabet depends on the two paramétarsdt. For everyi € {0,...,n —1}andl < j <t¢
we let parti) = Vj if X; € V;. Thenwe let

pn(y, Vi, ..o, Vi) = up(y) <asn>
<val > 1;,(0) part0) </ val >

<val > up(n — 1) partn — 1) </ val >
</ asn>

Even in the caseé = 1 it will be useful to work with the encoding (v, {0, ...,n — 1}) instead of just
un(7y), because the wordy (v, {0,...,n — 1}) already provides the “infrastructure” for an assignment.
For brevity, we writeu, (v, x) instead ofuy (v, {0, ...,n — 1}).

5. Satisfiability testing through model-checking

In this section, we prove Theorem 1.
5.1. Monadic second-order logic.

Theorem 11. Assume thaPTIME # NP. Leth € N andp a polynomial. Then there is no algorithm for
MC(MSO, W) whose running time is bounded by

T(h,k) - p(n).

As usualf denotes the size of the input sentence atige size of the input word.

Proof: Suppose that there is an algoritifrior MC(MSO, W) whose running time is bounded by
T(h,k) - p(n),

for someh € N and polynomiap.
We shall prove that the satisfiability problem f4CNF-formulas is in polynomial time, which, by
contradiction, proves the theorem. For@al N, let

Phr1,e = 3X (Vfl?(Xx — Pux) A 80%+1,e),

wherey;, ., , is the formula obtained from the formula, ;1 of Lemma 10 by replacing the subformula
PirueSy by XSy'. Recall thatP, Sy’ is the only subformula o, , that involves eithet? ;e

Or Paise- The subformulevz(Xa — Rpx) says thatX only contains elements that are at a position
with symbolV1, which may simply be viewed as a placeholder forue or f al se in an assignment.
The intended meaning of is to indicate all variables set ttRUE. It is easy to see that for every <
T(h+1,¢) andy € 3-CNKn’) we have

ph1(7,%) E Pry1e < v is satisfiable. 3)

Consider the algorithm displayed in Figure 1, which decifléee input formulay is satisfiable.
The correctness of the algorithm follows from (3) and

n' =T(h+1,1g " (n) <T(h+1,71g "D (n)]).

For the running time analysis, without loss of generalitycme assume that' < ||v|| < O((n’)?), that
is, that||y|| andn’ are polynomially related. We claim that the running timeld tlgorithm is bounded
by ¢(n’) for some polynomiag depending only on the fixed constant
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Input: v € 3-CNF(n/)

1. Computeus+1(y, *).

2. Computel = [Ig "+ (n/)].

3. Computepp1.¢.

4. Check ifupy1(7,*) = @ry1,e Using algorithmA.

Figure 1.

Lines 1-3 of the algorithm can be implemented in time polyi@im £, n’. Recall that by Lemma 9,
|gen+1(7y, %)| is polynomially bounded in terms éf andn’. Thus by our assumption on the algorit#m
Line 4 requires time

T(h [18nt1.ell) - P(pnga (v, 0)) < T(hs [|Gnsr.ell) - 0 (hy ),

for some polynomiap’. By Lemma 10 and the definition @f;,+1 ¢ we have||gn+1.¢|| € O(h -lgh + £),
that is,||Zry1.l| < c(h-1gh+£) < c(h-1gh +1g "D (n’) + 1) for some constant. Since

lglgm

)

there is amq (depending om, k) such that for alh’ > ny we have
c(h-1gh +1g "MD"y +1) <1g™(n).

Thus forn’ > ng we haveT'(h, ||Zni1.6]|) < T(h,1g™(n’)) < n’. This proves the polynomial time
bound. 0

5.2. First-order logic. We need a few preliminaries from parameterized complekiépty. Aparam-
eterized problenis a setP C ¥* x N for some finite alphabet. If (z,k) € ¥* x N is an instance of
a parameterized problem, we referit@s theinput and tok as theparameter A parameterized problem
P C ¥* x N is fixed-parameter tractabld there is a computable functiofi: N — N, a polynomialp,
and an algorithm that, given a pdit, k) € ¥* x N, decides if(z, k) € P in time at mostf (k) - p(|z|)
steps. The class of all fixed-parameter tractable problemsnoted by FPT.

Thealternating weighted satisfiability problefar a classO of propositional formulas is a parameter-
ized version of the satisfiability problem for quantified Bzan formulas defined as follows:

AWSAT[O)]
Input: «a € ©,t € N, apartitionV; U ... UV; of the variables of.
Parameter: k,t € N
Problem: Decide if there exists a size subset/; of V; such that for all
sizek subsetd/; of V5 there exists ... such that the truth assign
ment setting all variables iti; U . .. U U, to TRUE and all other
variables toFALSE satisfiesy.

The parameterized complexity class AWis defined in terms of the alternating weighted satisfigpbilit
problem for a hierarchy of classes of propositional forrsulAll we need to know here, however, is the
following theorem:

Theorem 12 (Downey, Fellows, Regan [6], Flum and Grohe [9]).
If AWSAT[3-CNF is fixed-parameter tractable then

AW %] = FPT.

11



We are now ready to prove our theorem:

Theorem 13. Assume thaEPT £ AW|[x]. Leth € N andp a polynomial. Then there is no algorithm for
MC(FO, W) whose running time is bounded by

T(h, k) - p(n).
As usualf denotes the size of the input sentenceattige size of the input word.

To prove this theorem, we will use the following alternatolearacterisation of fixed-parameter trac-
tability. A parameterized problel® C > x N is eventually in polynomial tim# there is a computable
function f and an algorithm, whose running time is polynomialith that, given an instancec, k) €
¥* x Nof Pwith |z| > f(k) correctly decides ifx, k) € P. (The behaviour of the algorithm on instances
(x,k) € ¥* x Nwith |z| < f(k) isirrelevant.)

Lemma 14 (Flum and Grohe [8]). A parameterized problem is fixed-parameter tractable ifj anly if,
it is computable and eventually in polynomial time.

Proof of Theorem 13:Suppose that there is an algorittAnfor MC(FO, W) whose running time is
bounded by
T(h, k) - p(n),
for someh € N and polynomiap. We shall prove that AWST [3-CNF is in FPT.
Forallh,l,k,t € N, lety; ., , ., be the formula obtained from the formuta .1 , of Lemma 10 by

replacing the (unique) subformuld, e Sy’ by \/f:1 \/;?:1 Sy’ = z;;, for new variables:;;, 1 < i < ¢,
1<j<k Let

k k—1
Ohtleht = 3Jxi1... 31’1k(/\ Puxy A /\ 1 < T1g1) N
i=1 i=1
k k—1
Voot ...Vrop (( /\ Ppxo; A /\ To; < xQ(i+1)) —

i=1 i=1

k k-1
Qi1 .. Qg (( /\ Py xy; A /\ Tei < Ty(i41)) A
i=1 i=1

!
Sﬁh+1,é,k,t) o )

HereQ isV if t is even andi otherwise. Moreover,ﬁ represents- if ¢ is even andh if ¢ is odd.

Thenforeverys < T'(h+1,7¢),v € 3-CNF(n), k € N, and for every partitio;, ..., V; of {0,...,n—
1} we have

he1(V, Vi, s Vi) | Grrr ek <= (v, Vi,..., Vi) with parametergk, ¢) is a 4)
‘yes'’-instance AW 3T [3-CNF.

To see this, note that the first line @}, ¢+ Says “there exists a subs€{ = {z11,...,z1} of V}

of sizek” (the inequalities are used to make sure thatithgeare distinct). The second line says “for all

subsetd/s = {z21,..., 22} Of V5 of sizek”, et cetera. Finally, by Lemma 10, the formutg ,, ,, ; in

last line ofp,+1.¢,1,¢ SAYS thaty is satisfied if precisely the variableslif U ... U U, are set torRUE.
Consider the algorithm displayed in Figure 2. The corrextrod the algorithm follows from (4) and

n' =T (h+1,1g "V (n') < T(h+1,1g "+ (n")]).

For the running time analysis, without loss of generality agsume that’ < ||y|| < O((n')?). We
claim that ifn’ is sufficiently large, then the running time of the algoritifebounded by;(n’) for some

12



Input: v € 3-CNK(n/), partitionVy,...,V; of {0,...,n' — 1}, k' € N

1. Computeu+1(v, Vi,..., Vi)

2. Computel = [Ig "1 (n/)].

3. Computepp1,e,k .t

4. Checkifupyi (v, Vi,..., Vi) = @ht1.0.k,¢ USING algorithmA.

Figure 2.

polynomialg. More precisely, we claim that there is a polynomjand anng € N, which is computable
from h, k', ¢, such that fom’ > ng the running time of the algorithm is boundedday:’). Sinceh is fixed
and since AW&T[3-CNF is computable, by Lemma 14 this implies that AW$3-CNF is in FPT.

Lines 1-3 of the algorithm can be implemented in time polyram /, n’. By our assumption on the
algorithmA, Line 4 requires time

T(h, [|Pnsr,ep i) - p(n) = T(h, [|Phy 1,00 ,2]]) - P/ (hy ),

for some polynomiap’, becauser = |up11(7, V4,. .., V4)| is polynomially bounded in terms of andh.
Since we only replace one subformuta ,e Sy’ by the disjunctiori\/:f:1 \/;?:1 Sy’ = x;;, we have

[Pnt1,e00,¢l] € P" (R, K1) + O(€)

for a suitable polynomigd”’. Using a similar argument as in the proof of Theorem 11, werzamderive
that there is a computablg depending or, k', ¢ such that for alh’ > ny we have

T(h, ||Bhs1,ea.4l]) < T(h,1g™ (') <’

This proves our claim that it is sufficiently large, then the running time of the algoritimibounded by
q(n’) for some polynomiad and thus the theorem. |

Remark 15. For readers familiar with least fixed-point logic, let usiadut that with the same techniques
it can be proved that there is no model-checking algorithnmionadic least fixed-poirbgic on words
whose running time is bounded (A, k) - p(n), for anyh € N and polynomialp, under the weaker
assumption thaAW[P] # FPT.

AW[P] is a parameterized complexity class that contains4WA complete problem for AWP] is
the alternating weighted satisfiability problem for ardifr Boolean circuits (as opposed to bounded depth
circuits for AW[x]).

6. First-order model-checking on structures of bounded degee

In this and the next section, we investigate the paramei@riomplexity of first-order model-checking
over structures of bounded degree. l&ebe ar-structure for some vocabulary We call two elements
a,b € A adjacentif they are distinct and there is a@ € 7, say,r-ary, and a tuple; ...a, € R4 such
thata,b € {ai,...,a,}. Thedegreeof an element. € A in the structure4 is the number of elements
adjacent taz, and the degree o4l is the maximum degree of its elements. Koy 1, we denote the class
of all structures of degree at masby D(d).

Theorem 16 (Seese [16])Letd > 1. Then there is a functiorf : N — N and an algorithm solving
MC(FO,ID(d)) in time f(k, d) - n, where, as usuak denotes the size of the input sentence aride size
of the input structure.

13



It is quite easy to derive from Seese’s proof a triply-expuisd upper bound orf for a non-uniform
version of this theorem, stating that for every fixed firster sentence there is a triply exponential
function f and an algorithm checking whether a given structdref degree at most satisfiesp. We shall
prove a uniform version of this result, which has the addiidenefit that our algorithm is quite simple.

The crucial idea, which has also been explored by Seeseygetthe locality of first-order logic. With-
out loss of generality we assume that vocabularies onlyatonélation and constant symbols. (Functions
can easily be simulated by relations.) We need some additiatation. Apathof lengthl is a sequence
of verticesay, ...,a; € A such thate;_1,a;,7 = 1,...,1 are adjacent ind. The distance between two
elementsy, b € A of the universe i9), if a = b andr, if the shortest path betweerandb has lengthr. Let
r > 1anda € A. Ther-neighbourhoof a in A, denoted byNA(a) is the set ob € A such that, b
have distance at most Let V*(a) denote the substructure inducedyon N-A(a). For elements, b of
a structured we writea 222 b if there is an isomorphism frooV (a) to N (b) that maps to b.

Recall that gfp) denotes the quantifier-rank of a formyla

Lemma 17 ([11, 13]). For every first-order formula(z) there is an > 1 such that for every structurd

anda,b € Awe havela =2 b = (A= p(a) <= A ¢(b))). Furthermore; can be chosen to be
2ar(e) |

Figure 3 displays a recursive model-checking algorithniifet-order sentences in prenex normal form
that is based on Lemma 17. Since we can easily transformrambfirst-order sentences into sentences in
prenex normal form (algorithmically, this can be done irelintime), this also gives us an algorithm for
arbitrary sentences.

Note that in the recursive callmdel - check (v (a),(A, a)) of the algorithm, we replace all occur-
rences oft in ¢ by a new constant symbol which is interpreted by the elementd and check if this new
sentence holds in the expanded struciufea). The correctness of the algorithm follows from an easy
induction on the structure of the input formulaapplying Lemma 17 in each step. Note that this algorithm
works for arbitrary input structured.

nodel - check(y,A)

1. if ¢ is quantifier freghen

2. acceptif ¢ holds in.A andreject otherwise.
In the following, assume that = Qx v (z) for some quantifie€).

Computer = 29®)
Compute a seK C A of representatives of the equivalence classes of theaakati'.
Recursively calhodel - check(y(a).(A,a)) foralla € X.
if ¢ = Jxep(x) then
acceptif at least one of the recursive calls accepts sejdct otherwise.
if o = Vay(x) then
acceptif all recursive calls accept andject otherwise.

© ® N o g > w

Figure 3.

Theorem 18. The algorithmmodel - check (displayed in Figure 3) decidddC(FO,ID(2)) in time

O(k)
22 -n

)

andMC(FO,D(d)) for d > 3 in time
igd.20 (k)

22 -n,

14



where as usuat denotes the size of the input sentence arlte size of the input structure.

Proof: We denote the running time ofodel - check(y,A) by R(n,p, q), wheren = || A|[, ¢ = ar(y),
andp is the size of the quantifier-free partof Note thatp + ¢ < k(= ||¢||). Letr = r(q) = 29,

s(q) = MaX,ea acc||NA(a)]],

the maximal size of a-neighbourhood, and létq) denote the number of equivalence classes;bf Note
that there exist upper bounds fgy) andt(q) only depending on the degree of the input structure (and not
onn or ¢). Remember that the degree is constant for the classes cowgideration.

Now consider the algorithm displayed in Figure 3. Line 1 ordguires constant time. If Line 2 is
executed, it requires tim@(p - n), and the algorithm stops. Otherwise, it proceeds to Linel8¢ckvcan
be executed in constant time. To execute Line 4, we maintdist af pairs (N*(a),a) such that no
induced substructurg\VA(a), a) occurs twice. The size of this list never excee@s, hence for each in
turn, we simply compute the induced substructure, and Ibiiks already in the list. This requires time
O(n - f(s(q)) - t(q)), if we denote the time to check isomorphism of structureszs s by f(m). The
loop in Lines 5-9 requires time

O(t(q)) +t(q) - R(n,p,q — 1).

Putting everything together, we obtain the following reeace forR:
R(napvo) S CL-p-n
R(n,p,q) < ca-n-f(s(q) - t(q) +t(@)R(n,p,qg—1)  (forqg=1),
for suitable constants, c,. To solve this equation, we use the following simple lemma:
Lemma 19. LetF, g, h : N — N such that
F(0) < g(0)
F(m) < g(m)+h(m)-F(m-1)

forall m € N. Then
F(m) <> g()- [ n0G)
i=0 j=i+1
for all m € N.

The lemma can be proved by a straightforward inductiop.on
Applied to our functionR, the lemma yields

Ripa) < eopon-[[tG)+3 eaon-f(s(i) - 0) - [ t6)
j=1 i=1 j=i+1

IN
—=
~
Y
<
S~—
—
o
A%
i
S
+
ing
Q
N
S
~
—
V)
=
N

Degree 2:The size of an-neighbourhood in a structuré € D(2) is at mos@r + 1. Thus
s(q) < 90(a) < 90(k)

To give an upper bound atfg), we have to take into account the numbesf symbols in the vocabulary.
Since we only have to consider symbols that actually appear we can assume that< k. Moreover,
without loss of generality we can assume that the vocabwdaty contains unary and binary relation
symbols (because we are considering structures of degree 2)

Let us count the number of isomorphism types ofiraivertex structurés of degree 2 whose vocabulary
containsu; unary relation symbols ang, binary relation symbols. The unary relations can take attmos
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2u1™ different values. There are at mastpairs of elements which can be connected by a binary relation
thus the binary relations can take at m@'st™ different values. Thus the overall number of isomorphism
types is bounded bg(u1+u2)m,

Ourr-neighbourhoods have size at m@st+ 1, so we obtain

t(q) S 20(/6‘7') — 20(k'2q).

Thus
q q ‘ V
H t(j) < H 90 (k-27) < 9O(k329_; 27) < 220(1@.
J=1 j=1

Since isomorphism of structures of degree 2 can be decidgalymomial time, we obtain

(c1 pon e n J(s() t(i)) <0@2*”" )

and thus o
R(nvpaq)§22 'n

Degree at least 3:The calculations are similar in this case, the only impdrtifierence being that an
r-neighbourhood may be of sif(d") and thus doubly exponential in which yields a triply exponential
bound forR. |

7. Lower bounds for first-order model-checking on structures of bounded degree

In this subsection we prove lower bounds for first-order nhatéecking on two particularly simple classes
of structures of degree two and three, respectively: Thesctdwords without orderand the class of
ordered binary trees

7.1. Words without order. Formally, a word without order over an alphabeis a reduct of a word over
¥ to the vocabularys(X) = 7(X) \ {<}. We denote the class of all words without orderhySince we
will only consider words without order in the following, fsimplicity we often just refer to them as words.

In this section we will only work with the encoding, (recall the definition from Section 3), but we
need a refined version of Lemma 8 foe= 1:

Lemma 20. Let¢ > 1 and letX D ;. There is a first-order formula,(x, y) of vocabularyrs (%) and
sizeO(¢) such that for all words without order) € ¥*, a,b € W, andm,n € {0, ..., 222} the following
holds:
If a is the first position of a subwodd T W with U/ = 3 (m) andb is the first position of a subword
YV CWwithV = uy(n), then
W E xe(a,b) <= m=n.

Furthermore, the formula, can be computed frohin time O(¢).

Note that Lemma 8 only provides a formula;(z, y) that works form, n < 2°.

Before we prove the lemma, we define a few basic formulas artations that we need in dealing
with words without order. Let)(x,y) be a formula. For a structurd, elements:, b € A, and? > 0, a
1-path of lengthY froma to b is a sequencey, a1, . . ., ap of elements ofd such thatyy = a, a; = b, and
A = ¥(ai, ai41) for0 < i < £. We letb — a be the minimum length of &-path froma to b if there is
such a path. If there is np-path froma to b, we letb — a = oo.

Lemma 21. Let? > 1 andv(x, y) a first-order formula.

(1) There exists a first-order formul@;”(xl,xg) of sizeO(¢) such that for every structurel and all
ay,as € A,
A ': ﬂf(al,ag) < Q2 —y a1 < 22.
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(2) There exists a first-order formuliﬂ’(:cl, x2, Y1, y2) Of sizeO(¢) such that for every structurd and
all elementsiy, as, b1, bs € A,

A ': 5?((11,(12,[)1,1)2) = Q2 —y a1 < 2é/\a2 —q A1 = by — by.

Proof: We only prove (2); the proof of (1) is similar, but simpler. \fé¢
65”(:61,:62,3;1,3/2) = (171 =X Ny = y2) \ (ﬁl’1 =29 A1 = Yo A (w1, 22) A Q/J(yl,yQ)),
and for/ > 1
87 (1,2, y1,y2) = 8¢ (1, %2, Y1, Y2)
vV 3$33y3VJ:V$'VyVy'(
((ac:xl AN =x3ANy=11 ANy =ys3)

Ve=z3A2 =z Ay=ys Ny =12)) — 5}p_1($,x’,y,y’))-

m|
Proof of Lemma 20We lety)(z,y) = (- P 152 A Sz =y) V (P 1>z A2z =y) and
xe(z,y) = Va'vy' (6;"(95,:(;’,3;, y') = ((Pox’ < Poy') A (Pra’ < Ply’)))
Whereéz’ is taken from Lemma 21(2). ]

Recall that3-CNF(n) denotes the set of all formulas #conjunctive normal form whose variables
are amongXy, ..., X,,—1 and thatA(n) denotes the set of all truth-value assignments to thesables.
Recall further the encodings of propositional formulasddticed in Section 4.

Lemma 22. For all | € N there is a first-order sentencg of sizeO(!) such that for alln < 22" and
(7,a) € 3-CNF(n) x A(n) we haveu,(y,a) = o1 <= «a = . Furthermore,p; can be computed in
timeO(l).

Proof: Recall the proof of Lemma 10. Instead of the formyla, we now usey, of Lemma 20. We have
to eliminate all occurrences of the order symkolwhich is used in the formulag: (=, y) andw,g'_é;ﬂ%

Observe that the length of an encodingn) for ann < 22° is in O(2¢). We have seen above that
we can describe subwords of length2fgby formulas of lengttO(¢) that only use the successor relation.
Therefore, replacg]ly(z, y) by a formula of lengthO(¢) that only involves the successor relation.

Moreover, since we are only considerissdNF(n) formulas forn < 22" subwords describing clauses
have lengthO(¢). Thus again we can replace the subformulas involving therosgimbol by suitable
formulas of lengtfO(¢). O

Note that the previous proof does not work for arbitrary Cidfmulas; it is crucial that the clauses
have bounded length.
We are now ready to prove the main result of this section (wiidheorem 2(1)):

Theorem 23. Assume thaFPT = AW[x], and letp be a polynomial. Then there is no algorithm for

MC(FO, S) whose running time is in
2o(k‘)

wherek denotes the size of the input sentence atige size of the input word.

Proof: Essentially, we proceed as for words with order. Supposkttigge is an algorithni for the
problem MQFO, W) whose running time is bounded by

p(n),

22f(k)
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for some polynomiap and a functionf (k) € o(k). We shall prove that AWST [3-CNF] is in FPT.
ForallZ, k,t € N, let

k k—1

ekt = Frin... 31’1k(/\ Pnmy A /\ x1; < Tygt1) A
i=1 i=1
k k-1
Voot ...Vrop (( /\ Ppxo; N /\ To; < xQ(i+1)) —

i=1 i=1
k k-1 A
Qi1 - .. Qg (( /\ Py myi A /\ Ti < Ty(it1)) N

i=1 i=1

%k,t) )

wherey; ;. , is the formula obtained from the formuja of Lemma 22 by replacing the (unique) subfor-

mula P ye Sy’ by \/f:1 \/;?:1 Sy’ = x;;. Then for everyn < 22", ~v € 3-CNF(n), k € N, and for every
partitionVy,...,V; of {0,...,n — 1} we have

(Vi V) E @k = (v, Va,...,V;) with parametergk, ¢) is a (5)
‘yes'-instance of AW3T[3-CNF.

The algorithm deciding’-satisfiability of3-CNF is displayed as Figure 4.

Input: v € 3-CNK(n/), partitionVy,...,V; of {0,...,n' — 1}, k' € N

1. Computeus (v, Vi,..., Vi)

2. Computel = [lglgn’].

3. Computepy i/ +

4. Checkifui(v,Va,..., Vi) = @u i+ Using algorithmA.

Figure 4.

The correctness of this algorithm follows from (5). For tmalysis, without loss of generality we assume
thatn’ < ||v|| < O((n)?). We claim that ifn’ is sufficiently large, then the running time of the algorithm
is bounded by;(n’) for some polynomiad. Then Lemma 14 implies that AWS[3-CNF| is in FPT.

Lines 1-3 of the algorithm can be done in time polynomiahin The crucial part is Line 4. By the
assumption on algorithih this line requires time

FUIB, o 1D
22 ek .p(n),

wheren = |u1 (v, %)| is polynomial inn'. It follows from Lemma 22 that
|@erl| < P'(K' 1)+ ¢- L.

for some polynomiap’ and constant. Hence for sufficiently large’ we have||g;, /|| < lglgn’, say,
for ¢’ = 2¢. Sincef (k) € o(k), there is amq such that for alh’ > ny we havef(c'lglgn’) < Iglgn’ and

t fl 1] (e’ 4 4
P ’ c'lglgn Iglg n
22 Lk <22( glg )<;299 <

This gives us the desired upper bound on the running time iodilgorithm. o
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7.2. Ordered binary trees. We view ordered binary treess { Sy, S1 }-structures7, with SZ and S7
being the left child and right child relations. We allow nade only have one child. For a finite alphabet
3, we letrp(X) = {So, S1} U {Ps|s € X}, whereP;, for s € ¥, is a unary relation symbol. An ordered
binary treeover ¥ is a7p(X)-structure whose-reduct is an ordered binary tree in which each vertex is
contained in precisely onB? , for s € ¥. We denote the class of all ordered binary trees over sonte fini
alphabet byB. For a node: of a tree7 € B andd > 1, thedepthd subtree below: is the subtree of”
whose nodes are all descendants of distance at most from a.

To proceed as in the word cases, we will encode natural nstilyerees and provide “short” formulas
allowing to compare “large” encoded numbers. Fa N, let 7, be the ordered binary tree with vertex set
{0,...,¢} and root 0 in which the children efare2i + 1 and2: + 2. Recall thatL(n) denotes the length
of the binary encoding of € N. We letv(n) be the ordered binary tree oV, 1} whose underlying tree
is 77,(y @nd in which, fori = 0, 1,

P/ = {j < L(n) | bit(j.n) = i}.
Example 24. Figure 5 shows the encoding of 38, the binary representafiamich is100110.
(0)

() D
© © @

Figure 5. The tree(38)

The next lemma corresponds to Lemmas 8 and 20.

Lemma 25. Let/ > 1. There is a formulac(z, y) of vocabularyrz ({0, 1}) of sizeO(¢) such that for all

ordered binary tree§ € B, a,b € T andm,n € {0,..., 2221 } the following holds:
If the depth2’ subtree below is isomorphic ta/(rn) and the depti2 subtree belovs is isomorphic to
v(m) then
T E xe(a,b) <= m=n.

Furthermorey,(x, y) can be computed in tim@(¢).

Proof: We construct a formulg,(z, y) characterising dept® subtrees up to isomorphism. This formula
identifies binary encodings of length up 28, which proves the claim. We proceed as in the proof of
lemma 21. First, we say that to go from verticesto z» and fromy; to yo we must follow the same
sequence of),S1-successors. Let

Yo(w1,2,y1,y2) = (Sor122 A Soy1y2)
\Y (511}11'2 N Slylyg)

V(21 =22 AYy1 = y2).

and forl > 1

(w1, w2, y1, y2) = JwgysVaVa'VyVy' ((z1 =z Aas =2 Ay =y Ays =)
V(zs=azAza=2"Ays=yAy2=y") — i1(z, 2", y,9)).

Using this formula we let

xi(z,y) =Va'VY (P (z, 2y, y') — (Pra’ < Pry’) A (Pox’ < Poy')),
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which is the sought formula. o

Now we proceed as before and encode formula@s©NFn) for somen as an ordered binary tree over
some alphabet. Fory € 3-CNF letv(y) be the binary tre€ constructed as follows: Lé¥ be the word
without orderu; (), and considelV as a tree of5;-successors without arfjp-successors. To g&t we
substitute each subwotd of W of the formpu; (m) by a single vertex such that’s Sy-successor is the
root of a copy ofv(m), while its S;-successor is the first position aftérin W. v itself carries the new
symbolvar .

We extend the definition of to pairs(v, @) € 3-CNF(n) x A(n) and tupleg~, V1, ..., V;) by applying
the same substitution process. This encoding gives us tioaviog lemma, whose proof is omitted since
it resembles the proof of Lemma 10 using the newly introdusecbdingy together with the decoding
formulasy(x,y).

Lemma 26. For all ¢ € N there is a first-order sentenag, of sizeO(!) such that for alln < 2228 and
(7,a) € 3-CNF(n) x A(n) we havev(y,a) = ¢ <= « [= . Furthermorey), can be computed in
timeO(¢).

Now we are ready to state the second main result of this seatibich is Theorem 2(2). We omit the
proof, which is analogous to the proof of Theorem 23.

Theorem 27. Assume thaFPT = AW[x|, and letp be a polynomial. Then there is no algorithm for
MC(FO, B) whose running time is in

20(k)
2 . p(n)a

wherek denotes the size of the input sentenceaige size of the input tree.

8. Lower Bounds for first-order model-checking on trees

In this last section we prove a non-elementary lower boundirfst-order model-checking over unranked
trees. We need the same ingredients as before: Suitabldiags®f natural numbers and small formulas
for comparing two numbers.

For simplicity, we work withdirected labelled treesIn Remark 33 we describe how to get rid of
labels and directed edges in order to transfer the resufitatn undirected trees. But for now we view
atreeas an{ E}-structuresT with E7 being the child-relation. For a finite alphat®twe letrr (%) =
{E} U{P; | s € £}. Then atreeverX is arp(X)-structurel whose{ E'}-reduct is a tree and in which
each vertex is contained in precisely dAg, for s € X. We denote the class of all trees over some alphabet
by T.

Recall thatT'(h, 2) denotes a tower dfs of heighth + 1 and that biti, ») denotes théth bit in the
binary representation of. For everyh > 0 andn € {0,...,T(h,2) — 1} we definer,(n) to be the
following tree over{0,1,* }:

(1) If h =0, we letyy(0) be a single node labelled Iy Likewise, letvy(1) be a single node labelled
by 1.

(2) If b > 1, we letv,(n) be the tree formed by taking a new root, labelling it*hyand attaching to it
the treev;, 1 (i) for eachi such that bifi, n) = 1.

Example 28. Figure 6 shows thes-encoding 0f40961 = 25 + 213 4+ 20, The tree is constructed as
follows:

— To construct/;(40961), by clause (2), we have take a new root labelled land attach three trees to
this rOOt:l/g(O), 1/2(13), V2(15)

— The binary representation @tonsists of)s only. Thus to construek (0), we take a new root labelled
by* and attach no children. This explains the leftmost leafllabé .
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— We havel3 = 2° + 22 + 23, Thus to construatz(13), we take a new root labelled Byand attach
three children labelled; (0), 1 (2), andv, (3).

— v1(0) is again a tree consisting of just one node labetle@his explains the second leaf labelted

— We have2 = 2!, Thus to construct; (2), we take a new root labelled By and attach one child
labelled byvy(1).

— (1) is the 1-node tree labelled
— The remaining subtrees are constructed similarly.

) ON@)

Figure 6. The tree;(40961).

Lemma 29. There is an algorithm that, givelnandn € {0, ...,T(h,2)}, computes;,(n) in timeO(h -
lg 2n). Furthermore,|vy,(n)| € O(h - 1g2n).

Proof: A simple recursive procedure will do. The running time as@yses the same ideas as the proofs
of Lemma 6 and Lemma 7. a

The next lemma corresponds to Lemmas 8 and 20.

Lemma 30. Leth > 1. There is a first-order formulgy (z, y) of sizeO(h) such that for all treeg” over
¥,a,beT,andm,n € {0,...,T(h,2) — 1} the following holds:

If the subtrees of rooted ata, b are isomorphic tas, (m) andvy, (n), respectively, the@ = xx(a,b)
if, and only if,m = n.

Proof: £ (xz,y) simply is the formulaPyx «— Pyy. Let&,(x,y) already be defineds;,+1(x, y) says that
for each successor of x there is a successgy of y such thatf, (z1,y1) and vice versa. As usually, we
have to take care to avoid duplication of the subforngylaWwe let

Eht1(x,y) =Yz ((Ezzl V Eyz) — Ele((Ele — Eyz) A (Eyz — Exzo) AN&p(2, 22))),

which has the intended meaning and the desired size. o

We encod&-CNF-formulas as trees over a suitable alphabet essentially the same way we did with
binary trees in Section 7.2, using the encodifydnstead ofv. Then for everyh we get an encoding;, of
formulas in3-CNF(n) for n < T'(h,2). We extended the definition of, to pairs(, a) € 3-CNF(n) x
A(n) and to tuplegy, Vi, ..., Vo).

Lemma 31. For all h € N there is a first-order sentencg of sizeO(h) such that for alln < T'(h,2) and
(v,a) € 3-CNF x A(n) we havev,(v,a) | ¢, & a | v. Furthermore,(, can be computed in time
O(h).

We omit the simple proof.
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Theorem 32. Assume thaEPT # AW([«]. Leth € N andp a polynomial. Then there is no algorithm for
MC(FO, T) whose running time is bounded by

T(h,k) - p(n),
wherek denotes the size of the input sentenceaige size of the input tree.
The proof is analogous to our earlier lower bound proofs.

Remark 33. Even though we only stated the lower bound result for ladddieary trees, it also holds for
unlabelled undirected trees, that is, connected acycliiracted graphs. To see this, we first note that
the alphabet and thus the vocabulary of the forngylaf Lemma 31 does not depend an Suppose the
vocabulary ofg, is {E, P, ..., P,}. To getrid of the directed edges, we replace each directge #dm

a vertexv to a vertexw by the following subgraph:

Vo—o—I—o w
To get rid of the unary relations, we atta@ht 2) new children to each node B, and deleteP;.

9. Conclusions

It is interesting to observe that the complexity-theorasumptions we use to prove our theorems, that
is, PTIME # NP for the theorem on MSO and FPF AW/|x] for the theorems on FO, are precisely
the assumptions needed to prove that the model-checkirggonofor the respective logic on arbitrary
structures is not FPT. It remains an open problem to weakercoimplexity-theoretic assumptions to
PTIME # PSPACE. Note that PTIME. PSPACE is a necessary assumption for all our lower bounds,
because if PTIME= PSPACE then model-checking for monadic second-order isgicPTIME.

There is a significant gap between the lower bounds for moldetking on words provided by Theo-
rem 1 and the upper boudd O(k), 1) - n (a tower of2s of heightO(k)). It would be nice to narrow this
gap, maybe by proving that there is igo(k), 1) - p(n) algorithm for first-order or monadic second-order
model-checking on words.
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