Bounded fixed-parameter tractability and log?n nondeterministic
bits

Jorg Flunt Martin Grohé Mark Weyet

Abstract

Motivated by recent results showing that there are natunarpeterized prob-
lems that are fixed-parameter tractable, but can only beddly fixed-parameter
tractable algorithms the running time of which depends elementarily on the
parameter, we propose a notionbmfunded fixed-parameter tractabilitwhere the
dependence of the running time on the parameter is restriotbe singly expo-
nential.

We develop a basic theory that is centred around the classdERactable
problems and an EW-hierarchy of classes of intractablelgnady both in the
bounded sense. By and large, this theory is similar to trebéshedunbounded
parameterized complexity theory, but there are some reabékdifferences. Most
notably, certain natural model-checking problems thakaosvn to be fixed-parameter
tractable in the unbounded sense have a very high complexitye bounded the-
ory. The problem of computing the VC-dimension of a familysets, which is
known to be complete for the class[Win the unbounded theory, is complete for
the class EV8] in the bounded theory.

It turns out that our bounded parameterized complexitythiscclosely related
to the classical complexity theory of problems that can beesbby a nondeter-
ministic polynomial time algorithm that only uses fagnondeterministic bits, and
in particular to the classes LOGSNP and LOGNP introducedapaBimitriou and
Yannakakis.

1. Introduction

The idea of fixed-parameter tractability is to approach fegadrithmic problems by
isolating problem parameters that can be expected to bd sntartain applications
and then develop algorithms that are polynomial except foarbitrary dependence
on the parameter. More precisely, a problem is fixed-parantetctable if it can be
solved by an algorithm the running time of which is boundedfl¥) - p(n), where

n denotes the size of the input,the parameterf is an arbitrary computable func-
tion, andp a polynomial. Since the choice of suitable parameters allfow a great
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flexibility, fixed-parameter algorithms have found theiryimto practical applications
such diverse as computational biology, database systesngpudational linguistics,
and automated verification (cf. [3]). On the theoreticaksia theory of parameterized
intractability has been developed that led to a comprekiemtassification of parame-
terized problems into tractable and hard problems (cf. ], 3

Allowing an arbitrary computable functigfiin the running time bound of a fixed-
parameter tractable algorithm seems questionable, thoAgtunning time of22" n
cannot really be considered “tractable” even for small @alafk (say,k < 10). The
standard and to some extent valid response to such objeddhat (a) for natural
problems, such extreme parameter dependence rarely aoudi{p) to obtain a robust
theory, one has to compromise. Referring to the “classidabs of tractable problems,
polynomial time, one may add that (c) an algorithm with a ingrtime of O(n!%)
cannot be considered “tractable” either, even though ifgslgnomial time algorithm.
However, recent results due to Frick and the second auttrsfiow that the cru-
cial point (a) has important exceptions: There are natuxeldfparameter tractable
problems that cannot be solved by an algorithm whose runtiing is bounded by
f(k) - poly(n) for any elementary functioff. These problems are so-called model-
checking problems; database query evaluation is an agiplicthat can be described
by such problems [13]. The results imply that the runnincetiofithe fixed-parameter
tractable algorithm obtained from Courcelle’s well-knottxeorem [2] that monadic
second-order properties of graphs of bounded tree-widttbeadecided in linear time
also has a non-elementary dependence on the parametece@f@atheorem has been
viewed a centrepiece of parameterized complexity theotgr{g chapter in Downey
and Fellows’ monograph [6] is devoted to Courcelle’s thedre This raises some
doubts about parts of the theory of fixed-parameter tralitiabDf course, intractabil-
ity results with respect to this liberal definition are sigen Moreover these doubts by
no means diminish the value of the practical work on fixecapsater tractable algo-
rithms; algorithms developed in this context often havening timesc” - n for some
constant with 1 < ¢ < 2.

The important fact is that there are viable alternativelémiotion of fixed-parameter
tractability: One can simply put upper bounds on the grovitthe “parameter depen-
dence” f, the two most natural being € 2°°¥(*) and the stricterf € 2°(%). The
resultingbounded fixed-parameter tractabilityasses are still fairly robust, and they
contain all of the problems that are “fixed-parameter tfaetin practice”. While we
do not want to propose an industry generating papers onustiounded parameter-
ized complexity theories, we hope that our results will doog the reader that at least
the bounded theory we consider here is well worth being egglo

We study the stricter notion of bounded fixed-parametetdtality. We let EPT be
the class of all parameterized problems that can be solvea@2®*) - poly(n). We
introduce a suitable notion efpt-reductiorand define the class EW[P] and a hierarchy
of classes EW|, for ¢ > 1, within EW[P] corresponding to the class W[P] and to
the classes of the W-hierarchy efhboundegarameterized complexityWe observe

1Some remarks on our terminology may be helpful h&@kssical complexity theomefers to the stan-
dard, unparameterized, complexity theory. In paramegdrzomplexity, we distinguish between the usual
theory, referred to asnbounded parameterized complexity theanyd thebounded parameterized complex-
ity theorydeveloped here.



that, for allt > 1, if W[t] # FPT then EWt] # EPT. So we can assume that the
EW-hierarchy does not collapse to EPT (that is, if we belitneeassumption of the
unbounded theory that the W-hierarchy does not collapsé>@).FWe prove that the
logical characterisations of the W-hierarchy [7, 10, 11] ba transfered to the bounded
EW-hierarchy, which shows that the classes have a certhirstness. It has to be said,
though, that the EW-hierarchy is less robust than the Wahidry. This is particularly
true for the first level EV] of the hierarchy.

We then consider a few complete problems for our classes.yMampleteness
results can easily be transfered from the unbounded to thed=a theory. As an
example, we prove that the parameterized dominating sétlgmrg which is W2]-
complete under fpt-reductions, is B¥fcomplete under ept-reductions. A surprise
occurs when we consider a parameterized version of the gmobF computing the
VC-dimension of a family of sets. In the unbounded theorig tiroblem is known
to be W1]-complete under fpt-reductions. We prove that in our bodrttieory, VC-
dimension is EV{8]-complete under ept-reductions. Thus we are in the oddtiitua
that in the unbounded theory, VC-dimension is “easier” tlaminating set, whereas
in the bounded theory, it is “harder”. The completeness efghrameterized VC-
dimension problem for the third level of our hierarchy seerasy natural in view
of Schaefer’s result that a classical version of the VC-disien problem, where the
family of sets is represented succinctly, is complete fertttird level of the polynomial
hierarchy [18].

Less surprisingly, we prove that the (unbounded) fixed+pater tractable model-
checking problems that have been shown to have no fixed-géeanmactable algo-
rithms with elementary parameter dependence in [12] areptatm for natural in-
tractable classes in the bounded theory. Specifically, weegpthat model-checking
for first-order logic on words is complete for the class EjAJWthe bounded analogue
of the class AV].

One of the nicest features of our bounded theory is thatiitisiately linked to the
classical complexity class NP[l8g] of all problems that can be solved by a nonde-
terministic polynomial time algorithm that uses orilflog>n) nondeterministic bits.
There are several natural examples of such problems. Thekbewn may be the
problem of computing the VC-dimension of a given family ofssgl5] and the hy-
pergraph traversal problem [8]. Papadimitriou and YanhkikH 5] introduced two
syntactically defined complexity classes LOGSNP and LOGNiPm@oved that many
natural problems are complete for one of these classes. dfiratibn of these classes
is reminiscent of some of the logical characterisationtefdlasses of the W-hierarchy
and the EW-hierarchy. Motivated by this observation, weodtice a hierarchy of clas-
sical complexity classes LOG, for ¢ > 2, which may be viewed as restrictions of
the corresponding classes EAWo the parameter value log, wheren denotes the
size of the input. We prove that LOGSNP LOG[2] and LOGNP= LOG]J3]. Thus
our classes put Papadimitriou and Yannakakis'’s classesil@rger context. We show
that NP[logn] = PTIME if and only if EW[P] = EPT and that for all > 2 we have
LOG[t] = PTIME if and only if EW¢] = EPT. This establishes a nice direct connec-

Furthermore, we distinguish betweelassical problemswhich are just languaged C X* over some
finite alphabet:, andparameterized problemshich are pairgQ, <), whereQ C X* is a classical problem
andx : X* — N aparameterization



tion between classical complexity theory and our boundedrpaterized theory; no
such connection is known for the W-hierarchy (and it propalges not exist).

Our paper is organised as follows: In Section 2 we review thgidnotions of
(unbounded) parameterized complexity theory and at thes ¢ane introduce the cor-
responding notions of the bounded theory. In Section 3, Waeadhe class EW[P]
with limited nondeterminism. In Section 4, we give logichlacacterisations of the
EW-hierarchy, and in Section 5 we prove two basic completeresults for the classes
EW[2] and EW3]. Section 6 is devoted to the connection between the clagshs o
EW-hierarchy and the classical classes of problems thabeaolved with logn non-
deterministic bits introduced by Papadimitriou and Yarald&[15]. In Section 7, we
study higher levels of intractability in our bounded theoRmnally, Sections 8 and 9
are devoted to the part of the theory that is not so nice. Wednte a matrix of
classes EW, d] generalising the EW-hierarchy and identify a class withis tatrix
that seems a good candidate for a clasg BVWVe prove that the parameterized cliqgue
problem is complete for this class.

2. The basic notions

2.1. FPT and EPT. Let X be a finite alphabet. Abarameterized problenfover
the alphabek) is a pair(Q, ) consisting of a sef) C X* of strings over® and a
polynomial time computable function: X* — N, theparameterizationAny x € ¥*
is called arinstanceof @ andx(x) is the correspondingarameter

Hence, a parameterized problem consists of a problem in shal complexity
theoretic sense together with a parameterization.

For example, choose a finite alphabketuch that propositional formulas are strings
overY in a natural way. The parameterized problga$AT is the problem(Q, x),
whereQ is the set of satisfiable propositional formulas and>* — N is defined by

k(@) = { number of variables aof, if x is a propositional formula

0, otherwise.

The following notation fomp-SAT illustrates how we normally present parameterized
problems:

p-SAT
Instance: A propositional formulax.
Parameter: The number of variables af.
Problem: Decide whethew is satisfiable.

Definition 1. Let F be a set of total functions frofd to N. A parameterized problem
(Q, k) over the alphabet is F-fixed-parameter tractabléf there is a functiory € 3,
a polynomial € N[X], and an algorithm that, given € ¥*, decides whether € Q
in at mostf (x(x)) - p(|x|) steps.

We denote the class of @Hixed-parameter tractable problemsFPT.

The standard notion of fixed-parameter tractability is dase the clas$k of all
computable functions. We use the standard terminology andte the clas®-FPT



simply by FPT2 We usually refer to the “standard” parameterized compyekieory
based on the class FPT@sbounded (parameterized complexity) thetwydistinguish
it from bounded theoriebased or§ for “bounded” classe§, § C R.

In this paper, we are mainly interesteddrfixed-parameter tractability, whex®
is the set of computable functions 29*). To simplify the notation, we write EPT
instead of¢-FPT. Further natural and interesting classes@EB ¢-FPT and&X -
FPT, whereSuB¢ = 2°F) (more preciselySUB¢ is the class of all computable
functions in2°®)) and exP = 2P°Y(*) . The latter has been investigated in [19]. If
F = O(1) is the set of all constant functions, thg#PT is PTIME, or more precisely,
3-FPT is the class of parameterized probldi@s«) with @ in PTIME.

Clearly, if § C §' thenF-FPT C F'-FPT and hence, every problem in EPT is in
FPT. An example of a problem in EPTisSAT, where we can choose gighe function
f(k) := 2% 1f Q C ¥* is a decidable problem that is not decidable in t2f¢") and
k : ¥* — N is defined byx(z) = |z|, then the parameterized probld®, ) is in
FPT\EPT.Naturalproblems in FPTEPT are known to exist under certain complexity
theoretic assumptions:

p-MC(WORDS FO) € FPT\ EPT if FPT# AW[x],
p-MC(WORDS MSO) € FPT\ EPT if P NP

(cf. [12]). Here,p-MC(WORDS FO) andp-MC(WORDS MSO) denote the parame-
terized model-checking problem for the class of words arsttfirder logic FO and the
class of words and monadic second-order logic MSO, respdgticompare 4.3 for the
definition of model-checking problems).

2.2. Reductions. To compare the complexities of parameterized problemsatteat ot

§-fixed-parameter tractable, we need a notion of reductioa.oWy consider many-
one reductions. The crucial property expected from a natforeduction forg-FPT

is:

If (Q, k) isreducible ta@’, ') and(Q’, x') € §-FPT, thenQ, x) € 3-FPT. (1)
We give the definitions for the cases we are interested in F&Y€ and EPT.

Definition 2. Let(Q, x) and(Q’, ') be parameterized problems over the alphabets
andX’, respectively. Areductionfrom (Q, ) to (Q’, ') is a functionR : ¥* — (X')*
with

Qr < Q' R(x)
forall z € ¥*.

1. R is anfpt-reductionif there are computable functions g and a polynomiap
such that

(@) R(x) is computable in tim¢ (k(x)) - p(|z|),
(b) &' (R(x)) < g(k(z)) forall x € ¥*.

2Sometimes, FPT is even defined 24&FPT, where2l denotes the class of all functions: N — N.
(Downey and Fellows [6] calR-FPT strongly uniform FPTand2(-FPT uniform-FPT) However,SR-FPT is
a more robust class.



2. Ris anept-reductiorif there are constants d > 0 and a polynomiap such that
(@) R(x) is computable in time* =) . p(|z|),
(b) k' (R(z)) < d- (k(x)+log |z|) forall z € *.

Itis easy to verify (1) for fpt-reducibility with respect EPT and for ept-reducibility
with respect to EPT.

Many reductions presented in this paper are fpt-reductomept-reductions, in
fact they are efpt-reductions in the sense of the followiefjnition.

Definition 3. A reductionR from (Q, ) to (Q’, x’) is anefpt-reductionif there are
constantg, d > 0 and a polynomiap such that

1. R(z) is computable in im@c <) . p(|z|),
2. k' (R(z)) <d-k(z)forallz € ¥*.

We write (Q, k) <®' (Q', x’) if there is an ept-reduction froffQ, ) to (Q’, ')
and(Q, k) =P Q" w") if (Q, k) <%(Q', &) and(Q', &) <P (Q, k). We let

(@ w)]*®'={(Q"+) | (@) <(Q,K)}.

Analogously, we definec™, =Pt [(Q, x)]Pt, <¢Ptand=°fPt,

The notions of fpt-reduction and ept-reduction are incoraplke: To see this, let
Q C ¥* be a problem that is not in polynomial time. Letx’ : Q — N be defined by
k(z) = 1 andx/(z) = log |z| for all z € ¥*. Then clearly(Q, «) is ept-reducible to
(Q, x"). However, it is easy to see that(if), <) were fpt-reducible td@, ') then@
would be in polynomial time.

Conversely, le{@, ) be any problem in FPT EPT, and le{Q’, ") be any non-
trivial problem in EPT (non-trivial meaning thé}’ is neither the empty set nor the set
of all strings over a given alphabet). TheQ, «) is fpt-reducible, but not ept-reducible
to (Q', k).

In Section 7, we will see natural problerf@, ) and(Q’, ') such that
(Q,k) € FPT, (Q',r") <*(Q,k), and (Q',x") ¢ FPT.

The incomparibility of ept- and fpt-reducibility is the sme of the richnes of the
EPT-theory in much the same way as the incomparibility ofr§atuctions and poly-
nomial reductions is for the FPT-theory. The introductibefpt-reductions is of prag-
matic nature: As already mentioned, it just happens thatymedhuctions we consider
are efpt-reductions.

3. The class EW[P] and limited nondeterminism

In this section we relate the class EW[P], the bounded analofithe class W[P], with
limited nondeterminism.

First, we recall the definition of P| (cf. [1, 6]). For this purpose, we consider
circuits. They are defined in the standard way. To be a bit more spelgfics say
that our circuits consist dhput gatesand gatesandor gatesof arbitrary finite arity,
andnot gatesand they have one designated output node (that is, they onhpate



Boolean functions). Theveightof a truth value assignment to the input nodeg’'ab
the number of input nodes setteuE. By definition,

W[P| = [p-CIrc]™,

where

p-CIRC
Instance: A circuit C andk € N.
Parameter: k.
Problem: Decide whetherC' has a satisfying assignment of weight
k.

By analogy, we define EV®| by
EWIP| := [p-CIRC]®M.

By NP[log®n] we denote the classical complexity class of all problemsdha be
solved by nondeterministic polynomial time algorithmsgsonly O (log”n) nondeter-
ministic bits (in the Kintala-Fischer model of limited nagtdrminism [14]). The result
relating EW[P] with limited nondeterminism reads as folkow

Theorem 4. EW[P] = EPTif and only if NP[log®n] = PTIME.

Proof: First assume that EY¥] = EPT. LetQ be a (classical) problem decided by
a nondeterministic polynomial time machilvéthat on every run on any inputper-
forms at most - log®|=| nondeterministic steps (for some constdrg N). We may
suppose that first carries out the nondeterministic steps and that thegether con-
sist in appending to the inputa 0—1 string of lengtll - log?|z|. (If we write log n
where an integer is expected, we melg n].)

The deterministic part of the computationMf on inputz can be simulated by a
circuit C,, in the standard way (e.g., compare the proof of Theorem 8[16}) such
that

M acceptsr <= C, has a satisfying assignment. (2)

The size ofC, is polynomial in|z| andC,. hasd - log®|=| input nodes corresponding
to the 0-1 string chosen in the nondeterministic part of traputation ofVI.

Now we apply what Downey and Fellows in [6] call thelog n trick: We think of
thed -log?|z| input nodes of”,, as being arranged ih- log || blocks of log|z| nodes.
We construct the circuiD, by addingd - log |=| blocks, each ofz| new input nodes,
to C,. and by ensuring (with additional gates) that at most onetinpde of each new
block can be set torRUE (in a satisfying assignment d,.). Moreover, we wire the
new input nodes with the old input nodes (i.e., the input isoafe”,) in such a way
that the following holds: If theith input node of th&th block of D, is set toTRUE
then exactly those old input nodes of thk block, which correspond to positions of
the binary representation gfcarrying a 1, are set toRUE. Then

C has a satisfying assignment
< D, has a satisfying assignment of weightlog |z|



and therefore,
Qr <— (D,,d-log|z|) € p-CIRC.

By our assumption EW¥?] = EPT, we can decide whethéb,., d - log |z|) € p-CIRC
in time 2¢:4°91zl. (| D,|) (for some constantand polynomiap) and hence, in time
polynomial in|z|.

For the converse direction assume thafldgn] = PTIME. We show thap-CIRC €
EPT. Let(C, k) be an instance of-CircC of sizen. Note that it can be decided
whetherC' is k-satisfiable by a nondeterministic polynomial time aldaritthat uses
k - log n nondeterministic bits: First, it guessksnput nodes, which requires log
nondeterministic bits for each input node, and then it cheiteistically checks if the
corresponding assignment satisfies

Thus the restriction op-CIRC to input instance$C, k) with & < log n, wheren
is the size of, is in NPlog®>n] = PTIME and thus in EPT.

For instancesC, k) with £ > log n, let C’ be the circuit obtained from?' by
adding a new output node, which is an or-node of fag%ineach input line coming
from the output node of a copy @f. All these copies only share the input nodes. The
circuit C’ can be obtained in tim@(2* - |C|) and the size’ of the instancéC’, k) is
at leas2”*. Moreover,

(' has a satisfying assignment of weight
< ( has a satisfying assignment of weight

This reduces the general problem to the problem for instawith & < log n ]

4. Logical characterisations of the EW-hierarchy

In this section, after introducing the classes of the EWarighy, we present characteri-
sations of these classes, first in terms of variants of thghted satisfiability problems
defining the classes, then in terms of model-checking prosléor first-order logic
and finally, in terms of Fagin-definable problems. Most rss(dnd their proofs) are
extensions or refinements of the corresponding charaatiens of the W-hierarchy.

4.1. The W-hierarchy and the EW-hierarchy. In unbounded parameterized complex-
ity theory, the classes of the W-hierarchy were originaéifimed by means of weighted
satisfiability problems for propositional logic. We recidié definition and extend it to
EPT.

Formulas of propositional logic are built up frquropositional variablesY;, X5, . ..
by taking conjunctions, disjunctions, and negations. Tégation of a formula: is de-
noted by-a. We distinguish betweesmall conjunctionsdenoted by\, which are just
conjunctions of two formulas, ardlg conjunctionsdenoted by\, which are conjunc-
tions of arbitrary finite sequences of formulas. Analogpusie distinguish between
small disjunctionsdenoted by, andbig disjunctionsdenoted by\/. Every formula
has a naturally defineslyntax treeand the sizéa| of a formula« is the number of
nodes of the syntax tree of



The weightof an assignment is the number of variables setROE. A proposi-
tional formulac is k-satisfiable(wherek € N), if there is an assignment for the set of
variables ofx of weightk satisfyinga.

For a setl" of propositional formulas, thearameterized weighted satisfiability
problemWSAT(T") for formulas inT" is the following parameterized problem:

p-WSAaT (T')

Instance: A propositional formulax € T" andk € N.
Parameter: k.

Problem: Decide whethe is k-satisfiable.

Fort > 0 andd > 1 define the set¥,; 4 andA, 4 by induction ont (here, by(A; A
... A X\y) we mean the iterated small conjuncti@n. . (Ay A A2) A..) A N):

Toa == {(MA...AN)] A, A literals and- < d},
Nog = {(MV...VA)|A,..., A literals andr < d},
Tivia = {Aier0i | I afinite setand; € A; 4 foralli € I},
Ati1,a = {Vervi | I afinite setand; € Ty g foralli € I}.

If in the definition ofT'y ;4 and A 4 we require that all literals are positive (negative)
we obtain the sets denoted by, andA;", (I'; , andA; ), respectively.

In unbounded parameterized complexity the class€g ,WV/[2], ... constitute the
W-hierarchy; fort > 2,
W[t] = [p-WSAT (I'e,1)]P,

so we define:
EW[t] := [p-WSAT(Ft_rl)]Ept.

It was realized that W] can be conveniently defined by
WI[1] = [p-WSAT(I'; 2)]™,

so we define:
EW[l] = [p-WSAT(FLQ)]ePt.

The classes EW], EW[2],. .. constitute the EW-hierarchy &f-parameterized com-
plexity theory.
The classes \l¥] are robust in the following sense: For alll > 1 with ¢ + d > 3,

W[t] = [p-WSAT(T; 4)]"".

This robustness does not seem to be shared by the classes Eistead, we have to
consider a matrix EW of classes given by

EW[t, d] := [p-WSAT (T 4)]°P

In this paper we will mostly deal with the cade= 1, only Section 8 is devoted to the
full EW-matrix. In this section we mainly consider the case 2; the class EVM] will
be analysed in Section 9.



4.2. Propositional logic. The notions of complete and hard problem for a complexity
class are defined in the usual fashion; they refer to fptetdios or to ept-reductions
depending on whether we consider a class of unbounded ptmaree complexity
theory or a class of-parameterized complexity theory.

For even (odd} already the weighted satisfiability problem for monotonstia
monotone) propositional formulas is complete for EW
Theorem5. 1. p-WSAT(I';,) is complete foEW[¢] for event > 1.
2. p-WSAT(I'; ;) is complete foEW([t] for odd? > 1.

For further reference we prove a stronger version of thiserérm. We start with some
technical remarks. Often, we will tacitly make use of thédaing fact:

Lemma 6. Lett,d > 1. For event there is a polynomial time algorithm associating
with everya € T'; 4 an equivalent formula itt'; 4 of the form

1€l i€l ir—1€l i€l

whereg;, . ;, isinTy 4. The corresponding result holds for odd

.....

A useful tool in some proofs will be a variant of the weightedisfiability problem,
namely theparameterized partitioned satisfiability problemP Sat(T"); here,I' is a
class of propositional formulas and

p-PSaT(T)
Instance: A formulaa € T and a partition( X}, )1 <m< Of the vari-
ables ofa.
Parameter: k (the number of sets in the partition).
Problem: Decide whether(«, (X,,)1<m<k) IS satisfiable that is,
whether has a satisfying assignment that sets exactly one
variable of eacl®’,, to TRUE.

By the next lemmas we show, ford > 1,

p-WSAT (I'; 4) <*P'p-PSAT(T'/,)

<*Pp-WSaT (I'f ) <*P' p-WSAT (T, 4) forevent, (3)
p-WSAT (I'; 4) <*P'p-PSAT(T )
<*Pp-WSaAT (I'; ) <*P'p-WSAT(T 4) foroddt, (4)

which together imply the theorem.
The statements
p-WSAT (T} ) <*P'p-WSAT(T; 4)

and
p-WSAT(T'; ;) <*P'p-WSAT(T'; 4)

are trivial. The remaining statements follow from the fallog two lemmas.
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Lemma?7. Fort,d > 1.
1. p-PSAT(T/ ;) <*P'p-WSaT(T';,) for event.
2. p-PSAT(T; ;) < p-WSaT (T, ) for odd.

)

Proof: Sincep-PSAT(T'| ;) is in EPT, the casé = d = 1 is clear. So let us assume
thatt + d > 3.

Let (o, (Xn)1<m<k) be an instance of the corresponding partitioned satisifiabil
problem. The fact that an assignment of weiglstets exactly one variable from each
X, t0 TRUE can be expressed by

at= A \/ X andby oo= A A (~Xv-X').

1<m<k XE€X,, 1<m<k X, X'eX,,
X£X'
If « € T, then(a A o) is equivalent to a formulg® € I'}, and, ifa € I';, then
( A a~) is equivalent to a formul@— ¢ r,,(fd=1 we know thatt > 2 and
then we viewa ™ as a formula of; ,); thus,(ﬁ+, k) and(S~, k) are the instances of
p—WSAT(FZd) andp-WSAT(I'; ), respectively, equivalent t@y, (X, )1<m<k). O

Lemma 8. Fort,d > 1:
1. p-WSAT (I, 4) <™ p-PSaT(T'; ) for event.
2. p-WSAT(T; 4) < p-PSaT(T; ) for odd.

Proof: We only give the proof for odd. The proof for even is dual. Again the case
t = d = 1 is trivial becaus@-WSAT (I'; 1) is in EPT. So we assume thiat- d > 3.

Let (o, k) be an instance gf-WSAT(I'; 4) and letX = {X;,..., X,,} be the set
of variables ofc. We introduce variableX; ; (for1 <4 < kandl < j < n) and
Y; ;o (forl <i< kandl <j < j <n)with the intended meaning

Xij: theith variable set tadRUE is X ;
Yi: theith variable set taruE is X; and the(i + 1)th is X ;.

We group them into the set¥; := {X;; |1 < j <n}forl <i¢ < kand); :=
{Yi;,7 | 1 <j<j <n}forl <i < k. Note that an assignment satisfying

((ar Ao A ag=1), (X)) 1<i<ks (Vi)1<i<k) and settingXy ¢, , . . ., X ¢, t0 TRUE must
setYi ¢, ¢y, -+, Yi—1,0, 1.0, {0 TRUE, Where
aii= \ ( N X vaYi)A N (X v ﬁYi,jl,ya))
1<j<n  1<j1<j2<n 1<j1<j2<n
J#] Je#d

for1 < i < k. Now we obtaim/’ from « by replacing negative literatsX; of « by

AR

1<i<k
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and positive literalsX; of o by the following formula expressing “that all intervals
containingX; are unchosen”:

/\ =X, A /\ X5 A /\ /\ ~Yij1ga-

J<j’ J'<j 1<i<k—1 Yi j,,j, €Vi
J1<j<j2
One easily verifies thate’ A ag A ... A ay—1) is equivalent to a formulgin I, , and
that
ais k-satisfiable <= (3, (X;)1<i<k, (Vi)i<i<k) € p-PSAT(T; ),

which gives the desired reduction (note that the parametehe right hand side is
(2-k—1) € O(k)). O

4.3. Model-checking problemsWe start by recalling some definitions.(felational)
vocabularyr is a finite set of relation symbols. Each relation symbol hasudty.
The arity of 7 is the maximum of the arities of the symbolsin A structure A
of vocabularyr, or r-structure(or, simply structure), consists of a sédtcalled the
universe and an interpretatioR”* C A" of eachr-ary relation symboR € 7. We
synonymously writei € R4 or R“a to denote that the tuple € A" belongs to the
relation R4. For example, we view directed graphas a structurg = (G, EY),
whose vocabulary consists of one binary relation symiBolBy definition, G is an
(undirectedgraph, if EY is irreflexive and symmetric (that is, all graphs in this pape
are simple and undirected).

We define thesizeof a r-structureA to be the number

IAI = |7 + 1A+ > arity(R) - [R™].

ReT

The overall length of a reasonable encodingldiee [9] for details) only polynomially
deviates from|.A||. For example, the size of a graph withvertices andn edges is
O(n +m).

The class of all first-order formulas is denoted by FO. Theybaiilt up from atomic
formulas using the usual boolean connectives and exiateartd universal quantifica-
tions. Recall thaatomic formulasire formulas of the form = y or Rz . . . ., where
x,y,x1,...,%, are variables an® is anr-ary relation symbol. Theize|y| of a for-
mulay is the number of nodes of its syntax tree. The set of variadflése formulay
is denoted by varf). Fort > 1, letX; be the class of all FO-formulas of the form

31}11 N Ewlklvwgl .. .Vl’gkz e thl N thkt ’L/J,

where@Q = V if t is even and) = 3 otherwise, and wherg is quantifier-free. The
class ofll;-formulas is defined analogously starting with a block ofversal quanti-

fiers. Lett,u > 1. Aformulay is X ,, if it is 3; and all quantifier blocks after the
leading existential block have lengthu. For example, a formula

1 ...z, VyIz1 3299,
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wherey is quantifier-free and is arbitrary, is inXs o.

If Aisastructuregy, ..., a, are elements of the univergeof A, andy(x1, ..., x,)
is a first-order formula whose free variables are amoeng .., x,, then we write
A E ¢(aq,...,ay,) to denote thatd satisfiesy if the variableszy, ..., z, are in-
terpreted byiq, . . ., a,, respectively.

For a class C of structures and a clds®f formulas, theparameterized model-
checking problem for structures and formulas ind® is defined as follows:

p-MC(C, @)

Instance: A structure4 in C and a sentencgin ®.
Parameter: |¢|.

Problem: Decide whethei satisfiesp.

If C is the class of all structures, we denpt®C(C, @) by p-MC(®).

The characterisation of the classes of the EW-hierarchsring of model-checking
problems reads as follows:

Theorem 9. Forall t > 2 andu > 1, p-MC(%, ,,) is complete foEW[¢].

Proof: Lett > 2 andu > 1. The fpt-reduction fronp-MC(3; ,,) to p-WSAT(T; 1)
givenin [11] is in fact an efpt-reduction. HengeMC(X%; ,,) € EW[¢].

For the hardness we restrict ourselves to ewétme proof for odd: > 3 being
dual). By Lemma 8, it suffices to show th;a{PSAT(thl) <&t p-MC(X; ;). Let
(a, (Xm)1<m<k) be an instance gf-PSaT(I'f, ) with

= AV AV S
iW€lizsel iwelirel

The structured has universel := X; U...U X U I. FurthermoreA contains unary
relations forX,,, (1 < m < k) and forl, and atary relationR* with

RA = {(iv, ... ig—1,X) | i1,...,is—1 € [andX = X;, . 4,_,.; for somej € I'}.

Then(a, (X})1<i<k) belongs t(p-PSAT(FZl) if and only if A |= ¢, where

o =3z;...Jzk( /\ X AVy1 (Tyr — Jy2(TyaA
1<m<k

- Vyo1(Tye—1 — \/ Ryi...yt—1Zm)...))).

1<m<k

Sincey is equivalent to & ;-formulay’ with |¢'| € O(k), this gives the desired
reduction. |

4.4. Fagin-definability. In[7, 10], two notions of definability of parameterized prob
lems were introduced. The first is definability via model-alting problems, which we
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have considered in the previous section. The secolddin-definability which we
will consider now.

We will work with formulas with freeset variables usually denoted by capital
letters X, Y, Z, which may simply be viewed as uninterpreted unary relagigmbols.
If A is ar-structure with universel, B C A, andX ¢ T is a set variable, then we
write (A, X « B) to denote the U { X }-expansiorof .A in which X is interpreted as
B. Thatis,(A, X < B) is ther U { X }-structure with universel, S(A-X—5) = g4
forall S € 7, andX X 5) = B. We usually denote a formulawith a free relation
variableX by ¢(X) and then writed = ¢(B) instead of( A, X «— B) = ¢.

For every first-order formula(X') of vocabularyr we letp-FD,,x be the follow-
ing parameterized problem:

p-FDy(x)
Instance: A r-structured andk € N .
Parameter: k.
Problem: Decide whether there is a subsebf A of cardinality k
satisfyingp(X) in A, thatis, withA = ¢(S).

We say thatp(X) Fagin-defineshe problenp-FD,x).

For all formulasp, individual variables:, and set variableX , we write(3z € X )¢
as an abbreviation &fz(Xz A ) and(Vz € X )¢ as an abbreviation ofz(Xz — ¢).
Fort,d > 1, we letll, ,, be the class of formulas(.X) of the form

Yiy13ye .. .Vgt_l(ﬂzl S X) . (Ezd e X))y (5)
in caset is even, and of the form
ngﬂgjgﬂyt,l(v,zl S X)(V,Zd EX)’!/) (6)

in caset is odd; herey,...,7;—1 denote finite sequences of variables ahi a
quantifier-free formula not containing. If all §; have length 1y; = y; and if ¢ =
Ryy...y1—121...zq fora(t—1)+d-aryrelation symboR, then we speak ofgeneric
II; /4-formula.

Often we implicitly will use the statements of the followingo lemmas. One
easily verifies that formulas of type (5) are monotone, fdemwf type (6) are anti-
monotone in the following sense:

Lemma 10. Letp(X) € II;/4. Then, for a structured andk € N with & < [A|, we
have:

e if tis even, then
(.A, k) S p-FD@(X) iff (.A, E) S p-FD@(X) for somel < k.
e if tis odd, then

(.A, k) S p-FD@(X) iff (.A, E) S p-FD@(X) for somel > k.

14



By the next lemma it mostly suffices to consider generic fdasu

Lemma 11. Lett,d > 1 and ;i (X), p2(X) € II;/4 with genericp, (X ). Then there
is a constant > 1 and a polynomial time algorithm associating with every stase
A a structure5 such thai B| = | A|¢ and such that for alk € N,

(.A, k) S p-Fle(X) <~ (B, k) S p-FDLPZ(X).

In particular, p-FD,, (x) <P p-FD,, (x).

Proof: Giveny1(X) as in (5) or as in (6), let be the maximum length of thg. By
passing to an appropriate structiigwith universeA¢, one can replace the blocks of
quantifiers by single quantifiers, thus obtaining, say, e ¢hse of even, a formula
@' (X) =Vy13y2 ... Vy—1(3z1 € X) ... (Fzq € X)7’' (compare the proof of Lemma
11 in [11] for details). Now, we can sé& := (A°, RB), whereR? is the set)’™ of
tuples satisfying)’ in By. |

Theorem 12. Lett > 2. ThenEW]Jt] is the closure of the class of problems Fagin-
defined byl ;;-formulas under ept-reductions.

More precisely, for everyl, ,;-formulap(X) the problenp-FD,,x) is contained
in EW([t], and for every generi, /; -formulap(X), the problenp-FD,,x) is complete
for EW[t].

This result is an immediate consequence of the followingtentakingd = 1.

Lemma 13. For¢,d > 1 and a generidl, 4-formulag(X):

1. Thereis a polynomial time algorithm associating withrgxstructure A a propo-
sitional formulaa such that for allk € N:

o forevent, a e I and((A4, k) € p-FD,(x) <= (a,k) € p-WSAT(T}));
e foroddt, o € I'; ;and((A, k) € p-FD,(x) < (a, k) € p-WSAT(I'; ,));

2. Thereis a constamt> 1 and a polynomial time algorithm associating with every
propositional formulax € F;fd (if t is even) andv € I', , (if ¢ is odd) a structure
A with |A| = |a| such that for allk € N:

o forevent, ((a,k) € p-WSAT(T'f,) <= (A k) € p-FD,(x));
e foroddt, ((a, k) € p-WSAT(I', ;) <= (A, k) € p-FDy(x)).

Proof: We present the proof for odd the proof for the even case being similar. Let
¢(X) be a generidl, ;-formula, that is,

o(X)=Vy1dya... 1 (V21 € X)...(V2za € X)Ry1 .. . Y4—121 - - - 2d-

For any structured we leta be thel’, ,-formula

o= /\ \/ \/ /\ (ﬁXbl\/...\/ﬁde).

a1€EAazx€A at_1€A bl;--wbdeé;
not R*ab
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Here, fora € A, X, is a propositional variable with the intended meanings‘in the
set satisfyingo(X)". Now, for everyk € N, we have((A, k) € p-FD,(x) <= «ais
k-satisfiablg.

We turn to a proof of (2). Consider a formulac I'; ,

= /\ \/ s \/ /\ (ﬁXih...,it,l V...V ﬁXih...,it,d)-

i1€lizel it—1€l €1

Let X be the set of variables @f. We setn := |o] andA4 := {1,...,n}. We may
assume thai, X C A and that the structurd with universeA has unary relations for
these subsets. Moreovet,contains thét — 1) + d-ary relation

RA ={(i1, ... is—1, X1,..., Xa) | i1,... i1 €[, X1,..., Xqg € X,
and for a”it c I, {Xll vvvvv PR IR ;Xil vvvvv it.,d} Z {Xl, . ,Xd}}.

Furthermore, we lep(Y") be all, ,4-formula equivalent to

Yy (Iyr —
Fya(Iya A . ..
Fyr—1(Iyr—1 /A
(VzreX)...(Vza € X)(X21 ARy1 ... Y1—121---2d)) - -.))-

Then,
(o, k) € p—WSAT(F;l) < (A k) € FDyv),

which, together with Lemma 11, proves our claim. o

5. Complete problems

In this section we show that two “non-logical” problems, gagameterized dominating
set problenp-DS and the parameterized Vapnik-Chervonenkis probledCDim are
complete for EW2] and EW3], respectively. In particular, this last result is remaikab
since in unbounded parameterized complexity theslyCDIm is W[1]-complete [4,
5].

A dominating set in a grap = (G, EY) is a subsef C G, such that all vertices
a € G either are inS or are adjacent to some vertex $h(that is, E9ab for some
b € S). Now, p-DS is the following problem:

p-DS
Instance: A graphG andk € N.
Parameter: k.
Problem: Decide whethe¢ has a dominating set of size

The next theorem also contains a new, quite simple proof stgpthatp-DS is
W[2]-complete.
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Theorem 14. p-DS =°P' p-WSAT(I'} , ), sop-DS is EW[2]-complete.

Proof: For p-DS <&t p-WSAT(F{l), let an instance gf-DS be given consisting of

the graptg = (G, E9) andk € N. We introduce a propositional variahlg, for every
a € G and leta be the followingl'; , -formula:

=NV %

a€eG beG
b=aorE%b

Then,((G,k) € p-DS <= (a, k) € p-WSAT(I';)).
Forp-WSAT(I'; ;) <®*'p-DS consider an instancey, k) of p-WSAT(I'; ;) with

a= /\ \/ X 5.

i€l jeJ;

Letting X be the set of variables, we may assume {agt> k, that/ N X = (), and
that noJ; is empty. Consider the graph

g: (IUX,EIUEQ)a

where E; is the symmetric closure of(i, X; ;) | j € J;} and E, just contains the
edges that mak& a clique. Theng has a dominating set of sizeif and only if « has

a satisfying assignment of weight The direction from right to left is trivial: The set
of variables set taRUE in a satisfying assignment is a dominating set. For the other
direction let a dominating sef of sizek be given. IfS C X, then the assignment
just setting the variables if to TRUE satisfiesa. and we are done. Otherwise we
can changes in order to achieve this form: Assumig € I N S. The vertexig only
has edges to the points {nX;, ; | j € Ji,}. Therefore, for every € J,,, the set
S; = (S\ {io}) U {X,,,;} is a dominating set, too. IK;, ; ¢ S for somej € J;,,
then the correspondingy has cardinalityc and we are done. I$ already contains all
Xio.;» then we add t& \ {io} any variableX € X not contained irf. O

We turn to the parameterized Vapnik-Chervonenkis probleet.A be a finite set
andS C Pow(A) a family of subsets off. We say thatS shattersa setB C A, if

BNS:={BNS|SeS

is the powerselPow(B) of B. TheVapnik-Chervonenkis dimension(of, S), denoted
by VC(A, S), is the maximum size of a sé& C A that is shattered b§.
The parameterized Vapnik-Chervonenkis problem is defisddlbbws:

p-VCDIM

Instance: A finite setA, a family S of subsets of4, andk € N.
Parameter: k.

Problem: Decide whether VCA, S) > k.
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We can represent a paird, S), where A is a finite set andS C Pow(A), as a
structureA(A, S) of vocabulary{ E, S}, whereFE is a binary andS a unary relation
symbol: The universe ofl(4, S) is A U S, and the relations are

EAAS) .—{(q,8) |ac A,S € S,a € S},
SAAS) .— s

Then we can express that an instance has VC-dimension aklbgghe >, -formula

ok
Pk = Hxl...ﬂwkﬂyl...ﬂygk /\ \/ (/\Emiyj/\ /\ﬁEmiyj),
IC{1,...,k} j=1 el i1

in the sense that (VC.,S) > k < A(A,S) & ¢i). This definition yields an
fpt-reduction, defined byA, S, k) — (A(A,S), ¢k), from p-VCDIM to p-MC(%,),
which implies thatp-VCDIMm is in W[1]. As a matter of factp-VCDIM is W[1]-
complete [4, 5].

However, the reductioi4, S, k) — (A(A,S), pr) is not an ept-reduction, be-
cause the sentengg. and hence the parameter;| of the model-checking problem is
too large. The next lemma shows that with a slightly more darated representation
of the instanceg-VCDIM is X3 ;-definable by a formula of size linear in

Lemma 15. For all £ > 1 there is a¥; ;-sentence);,, and for all setsA and families
S C Pow(A) a structureB(A, S, k) such that

VC(A,S) > k < B(A,S,k) = .
Furthermore, the mapping defined¥, S, k) — (B(A, S, k), ¢ ) is anefptreduction
from p-VCDIM to p-MC(X31).

Proof: Letk > 1 andr, := {E, Ry,..., Rx, P,Q, K}, whereF is binary andR;, ...,
Ry, P, Q, K are unary relation symbols. For every finite geandS C Pow(A), the
structureB = B(A, S, k) is defined as follows:

e The universe of3 is the setB := AU S U Pow({1,...,k}). Without loss of
generality we may assume that the three getS, Pow({1, ..., k}) are disjoint.

e EB:={(a,5) ’ a€ A, S € Ssuchthau € S}.
e Forl <i <k,
RB:={L|LcPow({l,...,k}),i € L}.
o PB:=A, QB =8, KB :=Pow({1,...,k}).
We let

Y =3z ... Exk( /\ Pz, AVy(Ky — 32(Qz A /\ (Exmz < Rmy))))

1<m<k 1<m<k
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Then it is easy to verify that
VC(A,S) > k < B E .

Note that3(A, S, k) andyy, can be computed from, S, k in time polynomial in| A| +
|S| + 2% and thatjy;| is linear ink. Thus the mappingA, S, k) — (B(A, S, k), ¥x)
is an efpt-reduction. ]

Theorem 16. p-VCDIMm is EW[3]-complete.

Proof: p-VCDImM is contained in EVi8] by Lemma 15 and Theorem 9.

It remains to prove hardness. Our proofis based on Papaitiéind Yannakakis’s
[15] proof that the (unparameterized) VC-dimension problis hard for the class
LOGNP (also see Section 6 of this paper). We shall prove gHagaT (I'; ) <
p-VCDIMm, thus obtaining the hardness@/CDim by Lemma 8.

We view any Boolean matrix (that is, matrix with entrigd only) B = (bi;)icr,jes
as a (partial) instanaed(5), S(B)) of the Vapnik-Chervonenkis problem with(B) :=
JandS(B) :={{j € J | b;; = 1} | i € I}. Hence, the columns @ correspond to
the elements and the rows to the subsets.

Let X C J be a set of columns df. We say that a subs&t C X isrealisedby a
rowi € [ifforall j € X wehavef;; =1 < j € Y). We say thatX is shattered
(by B) if every subset” of X is realised by some row d@. Note that this is the case if
and only if X is shattered by (B).

Consider an instande@v, (X )1<n<k) Of p-PSAT(I'; ;) with

o= AV A-Xie

i€l jeJLEL

We may assume thdt= {0, ...,n} and that allX}, are ordered, so that we can speak
of the sth variable in},. We choose the minimak such thae™ > 2% + |1] - |.J|. We
introduce a boolean matri® such that fot’ := k£ + m + m we have

(o, (Xn)1<n<k) € p-PSAT(T;)) <= (A(B),S(B).k') € p-VCDIM. (7)

The matrix5 has three blocks of columns. The first block represents teetszn of an
assignment and is subdivided iritparts, therith one has width},|. The second block
has widthm and will mainly contain the binary representations of nattaumbers in

I. The third block, the control part, also has width Let Bit(s, a) denote theth bit of
the binary representation afe N (the Oth being the least important bit). Furthermore,
fora < 2™, let(a) = Bit(m — 1,a) ...Bit(0, a) be the binary representation@fvith

m digits. And for0 < a < 2, let

({a)) = Bit(0,a)...Bit(0,a)...Bit(k — 1,a)...Bit(k — 1,a).

|X1] times | X | times

The matrix3 consists of the following rows:
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(i) ((e)) (i) (s)forall0 <e< 2k, 0<i<2m andl <s < 2™,
(i) ({e)) (i) (0) forall0 < e < 2F andn < i < 2™.
(i) ((e)) (i) (0)forall1 <e < 2*and0 <i < n.

(iv) wy...wg () (0) forall0 <i <nandj € J,
where everyw;, has length}, | and depends ofiX; ; ¢)¢cr.: Thesth position of
wy, is 1 if and only if for some! € L, thesth variable of}, is X; ; 4.

We call the rows defined in (i), (ii), (iii),(iv) rowsf type(i),(ii),(iii),(iv), respectively.

Note that the matri3 and thus the instanced(B), S(B), k') can be computed
from (o, (Ah)1<n<x) in time 20(%) . |o|9() and that’ € O(k + log |al). Thus to
prove that the mapping

(a, (Xn)r1<n<r) — (X(B),S(B), k')

is an ept-reduction, it only remains to prove (7).

Claim 1: LetX be a set oft’ columns that is shattered l§. ThenX contains all
columns of the last two blocks Bfand exactly one column of each of theparts of the
first block.

Proof: Since the size oK is k' = k + 2m, it suffices to prove thak contains at most
one column of each of thie parts of the first block.

If we restrict all rows to the first block, then at m@$t+ |1 - |.J| < 2™ rows occur.
Therefore, the seX contains fewer tham columns of the first block. Since the length
of the second block is, the setX contains at least one columirfrom the last block.
Note that a subsét C X that containg can only be realised by a row of type (i).

Suppose for contradiction thaf contains two columng;, j> of the same part of
the first block. Since rows of type (i) are constant withinregart of the first block,
for every rows of type (i) we havel;;, =1 <= b;;, = 1). Thus no row of3 of
type (i) and hence no row at all, can realise the subgetj} of X, which contradicts
the assumption thaX is shattered bys. This completes the proof of Claim 1.

Let us call a setX of &’ columns ofB that contains all columns of the last two
blocks of B and exactly one column of each of tleparts of the first blocknice
Each nice set of columns corresponds to an assignment tatfables ofa that sets
precisely the variables corresponding to the columnk iim the first block toTRUE.

Claim 2: LetX be a nice set of columns. Thénis shattered by3 if and only if the
assignment corresponding 6 satisfiesx.

Proof: LetX; € X1,..., X € X} bethe variables af corresponding to the columns
of the first block contained itX, and letb be the assignment correspondingXothat
is, the assignment that sets precis&ly, . .., X to TRUE.

For the forward direction, suppose thitis shattered. To prove thatsatisfiesx,
leti € I. We shall prove that there isjac J such that satisfies/ .., =X ; ¢, or
equivalently, that

Xi,..., Xk g{Xi,j,f |€EL} (8)
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LetY C X be the subset that contains no columns of the first and thardkidind
precisely the columns of the second block correspondinge@bsitions ofis in the
binary representation af SinceX is shatteredy” must be realised. Thus there is a
row r of B of the form

wy ... wy (2) (0),
in which all positions of thev, s corresponding to columns i§ must be0. SinceX
contains exactly one column of each part of the first blockheg, contains a position
that is0. Thus rowr can only be of type (ii) or (iv). Sincé € I and thud) < i < n,
row  must be of type (iv).

Suppose row- corresponds tg € J. Recall that the columns oX in the first
block correspond to variables,, . . ., X. By the definition of rows of type (iv), the
position corresponding to variabl€, in row r is 1 if, and only if, X, = X, ; , for
somel € L. But by our choice o and of the rowr, all these positions must kg
thusXy,..., X & {X, ¢ | £ € L}. This proves (8).

For the backward direction, suppose thaatisfiesc. Then for alli there is aj
such that (8) holds. The row of type (iv) corresponding tp satisfies the subséft
of X defined as above. All other subsets are realised by rows ef ({iyp(iii). This
completes the proof of Claim 2.

Both claims together yield (7). |

6. The LOG-classes

In this section, we establish a connection between our bedipdrameterized com-
plexity theory and classical complexity. More specificallye will be concerned with
subclasses of NRg>n).

Consider the (classical) Vapnik-Chervonenkis problem

VCDIM
Instance: A finite setA, a family S of subsets o, andk € N.
Problem: Decide whether VCA, S) > k.

Since the power set of a set withelements has cardinali®?, the VC-dimension of
(A,S) is at most logn wheren := |S|. Hence, there is a nondeterministic algorithm
for VCDIM that use€)(log®n) nondeterministic bits.

We have a similar complexity for many parameterized prollémwe restrict them
to instances with parameter leag Examples are the following problem®B-CLIQUE
and LoG-DS:

LoG-CLIQUE
Instance: A graphg.
Problem: Decide whetheg has a clique of size log~|.

LoG-DS
Instance: A graphg.
Problem: Decide whethe¢ has a dominating set of size 10G|.
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To analyse such problems, Papadimitriou and Yannakakjsrjfrt6duced two new,
“syntactically defined”, subclasses LOGSNP and LOGNP oflog®n]. Syntactically
defined means that they are defined via logical complete gnableminiscent of our
Fagin-defined problems. For every quantifier-free formia, z, g, z) with tuplesg
andz of lengthp andq, respectively, and eveny > 1, consider the formula

on =37 € [n]°9" Vg € [n]P 32 € [n]?Vi € [log n] (i, x, T, Z). 9)
We say that a structuré with universeln] = {1, ..., n} satisfiesp, if there is a tuple
a=(ay,...,angn) € [n]'°9" such that for all tuples € [n]? there is a tupl& € [n]?

such that forl < j < [logn],
A (4, a4,b,0).

For every quantifier-free formul@a(w, x, 7, ), consider the following problem:

Input: A structureA with universen]. (20)
Problem: Decide whethei satisfies the formula,, of (9).

A problem is defined to be in LOGNP if it is polynomial time resiloie to the problem
in (10) for some quantifier-free formula
The class LOGSNP is defined completely analogously, butfaitihulasy,, of the
form
3z € [n]°9" Vg € [n]? Ji € [log n) ¥ (i, z;, 7). (11)

Papadimitriou and Yannakakis [15] proved that V®Dis complete for LOGNP and
LoG-DS is complete for LOGSNP, both under polynomial time reiuns.

The syntactical definitions of the classes LOGNP and LOGSKRiailar to the
“Fagin-definitions” of the classes EW[3] and EW[2], respeadl, that are given in
Theorem 12. We shall make this correspondence precise now.

For every first-order formula(X ) with the monadic second-order variabfewe
define the “logarithmic Fagin-definable” probleno&-FD,,x) by

LOG-FDW(X)
Instance: A structureA.
Problem: Decide whether there is a subgeof A of size log| A| with

A ¢(S).

Theorem 12 motivates the following definition:

Definition 17. Fort > 2, let LOG[¢] be the class of problems that are polynomial time
reducible to LOG-FD,,x) for somell, ;; -formulap(.X).

Lemma 18. Lett > 2. Then for everyl, ,;-formula »(X) and for every constant
¢ > 1 the following problem is contained inOG[¢]:
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LOG/-FD(P(X)
Instance: A structureA and a natural numbér < c - log | A].
Problem: Decide whether there is a subseof A of sizek with A =

©(95).

Proof: We only give the proof for eveti Odd¢ > 3 can be treated analogously. Let
¢(X) be all;,-formula. By Lemma 11 we may assume that

o(X)=Vy1 Jy2.. . Vyr—1(Fr € X)Ry1 ... ys12.

Let P, be unary relation symbols. Let' (X) be all,,;-formula equivalent to the
following formula:

(VyeQ)(Fre Xz =y
NNy € P)...(Vyi—1 € P)Bx € XN P)Ryy ... Y1—12.

¢©'(X) expresses that all elements@belong toX and thato(X) holds in the induced
substructure with universe.

For every{R}-structureA with universeA and all{,m > 0, let A, be the
{R, P, Q}-structure obtained fromll by putting all elements ofl into the relationP
and then adding+m additional elements,, . .., as, b1, . .., b, and puttingay, . . ., ap
into Q.

Then forallS C AandS™ C {a1,...,a¢,b1,...,bn} wWith {a1,...,a,} C ST
we have

AE¢(S) <= Aum E¢(SUST). (12)

Claim 1: For0 < k < |A|, there is anS C A of sizek such thatd = ¢(S) if,
and only if, there is art’ C AU {as,...,as,b1,...,b,} Of sizek + ¢ such that
Aem = ¢/ (5).

Proof: The forward direction follows immediately from (12). Foetbackward direc-
tion, letS” C AU{ay,...,ae b1,..., by} With |S’| = k+£ such thatd, ,,, = ¢’ (5').
Then{a,...,a;} €S LetSy = 5" N A. By (12), we haved |= ¢(Sp). LetS C A
be arbitrary withS 2 S, and|S| = k. By the monotonicity ofp(X), we have
A E (S). This proves the claim.

Now we are ready to reduceds’-FD,(x) to LOG-FD,/(x). Let A be ar-
structuren = |A|, andk < c-log n. We choosé > 1 minimal such thag**+¢ —¢ > n.
Letm = 2kt — ¢ —n. Then

log(n+{¢+m)="Fk+V¢.

Moreover/, m < 2% . n, and¢, m can be computed in time polynomial24 + n. By
Claim 1, the mappingA, k) — Ay, gives the desired reduction. ]

Proposition 19. LOG[2] = LOGSNPandLOGJ[3] = LOGNP.
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Proof: Let p(X) be all,;-formula, say

P(X) :=Vy(Fz € X)i(x, p),

wherey is a p-tuple of variables. Then a structus with universe[n] is a positive
instance of loG-FD,,x if and only if it satisfies the formula

3z € [n]°9" vy € [n]P Ji € [log n] (i, §),

which is of the form (11). To prove this, note that there islasaiS C [n] of size logn
such thatd = ¢(S) if and only if there is a subsét C [n] of sizeat mostlog n such
that A = ¢(S). The latter is equivalent to the existence of a tuple .. ., aiogn) €
[n]'°9™ such thatd |= ¢({ai,. .., a0gn}). Hence, LOG2] C LOGSNP.

For LOG[3] € LOGNP, letp(X) be all;/;-formula, say

p(X) = vyFz(vVe € X)¥(z,7,2),
whereg is ap-tuple andz a ¢-tuple of variables. Then a structurewith universen|
is a positive instance of&G-FD,,x) if and only if it satisfies the formula
3z € [n]'°9 " Vgu € [n]PT! 3zv € [n]9T Vi € [log n)
((zl =u—i= ’U) A 1/1(%7@ Z))v
which is of the form (11). To see the equivalence, not thafdhaula
Yu € [n] Jv € [n]Vi € [logn] (z; =u — i =)
says thatry, . . ., ziog » are pairwise distinct.

To prove that LOGSNR LOG]2], we show how to reduce a problem in LOGSNP
to LoG'-FD,(x) for somey € Ily,;. So lety)(w, z, ), wherey = (y1,...,y,), be a
quantifier-free formula (as in the definition of LOGSNP).

Leto = {D, E1, E2, R} be the vocabulary consisting of a unary relation symbol
D, binary relation symbol&; andE>, and a(p + 1)-ary relation symboR. For every
structureA with universe[n] and the same vocabulary @swe define ar-structure3
as follows: The universe d§ is B = A x [k|, wherek = log n, and the relations are
defined by

DB(a,i) <=
EB(a,i)(d,i') <= a=4d,
EB(a,i)(d,i) —
RB(a,i)(b1,51)--- (bp,jp) <= AEY(i,a,b,...,bp).

The structurds can be obtained in polynomial time froph Let

a=1,

. ./
1=1,

o(X) =VgVu(3z € X)((wDu — Rzg) A (Du — Esux)).
Notek < log | B|. We claim thatA4 satisfies

3z € [n]'°9" Vg € [n]? Ji € [log n] ¥ (i, z;,7) (13)
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if and only if there is a se$ C B of sizek such that5 = ¢(S). This yields the de-
sired reduction from the LOGSNP-problem defined/bip the problem loG'-FD,, x,)
(with ¢ = 1).

To prove the claim, we first note that for every set

S ={(ai,ji) |ie[k]} CB

such thatB | ¢(S), the numberg;, ..., ji are pairwise distinct. This is ensured by
the formulavu(3z € X)(Du — Esux). Thus every seb C B of sizek such that
B = ¢(S) consists of elements;, ) for ¢ € [k].

Furthermore, for every set

S = {(ai,i) | i € [K]},

if BE= (S )thenforallb € [n]? and(j1, ..., jp) € [k] there exists an € [k] such that
((as,i), (b1, 41),- -, (bp, jp)) € RB. By the definition ofR”, this implies that for all
b € [n]? there eX|sts am € [k] such thatd |= ¢ (i, a;, b). ThusA satisfies the formula
in (13).

For the converse direction, suppose that . .., a;) € [n]* witnesses that sat-
isfies the formula in (13). Then by reversing the previousiargnts, it is easy to see

that
BE o({(i,a:) | i € [K]}).

Itremains to prove that LOGNE LOG]I3]. We proceed similarly. Lap(w, z, 7, )
be a quantifier-free formula4 a structure with universi], andk = log n. We define
a structure exactly as above and let

o(X) = VygvudzIv(Va € X)(Rxyz A (Baux — Eqovx)).
We claim thatA satisfies
3z € [n]°9" Vg e [n]P 3z € [n]?Vi € [log n] (i, i, 7, Z)

if and only if there is a sef C B of sizek = log n such that3 = ¢(S). This
yields the desired reduction from the LOGNP-problem defibgd> to the problem
LOGI-FDLP(X) (Wlth c= 1).
The crucial observation here is that for every set
S ={(ai, i) |i€[k]} B
such that
(B, X « 5) EVudv(Va € X)(Equr — Ejvz),

ji,--.,Jr are pairwise distinct. To see this, IStbe such a set and suppose that
(a,i), (b,7) € S for somea # b € [n] andi € [k]. Letc € B such that

(B, X «— S,u « (i,1),v < ¢) | (Vo € X)(Foux — Ejvz).
(This means thatvz € X)(Eyux — Ejvz) holds inB if X is interpreted byS, u
is interpreted by(4,), andv is interpreted by..) Since both(a, i), (i,i)) € EF and
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((b,1), (i,4)) € EZ, it follows that((a, i), c) € EP and((b,i),c) € EE. This implies
thata = b.
The proof is completed as for LOGSNP. ]

Recalling that l0G-DS is complete for LOGSNP and VAR is complete for
LOGNP [15], we obtain:

Corollary 20. LoG-DSis complete foOGJ[2] andVCDim is complete foL OG[3].

For every clas$’ of propositional formulas, we let

LoG-WSAT(I")
Instance: A propositional formulax € T'.
Problem: Decide whethew is log |«|-satisfiable.

Lemma 21. For everyt > 1 and every constant > 1 the following problem is poly-
nomial time reducible th. 0G-WSAT (I 1):

LOG -WSAT(T'; 1)
Instance: A formulaa € T'y ; and a natural numbér < ¢ - log |«|.
Problem: Decide whethew has a satisfying assignment of weight

Proof: Let¢,c > 1. Letk < ¢-log || anda = A~ 3; € I';1. We shall define a
formulaa’ € T, ; such thaty has a satisfying assignment of weighif and only if o/
has a satisfying assignment of weight lad|.
Letn = |a|, andp > 1 minimal such thag**? —p > n. Letq = 27 — p —n.
Then
log(n+p+q) =k+p.

Moreoverp, ¢ < 2¥n, andp, ¢ can be computed in time polynomial i + n.
LetYs,...,Y, be variables that do not occurdnand

m—+p+q

o = /\ Bi,
i=1

where

Y; if1<5<p,
ﬂm+j = Y. if .
1 fp+1<3<p+q.

Then|a/| = n+ p + ¢, anda’ has a satisfying assignment of weight- p = log |&/|
if and only if o has a satisfying assignment of weight o

Theorem 22. For everyt > 2, LOG-WSAT(T'; 1) is complete fo OG[¢] under poly-
nomial time reductions.

26



Proof: LOG-WSAT(I';1) € LOG][t]: By Theorem 12, there is H; ;-formulao(X)
such thap-WSAT(I'; ;) is efpt-reducible tg-FD,,(x). Leta € I'; ; be given and set
k = log |a|. The efpt-reduction produces in timé * . p(|a|), which is polynomial
in [, an equivalent instanceA, £’) of p-FD,,(x, such that’ < d - k. In fact, the
universe of the structurd produced by the reduction is at least as large &ompare
the proofs of Section 4). Henck, < ¢ - log | A| for a suitablec. Therefore(A, k') is
an equivalent instance ofdG'-FD,,x), t00.

Completeness follows from the other direction of Theorenad@ Lemma 21. O

Papadimitriou and Yannakakis [15] give a relatively coroatied definition of oG-
CLIQUE by a formula of the form (11) and thus show thabt&-CLIQUE € LOGJ2];
here we get this result as an immediate consequence of Th&Zand Lemma 21 .

Corollary 23 ([15]). LoG-CLIQUE € LOGJ2].

Corollary 24. LOGJ[t] C LOG[t + 1] for all t > 2.

Proof: Follows from Theorem 22 becau$g ;-formulas may be viewed &S 1 1-
formulas. O

The last result of this section is a structural result thidtes parameterized and
classical complexity.

Theorem 25. Lett > 2. Then,EW[t] = EPTif and only if LOG[t] = PTIME.

Proof: The forward direction is easy: If EW = EPT, therp-WSAT(T'; 1) is solvable
in time 2¢* . p(n) for some constant and polynomiap. Hence, lOG-WSAT(T'; 1)
is solvable in time2°'°9™ . p(n), which is polynomial. Now, the claim follows by
Theorem 22.

For the backward direction, suppose that L@G= PTIME and lety(X) be
a genericll, /;-formula. By Theorem 12 and Lemma 11, it suffices to show that
p-FDLp(X) isin EPT.

Let (A, k) be an instance gi-FD,(x). If £ < log |A], then we can solve the in-
stance in polynomial time by our assumption that LG PTIME and by Lemma 18.
To deal with instances whetke> log | A|, we define dl, /, -formulay’(X) and an efpt-
reduction(A, k) — (A, %’) from p-FD,x) to p-FD./(x), which has the additional
property that’ < log | A’|. Then we proceed as above.

The construction is very similar to the construction cafraut in the proof of
Lemma 18. Assume first that> 3 is odd. Suppose that

(JD(X) = V?Jl 392 e Hyt_1(V$ (S X)Ryl e Yt—1T

Let 7 be the vocabulary af(X) andP a unary relation symbol not containedrinLet
¢'(X) be all, /, -formula equivalent to the following formula

(Ve € X)Px A (Vy1 € P)(3y2 € P)...(Fys—1 € P)(Vx € X)Ry1 ... yt—1.
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¢©'(X) says thatX is a subset of” and thaty(X) holds in the induced substructure
with universeP.

For every{ R}-structureAd with universeA and allm > 0, let 4,, be the{R, P}-
structure obtained froml by putting all elements ofl into the relationP and then
addingm new elements, ..., a,,. ThenforallS C A we have

AE @) <= An E¢'(9).

Moreover, for allS C AU {ay,...,an,} with A, = ¢'(S) we haveS C A. Thus for
all k > 0, there is anS C A of sizek such thatd = ¢(S) if, and only if, there is an
S' C Au{ay,...,an} of sizek such that4,, = ©'(9").

Now we are ready to define the reduction. L&be ar-structure;n = |A|, and
k> 0. Letm = 2%, then
k <log (m +n).

The mappind A4, k) — (A, k) is the desired reduction.

In remains to give the deal with even> 2. There is a slight problem because in
this case we cannot say thétis a subset of” with aTl, /,-formula. Nevertheless, we
proceed more or less analogously. For

o(X) =g 3y .. . VGe—1(Fz € X)P(2, 91, .-, Ye—1),
we lety’ (X) be all, /, -formula equivalent to the following formula:
Mgr € P)...(Vg—1 € P)(Fz € X N P)Y(x, 51, -, Ft—1)-

Form > 1, we defineA,, as above. Then forall C A andS* C {a1,...,a,} we
have
AEp(S) = A, =¢(SusS™).

This implies that for alk: < |A|, there is anS C A of sizek such thatd = ¢(95) if,
and only if, there is ar$’ C AU {a1,...,an} of sizek such that4d,, = ¢'(S’). To
prove this, we use the monotonicity of X ). The rest of the proof is analogous to the
case of odd. |

Corollary 26. 1. EW[2] = EPTifand only if LoG-DS € PTIME.
2. EW[3] = EPTif and only if VCDIm € PTIME.
3. Forallt > 2, EW[t] = EPTif and only if LoG-WSAT(I'; 1) € PTIME.

7. Higher levels of intractability

We mentioned in Section 2 thetMC(WORDS FO) and everp-MC(WORDS MSO)
are in FPT but not in EPT (under the assumptions EPAW ] and P# NP, respec-
tively). In this section we analyse tieparameterized complexity of these problems.

For a class of propositional formul&ighealternating weighted satisfiability prob-
lem AWSAT (T") is the following parameterized problem:
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AWSAT(T")

Instance: A formulac € T', a partition(X,, ) 1<m <, Of its variables,

and a sequendg:, )1<m<4 Of Natural numbers.
Parameter: ki + ... + kq.

Problem: Decide whether there is a siZzg subset); of X; such
that for every sizé, subse); of X, there exists ... suclh
that the truth value assignment only setting the variables
inY; U...U)Y, to TRUE satisfiesx.

In unbounded parameterized complexity theory, the clas§sAdbnsists of all prob-
lems reducible to AWST (I'; ;) for somet > 1. Hence, we define:

EAW[+] := ] [AWSaT(T', ;)]

Similarly as in the unbounded theory, we have:

Proposition 27. AWSAT(T'; ») and, fort > 2, AWSAT (T ;) are complete fOEAW[x].

Proof: Sincel'; » CT'5; CI's; C ... up to obvious identifications, we have
AWSAT(T'; 2) € EAW[¥]

and it suffices to show that AWS (T, ;) <efpt AWSAT(T'; 2) for t > 2. The rest of
the proof will rely on the following observation: Suppose are given an instance
(@, (Xm)1<m<qs (km)1<m<q)
of AWSAT(PROB (PROP denotes the class of all propositional formulas) rerhe
o = /\ \/ Q5 g
i€l jeJ

with no restriction on the subformulas ; and, say, with odg. We letX,; = {X; |
i € I'} be a set of new variables and set

o = \/ \/(AXZ N Oé@j)
icl jeJ

andk,+1 = 1. Then(d/, (X)) 1<m<q+1, (km)1<m<q+1) iS @aninstance of AWST (PROB
equivalent to the original one (note that a universal qti@ntis ranging overy,, ).
This shows

AWSAT (T 11.1) <®P'AWSAT(A; ;)

fort > 2,and
AWSAT Ty 1) <®P' AWSAT (A, 2).

Dually one obtains
AWSAT (Asy11) <®P AWSAT(T; ;)
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fort > 2, and
AWSAT (A 1) <®P' AWSAT (I, 5).

Composing such reductions we obtain AWST; ;) <P AWSAT(T'; ») (since every
formulainA; , is (equivalent to) a formula ik, ;). ]

We now turn to model-checking problems for the class of wofsisen an alpha-
betX, we identify wordsw € X* with structuresA(w) as follows: As vocabulary we
users := {<,S}U{P, | a € £}, where< is a binary relation symbof, the “suc-
cessor”, is a unary function symbol (only in this context,éasier formalizations, we
consider vocabularies with a function symbol) and Hyeare unary relation symbols.
The universe of thex-structureA(w) is {1,...,|w|}. The symbols< andS are in-
terpreted as the order relation and the successor funatiitin §-(*) (|w|) = |w|) on
this subset oN. A numberi with 1 <4 < |w]|isin Pg‘l(’”) if and only if theith letter
of wis a. WORDS is the class of all structures that are words.

The following theorem is remarkable, since in unboundedip&terized complex-
ity theory the problemp-MC(WORDS FO) is in FPT whereag-MC(FO) is AW[x]-
complete. Moreover, it shows that

p-MC(WORDS FO) € FPT, p-MC(FO) Septp-MC(WORDS FO),
and p-MC(FO) ¢ FPT,

in case FPT£ AW [«].

Theorem 28. The following problems are complete fBAW[+]:
1. p-MC(WORDS FO).
2. p-MC(FO).

Proof: We start by showing AWST (T'; 5) <®P'p-MC(WORDS FO). Let an instance
(v, (Xe)1<e<qs (ke)1<e<q) Of AWSAT(T'; 2) be given, say, with eveg. Thena has

the form
o = /\(ai,l V 041'72)
1€l
with literalsa; ;. We set¥ = |J X, sayX = {X;,...,X,,}. We choosen
1<l<q

minimal withng < 2™,

We will construct an equivalent instan¢e, ) of p-MC(WORDS FO), wherew
will be of the formw = wyarw, With wy,r representing the variables afandw,, the
formulaa. The alphabet fow is

Z:{‘/lw"a‘/qa—i_a_a(Llav}'

For0 < n < 2™, we denote byn) the binary representation of length of n. The
formulap—(z, y) is such that, if the subwords of length starting atr andy have the
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form (n) and({n’), then it states that = n':

o=(x,y) :=3x1 ... JxpIy1 ... Elym(xl =x ANy =y
AN\ (@her = S(@n) Aynar = S(yn))

1<h<m

NN (Poay < Poyh))-

1<h<m

Note that|p—_| = O(m) = O(log |«|). A variableX;, € A} is represented by the
word wy, = Vy(h) andwyar = w1 ... w,, IS the word representing all variables. For
1 < ¢ < g the formulayy, (z¢,1,. .., %0 k,) €XPresses that, = x¢1 ... 20k, IS an
ascending sequence of positions carrying the Iéftgthat is, thatt, corresponds to a
subset ofY, of sizek,:

oy (e, .., Tok,) = /\ Toi < Tgip1 N /\ Vize ;.
1<i<ky 1<i<ky

The first-order formulg we aim at will have the form

371 (o, (T1) AVZ2(py, (T2) — - YZq(py, (Tg) = ¢)...)),

wherey’ expresses that the truth assignment determinedbyr, ; .. . x4 %, satisfies
«. For this purpose a positive litera} ; = X, is represented by the wotd ; = +(h)
and a negative literak;, ; = —X,, by the wordw, ; = —(h). The formulay(Z,y)
expresses that the literal startingyas satisfied by the truth assignment

oL(Z,y) = F2(p=(S(2), SN A \/ (Puzn(Pry— \/ z=m03)).

1<t<q 1<i<ky

Read: If the variable of the literglbelongs toYy, then the literal is positive if and only
if the variable is inz. Finally, we represent by the wordw,,, which is a concatenation
of all Vw; ;w; 2 with i € I. Then, setting

¢ =V2(Pyz — (pr(2,5(2)) V or(Z, S™72(2))),
we have
A(wvarwa) = ¢ <= (a, (Xe)i<e<q, (ke)1<e<q) belongs to AWST (T'; 2).

The length|p| of ¢ can be bounded b@(k + m) = O(k + log |«|), wherek :=
>-¢_, ke (is the old parameter). Therefore, this reduction is arregtiction but not an
fpt-reduction.

Clearly,p-MC(FO)[WORDS <®®!»-MC(FO). Hence it remains to prove that

p-MC(FO) € EAW[+].
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In fact, we show:p-MC(FO) <®P' AWSAT(I'y;). Let (A, ) be an instance of
p-MC(FO). In time O(2/#!) we can pass to a formula equivalentt@f the form

dzVaodzs ... Vg /\ \/ Pi,j
i€l jeJ

where thep; ; are atomic or negated atomic formulas. We introduce vagsahl,, .
for1 < m < g anda € A with the intended meaning “the interpretationagf is a”
and form the variable set¥,, = {X,,, ., | a € A} form = 1,...,¢. Furthermore we
setk,, = 1. Thenks + ... + k; € O(Jp)).

If @i i(zi,...,x;)is an atomic formula we let

a;=\/ N Xiwan-
at,...,ar€A1<h<r
Al=vi,j(a)
If on the other hane; ; = ~¢} ;(zi,, . ..,z;,) with an atomic formulay; ;, we let
ag= NV X
ai,...,ar€A1<h<r

ARy (@)

Note that in both cases we haleg ;| = O(]|.A]||), since the tuples of any relation &f
are taken into consideration in the sjzd|| of A. Finally, setting

a=AV i
i€l jeJ
one easily verifies that
(A, @) € p-MC(FO) <= (a, (Xim)1<m<g; (Fm)1<m<q) € AWSAT(I'y ).
Altogether, the running time of this reduction is bounde®@8§¢) - ||A]|. i

We use the same technique to prove a result that helps teltwatomplexity of
p-MC(WORDS MSO) in the EPT-world. For this purpose we introduce fagame-
terized satisfiability problem-QBF for quantified propositional logic

p-QBF

Instance: A sentences of quantified propositional logic.
Parameter: The quantifier alternation depth gf

Problem: Decide whetheg is valid.

The reader familiar with the class para-NP will realize tha®BF is hard for this
class, since the first slice is hard for NP. So again, we hazedmarkable fact that
two problems, namely-MC(WORDS MSO) andp-QBF, with highly distinct FPT-
complexities have the same EPT-complexity:

Theorem 29. The following problems are equivalent unagatreductions:
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1. p-QBF
2. p-MC(WORDS MSO).
3. For s > 1, the model-checking problemMC(SO*) for the fragmentSO® of

second-order logi§&Oconsisting of alSO-formulas in which all quantified second-
order variables have arity at most

Proof: We only sketch the changes with respect to the proof of thegulieag theorem.
p-QBF <®P'»p-MC(WORDS MSO): Let 3 of alternation deptlt be given. Using
standard techniques, we may assume thatin prenex normal form wittk (maximal)
blocks of quantifiers (without alternation), the first qufiat block being existential
and that its quantifier-free padt is in conjunctive normal form with clauses of size
exactly3 (note that the news can be obtained in polynomial time from the old one).
For1l < ¢ < k, let X, be the set of variables of theth quantifier block and let
be the quantifier-free part gf. We aim at wordw and a MSO-sentencg such that
(5 € p-QBF <= A(w) | o).

Again, the wordw is of the formw = wyarw,, Wherewyy, is as in the previous
proof andw, is an encoding ofx similar to the one there. A truth assignment for
the variables from?; is a subset of those positions of the word labelled/ynd is
represented in the formulaby the monadic second-order varia¥e:

Y = HXl(Xl g PV1 /\VXQ(XQ g PV2 — .. QO‘:))

Here, o (X1,..., X)) expresses that the truth assignment determined byXitse
satisfiesy.

p-MC(SCO?) <&t -QBF: Let (A, ) be an instance gf-MC(SO’). We assume

thaty is in prenex normal form and that = {1,...,n}.
We introduce for every second-order variableof arity r (with » < s) proposi-
tional variablesXy;, .. ;. for1 <ij,... i, <mn;the intended meaning ofy;, ;.

is “Yiy ...14, holds”. And for a first-order variablg we introduce propositional vari-
ablesX, ; for1 <i < n; X, ; says % gets the value”. We inductively translate the
subformulasg) of ¢ into quantified propositional formulas, (andg, is the formula
we aim at). We give the main steps:

1. IfY = Ry; ...y, then

By = \/ /\ Xyois

(i1,00yir) ERA 1<s<r
2. Ifyy =Yy, ...y, then
By = \/ (Xvin,.in A /\ Xy, i)

1<i1,...,4r<n 1<s<r

3. If ¢ = Jyy’ then

By =3Xy1...3X,, \/ Xy A /\ ~(Xyi A Xyir) A By

1<i<n 1<i<i’'<n
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4. If ¢ = Yy’ then

By = 3IXv

sdaeeey

1. HXY,ih...,ir . EXy,n7...7n ﬁwr.

Then, A |= ¢ if and only if 3, is valid. Furthermorés,| = |¢| - [|A]|°™) and the
alternation depth of,, is the same as that gf, hence bounded bjy|. o

8. The EW-matrix

While fort > 2 andd > 1 the problemg-WSAT(T'; 4) andp-WSAT (T, 1) are fpt-
equivalent, they may not be ept-equivalent. In this sectianstudy theeW-matrixof
classes

EWIt, d] := [p-WSAT (T 4)]°™

for¢,d > 1. Clearly, EW1, 1] = EPT and we already know (cf. (3) and (4) in Section
4) that

EW[t,d] = [p-WSAT(T'/,)]*" for event and
EW[t,d] = [p-WSAT(T;,)]°"for oddt.

Also note that the classes of the EW-matrix can be lineardieed by inclusion, be-
cause for alk, d > 1 we have

EW[t,d] € EW[t + 1, 1].

This follows immediately from the fact that evely ;-formula may be viewed as a
Iy 41 1-formula.

In this section we give characterisations of the classdsedEtV-matrix in terms of
model-checking problems and in terms of Fagin-definablélpros, thereby exempli-
fying a certain robustness of these classes.

So far we considered the model-checking problem pararzetéthy the length
of the input formula; here, we need the same problem but noanpeterized by the
number of variables of the input formula, a parameterirativeady considered by
Papadimitriou and Yannakakis [17]. For a cldssf formulas, we define:

P-MCyar(®)

Instance: A structureA and a sentencg € &.
Parameter: |var(y)|.

Problem: Decide whethe! = ¢.

Clearly,p-MC(®) <®Pt p-MCyar(®).

Since in the new model-checking problem the formglas not the parameter, in
order to put the quantifier-free part gfinto, say, disjunctive normal form, in general,
we need time exponential in the input length (and not onlyoeemtial in the parameter
as it is the case for the usual parameterization of the mauetking problem). This
forces us to consider formulas that are already in the di&iren.
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Lett,u,d > 1. A ¥, , g-formulais a¥, ,-formula

» = 31‘11 e Ezlklvml AN .V$2k2 e thl N ertkt ’l/),
such that

e no atomic subformula contains more thénariables of the first block (that is,
variables of the fornm; ;)

e in caset is odd,y is in disjunctive normal form and
e in caset is eveny is in conjunctive normal form.
Proposition 30. Fort > 2 andu > 1,

p'MCvar(Et,u,l) Eefpt p'MC(Etu)

Proof: p-MC(X; ) <®P' p-MCyar(X¢.4.1): In[11], an fpt-reductioni A, ) — (A, ')
fromp-MC(%; ,,) top-MC(X; ,,) is presented, where ip’ no atomic subformula con-
tains more than one variable of the first block. This redurct®an efpt-reduction.
Now, in time allowed by an efpt-reduction, the quantifiezefpart ofy’ is transformed
into conjunctive or disjunctive normal form; thereby, thenmber of variables of the
first block, the new parameter, does not change.

To obtainp-MCuar(X¢.4.1) <P p-MC(3;.,.), we show thap-MCyar(3; ,.1) <&
p-MC(X; ,+1); this suffices, since the fpt-reduction framMC(; ,,) to p-MC(X; 1)
in [10] is an efpt-reduction, too.

Let (A, ) be an instance @f-MCya(X;,,,,1) @and assume thatis even. Then,

© =31 ... 32VY23ys ..V, /\ \/ Vi j
iel jeJ

with literalss); ;. First we replace the conjunctigh,; in ¢ by a universal quantifier.
For this purpose, we add to the vocabulargf A unary relation symbol®; fori € I
and consider an expansitin= (A, (R?);cr) of A, where(R?);c; is a partition ofA
into nonempty disjoint sets. Then,

Al < Bl 3o ..o Yoy \/ \/ Ry A i)

i€l jeJ

Furthermore, we expanl to a structure® by adding form = 1,...,¢ a relationT¢,

of arity 1 + |g2| + ... + |7:| + 1 containing all tuples that satisfy at least one disjunct
(Riy A ;. ), wherey; ; containse,, and similarly, we add one relatiéh¢ for those
disjuncts that contain no variable from the first block. Then

AEp < CEIzy...xVgeIys .. VuVy(Tiz1y V...V Tixey V TY)

wherey = s . .. g:y. Note that the formula on the right hand side 5.8, -formula
of lengthO(¥), so we have the desired reduction. a

The promised characterisation of the classeqE¥Y/reads as follows:
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Theorem 31. 1. p-MCyar(Xt..q) is complete fOEW]t, d] for ¢, d,u > 1.

2. p-FD,(x) is complete inEW[t, d] for every generidl, ;-formula ¢(X) and
t,d>1.

Proof: The case = d = 1 is trivial since EW1,1] = EPT and all problems are in
EPT fort = d = 1. So let us assume that- d > 3.

Part (2) follows from Theorem 5 and Lemma 13. We turn to part By Proposi-
tion 30, we may assume that> 2. We show thap-MCyar(X: 1 4) is hard for EW, d]
by proving:

Claim: p-FD,x) <8P p-MCyar(Xt,1.4) for every generidl, ,;-formulap(X).
First, lett be odd. Then,
(X)) =VYy13y2 ... Fy—1(Vz1 € X) ... (Vaq € X)Ry Z.
We set

Y =73z1...3zVy1Jy2 . . . Fye—1( /\ zi # 2 N /\ Ryzm, - Zmy)-

1<i<j<k 1<my,...;ma<k

Then,pis a¥; , 4-formulaand for any instanded, k) of p-FD,,x) we have (A, k) €
p-FDy(x) <= (A ¢) € p-MCua(E¢,u,qa)) andlvar(y)|) € O(k).
If ¢ is even and

(X)) =VYy13y2 ... Vy—1(Fz1 € X) ... (3zq € X)Ry Z,
then we set

Y =3z1...3zVy1Jy2 . . V1 ( /\ zi # 2 N \/ Ryzm, - Zmy)-
1<i<j<k 1<mi,...,mq<k
Again, is a¥; , 4-formula and the corresponding equivalence holds.
Claim: p-MCya(Z¢u,q) € EW[t, d].
Let an instancéA, ) of p-MCyal(Z; .,,4) be given, say for evet) and with
o =3z ... I V5Tgs . VG J\ ] Vs
iel jeJ
with literals; j = i (7, Tg(i,j,1)5 - - - » Tg(i,j,d)) @NAY = Ja2 ... g We introduce the
propositional formulax € I'; 4 by

/\ \/ /\ /\ \/ \/ (Xg(i,j,i),bl A ---/\Xg(i,j,d),bd)

ascAlv2l gge Al¥3l acAlvtliel jeJ becAd ~
A=, ;(a,b)

(herea = ay...a;). Moreover, letag := /\le\/
equivalent to a formula i, ; and one verifies that

wca Xs,a- Clearly, (a A ap) is

(A, ¢) € p-MCyar(Xiua) <= (A ) is k-satisfiable
obtaining a reduction from-MCyar(24,4,4) t0 p-WSAT (T 4). m|
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9. The first level of the EW-hierarchy
We turn to the class EYY], which we defined in Subsection 4.1 by the equality
EW[1] = [p-WSAT(T'; 2)]°™

The following theorem contains characterisations of [EM8imilar to those presented
in Section 4 for the classes ¥V for ¢ > 2. Moreover, it shows that the 1A)-
completeness of the parameterized clique prohleBLIQUE survives in EPT, where

p-CLIQUE
Instance: A graphG andk € N.
Parameter: k.
Problem: Decide whetheg has a clique of sizé.

Theorem 32. The following problems are complete feWW[1]:
1. p-WSAT(T'] ).
2. p-FD(x) for every generidl, ,,-formulap(X).
3. p-MCyar(Z1,1,2)-
4. p-CLIQUE.

Proof: The completeness of the first three items already have beeempby Lemma 7
and Lemma 8, by Lemma 13, and by Theorem 31, respectivelyitdrar(4) we show
thatp-CLIQUE =°' p-WSAT ('} ,).

p-CLIQUE <efPt p-WSAT(FLQ)Z Let an instance gf-CLIQUE be given consisting
of agraphg = (G, EY) and the natural numbét We may assume that no vertex@f
is adjacent to all other vertices (otherwise, we first redugeinstance to a graph with
this property and some< k). Consider thd"; ,-formula

o= /\ (ﬁXa vV ﬁXb).
a,beG
a#b and(a,b)gEY

Here, X, is a propositional variable “expressing thais in the clique”. Then(«, k)
belongs tg-WSAaT if and only if (G, k) belongs tg-CLIQUE.

p-WSAT(FiQ) <ePt »-CLIQUE: Observe that the formula we just obtained is
“generic” forI'; ,, so we reverse our preceding translation: («tk) be an instance
of p-WSAT (T} ,) with
o = /\(ﬁXiJ V ﬁXi,g)
el
and with set¥’ of variables. We may assume th&t; # X, (otherwise, we may
simplify («, k)). Then

((X, {()(7 Y) | X 75 Y and{X,Y} 75 {Xi,l,Xi,Q} foralli I}),k/’)
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is an instance gb-CLIQUE that is equivalent téa, k). a

In unbounded parameterized complexity theory, we know pHeC (X, ) is com-
plete for W1]. Hardness can be shown by the following fpt-reductiop-&LIQUE to
p-MC(Zl):

(G, k) € p-CLIQUE <« (G,3xy...3xy /\ Ez;z;) € p-MC(X).(14)
1<i<j<k

Since the formula on the right hand side has §)&?), this is not an ept-reduction. In
fact, we only know:

Proposition 33. p-MC(3;) € EW[1].

We omit the proof which is implicit in the first part of the prfoaf Proposition 24 in
[11].
Finally we remark:

Theorem 34. EW[1] = EPTif and only if LoG-CLIQUE € PTIME.

Proof: If EW[1] = EPT, therp-CLIQUE € EPT. Hence, we can determine whether a
graphg has a clique of size log7| in time 20009 1) . p(||G||) for some polynomiap
and therefore, in polynomial time.

For the converse, we assume thatd-CLIQUE is solvable in polynomial time
and show thap-CLIQUE € EPT. Let(G, k) be an instance gf-CLIQUE with G =
(G, E9). We could solve it using the algorithm fords-CLIQUE, if k = log |G|. We
will establish this last condition through appropriate rificdtions.

We first construct an equivalent instan(€g, k) with log |G’| < k’. The graptg’
is obtained by adding log7| + 1 new vertices td; and connecting them with every
other vertex, old or new. ThenG’| = |G| + log |G| + 1 and hence logG’| <
1+ log |G]. Fork’ := k + log |G| + 1, the graphg’ has ak’-clique if and only ifG
has ak-clique. We have logG’| < k'.

Next we construct an equivalent instar(€®’, k") such that” = log |G”|. For

this purpose, we ad#*’ — |G’| new isolated vertices t¢’ and letk” = k’. Now
we apply the algorithm for bc-CLIQUE to G”. The running time ig|G” || ™M) =
20() = 20(F) . |@|°(M), hence we have an ept-algorithm solvingLIQUE. i

Theorem 25 and Theorem 34 suggest to define [1P&s the closure of @G-CLIQUE
under polynomial time reductions.

10. Conclusions

We introduce a notion of bounded fixed-parameter tractsgitid develop a basic com-
plexity theory for this notion of tractability. A particully nice feature of this theory is
its close connection with the classical complexity thedmproblems that can be solved
with log®n nondeterministic bits.

By and large, the theory is well-behaved, but it is not as sblas one might wish.
This is particularly true when it comes to the definition o tlass EV{1]. The alterna-
tive notion of bounded fixed-parameter tractabilityi®p-FPT, where the parameter

38



dependence of a fixed-parameter tractable algorithm isdmaiby2P°Y(™) |t is more
robust and does not have these problems (on the other hatwkstnot have the nice
connection to the LOG-classes either). This theory is itigated in [19].

It remains an open problem whether the EW-matrix collapséise EW-hierarchy,
that is, whether fot > 1 andd > 2 we have EWt, d] = EW[¢]. It also remains open
whether the parameterized model-checking problentfoformulas is complete for
the class EW].
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