
Bounded fixed-parameter tractability and log2
n nondeterministic

bits

Jörg Flum∗ Martin Grohe† Mark Weyer‡

Abstract

Motivated by recent results showing that there are natural parameterized prob-
lems that are fixed-parameter tractable, but can only be solved by fixed-parameter
tractable algorithms the running time of which depends non-elementarily on the
parameter, we propose a notion ofbounded fixed-parameter tractability, where the
dependence of the running time on the parameter is restricted to be singly expo-
nential.

We develop a basic theory that is centred around the class EPTof tractable
problems and an EW-hierarchy of classes of intractable problems, both in the
bounded sense. By and large, this theory is similar to the establishedunbounded
parameterized complexity theory, but there are some remarkable differences. Most
notably, certain natural model-checking problems that areknown to be fixed-parameter
tractable in the unbounded sense have a very high complexityin the bounded the-
ory. The problem of computing the VC-dimension of a family ofsets, which is
known to be complete for the class W[1] in the unbounded theory, is complete for
the class EW[3] in the bounded theory.

It turns out that our bounded parameterized complexity theory is closely related
to the classical complexity theory of problems that can be solved by a nondeter-
ministic polynomial time algorithm that only uses log2

n nondeterministic bits, and
in particular to the classes LOGSNP and LOGNP introduced by Papadimitriou and
Yannakakis.

1. Introduction

The idea of fixed-parameter tractability is to approach hardalgorithmic problems by
isolating problem parameters that can be expected to be small in certain applications
and then develop algorithms that are polynomial except for an arbitrary dependence
on the parameter. More precisely, a problem is fixed-parameter tractable if it can be
solved by an algorithm the running time of which is bounded byf(k) · p(n), where
n denotes the size of the input,k the parameter,f is an arbitrary computable func-
tion, andp a polynomial. Since the choice of suitable parameters allows for a great
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flexibility, fixed-parameter algorithms have found their way into practical applications
such diverse as computational biology, database systems, computational linguistics,
and automated verification (cf. [3]). On the theoretical side, a theory of parameterized
intractability has been developed that led to a comprehensive classification of parame-
terized problems into tractable and hard problems (cf. [6, 3]).

Allowing an arbitrary computable functionf in the running time bound of a fixed-
parameter tractable algorithm seems questionable, though. A running time of22k

n
cannot really be considered “tractable” even for small values ofk (say,k ≤ 10). The
standard and to some extent valid response to such objections is that (a) for natural
problems, such extreme parameter dependence rarely occursand (b) to obtain a robust
theory, one has to compromise. Referring to the “classical”class of tractable problems,
polynomial time, one may add that (c) an algorithm with a running time ofO(n100)
cannot be considered “tractable” either, even though it is apolynomial time algorithm.
However, recent results due to Frick and the second author [12] show that the cru-
cial point (a) has important exceptions: There are natural fixed-parameter tractable
problems that cannot be solved by an algorithm whose runningtime is bounded by
f(k) · poly(n) for any elementary functionf . These problems are so-called model-
checking problems; database query evaluation is an application that can be described
by such problems [13]. The results imply that the running time of the fixed-parameter
tractable algorithm obtained from Courcelle’s well-knowntheorem [2] that monadic
second-order properties of graphs of bounded tree-width can be decided in linear time
also has a non-elementary dependence on the parameter. Courcelle’s theorem has been
viewed a centrepiece of parameterized complexity theory (along chapter in Downey
and Fellows’ monograph [6] is devoted to Courcelle’s theorem). This raises some
doubts about parts of the theory of fixed-parameter tractability. Of course, intractabil-
ity results with respect to this liberal definition are stronger. Moreover these doubts by
no means diminish the value of the practical work on fixed-parameter tractable algo-
rithms; algorithms developed in this context often have running timesck · n for some
constantc with 1 < c ≤ 2.

The important fact is that there are viable alternatives to the notion of fixed-parameter
tractability: One can simply put upper bounds on the growth of the “parameter depen-
dence”f , the two most natural beingf ∈ 2poly(k) and the stricterf ∈ 2O(k). The
resultingbounded fixed-parameter tractabilityclasses are still fairly robust, and they
contain all of the problems that are “fixed-parameter tractable in practice”. While we
do not want to propose an industry generating papers on various bounded parameter-
ized complexity theories, we hope that our results will convince the reader that at least
the bounded theory we consider here is well worth being explored.

We study the stricter notion of bounded fixed-parameter tractability. We let EPT be
the class of all parameterized problems that can be solved intime2O(k) · poly(n). We
introduce a suitable notion ofept-reductionand define the class EW[P] and a hierarchy
of classes EW[t], for t ≥ 1, within EW[P] corresponding to the class W[P] and to
the classes of the W-hierarchy ofunboundedparameterized complexity.1 We observe

1Some remarks on our terminology may be helpful here:Classical complexity theoryrefers to the stan-
dard, unparameterized, complexity theory. In parameterized complexity, we distinguish between the usual
theory, referred to asunbounded parameterized complexity theory, and thebounded parameterized complex-
ity theorydeveloped here.
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that, for all t ≥ 1, if W [t] 6= FPT then EW[t] 6= EPT. So we can assume that the
EW-hierarchy does not collapse to EPT (that is, if we believethe assumption of the
unbounded theory that the W-hierarchy does not collapse to FPT). We prove that the
logical characterisations of the W-hierarchy [7, 10, 11] can be transfered to the bounded
EW-hierarchy, which shows that the classes have a certain robustness. It has to be said,
though, that the EW-hierarchy is less robust than the W-hierarchy. This is particularly
true for the first level EW[1] of the hierarchy.

We then consider a few complete problems for our classes. Many completeness
results can easily be transfered from the unbounded to the bounded theory. As an
example, we prove that the parameterized dominating set problem, which is W[2]-
complete under fpt-reductions, is EW[2]-complete under ept-reductions. A surprise
occurs when we consider a parameterized version of the problem of computing the
VC-dimension of a family of sets. In the unbounded theory, this problem is known
to be W[1]-complete under fpt-reductions. We prove that in our bounded theory, VC-
dimension is EW[3]-complete under ept-reductions. Thus we are in the odd situation
that in the unbounded theory, VC-dimension is “easier” thandominating set, whereas
in the bounded theory, it is “harder”. The completeness of the parameterized VC-
dimension problem for the third level of our hierarchy seemsvery natural in view
of Schaefer’s result that a classical version of the VC-dimension problem, where the
family of sets is represented succinctly, is complete for the third level of the polynomial
hierarchy [18].

Less surprisingly, we prove that the (unbounded) fixed-parameter tractable model-
checking problems that have been shown to have no fixed-parameter tractable algo-
rithms with elementary parameter dependence in [12] are complete for natural in-
tractable classes in the bounded theory. Specifically, we prove that model-checking
for first-order logic on words is complete for the class EAW[∗], the bounded analogue
of the class AW[∗].

One of the nicest features of our bounded theory is that it is intimately linked to the
classical complexity class NP[log2n] of all problems that can be solved by a nonde-
terministic polynomial time algorithm that uses onlyO(log2n) nondeterministic bits.
There are several natural examples of such problems. The best known may be the
problem of computing the VC-dimension of a given family of sets [15] and the hy-
pergraph traversal problem [8]. Papadimitriou and Yannakakis [15] introduced two
syntactically defined complexity classes LOGSNP and LOGNP and proved that many
natural problems are complete for one of these classes. The definition of these classes
is reminiscent of some of the logical characterisations of the classes of the W-hierarchy
and the EW-hierarchy. Motivated by this observation, we introduce a hierarchy of clas-
sical complexity classes LOG[t], for t ≥ 2, which may be viewed as restrictions of
the corresponding classes EW[t] to the parameter value logn, wheren denotes the
size of the input. We prove that LOGSNP= LOG[2] and LOGNP= LOG[3]. Thus
our classes put Papadimitriou and Yannakakis’s classes into a larger context. We show
that NP[log2n] = PTIME if and only if EW[P] = EPT and that for allt ≥ 2 we have
LOG[t] = PTIME if and only if EW[t] = EPT. This establishes a nice direct connec-

Furthermore, we distinguish betweenclassical problems, which are just languagesQ ⊆ Σ∗ over some
finite alphabetΣ, andparameterized problems, which are pairs(Q, κ), whereQ ⊆ Σ∗ is a classical problem
andκ : Σ∗ → N aparameterization.
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tion between classical complexity theory and our bounded parameterized theory; no
such connection is known for the W-hierarchy (and it probably does not exist).

Our paper is organised as follows: In Section 2 we review the basic notions of
(unbounded) parameterized complexity theory and at the same time introduce the cor-
responding notions of the bounded theory. In Section 3, we relate the class EW[P]
with limited nondeterminism. In Section 4, we give logical characterisations of the
EW-hierarchy, and in Section 5 we prove two basic completeness results for the classes
EW[2] and EW[3]. Section 6 is devoted to the connection between the classes of the
EW-hierarchy and the classical classes of problems that canbe solved with log2n non-
deterministic bits introduced by Papadimitriou and Yannakakis [15]. In Section 7, we
study higher levels of intractability in our bounded theory. Finally, Sections 8 and 9
are devoted to the part of the theory that is not so nice. We introduce a matrix of
classes EW[t, d] generalising the EW-hierarchy and identify a class within this matrix
that seems a good candidate for a class EW[1]. We prove that the parameterized clique
problem is complete for this class.

2. The basic notions

2.1. FPT and EPT. Let Σ be a finite alphabet. Aparameterized problem(over
the alphabetΣ) is a pair(Q, κ) consisting of a setQ ⊆ Σ∗ of strings overΣ and a
polynomial time computable functionκ : Σ∗ → N, theparameterization. Any x ∈ Σ∗

is called aninstanceof Q andκ(x) is the correspondingparameter.
Hence, a parameterized problem consists of a problem in the usual complexity

theoretic sense together with a parameterization.
For example, choose a finite alphabetΣ such that propositional formulas are strings

over Σ in a natural way. The parameterized problemp-SAT is the problem(Q, κ),
whereQ is the set of satisfiable propositional formulas andκ : Σ∗ → N is defined by

κ(x) :=

{
number of variables ofx, if x is a propositional formula
0, otherwise.

The following notation forp-SAT illustrates how we normally present parameterized
problems:

p-SAT

Instance:A propositional formulaα.
Parameter: The number of variables ofα.

Problem: Decide whetherα is satisfiable.

Definition 1. Let F be a set of total functions fromN to N. A parameterized problem
(Q, κ) over the alphabetΣ is F-fixed-parameter tractable, if there is a functionf ∈ F,
a polynomialp ∈ N[X ], and an algorithm that, givenx ∈ Σ∗, decides whetherx ∈ Q
in at mostf(κ(x)) · p(|x|) steps.

We denote the class of allF-fixed-parameter tractable problems byF-FPT.

The standard notion of fixed-parameter tractability is based on the classR of all
computable functions. We use the standard terminology and denote the classR-FPT
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simply by FPT.2 We usually refer to the “standard” parameterized complexity theory
based on the class FPT asunbounded (parameterized complexity) theory, to distinguish
it from bounded theoriesbased onF for “bounded” classesF, F ⊂ R.

In this paper, we are mainly interested inE-fixed-parameter tractability, whereE
is the set of computable functions in2O(k). To simplify the notation, we write EPT
instead ofE-FPT. Further natural and interesting classes areSUBE-FPT andEXP-
FPT, whereSUBE = 2o(k) (more precisely,SUBE is the class of all computable
functions in2o(k)) andEXP = 2poly(k). The latter has been investigated in [19]. If
F = O(1) is the set of all constant functions, thenF-FPT is PTIME, or more precisely,
F-FPT is the class of parameterized problems(Q, κ) with Q in PTIME.

Clearly, if F ⊆ F′ thenF-FPT⊆ F′-FPT and hence, every problem in EPT is in
FPT. An example of a problem in EPT isp-SAT, where we can choose asf the function
f(k) := 2k. If Q ⊆ Σ∗ is a decidable problem that is not decidable in time2O(n) and
κ : Σ∗ → N is defined byκ(x) = |x|, then the parameterized problem(Q, κ) is in
FPT\EPT.Naturalproblems in FPT\EPT are known to exist under certain complexity
theoretic assumptions:

p-MC(WORDS,FO) ∈ FPT\ EPT if FPT 6= AW[∗],

p-MC(WORDS,MSO) ∈ FPT\ EPT if P 6= NP

(cf. [12]). Here,p-MC(WORDS,FO) andp-MC(WORDS,MSO) denote the parame-
terized model-checking problem for the class of words and first-order logic FO and the
class of words and monadic second-order logic MSO, respectively (compare 4.3 for the
definition of model-checking problems).

2.2. Reductions. To compare the complexities of parameterized problems thatare not
F-fixed-parameter tractable, we need a notion of reduction. We only consider many-
one reductions. The crucial property expected from a notionof reduction forF-FPT
is:

If (Q, κ) is reducible to(Q′, κ′) and(Q′, κ′) ∈ F-FPT, then(Q, κ) ∈ F-FPT. (1)

We give the definitions for the cases we are interested in here, FPT and EPT.

Definition 2. Let (Q, κ) and(Q′, κ′) be parameterized problems over the alphabetsΣ
andΣ′, respectively. Areductionfrom (Q, κ) to (Q′, κ′) is a functionR : Σ∗ → (Σ′)∗

with
Qx ⇐⇒ Q′R(x)

for all x ∈ Σ∗.

1. R is an fpt-reductionif there are computable functionsf, g and a polynomialp
such that

(a) R(x) is computable in timef(κ(x)) · p(|x|),
(b) κ′(R(x)) ≤ g(κ(x)) for all x ∈ Σ∗.

2Sometimes, FPT is even defined asA-FPT, whereA denotes the class of all functionsf : N → N.
(Downey and Fellows [6] callR-FPTstrongly uniform FPTandA-FPTuniform-FPT.) However,R-FPT is
a more robust class.
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2. R is anept-reductionif there are constantsc, d ≥ 0 and a polynomialp such that

(a) R(x) is computable in time2c·κ(x) · p(|x|),

(b) κ′(R(x)) ≤ d · (κ(x) + log |x|) for all x ∈ Σ∗.

It is easy to verify (1) for fpt-reducibility with respect toFPT and for ept-reducibility
with respect to EPT.

Many reductions presented in this paper are fpt-reductionsand ept-reductions, in
fact they are efpt-reductions in the sense of the following definition.

Definition 3. A reductionR from (Q, κ) to (Q′, κ′) is anefpt-reduction, if there are
constantsc, d ≥ 0 and a polynomialp such that

1. R(x) is computable in time2c·κ(x) · p(|x|),

2. κ′(R(x)) ≤ d · κ(x) for all x ∈ Σ∗.

We write (Q, κ) ≤ept (Q′, κ′) if there is an ept-reduction from(Q, κ) to (Q′, κ′)
and(Q, κ) ≡ept (Q′, κ′) if (Q, κ) ≤ept (Q′, κ′) and(Q′, κ′) ≤ept (Q, κ). We let

[(Q, κ)]ept = {(Q′, κ′) | (Q′, κ′) ≤ept (Q, κ)}.

Analogously, we define≤fpt,≡fpt, [(Q, κ)]fpt,≤efpt and≡efpt.
The notions of fpt-reduction and ept-reduction are incomparable: To see this, let

Q ⊆ Σ∗ be a problem that is not in polynomial time. Letκ, κ′ : Q→ N be defined by
κ(x) = 1 andκ′(x) = log |x| for all x ∈ Σ∗. Then clearly(Q, κ) is ept-reducible to
(Q, κ′). However, it is easy to see that if(Q, κ) were fpt-reducible to(Q, κ′) thenQ
would be in polynomial time.

Conversely, let(Q, κ) be any problem in FPT\ EPT, and let(Q′, κ′) be any non-
trivial problem in EPT (non-trivial meaning thatQ′ is neither the empty set nor the set
of all strings over a given alphabet). Then(Q, κ) is fpt-reducible, but not ept-reducible
to (Q′, κ′).

In Section 7, we will see natural problems(Q, κ) and(Q′, κ′) such that

(Q, κ) ∈ FPT, (Q′, κ′) ≤ept (Q, κ), and (Q′, κ′) 6∈ FPT.

The incomparibility of ept- and fpt-reducibility is the source of the richnes of the
EPT-theory in much the same way as the incomparibility of fpt-reductions and poly-
nomial reductions is for the FPT-theory. The introduction of efpt-reductions is of prag-
matic nature: As already mentioned, it just happens that many reductions we consider
are efpt-reductions.

3. The class EW[P] and limited nondeterminism

In this section we relate the class EW[P], the bounded analogue of the class W[P], with
limited nondeterminism.

First, we recall the definition of W[P] (cf. [1, 6]). For this purpose, we consider
circuits. They are defined in the standard way. To be a bit more specific,let us say
that our circuits consist ofinput gates, and gates, andor gatesof arbitrary finite arity,
andnot gatesand they have one designated output node (that is, they only compute
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Boolean functions). Theweightof a truth value assignment to the input nodes ofC is
the number of input nodes set toTRUE. By definition,

W[P] = [p-CIRC]fpt,

where

p-CIRC

Instance:A circuit C andk ∈ N.
Parameter:k.

Problem: Decide whetherC has a satisfying assignment of weight
k.

By analogy, we define EW[P] by

EW[P] := [p-CIRC]ept.

By NP[log2n] we denote the classical complexity class of all problems that can be
solved by nondeterministic polynomial time algorithms using onlyO(log2n) nondeter-
ministic bits (in the Kintala-Fischer model of limited nondeterminism [14]). The result
relating EW[P] with limited nondeterminism reads as follows:

Theorem 4. EW[P] = EPT if and only if NP[log2n] = PTIME.

Proof: First assume that EW[P] = EPT. LetQ be a (classical) problem decided by
a nondeterministic polynomial time machineM that on every run on any inputx per-
forms at mostd · log2|x| nondeterministic steps (for some constantd ∈ N). We may
suppose thatM first carries out the nondeterministic steps and that they altogether con-
sist in appending to the inputx a 0–1 string of lengthd · log2|x|. (If we write log n
where an integer is expected, we mean⌈log n⌉.)

The deterministic part of the computation ofM on inputx can be simulated by a
circuit Cx in the standard way (e.g., compare the proof of Theorem 8.1 in[16]) such
that

M acceptsx ⇐⇒ Cx has a satisfying assignment. (2)

The size ofCx is polynomial in|x| andCx hasd · log2|x| input nodes corresponding
to the 0–1 string chosen in the nondeterministic part of the computation ofM.

Now we apply what Downey and Fellows in [6] call thek · log n trick: We think of
thed · log2|x| input nodes ofCx as being arranged ind · log |x| blocks of log|x| nodes.
We construct the circuitDx by addingd · log |x| blocks, each of|x| new input nodes,
toCx and by ensuring (with additional gates) that at most one input node of each new
block can be set toTRUE (in a satisfying assignment ofDx). Moreover, we wire the
new input nodes with the old input nodes (i.e., the input nodes ofCx) in such a way
that the following holds: If thejth input node of theith block ofDx is set toTRUE

then exactly those old input nodes of theith block, which correspond to positions of
the binary representation ofj carrying a 1, are set toTRUE. Then

Cx has a satisfying assignment

⇐⇒ Dx has a satisfying assignment of weightd · log |x|
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and therefore,

Qx ⇐⇒ (Dx, d · log |x|) ∈ p-CIRC.

By our assumption EW[P] = EPT, we can decide whether(Dx, d · log |x|) ∈ p-CIRC

in time2c·d·log |x| · p(|Dx|) (for some constantc and polynomialp) and hence, in time
polynomial in|x|.

For the converse direction assume that NP[log2n] = PTIME. We show thatp-CIRC ∈
EPT. Let (C, k) be an instance ofp-CIRC of sizen. Note that it can be decided
whetherC is k-satisfiable by a nondeterministic polynomial time algorithm that uses
k · log n nondeterministic bits: First, it guessesk input nodes, which requires logn
nondeterministic bits for each input node, and then it deterministically checks if the
corresponding assignment satisfiesC.

Thus the restriction ofp-CIRC to input instances(C, k) with k ≤ log n, wheren
is the size ofC, is in NP[log2n] = PTIME and thus in EPT.

For instances(C, k) with k > log n, let C′ be the circuit obtained fromC by
adding a new output node, which is an or-node of fan in2k, each input line coming
from the output node of a copy ofC. All these copies only share the input nodes. The
circuitC′ can be obtained in timeO(2k · |C|) and the sizen′ of the instance(C′, k) is
at least2k. Moreover,

C′ has a satisfying assignment of weightk

⇐⇒ C has a satisfying assignment of weightk.

This reduces the general problem to the problem for instances withk ≤ log n 2

4. Logical characterisations of the EW-hierarchy

In this section, after introducing the classes of the EW-hierarchy, we present characteri-
sations of these classes, first in terms of variants of the weighted satisfiability problems
defining the classes, then in terms of model-checking problems for first-order logic
and finally, in terms of Fagin-definable problems. Most results (and their proofs) are
extensions or refinements of the corresponding characterisations of the W-hierarchy.

4.1. The W-hierarchy and the EW-hierarchy. In unbounded parameterized complex-
ity theory, the classes of the W-hierarchy were originally defined by means of weighted
satisfiability problems for propositional logic. We recallthe definition and extend it to
EPT.

Formulas of propositional logic are built up frompropositional variablesX1, X2, . . .
by taking conjunctions, disjunctions, and negations. The negation of a formulaα is de-
noted by¬α. We distinguish betweensmall conjunctions, denoted by∧, which are just
conjunctions of two formulas, andbig conjunctions, denoted by

∧
, which are conjunc-

tions of arbitrary finite sequences of formulas. Analogously, we distinguish between
small disjunctions, denoted by∨, andbig disjunctions, denoted by

∨
. Every formula

has a naturally definedsyntax tree, and the size|α| of a formulaα is the number of
nodes of the syntax tree ofα.
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The weightof an assignment is the number of variables set toTRUE. A proposi-
tional formulaα is k-satisfiable(wherek ∈ N), if there is an assignment for the set of
variables ofα of weightk satisfyingα.

For a setΓ of propositional formulas, theparameterized weighted satisfiability
problemWSAT(Γ) for formulas inΓ is the following parameterized problem:

p-WSAT(Γ)
Instance:A propositional formulaα ∈ Γ andk ∈ N.

Parameter:k.
Problem: Decide whetherα is k-satisfiable.

For t ≥ 0 andd ≥ 1 define the setsΓt,d and∆t,d by induction ont (here, by(λ1 ∧
. . . ∧ λr) we mean the iterated small conjunction((. . . (λ1 ∧ λ2) ∧ . . .) ∧ λr):

Γ0,d := {(λ1 ∧ . . . ∧ λr) | λ1, . . . , λr literals andr ≤ d},
∆0,d := {(λ1 ∨ . . . ∨ λr) | λ1, . . . , λr literals andr ≤ d},

Γt+1,d := {
∧

i∈I δi | I a finite set andδi ∈ ∆t,d for all i ∈ I},
∆t+1,d := {

∨

i∈I γi | I a finite set andγi ∈ Γt,d for all i ∈ I}.

If in the definition ofΓ0,d and∆0,d we require that all literals are positive (negative)
we obtain the sets denoted byΓ+

t,d and∆+
t,d (Γ−t,d and∆−t,d), respectively.

In unbounded parameterized complexity the classes W[1],W[2], . . . constitute the
W-hierarchy; fort ≥ 2,

W[t] = [p-WSAT(Γt,1)]
fpt,

so we define:
EW[t] := [p-WSAT(Γt,1)]

ept.

It was realized that W[1] can be conveniently defined by

W[1] = [p-WSAT(Γ1,2)]
fpt,

so we define:
EW[1] := [p-WSAT(Γ1,2)]

ept.

The classes EW[1],EW[2], . . . constitute the EW-hierarchy ofE-parameterized com-
plexity theory.

The classes W[t] are robust in the following sense: For allt, d ≥ 1 with t+ d ≥ 3,

W[t] = [p-WSAT(Γt,d)]
fpt.

This robustness does not seem to be shared by the classes EW[t]. Instead, we have to
consider a matrix EW of classes given by

EW[t, d] := [p-WSAT(Γt,d)]
ept.

In this paper we will mostly deal with the cased = 1, only Section 8 is devoted to the
full EW-matrix. In this section we mainly consider the caset ≥ 2; the class EW[1] will
be analysed in Section 9.
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4.2. Propositional logic. The notions of complete and hard problem for a complexity
class are defined in the usual fashion; they refer to fpt-reductions or to ept-reductions
depending on whether we consider a class of unbounded parameterized complexity
theory or a class ofE-parameterized complexity theory.

For even (odd)t already the weighted satisfiability problem for monotone (anti-
monotone) propositional formulas is complete for EW[t]:

Theorem 5. 1. p-WSAT(Γ+
t,1) is complete forEW[t] for event > 1.

2. p-WSAT(Γ−t,1) is complete forEW[t] for oddt > 1.

For further reference we prove a stronger version of this theorem. We start with some
technical remarks. Often, we will tacitly make use of the following fact:

Lemma 6. Let t, d ≥ 1. For event there is a polynomial time algorithm associating
with everyα ∈ Γt,d an equivalent formula inΓt,d of the form

∧

i1∈I

∨

i2∈I

· · ·
∧

it−1∈I

∨

it∈I

βi1,...,it .

whereβi1,...,it is in Γ0,d. The corresponding result holds for oddt.

A useful tool in some proofs will be a variant of the weighted satisfiability problem,
namely theparameterized partitioned satisfiability problemp-PSAT(Γ); here,Γ is a
class of propositional formulas and

p-PSAT(Γ)
Instance:A formulaα ∈ Γ and a partition(Xm)1≤m≤k of the vari-

ables ofα.
Parameter:k (the number of sets in the partition).

Problem: Decide whether(α, (Xm)1≤m≤k) is satisfiable, that is,
whetherα has a satisfying assignment that sets exactly one
variable of eachXm to TRUE.

By the next lemmas we show, fort, d ≥ 1,

p-WSAT(Γt,d) ≤
efptp-PSAT(Γ+

t,d)

≤efptp-WSAT(Γ+
t,d) ≤

efpt p-WSAT(Γt,d) for event, (3)

p-WSAT(Γt,d) ≤
efptp-PSAT(Γ−t,d)

≤efptp-WSAT(Γ−t,d) ≤
efpt p-WSAT(Γt,d) for oddt, (4)

which together imply the theorem.
The statements

p-WSAT(Γ+
t,d) ≤

efpt p-WSAT(Γt,d)

and
p-WSAT(Γ−t,d) ≤

efpt p-WSAT(Γt,d)

are trivial. The remaining statements follow from the following two lemmas.

10



Lemma 7. For t, d ≥ 1:

1. p-PSAT(Γ+
t,d) ≤

efpt p-WSAT(Γ+
t,d) for event.

2. p-PSAT(Γ−t,d) ≤
efpt p-WSAT(Γ−t,d) for oddt.

Proof: Sincep-PSAT(Γ−1,1) is in EPT, the caset = d = 1 is clear. So let us assume
thatt+ d ≥ 3.

Let (α, (Xm)1≤m≤k) be an instance of the corresponding partitioned satisfiability
problem. The fact that an assignment of weightk sets exactly one variable from each
Xm to TRUE can be expressed by

α+ =
∧

1≤m≤k

∨

X∈Xm

X and by α− =
∧

1≤m≤k

∧

X,X′∈Xm

X 6=X′

(¬X ∨ ¬X ′).

If α ∈ Γ+
t,d then(α ∧ α+) is equivalent to a formulaβ+ ∈ Γ+

t,d and, ifα ∈ Γ−t,d then

(α ∧ α−) is equivalent to a formulaβ− ∈ Γ−t,d (if d = 1 we know thatt ≥ 2 and

then we viewα− as a formula ofΓ−2,1); thus,(β+, k) and(β−, k) are the instances of
p-WSAT(Γ+

t,d) andp-WSAT(Γ−t,d), respectively, equivalent to(α, (Xm)1≤m≤k). 2

Lemma 8. For t, d ≥ 1:

1. p-WSAT(Γt,d) ≤efpt p-PSAT(Γ+
t,d) for event.

2. p-WSAT(Γt,d) ≤efpt p-PSAT(Γ−t,d) for oddt.

Proof: We only give the proof for oddt. The proof for event is dual. Again the case
t = d = 1 is trivial becausep-WSAT(Γ1,1) is in EPT. So we assume thatt+ d ≥ 3.

Let (α, k) be an instance ofp-WSAT(Γt,d) and letX = {X1, . . . , Xn} be the set
of variables ofα. We introduce variablesXi,j (for 1 ≤ i ≤ k and1 ≤ j ≤ n) and
Yi,j,j′ (for 1 ≤ i < k and1 ≤ j < j′ ≤ n) with the intended meaning

Xi,j : theith variable set toTRUE isXj

Yi,j,j′ : theith variable set toTRUE isXj and the(i+ 1)th isXj′ .

We group them into the setsXi := {Xi,j | 1 ≤ j ≤ n} for 1 ≤ i ≤ k andYi :=
{Yi,j,j′ | 1 ≤ j < j′ ≤ n} for 1 ≤ i < k. Note that an assignment satisfying
((α1 ∧ . . .∧αk−1), (Xi)1≤i≤k, (Yi)1≤i<k) and settingX1,ℓ1, . . . , Xk,ℓk to TRUE must
setY1,ℓ1,ℓ2 , . . . , Yk−1,ℓk−1,ℓk to TRUE, where

αi :=
∧

1≤j≤n

( ∧

1≤j1<j2≤n
j1 6=j

(¬Xi,j ∨ ¬Yi,j1,j2) ∧
∧

1≤j1<j2≤n
j2 6=j

(¬Xi+1,j ∨ ¬Yi,j1,j2)
)

for 1 ≤ i < k. Now we obtainα′ fromα by replacing negative literals¬Xj of α by
∧

1≤i≤k

¬Xi,j

11



and positive literalsXj of α by the following formula expressing “that all intervals
containingXj are unchosen”:

∧

j<j′

¬X1,j′ ∧
∧

j′<j

¬Xk,j′ ∧
∧

1≤i≤k−1

∧

Yi,j1,j2
∈Yi

j1<j<j2

¬Yi,j1,j2 .

One easily verifies that(α′ ∧ α1 ∧ . . .∧αk−1) is equivalent to a formulaβ in Γ−t,d and
that

α is k-satisfiable⇐⇒ (β, (Xi)1≤i≤k, (Yi)1≤i<k) ∈ p-PSAT(Γ−t,d),

which gives the desired reduction (note that the parameter on the right hand side is
(2 · k − 1) ∈ O(k)). 2

4.3. Model-checking problems.We start by recalling some definitions. A(relational)
vocabularyτ is a finite set of relation symbols. Each relation symbol has an arity.
The arity of τ is the maximum of the arities of the symbols inτ . A structureA
of vocabularyτ , or τ -structure(or, simply structure), consists of a setA called the
universe, and an interpretationRA ⊆ Ar of eachr-ary relation symbolR ∈ τ . We
synonymously writēa ∈ RA or RAā to denote that the tuplēa ∈ Ar belongs to the
relationRA. For example, we view adirected graphas a structureG = (G,EG),
whose vocabulary consists of one binary relation symbolE. By definition,G is an
(undirected)graph, if EG is irreflexive and symmetric (that is, all graphs in this paper
are simple and undirected).

We define thesizeof aτ -structureA to be the number

‖A‖ := |τ | + |A|+
∑

R∈τ

arity(R) · |RA|.

The overall length of a reasonable encoding ofA (see [9] for details) only polynomially
deviates from‖A‖. For example, the size of a graph withn vertices andm edges is
O(n+m).

The class of all first-order formulas is denoted by FO. They are built up from atomic
formulas using the usual boolean connectives and existential and universal quantifica-
tions. Recall thatatomic formulasare formulas of the formx = y orRx1 . . . xr , where
x, y, x1, . . . , xr are variables andR is anr-ary relation symbol. Thesize|ϕ| of a for-
mulaϕ is the number of nodes of its syntax tree. The set of variablesof the formulaϕ
is denoted by var(ϕ). Fort ≥ 1, let Σt be the class of all FO-formulas of the form

∃x11 . . . ∃x1k1∀x21 . . . ∀x2k2 . . . Qxt1 . . . Qxtkt
ψ,

whereQ = ∀ if t is even andQ = ∃ otherwise, and whereψ is quantifier-free. The
class ofΠt-formulas is defined analogously starting with a block of universal quanti-
fiers. Lett, u ≥ 1. A formulaϕ is Σt,u, if it is Σt and all quantifier blocks after the
leading existential block have length≤ u. For example, a formula

∃x1 . . .∃xk∀y∃z1∃z2ψ,

12



whereψ is quantifier-free andk is arbitrary, is inΣ3,2.
If A is a structure,a1, . . . , an are elements of the universeA ofA, andϕ(x1, . . . , xn)

is a first-order formula whose free variables are amongx1, . . . , xn, then we write
A |= ϕ(a1, . . . , an) to denote thatA satisfiesϕ if the variablesx1, . . . , xn are in-
terpreted bya1, . . . , an, respectively.

For a class C of structures and a classΦ of formulas, theparameterized model-
checking problem for structures inC and formulas inΦ is defined as follows:

p-MC(C,Φ)
Instance:A structureA in C and a sentenceϕ in Φ.

Parameter: |ϕ|.
Problem: Decide whetherA satisfiesϕ.

If C is the class of all structures, we denotep-MC(C,Φ) by p-MC(Φ).

The characterisation of the classes of the EW-hierarchy in terms of model-checking
problems reads as follows:

Theorem 9. For all t ≥ 2 andu ≥ 1, p-MC(Σt,u) is complete forEW[t].

Proof: Let t ≥ 2 andu ≥ 1. The fpt-reduction fromp-MC(Σt,u) to p-WSAT(Γt,1)
given in [11] is in fact an efpt-reduction. Hence,p-MC(Σt,u) ∈ EW[t].

For the hardness we restrict ourselves to event (the proof for oddt ≥ 3 being
dual). By Lemma 8, it suffices to show thatp-PSAT(Γ+

t,1) ≤
efpt p-MC(Σt,1). Let

(α, (Xm)1≤m≤k) be an instance ofp-PSAT(Γ+
t,1) with

α =
∧

i1∈I

∨

i2∈I

. . .
∧

i1∈I

∨

it∈I

Xi1,...,it .

The structureA has universeA := X1 ∪ . . . ∪ Xk ∪ I. Furthermore,A contains unary
relations forXm (1 ≤ m ≤ k) and forI, and atary relationRA with

RA :=
{
(i1, . . . , it−1, X)

∣
∣ i1, . . . , it−1 ∈ I andX = Xi1,...,it−1,j for somej ∈ I

}
.

Then(α, (Xl)1≤l≤k) belongs top-PSAT(Γ+
t,1) if and only ifA |= ϕ, where

ϕ = ∃x1 . . .∃xk(
∧

1≤m≤k

Xmxm ∧ ∀y1(Iy1 → ∃y2(Iy2∧

. . . ∀yt−1(Iyt−1 →
∨

1≤m≤k

Ry1 . . . yt−1xm) . . . ))).

Sinceϕ is equivalent to aΣt,1-formulaϕ′ with |ϕ′| ∈ O(k), this gives the desired
reduction. 2

4.4. Fagin-definability. In [7, 10], two notions of definability of parameterized prob-
lems were introduced. The first is definability via model-checking problems, which we
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have considered in the previous section. The second isFagin-definability, which we
will consider now.

We will work with formulas with freeset variables, usually denoted by capital
lettersX,Y, Z, which may simply be viewed as uninterpreted unary relationsymbols.
If A is a τ -structure with universeA, B ⊆ A, andX 6∈ τ is a set variable, then we
write (A, X ← B) to denote theτ ∪{X}-expansionofA in whichX is interpreted as
B. That is,(A, X ← B) is theτ ∪ {X}-structure with universeA, S(A,X←B) = SA

for all S ∈ τ , andX(A,X←B) = B. We usually denote a formulaϕ with a free relation
variableX byϕ(X) and then writeA |= ϕ(B) instead of(A, X ← B) |= ϕ.

For every first-order formulaϕ(X) of vocabularyτ we letp-FDϕ(X) be the follow-
ing parameterized problem:

p-FDϕ(X)

Instance:A τ -structureA andk ∈ N .
Parameter:k.

Problem: Decide whether there is a subsetS of A of cardinalityk
satisfyingϕ(X) in A, that is, withA |= ϕ(S).

We say thatϕ(X) Fagin-definesthe problemp-FDϕ(X).
For all formulasϕ, individual variablesx, and set variablesX , we write(∃x ∈ X)ϕ

as an abbreviation of∃x(Xx∧ϕ) and(∀x ∈ X)ϕ as an abbreviation of∀x(Xx→ ϕ).
For t, d ≥ 1, we letΠt/d be the class of formulasϕ(X) of the form

∀ȳ1∃ȳ2 . . . ∀ȳt−1(∃z1 ∈ X) . . . (∃zd ∈ X)ψ (5)

in caset is even, and of the form

∀ȳ1∃ȳ2 . . . ∃ȳt−1(∀z1 ∈ X) . . . (∀zd ∈ X)ψ (6)

in caset is odd; here,̄y1, . . . , ȳt−1 denote finite sequences of variables andψ is a
quantifier-free formula not containingX . If all ȳi have length 1,̄yi = yi and ifψ =
Ry1 . . . yt−1z1 . . . zd for a(t−1)+d-ary relation symbolR, then we speak of ageneric
Πt/d-formula.

Often we implicitly will use the statements of the followingtwo lemmas. One
easily verifies that formulas of type (5) are monotone, formulas of type (6) are anti-
monotone in the following sense:

Lemma 10. Letϕ(X) ∈ Πt/d. Then, for a structureA andk ∈ N with k ≤ |A|, we
have:

• if t is even, then

(A, k) ∈ p-FDϕ(X) iff (A, ℓ) ∈ p-FDϕ(X) for someℓ ≤ k.

• if t is odd, then

(A, k) ∈ p-FDϕ(X) iff (A, ℓ) ∈ p-FDϕ(X) for someℓ ≥ k.

14



By the next lemma it mostly suffices to consider generic formulas:

Lemma 11. Let t, d ≥ 1 andϕ1(X), ϕ2(X) ∈ Πt/d with genericϕ2(X). Then there
is a constantc ≥ 1 and a polynomial time algorithm associating with every structure
A a structureB such that|B| = |A|c and such that for allk ∈ N,

(A, k) ∈ p-FDϕ1(X) ⇐⇒ (B, k) ∈ p-FDϕ2(X).

In particular,p-FDϕ1(X) ≤
efpt p-FDϕ2(X).

Proof: Givenϕ1(X) as in (5) or as in (6), letc be the maximum length of thēyi. By
passing to an appropriate structureB0 with universeAc, one can replace the blocks of
quantifiers by single quantifiers, thus obtaining, say, in the case of event, a formula
ϕ′(X) = ∀y1∃y2 . . .∀yt−1(∃z1 ∈ X) . . . (∃zd ∈ X)ψ′ (compare the proof of Lemma
11 in [11] for details). Now, we can setB := (Ac, RB), whereRB is the setψ′B0 of
tuples satisfyingψ′ in B0. 2

Theorem 12. Let t ≥ 2. ThenEW[t] is the closure of the class of problems Fagin-
defined byΠt/1-formulas under ept-reductions.

More precisely, for everyΠt/1-formulaϕ(X) the problemp-FDϕ(X) is contained
in EW[t], and for every genericΠt/1-formulaϕ(X), the problemp-FDϕ(X) is complete
for EW[t].

This result is an immediate consequence of the following lemma takingd = 1.

Lemma 13. For t, d ≥ 1 and a genericΠt/d-formulaϕ(X):

1. There is a polynomial time algorithm associating with every structureA a propo-
sitional formulaα such that for allk ∈ N:

• for event, α ∈ Γ+
t,d and((A, k) ∈ p-FDϕ(X) ⇐⇒ (α, k) ∈ p-WSAT(Γ+

t,d));

• for oddt, α ∈ Γ−t,d and((A, k) ∈ p-FDϕ(X) ⇐⇒ (α, k) ∈ p-WSAT(Γ−t,d));

2. There is a constantc ≥ 1 and a polynomial time algorithm associating with every
propositional formulaα ∈ Γ+

t,d (if t is even) andα ∈ Γ−t,d (if t is odd) a structure
A with |A| = |α|c such that for allk ∈ N:

• for event, ((α, k) ∈ p-WSAT(Γ+
t,d) ⇐⇒ (A, k) ∈ p-FDϕ(X));

• for oddt, ((α, k) ∈ p-WSAT(Γ−t,d) ⇐⇒ (A, k) ∈ p-FDϕ(X)).

Proof: We present the proof for oddt, the proof for the even case being similar. Let
ϕ(X) be a genericΠt/d-formula, that is,

ϕ(X) = ∀y1∃y2 . . . ∃yt−1(∀z1 ∈ X) . . . (∀zd ∈ X)Ry1 . . . yt−1z1 . . . zd.

For any structureA we letα be theΓ−t,d-formula

α =
∧

a1∈A

∨

a2∈A

. . .
∨

at−1∈A

∧

b1,...,bd∈A,

not RAā b̄

(¬Xb1 ∨ . . . ∨ ¬Xbd
).
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Here, fora ∈ A, Xa is a propositional variable with the intended meaning “a is in the
set satisfyingϕ(X)”. Now, for everyk ∈ N, we have((A, k) ∈ p-FDϕ(X) ⇐⇒ α is
k-satisfiable).

We turn to a proof of (2). Consider a formulaα ∈ Γ−t,d,

α =
∧

i1∈I

∨

i2∈I

· · ·
∨

it−1∈I

∧

it∈I

(¬Xi1,...,it,1 ∨ . . . ∨ ¬Xi1,...,it,d).

Let X be the set of variables ofα. We setn := |α| andA := {1, . . . , n}. We may
assume thatI,X ⊆ A and that the structureA with universeA has unary relations for
these subsets. Moreover,A contains the(t− 1) + d-ary relation

RA :={(i1, . . . , it−1, X1, . . . , Xd) | i1, . . . , it−1 ∈ I,X1, . . . , Xd ∈ X ,

and for allit ∈ I, {Xi1,...,it,1, . . . , Xi1,...,it,d} 6⊆ {X1, . . . , Xd}}.

Furthermore, we letψ(Y ) be aΠt/d-formula equivalent to

∀y1(Iy1 →

∃y2(Iy2 ∧ . . .

∃yt−1(Iyt−1∧

(∀z1 ∈ X) . . . (∀zd ∈ X)(X z1 ∧Ry1 . . . yt−1z1 . . . zd)) . . .)).

Then,
(α, k) ∈ p-WSAT(Γ−t,1) ⇐⇒ (A, k) ∈ FDψ(Y ),

which, together with Lemma 11, proves our claim. 2

5. Complete problems

In this section we show that two “non-logical” problems, theparameterized dominating
set problemp-DS and the parameterized Vapnik-Chervonenkis problemp-VCDIM are
complete for EW[2] and EW[3], respectively. In particular, this last result is remarkable,
since in unbounded parameterized complexity theoryp-VCDIM is W[1]-complete [4,
5].

A dominating set in a graphG = (G,EG) is a subsetS ⊆ G, such that all vertices
a ∈ G either are inS or are adjacent to some vertex inS (that is,EGab for some
b ∈ S). Now,p-DS is the following problem:

p-DS
Instance:A graphG andk ∈ N.

Parameter:k.
Problem: Decide whetherG has a dominating set of sizek.

The next theorem also contains a new, quite simple proof showing thatp-DS is
W[2]-complete.
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Theorem 14. p-DS≡efpt p-WSAT(Γ+
2,1), sop-DS is EW[2]-complete.

Proof: For p-DS ≤efpt p-WSAT(Γ+
2,1), let an instance ofp-DS be given consisting of

the graphG = (G,EG) andk ∈ N. We introduce a propositional variableXa for every
a ∈ G and letα be the followingΓ+

2,1-formula:

α =
∧

a∈G

∨

b∈G
b = a orEGab

Xb.

Then,((G, k) ∈ p-DS ⇐⇒ (α, k) ∈ p-WSAT(Γ+
2,1)).

Forp-WSAT(Γ+
2,1) ≤

efpt p-DS consider an instance(α, k) of p-WSAT(Γ+
2,1) with

α =
∧

i∈I

∨

j∈Ji

Xi,j .

LettingX be the set of variables, we may assume that|X | ≥ k, thatI ∩ X = ∅, and
that noJi is empty. Consider the graph

G = (I ∪ X , E1 ∪ E2),

whereE1 is the symmetric closure of{(i,Xi,j) | j ∈ Ji} andE2 just contains the
edges that makeX a clique. Then,G has a dominating set of sizek if and only ifα has
a satisfying assignment of weightk. The direction from right to left is trivial: The set
of variables set toTRUE in a satisfying assignment is a dominating set. For the other
direction let a dominating setS of sizek be given. IfS ⊆ X , then the assignment
just setting the variables inS to TRUE satisfiesα and we are done. Otherwise we
can changeS in order to achieve this form: Assumei0 ∈ I ∩ S. The vertexi0 only
has edges to the points in{Xi0,j | j ∈ Ji0}. Therefore, for everyj ∈ Ji0 , the set
Sj = (S \ {i0}) ∪ {Xi0,j} is a dominating set, too. IfXi0,j /∈ S for somej ∈ Ji0 ,
then the correspondingSj has cardinalityk and we are done. IfS already contains all
Xi0,j , then we add toS \ {i0} any variableX ∈ X not contained inS. 2

We turn to the parameterized Vapnik-Chervonenkis problem.LetA be a finite set
andS ⊆ Pow(A) a family of subsets ofA. We say thatS shattersa setB ⊆ A, if

B ∩ S := {B ∩ S | S ∈ S}

is the powersetPow(B) of B. TheVapnik-Chervonenkis dimension of(A,S), denoted
by VC(A,S), is the maximum size of a setB ⊆ A that is shattered byS.

The parameterized Vapnik-Chervonenkis problem is defined as follows:

p-VCDIM

Instance:A finite setA, a familyS of subsets ofA, andk ∈ N.
Parameter:k.

Problem: Decide whether VC(A,S) ≥ k.
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We can represent a pair(A,S), whereA is a finite set andS ⊆ Pow(A), as a
structureA(A,S) of vocabulary{E,S}, whereE is a binary andS a unary relation
symbol: The universe ofA(A,S) isA ∪ S, and the relations are

EA(A,S) :={(a, S) | a ∈ A,S ∈ S, a ∈ S},

SA(A,S) := S.

Then we can express that an instance has VC-dimension at least k by theΣ1-formula

ϕk := ∃x1 . . .∃xk∃y1 . . .∃y2k

∧

I⊆{1,...,k}

2k

∨

j=1

( ∧

i∈I

Exiyj ∧
∧

i6∈I

¬Exiyj
)

,

in the sense that (VC(A,S) ≥ k ⇐⇒ A(A,S) |= ϕk). This definition yields an
fpt-reduction, defined by(A,S, k) 7→ (A(A,S), ϕk), from p-VCDIM to p-MC(Σ1),
which implies thatp-VCDIM is in W[1]. As a matter of fact,p-VCDIM is W[1]-
complete [4, 5].

However, the reduction(A,S, k) 7→ (A(A,S), ϕk) is not an ept-reduction, be-
cause the sentenceϕk and hence the parameter|ϕk| of the model-checking problem is
too large. The next lemma shows that with a slightly more complicated representation
of the instances,p-VCDIM is Σ3,1-definable by a formula of size linear ink.

Lemma 15. For all k ≥ 1 there is aΣ3,1-sentenceψk, and for all setsA and families
S ⊆ Pow(A) a structureB(A,S, k) such that

VC(A,S) ≥ k ⇐⇒ B(A,S, k) |= ψk.

Furthermore, the mapping defined by(A,S, k) 7→ (B(A,S, k), ψk) is anefpt-reduction
fromp-VCDIM to p-MC(Σ3,1).

Proof: Let k ≥ 1 andτk := {E,R1, . . . , Rk, P,Q,K}, whereE is binary andR1, . . . ,
Rk, P , Q,K are unary relation symbols. For every finite setA andS ⊆ Pow(A), the
structureB = B(A,S, k) is defined as follows:

• The universe ofB is the setB := A ∪ S ∪ Pow({1, . . . , k}). Without loss of
generality we may assume that the three setsA, S, Pow({1, . . . , k}) are disjoint.

• EB :=
{
(a, S)

∣
∣ a ∈ A,S ∈ S such thata ∈ S

}
.

• For1 ≤ i ≤ k,

RBi := {L | L ∈ Pow({1, . . . , k}), i ∈ L}.

• PB := A,QB := S,KB := Pow({1, . . . , k}).

We let

ψk := ∃x1 . . . ∃xk
( ∧

1≤m≤k

Pxm ∧ ∀y(Ky → ∃z(Qz ∧
∧

1≤m≤k

(Exmz ↔ Rmy)))
)

.
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Then it is easy to verify that

VC(A,S) ≥ k ⇐⇒ B |= ψk.

Note thatB(A,S, k) andψk can be computed fromA,S, k in time polynomial in|A|+
|S| + 2k and that|ψk| is linear ink. Thus the mapping(A,S, k) 7→

(
B(A,S, k), ψk

)

is an efpt-reduction. 2

Theorem 16. p-VCDIM is EW[3]-complete.

Proof: p-VCDIM is contained in EW[3] by Lemma 15 and Theorem 9.
It remains to prove hardness. Our proof is based on Papadimitriou and Yannakakis’s

[15] proof that the (unparameterized) VC-dimension problem is hard for the class
LOGNP (also see Section 6 of this paper). We shall prove thatp-PSAT(Γ−3,1) ≤

ept

p-VCDIM , thus obtaining the hardness ofp-VCDIM by Lemma 8.
We view any Boolean matrix (that is, matrix with entries0, 1 only)B = (bij)i∈I,j∈J

as a (partial) instance(A(B),S(B)) of the Vapnik-Chervonenkisproblem withA(B) :=
J andS(B) := {{j ∈ J | bij = 1} | i ∈ I}. Hence, the columns ofB correspond to
the elements and the rows to the subsets.

LetX ⊆ J be a set of columns ofB. We say that a subsetY ⊆ X is realisedby a
row i ∈ I if for all j ∈ X we have (bij = 1 ⇐⇒ j ∈ Y ). We say thatX is shattered
(byB) if every subsetY ofX is realised by some row ofB. Note that this is the case if
and only ifX is shattered byS(B).

Consider an instance(α, (Xh)1≤h≤k) of p-PSAT(Γ−3,1) with

α =
∧

i∈I

∨

j∈J

∧

ℓ∈L

¬Xi,j,ℓ.

We may assume thatI = {0, . . . , n} and that allXh are ordered, so that we can speak
of thesth variable inXh. We choose the minimalm such that2m > 2k + |I| · |J |. We
introduce a boolean matrixB such that fork′ := k +m+m we have

(α, (Xh)1≤h≤k) ∈ p-PSAT(Γ−3,1) ⇐⇒ (A(B),S(B), k′) ∈ p-VCDIM . (7)

The matrixB has three blocks of columns. The first block represents the selection of an
assignment and is subdivided intok parts, thehth one has width|Xh|. The second block
has widthm and will mainly contain the binary representations of natural numbers in
I. The third block, the control part, also has widthm. Let Bit(s, a) denote thesth bit of
the binary representation ofa ∈ N (the 0th being the least important bit). Furthermore,
for a < 2m, let 〈a〉 = Bit(m− 1, a) . . .Bit(0, a) be the binary representation ofa with
m digits. And for0 ≤ a < 2k, let

〈〈a〉〉 = Bit(0, a) . . .Bit(0, a)
︸ ︷︷ ︸

|X1| times

. . .Bit(k − 1, a) . . .Bit(k − 1, a)
︸ ︷︷ ︸

|Xk| times

.

The matrixB consists of the following rows:
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(i) 〈〈e〉〉 〈i〉 〈s〉 for all 0 ≤ e < 2k, 0 ≤ i < 2m, and1 ≤ s < 2m.

(ii) 〈〈e〉〉 〈i〉 〈0〉 for all 0 ≤ e < 2k andn < i < 2m.

(iii) 〈〈e〉〉 〈i〉 〈0〉 for all 1 ≤ e < 2k and0 ≤ i ≤ n.

(iv) w1 . . . wk 〈i〉 〈0〉 for all 0 ≤ i ≤ n andj ∈ J ,
where everywh has length|Xh| and depends on(Xi,j,ℓ)ℓ∈L: Thesth position of
wh is 1 if and only if for someℓ ∈ L, thesth variable ofXh isXi,j,ℓ.

We call the rows defined in (i),(ii),(iii),(iv) rowsof type(i),(ii),(iii),(iv), respectively.
Note that the matrixB and thus the instance(A(B),S(B), k′) can be computed

from (α, (Xh)1≤h≤k) in time 2O(k) · |α|O(1) and thatk′ ∈ O(k + log |α|). Thus to
prove that the mapping

(α, (Xh)1≤h≤k) 7→ (X(B),S(B), k′)

is an ept-reduction, it only remains to prove (7).

Claim 1: LetX be a set ofk′ columns that is shattered byB. ThenX contains all
columns of the last two blocks ofB and exactly one column of each of thek parts of the
first block.

Proof: Since the size ofX is k′ = k + 2m, it suffices to prove thatX contains at most
one column of each of thek parts of the first block.

If we restrict all rows to the first block, then at most2k+ |I| · |J | < 2m rows occur.
Therefore, the setX contains fewer thanm columns of the first block. Since the length
of the second block ism, the setX contains at least one columnj from the last block.
Note that a subsetY ⊆ X that containsj can only be realised by a row of type (i).

Suppose for contradiction thatX contains two columnsj1, j2 of the same part of
the first block. Since rows of type (i) are constant within each part of the first block,
for every rowi of type (i) we have (bij1 = 1 ⇐⇒ bij2 = 1). Thus no row ofB of
type (i) and hence no row at all, can realise the subset{j1, j} of X , which contradicts
the assumption thatX is shattered byB. This completes the proof of Claim 1.

Let us call a setX of k′ columns ofB that contains all columns of the last two
blocks ofB and exactly one column of each of thek parts of the first blocknice.
Each nice set of columns corresponds to an assignment to the variables ofα that sets
precisely the variables corresponding to the columns inX in the first block toTRUE.

Claim 2: LetX be a nice set of columns. ThenX is shattered byB if and only if the
assignment corresponding toX satisfiesα.

Proof: LetX1 ∈ X1, . . . , Xk ∈ Xk be the variables ofα corresponding to the columns
of the first block contained inX , and letb be the assignment corresponding toX , that
is, the assignment that sets preciselyX1, . . . , Xk to TRUE.

For the forward direction, suppose thatX is shattered. To prove thatb satisfiesα,
let i ∈ I. We shall prove that there is aj ∈ J such thatb satisfies

∧

ℓ∈L ¬Xi,j,ℓ, or
equivalently, that

X1, . . . , Xk 6∈ {Xi,j,ℓ | ℓ ∈ L}. (8)
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Let Y ⊆ X be the subset that contains no columns of the first and third block and
precisely the columns of the second block corresponding to the positions of1s in the
binary representation ofi. SinceX is shattered,Y must be realised. Thus there is a
row r of B of the form

w1 . . . wk 〈i〉 〈0〉,

in which all positions of thewps corresponding to columns inX must be0. SinceX
contains exactly one column of each part of the first block, eachwp contains a position
that is0. Thus rowr can only be of type (ii) or (iv). Sincei ∈ I and thus0 ≤ i ≤ n,
row r must be of type (iv).

Suppose rowr corresponds toj ∈ J . Recall that the columns ofX in the first
block correspond to variablesX1, . . . , Xk. By the definition of rows of type (iv), the
position corresponding to variableXp in row r is 1 if, and only if, Xp = Xi,j,ℓ for
someℓ ∈ L. But by our choice ofY and of the rowr, all these positions must be0,
thusX1, . . . , Xk 6∈ {Xi,j,ℓ | ℓ ∈ L}. This proves (8).

For the backward direction, suppose thatb satisfiesα. Then for alli there is aj
such that (8) holds. The row of type (iv) corresponding toi, j satisfies the subsetY
of X defined as above. All other subsets are realised by rows of type (i)–(iii). This
completes the proof of Claim 2.

Both claims together yield (7). 2

6. The LOG-classes

In this section, we establish a connection between our bounded parameterized com-
plexity theory and classical complexity. More specifically, we will be concerned with
subclasses of NP[log2n].

Consider the (classical) Vapnik-Chervonenkis problem

VCDIM

Instance:A finite setA, a familyS of subsets ofA, andk ∈ N.
Problem: Decide whether VC(A,S) ≥ k.

Since the power set of a set withs elements has cardinality2s, the VC-dimension of
(A,S) is at most logn wheren := |S|. Hence, there is a nondeterministic algorithm
for VCDIM that usesO(log2n) nondeterministic bits.

We have a similar complexity for many parameterized problems if we restrict them
to instances with parameter logn. Examples are the following problems LOG-CLIQUE

and LOG-DS:

LOG-CLIQUE

Instance:A graphG.
Problem: Decide whetherG has a clique of size log|G|.

LOG-DS
Instance:A graphG.
Problem: Decide whetherG has a dominating set of size log|G|.
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To analyse such problems, Papadimitriou and Yannakakis [15] introduced two new,
“syntactically defined”, subclasses LOGSNP and LOGNP of NP[log2n]. Syntactically
defined means that they are defined via logical complete problems reminiscent of our
Fagin-defined problems. For every quantifier-free formulaψ(w, x, ȳ, z̄) with tuplesȳ
andz̄ of lengthp andq, respectively, and everyn ≥ 1, consider the formula

ϕn = ∃x̄ ∈ [n]log n ∀ȳ ∈ [n]p ∃z̄ ∈ [n]q ∀i ∈ [log n]ψ(i, xi, ȳ, z̄). (9)

We say that a structureA with universe[n] = {1, . . . , n} satisfiesϕn if there is a tuple
ā = (a1, . . . , alog n) ∈ [n]log n such that for all tuples̄b ∈ [n]p there is a tuplēc ∈ [n]q

such that for1 ≤ j ≤ ⌈log n⌉,

A |= ψ(j, aj , b̄, c̄).

For every quantifier-free formulaψ(w, x, ȳ, z̄), consider the following problem:

Input: A structureA with universe[n].
Problem: Decide whetherA satisfies the formulaϕn of (9).

(10)

A problem is defined to be in LOGNP if it is polynomial time reducible to the problem
in (10) for some quantifier-free formulaψ.

The class LOGSNP is defined completely analogously, but withformulasϕn of the
form

∃x̄ ∈ [n]log n ∀ȳ ∈ [n]p ∃i ∈ [log n]ψ(i, xi, ȳ). (11)

Papadimitriou and Yannakakis [15] proved that VCDIM is complete for LOGNP and
LOG-DS is complete for LOGSNP, both under polynomial time reductions.

The syntactical definitions of the classes LOGNP and LOGSNP are similar to the
“Fagin-definitions” of the classes EW[3] and EW[2], respectively, that are given in
Theorem 12. We shall make this correspondence precise now.

For every first-order formulaϕ(X) with the monadic second-order variableX we
define the “logarithmic Fagin-definable” problem LOG-FDϕ(X) by

LOG-FDϕ(X)

Instance:A structureA.
Problem: Decide whether there is a subsetS of A of size log|A| with

A |= ϕ(S).

Theorem 12 motivates the following definition:

Definition 17. For t ≥ 2, let LOG[t] be the class of problems that are polynomial time
reducible to LOG-FDϕ(X) for someΠt/1-formulaϕ(X).

Lemma 18. Let t ≥ 2. Then for everyΠt/1-formulaϕ(X) and for every constant
c ≥ 1 the following problem is contained inLOG[t]:
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LOG′-FDϕ(X)

Instance:A structureA and a natural numberk ≤ c · log |A|.
Problem: Decide whether there is a subsetS of A of sizek with A |=

ϕ(S).

Proof: We only give the proof for event. Oddt ≥ 3 can be treated analogously. Let
ϕ(X) be aΠt/1-formula. By Lemma 11 we may assume that

ϕ(X) = ∀y1 ∃y2 . . . ∀yt−1(∃x ∈ X)Ry1 . . . yt−1x.

Let P,Q be unary relation symbols. Letϕ′(X) be aΠt/1-formula equivalent to the
following formula:

(∀y ∈ Q)(∃x ∈ X)x = y

∧ (∀y1 ∈ P ) . . . (∀yt−1 ∈ P )(∃x ∈ X ∩ P )Ry1 . . . yt−1x.

ϕ′(X) expresses that all elements ofQ belong toX and thatϕ(X) holds in the induced
substructure with universeP .

For every{R}-structureA with universeA and all ℓ,m ≥ 0, let Aℓ,m be the
{R,P,Q}-structure obtained fromA by putting all elements ofA into the relationP
and then addingℓ+m additional elementsa1, . . . , aℓ, b1, . . . , bm and puttinga1, . . . , aℓ
intoQ.

Then for allS ⊆ A andS+ ⊆ {a1, . . . , aℓ, b1, . . . , bm} with {a1, . . . , aℓ} ⊆ S+

we have
A |= ϕ(S) ⇐⇒ Aℓ,m |= ϕ′(S ∪ S+). (12)

Claim 1: For 0 ≤ k ≤ |A|, there is anS ⊆ A of sizek such thatA |= ϕ(S) if,
and only if, there is anS′ ⊆ A ∪ {a1, . . . , aℓ, b1, . . . , bm} of sizek + ℓ such that
Aℓ,m |= ϕ′(S′).

Proof: The forward direction follows immediately from (12). For the backward direc-
tion, letS′ ⊆ A∪{a1, . . . , aℓ, b1, . . . , bm} with |S′| = k+ℓ such thatAℓ,m |= ϕ′(S′).
Then{a1, . . . , aℓ} ⊆ S′. LetS0 = S′ ∩A. By (12), we haveA |= ϕ(S0). LetS ⊆ A
be arbitrary withS ⊇ S0 and |S| = k. By the monotonicity ofϕ(X), we have
A |= ϕ(S). This proves the claim.

Now we are ready to reduce LOG′-FDϕ(X) to LOG-FDϕ′(X). Let A be a τ -
structure,n = |A|, andk ≤ c· log n. We chooseℓ ≥ 1 minimal such that2k+ℓ−ℓ ≥ n.
Letm = 2k+ℓ − ℓ− n. Then

log (n+ ℓ+m) = k + ℓ.

Moreover,ℓ,m ≤ 2k · n, andℓ,m can be computed in time polynomial in2k + n. By
Claim 1, the mapping(A, k) 7→ Aℓ,m gives the desired reduction. 2

Proposition 19. LOG[2] = LOGSNPandLOG[3] = LOGNP.
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Proof: Letϕ(X) be aΠ2/1-formula, say

ϕ(X) := ∀ȳ(∃x ∈ X)ψ(x, ȳ),

wherey is a p-tuple of variables. Then a structureA with universe[n] is a positive
instance of LOG-FDϕ(X) if and only if it satisfies the formula

∃x̄ ∈ [n]log n ∀ȳ ∈ [n]p ∃i ∈ [log n]ψ(xi, ȳ),

which is of the form (11). To prove this, note that there is a subsetS ⊆ [n] of size logn
such thatA |= ϕ(S) if and only if there is a subsetS ⊆ [n] of sizeat mostlog n such
thatA |= ϕ(S). The latter is equivalent to the existence of a tuple(a1, . . . , alog n) ∈
[n]log n such thatA |= ϕ({a1, . . . , alog n}). Hence, LOG[2] ⊆ LOGSNP.

For LOG[3] ⊆ LOGNP, letϕ(X) be aΠ3/1-formula, say

ϕ(X) = ∀ȳ∃z̄(∀x ∈ X)ψ(x, ȳ, z̄),

whereȳ is ap-tuple andz̄ a q-tuple of variables. Then a structureA with universe[n]
is a positive instance of LOG-FDϕ(X) if and only if it satisfies the formula

∃x̄ ∈ [n]log n ∀ȳu ∈ [n]p+1 ∃z̄v ∈ [n]q+1 ∀i ∈ [log n]
(
(xi = u→ i = v) ∧ ψ(xi, ȳ, z̄)

)
,

which is of the form (11). To see the equivalence, not that theformula

∀u ∈ [n] ∃v ∈ [n] ∀i ∈ [log n] (xi = u→ i = v)

says thatx1, . . . , xlog n are pairwise distinct.

To prove that LOGSNP⊆ LOG[2], we show how to reduce a problem in LOGSNP
to LOG′-FDϕ(X) for someϕ ∈ Π2/1. So letψ(w, x, ȳ), whereȳ = (y1, . . . , yp), be a
quantifier-free formula (as in the definition of LOGSNP).

Let σ = {D,E1, E2, R} be the vocabulary consisting of a unary relation symbol
D, binary relation symbolsE1 andE2, and a(p+ 1)-ary relation symbolR. For every
structureA with universe[n] and the same vocabulary asψ we define aσ-structureB
as follows: The universe ofB isB = A × [k], wherek = log n, and the relations are
defined by

DB(a, i) ⇐⇒ a = i,

EB1 (a, i)(a′, i′) ⇐⇒ a = a′,

EB2 (a, i)(a′, i′) ⇐⇒ i = i′,

RB(a, i)(b1, j1) . . . (bp, jp) ⇐⇒ A |= ψ(i, a, b1, . . . , bp).

The structureB can be obtained in polynomial time fromA. Let

ϕ(X) = ∀ȳ∀u(∃x ∈ X)((¬Du→ Rxȳ) ∧ (Du→ E2ux)).

Notek ≤ log |B|. We claim thatA satisfies

∃x̄ ∈ [n]log n ∀ȳ ∈ [n]p ∃i ∈ [log n]ψ(i, xi, ȳ) (13)
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if and only if there is a setS ⊆ B of sizek such thatB |= ϕ(S). This yields the de-
sired reduction from the LOGSNP-problem defined byψ to the problem LOG′-FDϕ(X)

(with c = 1).
To prove the claim, we first note that for every set

S =
{
(ai, ji)

∣
∣ i ∈ [k]

}
⊆ B

such thatB |= ϕ(S), the numbersj1, . . . , jk are pairwise distinct. This is ensured by
the formula∀u(∃x ∈ X)(Du → E2ux). Thus every setS ⊆ B of sizek such that
B |= ϕ(S) consists of elements(ai, i) for i ∈ [k].

Furthermore, for every set

S =
{
(ai, i)

∣
∣ i ∈ [k]

}
,

if B |= ϕ(S) then for all̄b ∈ [n]p and(j1, . . . , jp) ∈ [k] there exists ani ∈ [k] such that
(
(ai, i), (b1, j1), . . . , (bp, jp)

)
∈ RB. By the definition ofRB, this implies that for all

b̄ ∈ [n]p there exists ani ∈ [k] such thatA |= ψ(i, ai, b̄). ThusA satisfies the formula
in (13).

For the converse direction, suppose that(a1, . . . , ak) ∈ [n]k witnesses thatA sat-
isfies the formula in (13). Then by reversing the previous arguments, it is easy to see
that

B |= ϕ
(
{(i, ai) | i ∈ [k]}

)
.

It remains to prove that LOGNP⊆ LOG[3]. We proceed similarly. Letψ(w, x, ȳ, z̄)
be a quantifier-free formula,A a structure with universe[n], andk = log n. We define
a structureB exactly as above and let

ϕ(X) = ∀ȳ∀u∃z̄∃v(∀x ∈ X)(Rxȳz̄ ∧ (E2ux→ E1vx)).

We claim thatA satisfies

∃x̄ ∈ [n]log n ∀ȳ ∈ [n]p ∃z̄ ∈ [n]q ∀i ∈ [log n]ψ(i, xi, ȳ, z̄)

if and only if there is a setS ⊆ B of sizek = log n such thatB |= ϕ(S). This
yields the desired reduction from the LOGNP-problem definedby ψ to the problem
LOG′-FDϕ(X) (with c = 1).

The crucial observation here is that for every set

S =
{
(ai, ji)

∣
∣ i ∈ [k]

}
⊆ B

such that
(B, X ← S) |= ∀u∃v(∀x ∈ X)(E2ux→ E1vx),

j1, . . . , jk are pairwise distinct. To see this, letS be such a set and suppose that
(a, i), (b, i) ∈ S for somea 6= b ∈ [n] andi ∈ [k]. Let c ∈ B such that

(B, X ← S, u← (i, i), v ← c) |= (∀x ∈ X)(E2ux→ E1vx).

(This means that(∀x ∈ X)(E2ux → E1vx) holds inB if X is interpreted byS, u
is interpreted by(i, i), andv is interpreted byc.) Since both((a, i), (i, i)) ∈ EB2 and
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((b, i), (i, i)) ∈ EB2 , it follows that((a, i), c) ∈ EB1 and((b, i), c) ∈ EB1 . This implies
thata = b.

The proof is completed as for LOGSNP. 2

Recalling that LOG-DS is complete for LOGSNP and VCDIM is complete for
LOGNP [15], we obtain:

Corollary 20. LOG-DS is complete forLOG[2] andVCDIM is complete forLOG[3].

For every classΓ of propositional formulas, we let

LOG-WSAT(Γ)
Instance:A propositional formulaα ∈ Γ.
Problem: Decide whetherα is log |α|-satisfiable.

Lemma 21. For everyt ≥ 1 and every constantc ≥ 1 the following problem is poly-
nomial time reducible toLOG-WSAT(Γt,1):

LOG′-WSAT(Γt,1)
Instance:A formulaα ∈ Γt,1 and a natural numberk ≤ c · log |α|.
Problem: Decide whetherα has a satisfying assignment of weightk.

Proof: Let t, c ≥ 1. Let k ≤ c · log |α| andα =
∧m
i=1 βi ∈ Γt,1. We shall define a

formulaα′ ∈ Γt,1 such thatα has a satisfying assignment of weightk if and only ifα′

has a satisfying assignment of weight log|α′|.
Let n = |α|, andp ≥ 1 minimal such that2k+p − p ≥ n. Let q = 2k+p − p− n.

Then
log (n+ p+ q) = k + p.

Moreover,p, q ≤ 2kn, andp, q can be computed in time polynomial in2k + n.
Let Y1, . . . , Yp be variables that do not occur inα and

α′ =

m+p+q
∧

i=1

βi,

where

βm+j =

{

Yj if 1 ≤ j ≤ p,

Y1 if p+ 1 ≤ j ≤ p+ q.

Then|α′| = n+ p+ q, andα′ has a satisfying assignment of weightk + p = log |α′|
if and only if α has a satisfying assignment of weightk. 2

Theorem 22. For everyt ≥ 2, LOG-WSAT(Γt,1) is complete forLOG[t] under poly-
nomial time reductions.
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Proof: LOG-WSAT(Γt,1) ∈ LOG[t]: By Theorem 12, there is aΠt/1-formulaϕ(X)
such thatp-WSAT(Γt,1) is efpt-reducible top-FDϕ(X). Letα ∈ Γt,1 be given and set

k = log |α|. The efpt-reduction produces in time2c
′·k · p(|α|), which is polynomial

in |α|, an equivalent instance(A, k′) of p-FDϕ(X), such thatk′ ≤ d · k. In fact, the
universe of the structureA produced by the reduction is at least as large asα (compare
the proofs of Section 4). Hence,k′ ≤ c · log |A| for a suitablec. Therefore,(A, k′) is
an equivalent instance of LOG′-FDϕ(X), too.

Completeness follows from the other direction of Theorem 12and Lemma 21. 2

Papadimitriou and Yannakakis [15] give a relatively complicated definition of LOG-
CLIQUE by a formula of the form (11) and thus show that LOG-CLIQUE ∈ LOG[2];
here we get this result as an immediate consequence of Theorem 22 and Lemma 21 .

Corollary 23 ([15]). LOG-CLIQUE ∈ LOG[2].

Corollary 24. LOG[t] ⊆ LOG[t+ 1] for all t ≥ 2.

Proof: Follows from Theorem 22 becauseΓt,1-formulas may be viewed asΓt+1,1-
formulas. 2

The last result of this section is a structural result that relates parameterized and
classical complexity.

Theorem 25. Let t ≥ 2. Then,EW[t] = EPT if and only if LOG[t] = PTIME.

Proof: The forward direction is easy: If EW[t] = EPT, thenp-WSAT(Γt,1) is solvable
in time 2c·k · p(n) for some constantc and polynomialp. Hence, LOG-WSAT(Γt,1)
is solvable in time2c·log n · p(n), which is polynomial. Now, the claim follows by
Theorem 22.

For the backward direction, suppose that LOG[t] = PTIME and letϕ(X) be
a genericΠt/1-formula. By Theorem 12 and Lemma 11, it suffices to show that
p-FDϕ(X) is in EPT.

Let (A, k) be an instance ofp-FDϕ(X). If k ≤ log |A|, then we can solve the in-
stance in polynomial time by our assumption that LOG[t] = PTIME and by Lemma 18.
To deal with instances wherek > log |A|, we define aΠt/1-formulaϕ′(X) and an efpt-
reduction(A, k) 7→ (A′, k′) from p-FDϕ(X) to p-FDϕ′(X), which has the additional
property thatk′ ≤ log |A′|. Then we proceed as above.

The construction is very similar to the construction carried out in the proof of
Lemma 18. Assume first thatt ≥ 3 is odd. Suppose that

ϕ(X) = ∀y1 ∃y2 . . .∃yt−1(∀x ∈ X)Ry1 . . . yt−1x

Let τ be the vocabulary ofϕ(X) andP a unary relation symbol not contained inτ . Let
ϕ′(X) be aΠt/1-formula equivalent to the following formula

(∀x ∈ X)Px ∧ (∀y1 ∈ P )(∃y2 ∈ P ) . . . (∃yt−1 ∈ P )(∀x ∈ X)Ry1 . . . yt−1x.
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ϕ′(X) says thatX is a subset ofP and thatϕ(X) holds in the induced substructure
with universeP .

For every{R}-structureA with universeA and allm ≥ 0, letAm be the{R,P}-
structure obtained fromA by putting all elements ofA into the relationP and then
addingm new elementsa1, . . . , am. Then for allS ⊆ A we have

A |= ϕ(S) ⇐⇒ Am |= ϕ′(S).

Moreover, for allS ⊆ A ∪ {a1, . . . , am} with Am |= ϕ′(S) we haveS ⊆ A. Thus for
all k ≥ 0, there is anS ⊆ A of sizek such thatA |= ϕ(S) if, and only if, there is an
S′ ⊆ A ∪ {a1, . . . , am} of sizek such thatAm |= ϕ′(S′).

Now we are ready to define the reduction. LetA be aτ -structure,n = |A|, and
k ≥ 0. Letm = 2k, then

k ≤ log (m+ n).

The mapping(A, k) 7→ (Am, k) is the desired reduction.

In remains to give the deal with event ≥ 2. There is a slight problem because in
this case we cannot say thatX is a subset ofP with aΠt/1-formula. Nevertheless, we
proceed more or less analogously. For

ϕ(X) = ∀ȳ1 ∃ȳ2 . . .∀ȳt−1(∃x ∈ X)ψ(x, ȳ1, . . . , ȳt−1),

we letϕ′(X) be aΠt/1-formula equivalent to the following formula:

(∀ȳ1 ∈ P ) . . . (∀ȳt−1 ∈ P )(∃x ∈ X ∩ P )ψ(x, ȳ1, . . . , ȳt−1).

Form ≥ 1, we defineAm as above. Then for allS ⊆ A andS+ ⊆ {a1, . . . , am} we
have

A |= ϕ(S) ⇐⇒ Am |= ϕ′(S ∪ S+).

This implies that for allk ≤ |A|, there is anS ⊆ A of sizek such thatA |= ϕ(S) if,
and only if, there is anS′ ⊆ A ∪ {a1, . . . , am} of sizek such thatAm |= ϕ′(S′). To
prove this, we use the monotonicity ofϕ(X). The rest of the proof is analogous to the
case of oddt. 2

Corollary 26. 1. EW[2] = EPT if and only if LOG-DS∈ PTIME.

2. EW[3] = EPT if and only if VCDIM ∈ PTIME.

3. For all t ≥ 2, EW[t] = EPT if and only if LOG-WSAT(Γt,1) ∈ PTIME.

7. Higher levels of intractability

We mentioned in Section 2 thatp-MC(WORDS,FO) and evenp-MC(WORDS,MSO)
are in FPT but not in EPT (under the assumptions FPT6= AW[∗] and P6= NP, respec-
tively). In this section we analyse theE-parameterized complexity of these problems.

For a class of propositional formulasΓ thealternating weighted satisfiability prob-
lem AWSAT(Γ) is the following parameterized problem:
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AWSAT(Γ)
Instance:A formulaα ∈ Γ, a partition(Xm)1≤m≤q of its variables,

and a sequence(km)1≤m≤q of natural numbers.
Parameter:k1 + . . .+ kq.

Problem: Decide whether there is a sizek1 subsetY1 of X1 such
that for every sizek2 subsetY2 of X2 there exists . . . such
that the truth value assignment only setting the variables
in Y1 ∪ . . . ∪ Yq to TRUE satisfiesα.

In unbounded parameterized complexity theory, the class AW[∗] consists of all prob-
lems reducible to AWSAT(Γt,1) for somet ≥ 1. Hence, we define:

EAW[∗] :=
⋃

t≥1

[
AWSAT(Γt,1)

]ept
.

Similarly as in the unbounded theory, we have:

Proposition 27. AWSAT(Γ1,2) and, fort ≥ 2, AWSAT(Γt,1) are complete forEAW[∗].

Proof: SinceΓ1,2 ⊆ Γ2,1 ⊆ Γ3,1 ⊆ . . . up to obvious identifications, we have

AWSAT(Γ1,2) ∈ EAW[∗]

and it suffices to show that AWSAT(Γt,1) ≤efpt AWSAT(Γ1,2) for t ≥ 2. The rest of
the proof will rely on the following observation: Suppose weare given an instance

(α, (Xm)1≤m≤q, (km)1≤m≤q)

of AWSAT(PROP) (PROP denotes the class of all propositional formulas), where

α =
∧

i∈I

∨

j∈J

αi,j

with no restriction on the subformulasαi,j and, say, with oddq. We letXq+1 = {Xi |
i ∈ I} be a set of new variables and set

α′ =
∨

i∈I

∨

j∈J

(Xi ∧ αi,j)

andkq+1 = 1. Then(α′, (Xm)1≤m≤q+1, (km)1≤m≤q+1) is an instance of AWSAT(PROP)
equivalent to the original one (note that a universal quantifier is ranging overXq+1).
This shows

AWSAT(Γt+1,1) ≤
efpt AWSAT(∆t,1)

for t ≥ 2, and
AWSAT(Γ2,1) ≤

efpt AWSAT(∆1,2).

Dually one obtains
AWSAT(∆t+1,1) ≤

efpt AWSAT(Γt,1)
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for t ≥ 2, and
AWSAT(∆2,1) ≤

efpt AWSAT(Γ1,2).

Composing such reductions we obtain AWSAT(Γt,1) ≤efpt AWSAT(Γ1,2) (since every
formula in∆1,2 is (equivalent to) a formula in∆2,1). 2

We now turn to model-checking problems for the class of words. Given an alpha-
betΣ, we identify wordsw ∈ Σ∗ with structuresA(w) as follows: As vocabulary we
useτΣ := {<,S} ∪ {Pa | a ∈ Σ}, where< is a binary relation symbol,S, the “suc-
cessor”, is a unary function symbol (only in this context, for easier formalizations, we
consider vocabularies with a function symbol) and thePa are unary relation symbols.
The universe of theτΣ-structureA(w) is {1, . . . , |w|}. The symbols< andS are in-
terpreted as the order relation and the successor function (with SA(w)(|w|) = |w|) on
this subset ofN. A numberi with 1 ≤ i ≤ |w| is in PA(w)

a if and only if theith letter
of w is a. WORDS is the class of all structures that are words.

The following theorem is remarkable, since in unbounded parameterized complex-
ity theory the problemp-MC(WORDS,FO) is in FPT whereasp-MC(FO) is AW[∗]-
complete. Moreover, it shows that

p-MC(WORDS,FO) ∈ FPT, p-MC(FO) ≤ept p-MC(WORDS,FO),

and p-MC(FO) /∈ FPT,

in case FPT6= AW[∗].

Theorem 28. The following problems are complete forEAW[∗]:

1. p-MC(WORDS,FO).

2. p-MC(FO).

Proof: We start by showing AWSAT(Γ1,2) ≤ept p-MC(WORDS,FO). Let an instance
(α, (Xℓ)1≤ℓ≤q, (kℓ)1≤ℓ≤q) of AWSAT(Γ1,2) be given, say, with evenq. Thenα has
the form

α =
∧

i∈I

(αi,1 ∨ αi,2)

with literalsαi,j . We setX =
⋃

1≤ℓ≤q

Xℓ, sayX = {X1, . . . , Xn0
}. We choosem

minimal withn0 < 2m.
We will construct an equivalent instance(w,ϕ) of p-MC(WORDS,FO), wherew

will be of the formw = wVarwα with wVar representing the variables ofα andwα the
formulaα. The alphabet forw is

Σ = {V1, . . . , Vq,+,−, 0, 1,∨}.

For 0 ≤ n < 2m, we denote by〈n〉 the binary representation of lengthm of n. The
formulaϕ=(x, y) is such that, if the subwords of lengthm starting atx andy have the
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form 〈n〉 and〈n′〉, then it states thatn = n′:

ϕ=(x, y) :=∃x1 . . .∃xm∃y1 . . . ∃ym
(

x1 = x ∧ y1 = y

∧
∧

1≤h<m

(
xh+1 = S(xh) ∧ yh+1 = S(yh)

)

∧
∧

1≤h≤m

(P0xh ↔ P0yh)
)

.

Note that|ϕ=| = O(m) = O(log |α|). A variableXh ∈ Xℓ is represented by the
wordwh = Vℓ〈h〉 andwVar = w1 . . . wn0

is the word representing all variables. For
1 ≤ ℓ ≤ q the formulaϕYℓ

(xℓ,1, . . . , xℓ,kℓ
) expresses that̄xℓ = xℓ,1 . . . xℓ,kℓ

is an
ascending sequence of positions carrying the letterVℓ; that is, that̄xℓ corresponds to a
subset ofXℓ of sizekℓ:

ϕYℓ
(xℓ,1, . . . , xℓ,kℓ

) :=
∧

1≤i<kℓ

xℓ,i < xℓ,i+1 ∧
∧

1≤i≤kℓ

Vℓxℓ,i.

The first-order formulaϕ we aim at will have the form

∃x̄1(ϕY1
(x̄1) ∧ ∀x̄2(ϕY2

(x̄2)→ . . . ∀x̄q(ϕYq
(x̄q)→ ϕ′) . . . )),

whereϕ′ expresses that the truth assignment determined byx̄ = x1,1 . . . xq,kq
satisfies

α. For this purpose a positive literalαi,j = Xh is represented by the wordwi,j = +〈h〉
and a negative literalαi,j = ¬Xh by the wordwi,j = −〈h〉. The formulaϕL(x̄, y)
expresses that the literal starting aty is satisfied by the truth assignmentx̄:

ϕL(x̄, y) := ∃z(ϕ=(S(z), S(y)) ∧
∨

1≤ℓ≤q

(PVℓ
z ∧ (P+y ↔

∨

1≤i≤kℓ

z = xℓ,i))).

Read: If the variable of the literaly belongs toXℓ, then the literal is positive if and only
if the variable is in̄x. Finally, we representα by the wordwα, which is a concatenation
of all ∨wi,1wi,2 with i ∈ I. Then, setting

ϕ′ := ∀z(P∨z → (ϕL(x̄, S(z)) ∨ ϕL(x̄, Sm+2(z))),

we have

A(wVarwα) |= ϕ ⇐⇒ (α, (Xℓ)1≤ℓ≤q, (kℓ)1≤ℓ≤q) belongs to AWSAT(Γ1,2).

The length|ϕ| of ϕ can be bounded byO(k + m) = O(k + log |α|), wherek :=
∑q
ℓ=1 kℓ (is the old parameter). Therefore, this reduction is an ept-reduction but not an

fpt-reduction.

Clearly,p-MC(FO)[WORDS] ≤efpt p-MC(FO). Hence it remains to prove that

p-MC(FO) ∈ EAW[∗].
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In fact, we show:p-MC(FO) ≤efpt AWSAT(Γ4,1). Let (A, ϕ) be an instance of
p-MC(FO). In timeO(2|ϕ|) we can pass to a formula equivalent toϕ of the form

∃x1∀x2∃x3 . . .∀xq
∧

i∈I

∨

j∈J

ϕi,j

where theϕi,j are atomic or negated atomic formulas. We introduce variablesXm,a

for 1 ≤ m ≤ q anda ∈ A with the intended meaning “the interpretation ofxm is a”
and form the variable setsXm = {Xm,a | a ∈ A} for m = 1, . . . , q. Furthermore we
setkm = 1. Then,k1 + . . .+ kq ∈ O(|ϕ|).

If ϕi,j(xi1 , . . . , xir ) is an atomic formula we let

αi,j =
∨

a1,...,ar∈A
A|=ϕi,j(ā)

∧

1≤h≤r

Xih,ah
.

If on the other handϕi,j = ¬ϕ′i,j(xi1 , . . . , xir ) with an atomic formulaϕ′i,j , we let

αi,j =
∧

a1,...,ar∈A
A|=ϕ′

i,j(ā)

∨

1≤h≤r

¬Xih,ah
.

Note that in both cases we have|αi,j | = O(||A||), since the tuples of any relation ofA
are taken into consideration in the size||A|| of A. Finally, setting

α =
∧

i∈I

∨

j∈J

αi,j ,

one easily verifies that

(A, ϕ) ∈ p-MC(FO) ⇐⇒ (α, (Xm)1≤m≤q, (km)1≤m≤q) ∈ AWSAT(Γ4,1).

Altogether, the running time of this reduction is bounded by2O(|ϕ|) · ||A||. 2

We use the same technique to prove a result that helps to locate the complexity of
p-MC(WORDS,MSO) in the EPT-world. For this purpose we introduce theparame-
terized satisfiability problemp-QBF for quantified propositional logic,

p-QBF
Instance:A sentenceβ of quantified propositional logic.

Parameter: The quantifier alternation depth ofβ.
Problem: Decide whetherβ is valid.

The reader familiar with the class para-NP will realize thatp-QBF is hard for this
class, since the first slice is hard for NP. So again, we have the remarkable fact that
two problems, namelyp-MC(WORDS,MSO) andp-QBF, with highly distinct FPT-
complexities have the same EPT-complexity:

Theorem 29. The following problems are equivalent underept-reductions:
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1. p-QBF

2. p-MC(WORDS,MSO).

3. For s ≥ 1, the model-checking problemp-MC(SOs) for the fragmentSOs of
second-order logicSOconsisting of allSO-formulas in which all quantified second-
order variables have arity at mosts.

Proof: We only sketch the changes with respect to the proof of the preceding theorem.
p-QBF≤ept p-MC(WORDS,MSO): Let β of alternation depthk be given. Using

standard techniques, we may assume thatβ is in prenex normal form withk (maximal)
blocks of quantifiers (without alternation), the first quantifier block being existential
and that its quantifier-free partα is in conjunctive normal form with clauses of size
exactly3 (note that the newβ can be obtained in polynomial time from the old one).
For 1 ≤ ℓ ≤ k, let Xℓ be the set of variables of thei-th quantifier block and letα
be the quantifier-free part ofβ. We aim at wordw and a MSO-sentenceϕ such that
(β ∈ p-QBF ⇐⇒ A(w) |= ϕ).

Again, the wordw is of the formw = wVarwα, wherewVar is as in the previous
proof andwα is an encoding ofα similar to the one there. A truth assignment for
the variables fromXℓ is a subset of those positions of the word labelled byVℓ and is
represented in the formulaϕ by the monadic second-order variableXℓ:

ϕ = ∃X1(X1 ⊆ PV1
∧ ∀X2(X2 ⊆ PV2

→ . . . ϕ|=)).

Here,ϕ|=(X1, . . . , Xk) expresses that the truth assignment determined by theXℓ’s
satisfiesα.

p-MC(SOs) ≤efpt p-QBF: Let (A, ϕ) be an instance ofp-MC(SOs). We assume
thatϕ is in prenex normal form and thatA = {1, . . . , n}.

We introduce for every second-order variableY of arity r (with r ≤ s) proposi-
tional variablesXY,i1,...,ir for 1 ≤ i1, . . . , ir ≤ n; the intended meaning ofXY,i1,...,ir

is “Y i1 . . . ir holds”. And for a first-order variabley we introduce propositional vari-
ablesXy,i for 1 ≤ i ≤ n; Xy,i says “y gets the valuei”. We inductively translate the
subformulasψ of ϕ into quantified propositional formulasβψ (andβϕ is the formula
we aim at). We give the main steps:

1. If ψ = Ry1 . . . yr then

βψ =
∨

(i1,...,ir)∈RA

∧

1≤s≤r

Xys,is .

2. If ψ = Y y1 . . . yr then

βψ =
∨

1≤i1,...,ir≤n

(XY,i1,...,ir ∧
∧

1≤s≤r

Xys,is).

3. If ψ = ∃yψ′ then

βψ = ∃Xy,1 . . .∃Xy,n




∨

1≤i≤n

Xy,i ∧
∧

1≤i<i′≤n

¬(Xy,i ∧Xy,i′) ∧ βψ′



 .
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4. If ψ = ∃Y ψ′ then

βψ = ∃XY,1,...,1 . . . ∃XY,i1,...,ir . . .∃XY,n,...,n βψ′ .

Then,A |= ϕ if and only if βϕ is valid. Furthermore|βϕ| = |ϕ| · ||A||O(1) and the
alternation depth ofβϕ is the same as that ofϕ, hence bounded by|ϕ|. 2

8. The EW-matrix

While for t ≥ 2 andd ≥ 1 the problemsp-WSAT(Γt,d) andp-WSAT(Γt,1) are fpt-
equivalent, they may not be ept-equivalent. In this section, we study theEW-matrixof
classes

EW[t, d] := [p-WSAT(Γt,d)]
ept

for t, d ≥ 1. Clearly, EW[1, 1] = EPT and we already know (cf. (3) and (4) in Section
4) that

EW[t, d] = [p-WSAT(Γ+
t,d)]

ept for event and

EW[t, d] = [p-WSAT(Γ−t,d)]
ept for oddt.

Also note that the classes of the EW-matrix can be linearly ordered by inclusion, be-
cause for allt, d ≥ 1 we have

EW[t, d] ⊆ EW[t+ 1, 1].

This follows immediately from the fact that everyΓt,d-formula may be viewed as a
Γt+1,1-formula.

In this section we give characterisations of the classes of the EW-matrix in terms of
model-checking problems and in terms of Fagin-definable problems, thereby exempli-
fying a certain robustness of these classes.

So far we considered the model-checking problem parameterized by the length
of the input formula; here, we need the same problem but now parameterized by the
number of variables of the input formula, a parameterization already considered by
Papadimitriou and Yannakakis [17]. For a classΦ of formulas, we define:

p-MCvar(Φ)
Instance:A structureA and a sentenceϕ ∈ Φ.

Parameter: |var(ϕ)|.
Problem: Decide whetherA |= ϕ.

Clearly,p-MC(Φ) ≤efpt p-MCvar(Φ).
Since in the new model-checking problem the formulaϕ is not the parameter, in

order to put the quantifier-free part ofϕ into, say, disjunctive normal form, in general,
we need time exponential in the input length (and not only exponential in the parameter
as it is the case for the usual parameterization of the model-checking problem). This
forces us to consider formulas that are already in the desired form.
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Let t, u, d ≥ 1. A Σt,u,d-formula is aΣt,u-formula

ϕ = ∃x11 . . .∃x1k1∀x21 . . .∀x2k2 . . . Qxt1 . . .Qxtkt
ψ,

such that

• no atomic subformula contains more thand variables of the first block (that is,
variables of the formx1,i)

• in caset is odd,ψ is in disjunctive normal form and

• in caset is even,ψ is in conjunctive normal form.

Proposition 30. For t ≥ 2 andu ≥ 1,

p-MCvar(Σt,u,1) ≡
efpt p-MC(Σt,u).

Proof: p-MC(Σt,u) ≤efpt p-MCvar(Σt,u,1): In [11], an fpt-reduction(A, ϕ) 7→ (A′, ϕ′)
from p-MC(Σt,u) to p-MC(Σt,u) is presented, where inϕ′ no atomic subformula con-
tains more than one variable of the first block. This reduction is an efpt-reduction.
Now, in time allowed by an efpt-reduction, the quantifier-free part ofϕ′ is transformed
into conjunctive or disjunctive normal form; thereby, the number of variables of the
first block, the new parameter, does not change.

To obtainp-MCvar(Σt,u,1) ≤efpt p-MC(Σt,u), we show thatp-MCvar(Σt,u,1) ≤efpt

p-MC(Σt,u+1); this suffices, since the fpt-reduction fromp-MC(Σt,u) to p-MC(Σt,1)
in [10] is an efpt-reduction, too.

Let (A, ϕ) be an instance ofp-MCvar(Σt,u,1) and assume thatt is even. Then,

ϕ = ∃x1 . . . ∃xℓ∀ȳ2∃ȳ3 . . .∀ȳt
∧

i∈I

∨

j∈J

ψi,j

with literalsψi,j . First we replace the conjunction
∧

i∈I in ϕ by a universal quantifier.
For this purpose, we add to the vocabularyτ of A unary relation symbolsRi for i ∈ I
and consider an expansionB := (A, (RBi )i∈I) ofA, where(RBi )i∈I is a partition ofA
into nonempty disjoint sets. Then,

A |= ϕ ⇐⇒ B |= ∃x1 . . . xℓ∀ȳ2∃ȳ3 . . . ∀ȳt∀y
∨

i∈I

∨

j∈J

(Riy ∧ ψi,j).

Furthermore, we expandB to a structureC by adding form = 1, . . . , ℓ a relationT Cm
of arity 1 + |ȳ2|+ . . .+ |ȳt| + 1 containing all tuples that satisfy at least one disjunct
(Riy ∧ ψi,j), whereψi,j containsxm and similarly, we add one relationT C for those
disjuncts that contain no variable from the first block. Then,

A |= ϕ ⇐⇒ C |= ∃x1 . . . xℓ∀ȳ2∃ȳ3 . . . ∀ȳt∀y(T1x1ȳ ∨ . . . ∨ Tℓxℓȳ ∨ T ȳ)

whereȳ = ȳ2 . . . ȳty. Note that the formula on the right hand side is aΣt,u+1 -formula
of lengthO(ℓ), so we have the desired reduction. 2

The promised characterisation of the classes EW[t, d] reads as follows:
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Theorem 31. 1. p-MCvar(Σt,u,d) is complete forEW[t, d] for t, d, u ≥ 1.

2. p-FDϕ(X) is complete inEW[t, d] for every genericΠt/d-formula ϕ(X) and
t, d ≥ 1.

Proof: The caset = d = 1 is trivial since EW[1, 1] = EPT and all problems are in
EPT fort = d = 1. So let us assume thatt+ d ≥ 3.

Part (2) follows from Theorem 5 and Lemma 13. We turn to part (1). By Proposi-
tion 30, we may assume thatd ≥ 2. We show thatp-MCvar(Σt,1,d) is hard for EW[t, d]
by proving:

Claim: p-FDϕ(X) ≤
efpt p-MCvar(Σt,1,d) for every genericΠt/d-formulaϕ(X).

First, lett be odd. Then,

ϕ(X) = ∀y1∃y2 . . . ∃yt−1(∀x1 ∈ X) . . . (∀xd ∈ X)Rȳ x̄.

We set

ψ = ∃z1 . . . ∃zk∀y1∃y2 . . . ∃yt−1(
∧

1≤i<j≤k

zi 6= zj ∧
∧

1≤m1,...,md≤k

Rȳzm1
. . . zmd

).

Then,ψ is aΣt,u,d-formula and for any instance(A, k) of p-FDϕ(X) we have ((A, k) ∈
p-FDϕ(X) ⇐⇒ (A, ψ) ∈ p-MCvar(Σt,u,d)) and|var(ψ)|) ∈ O(k).

If t is even and

ϕ(X) = ∀y1∃y2 . . . ∀yt−1(∃x1 ∈ X) . . . (∃xd ∈ X)Rȳ x̄,

then we set

ψ = ∃z1 . . . ∃zk∀y1∃y2 . . . ∀yt−1(
∧

1≤i<j≤k

zi 6= zj ∧
∨

1≤m1,...,md≤k

Rȳzm1
. . . zmd

).

Again,ψ is aΣt,u,d-formula and the corresponding equivalence holds.

Claim: p-MCvar(Σt,u,d) ∈ EW[t, d].

Let an instance(A, ϕ) of p-MCvar(Σt,u,d) be given, say for event, and with

ϕ = ∃x1 . . . ∃xk∀ȳ2∃ȳ3 . . . ∀ȳt
∧

i∈I

∨

j∈J

ψi,j

with literalsψi,j = ψi,j(ȳ, xg(i,j,1), . . . , xg(i,j,d)) andȳ = ȳ2 . . . ȳt. We introduce the
propositional formulaα ∈ Γt,d by

∧

ā2∈A|ȳ2|

∨

ā3∈A|ȳ3|

. . .
∧

āt∈A|ȳt|

∧

i∈I

∨

j∈J

∨

b̄∈Ad

A|=ψi,j(ā,b̄)

(Xg(i,j,i),b1 ∧ . . . ∧Xg(i,j,d),bd
)

(hereā = ā2 . . . āt). Moreover, letα0 :=
∧k
s=1

∨

a∈AXs,a. Clearly, (α ∧ α0) is
equivalent to a formula inΓt,d and one verifies that

(A, ϕ) ∈ p-MCvar(Σt,u,d) ⇐⇒ (α ∧ α0) is k-satisfiable

obtaining a reduction fromp-MCvar(Σt,u,d) to p-WSAT(Γt,d). 2
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9. The first level of the EW-hierarchy

We turn to the class EW[1], which we defined in Subsection 4.1 by the equality

EW[1] = [p-WSAT(Γ1,2)]
ept.

The following theorem contains characterisations of EW[1] similar to those presented
in Section 4 for the classes EW[t] for t ≥ 2. Moreover, it shows that the W[1]-
completeness of the parameterized clique problemp-CLIQUE survives in EPT, where

p-CLIQUE

Instance:A graphG andk ∈ N.
Parameter:k.

Problem: Decide whetherG has a clique of sizek.

Theorem 32. The following problems are complete forEW[1]:

1. p-WSAT(Γ−1,2).

2. p-FDϕ(X) for every genericΠ1/2-formulaϕ(X).

3. p-MCvar(Σ1,1,2).

4. p-CLIQUE.

Proof: The completeness of the first three items already have been proven by Lemma 7
and Lemma 8, by Lemma 13, and by Theorem 31, respectively. Foritem (4) we show
thatp-CLIQUE ≡efpt p-WSAT(Γ−1,2).

p-CLIQUE ≤efpt p-WSAT(Γ−1,2): Let an instance ofp-CLIQUE be given consisting
of a graphG = (G,EG) and the natural numberk. We may assume that no vertex ofG
is adjacent to all other vertices (otherwise, we first reduceour instance to a graph with
this property and someℓ < k). Consider theΓ−1,2-formula

α =
∧

a,b∈G

a6=b and(a,b) 6∈EG

(¬Xa ∨ ¬Xb).

Here,Xa is a propositional variable “expressing thata is in the clique”. Then,(α, k)
belongs top-WSAT if and only if (G, k) belongs top-CLIQUE.

p-WSAT(Γ−1,2) ≤
efpt p-CLIQUE: Observe that the formula we just obtained is

“generic” for Γ−1,2, so we reverse our preceding translation: Let(α, k) be an instance
of p-WSAT(Γ−1,2) with

α =
∧

i∈I

(¬Xi,1 ∨ ¬Xi,2)

and with setX of variables. We may assume thatXi,1 6= Xi,2 (otherwise, we may
simplify (α, k)). Then

((X , {(X,Y ) | X 6= Y and{X,Y } 6= {Xi,1, Xi,2} for all i ∈ I}), k)
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is an instance ofp-CLIQUE that is equivalent to(α, k). 2

In unbounded parameterized complexity theory, we know thatp-MC(Σ1) is com-
plete for W[1]. Hardness can be shown by the following fpt-reduction ofp-CLIQUE to
p-MC(Σ1):

(G, k) ∈ p-CLIQUE ⇐⇒ (G, ∃x1 . . . ∃xk
∧

1≤i<j≤k

Exixj) ∈ p-MC(Σ1).(14)

Since the formula on the right hand side has sizeO(k2), this is not an ept-reduction. In
fact, we only know:

Proposition 33. p-MC(Σ1) ∈ EW[1].

We omit the proof which is implicit in the first part of the proof of Proposition 24 in
[11].

Finally we remark:

Theorem 34. EW[1] = EPT if and only if LOG-CLIQUE ∈ PTIME.

Proof: If EW[1] = EPT, thenp-CLIQUE ∈ EPT. Hence, we can determine whether a
graphG has a clique of size log|G| in time2O(log |G|) · p(‖G‖) for some polynomialp
and therefore, in polynomial time.

For the converse, we assume that LOG-CLIQUE is solvable in polynomial time
and show thatp-CLIQUE ∈ EPT. Let(G, k) be an instance ofp-CLIQUE with G =
(G,EG). We could solve it using the algorithm for LOG-CLIQUE, if k = log |G|. We
will establish this last condition through appropriate modifications.

We first construct an equivalent instance(G′, k′) with log |G′| ≤ k′. The graphG′

is obtained by adding log|G| + 1 new vertices toG and connecting them with every
other vertex, old or new. Then,|G′| = |G| + log |G| + 1 and hence log|G′| ≤
1 + log |G|. Fork′ := k + log |G| + 1, the graphG′ has ak′-clique if and only ifG
has ak-clique. We have log|G′| ≤ k′.

Next we construct an equivalent instance(G′′, k′′) such thatk′′ = log |G′′|. For
this purpose, we add2k

′

− |G′| new isolated vertices toG′ and letk′′ = k′. Now
we apply the algorithm for LOG-CLIQUE to G′′. The running time is‖G′′‖O(1) =
2O(k′) = 2O(k) · |G|O(1), hence we have an ept-algorithm solvingp-CLIQUE. 2

Theorem 25 and Theorem 34 suggest to define LOG[1] as the closure of LOG-CLIQUE

under polynomial time reductions.

10. Conclusions

We introduce a notion of bounded fixed-parameter tractability and develop a basic com-
plexity theory for this notion of tractability. A particularly nice feature of this theory is
its close connection with the classical complexity theory of problems that can be solved
with log2n nondeterministic bits.

By and large, the theory is well-behaved, but it is not as robust as one might wish.
This is particularly true when it comes to the definition of the class EW[1]. The alterna-
tive notion of bounded fixed-parameter tractability isEXP-FPT, where the parameter
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dependence of a fixed-parameter tractable algorithm is bounded by2poly(n). It is more
robust and does not have these problems (on the other hand, itdoes not have the nice
connection to the LOG-classes either). This theory is investigated in [19].

It remains an open problem whether the EW-matrix collapses to the EW-hierarchy,
that is, whether fort ≥ 1 andd ≥ 2 we have EW[t, d] = EW[t]. It also remains open
whether the parameterized model-checking problem forΣ1-formulas is complete for
the class EW[1].
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