
Parameterized Complexity andSubexponential TimeJörg Flum∗ Martin Grohe†1. Introdu
tionOver the last 15 years, the theory of �xed-parameter tra
tability [13℄ hasdeveloped into a well-established bran
h of algorithm design and 
omplexitytheory. In this theory, the running time of algorithms is analyzed not onlyin terms of the input size, but also in terms of an additional parameter ofproblem instan
es. An algorithm is 
alled �xed-parameter tra
table (fpt) ifits running time is possibly super-polynomial in terms of the parameter ofthe instan
e, but polynomial in the size. More pre
isely, an algorithm is fptif its running time is
f(k) · nO(1) (1.1)for some 
omputable fun
tion f , where n denotes the size of the input and

k the parameter. The idea is to 
hoose the parameterization in su
h a waythat the parameter is small for problem instan
es appearing in a 
on
reteappli
ation at hand. Sin
e f(k) is expe
ted to be moderate for small k, �xed-parameter tra
tability is a reasonable approximation of pra
ti
al tra
tabilityfor su
h problem instan
es.Fixed-parameter tra
tability is thus a spe
i�
 approa
h to the design ofexa
t algorithms for hard algorithmi
 problems, an area whi
h has re
eivedmu
h attention in re
ent years (see, for example, [17, 27℄). Well known ex-amples of non-trivial exa
t algorithms are the ever improving algorithms forthe 3-satis�ability problem [24, 25, 8, 20℄, the 
urrently best being due toIwama and Tamaki [20℄ with a running time of roughly 1.324n, where n isthe number of variables of the input formula. In this arti
le, we are mainly
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interested in lower bounds for exa
t algorithms. For example, is there an al-gorithm that solves the 3-satis�ability problem in time 2o(n)? The assumptionthat there is no su
h algorithm is known as the exponential time hypothesis(ETH). The exponential time hypothesis and related assumptions have beenstudied from a 
omplexity theoreti
 point of view in [14, 19, 18, 26℄. Mostnotably, Impagliazzo, Paturi, and Zane [19℄ have started to develop a theoryof hardness and 
ompleteness for problems with respe
t to subexponentialtime solvability. An ultimate goal of su
h a theory would be to show theequivalen
e of assumptions su
h as (ETH) with more established assump-tions su
h as P 6= NP. Of 
ourse it is not 
lear at all if su
h an equivalen
e
an be proved without a
tually proving (ETH). Overall, we believe that it isfair to say that subexponential time 
omplexity is not very well understood.What singles out �xed-parameter tra
tability among other paradigms forthe design of exa
t algorithms for hard algorithmi
 problems is that it is
omplemented by a very well-developed theory of intra
tability. It is knownfor quite a while that this intra
tability theory has 
lose 
onne
tions withsubexponential time 
omplexity and the exponential time hypothesis [1℄. Butonly re
ently have these 
onne
tions moved to the 
enter of interest of re-sear
hers in parameterized 
omplexity theory [3, 10, 4, 5, 6℄. This shift ofinterest was 
aused by attempts to prove lower bounds for the parameter de-penden
e (the fun
tion f in (1.1)) of fpt-algorithms [3℄ and the investigationsof miniaturized problems in this 
ontext [10℄.The purpose of this arti
le is to explain these 
onne
tions between pa-rameterized and subexponential 
omplexity. The intention is not primarilyto survey the most re
ent developments, but to explain the te
hni
al ideasin su�
ient detail. (For a re
ent survey on parameterized 
omplexity theory,see, for example, [9℄.) The main te
hni
al results are redu
tions between thesatis�ability problem and the weighted satis�ability problem, whi
h asks forsatisfying assignments setting a spe
i�
 number k of the variables to true.We 
all an assignment setting exa
tly k variables to true a weight k assign-ment. The redu
tions are based on a simple idea known as the k-log-n tri
k :Spe
ifying a weight k assignment to a set of n variables requires k · log nbits. This 
an be used to redu
e weighted satis�ability of a formula with nvariables to unweighted satis�ability of a formula with only k · logn variables.A similar redu
tion 
an be used in the 
onverse dire
tion. To obtain reason-ably tight redu
tions for spe
i�
 
lasses of propositional formulas, some 
areis required. The 
onstru
tion is 
arried out in the proof of Theorem 4.4.All results presented in this arti
le are known (essentially, they go ba
kto [1℄), and they are not very deep. Nevertheless, we believe it is worth whileto present the results in a uniform and introdu
tory manner to a wider audi-en
e. Our presentation may be slightly unfamiliar for the experts in the area,2



as it is based on a new M-hierar
hy of parameterized 
omplexity 
lasses. Weshow that this hierar
hy is entangled with the familiar W-hierar
hy. TheM-hierar
hy is a translation of a natural hierar
hy of satis�ability problemsinto the world of parameterized 
omplexity, and �xed-parameter tra
tabil-ity of the M-
lasses dire
tly translates to subexponential 
omplexity of the
orresponding satis�ability problems. Let us emphasize that even though wewill develop the theory in the setting of parameterized 
omplexity, it dire
tlyapplies to subexponential 
omplexity. The 
onne
tion will be made expli
itin the last se
tion of the arti
le.The arti
le is organized as follows: After introdu
ing our notation, westart with a brief introdu
tion into parameterized 
omplexity theory. InSe
tion 4, we introdu
e the M-hierar
hy and establish the 
onne
tions be-tween the M-hierar
hy and subexponential time 
omplexity on the one hand,and between the M-hierar
hy and the W-hierar
hy on the other hand. InSe
tion 5, we study the miniaturized problems that originally led to the in-trodu
tion of the 
lass M[1]. We prove a number of 
ompleteness results forM[1], whi
h are based on a 
ombinatorial lemma known as the Sparsi�
ationLemma [19℄. (The proof of the Sparsi�
ation Lemma itself is beyond thes
ope of this arti
le.) We put these results in the wider 
ontext of the syn-ta
ti
ally de�ned 
omplexity 
lass SNP in Se
tion 6. Finally, in Se
tion 7,we translate the results ba
k to the world of 
lassi
al 
omplexity theory andthe exponential time hypothesis.One ni
e aspe
t of this area is that it has a number of very interestingopen problems. We 
on
lude this arti
le by listing a few of them.2. NotationThe set of natural numbers (that is, positive integers) is denoted by N. Forintegers n,m, we let [n,m] = {n, n + 1, . . . , m} and [n] = [1, n]. Unlessmentioned expli
itly otherwise, we en
ode integers in binary.We use log n to denote the binary (base 2) logarithm of n ∈ N.For 
omputable fun
tions f, g : N → N, we say that f is e�e
tively little-oh of g and write f ∈ oe�(g) if there exist n0 ∈ N and a 
omputable fun
tion
ι : N → N that is non-de
reasing and unbounded su
h that for all n ≥ n0,

f(n) ≤
g(n)

ι(n)
.We mostly use the letter ι to denote 
omputable fun
tions that are non-de
reasing and unbounded (but possibly growing very slowly).3



Throughout this paper we work with the e�e
tive version of �little-oh�. Inparti
ular, we require subexponential algorithms to have a running time of
2oe�(n) and not just 2o(n). The reason for this is that it gives us a 
orrespon-den
e between �strongly uniform� �xed-parameter tra
tability and subex-ponential 
omplexity. A similar 
orresponden
e holds between �little-oh�instead of �e�e
tive little-oh� and �uniform �xed-parameter tra
tability� in-stead of �strongly uniform �xed-parameter tra
tability�. We prefer to workwith strongly uniform �xed-parameter tra
tability as it has a more robusttheory.2.1. Propositional Logi
Formulas of propositional logi
 are built up from propositional variables X1,
X2, . . . by taking 
onjun
tions, disjun
tions, and negations. The negation ofa formula α is denoted by ¬α. We distinguish between small 
onjun
tions,denoted by ∧, whi
h are just 
onjun
tions of two formulas, and big 
onjun
-tions, denoted by ∧, whi
h are 
onjun
tions of arbitrary �nite sequen
es offormulas. Analogously, we distinguish between small disjun
tions, denotedby ∨, and big disjun
tions, denoted by ∨.The set of variables of a formula α is denoted by var(α). An assignmentfor a formula α is a mapping V : var(α) → {true, false}, and we write
V |= α to denote that V satis�es α.We use a similar notation for Boolean 
ir
uits. In parti
ular, we thinkof the input nodes of a 
ir
uit γ as being labeled with variables, use var(γ)to denote the set of these variables, and for an assignment V : var(γ) →
{true, false} we write V |= γ to denote that γ 
omputes true if the inputnodes are assigned values a

ording to γ.The 
lass of all propositional formulas is denoted by PROP, and the
lass of all Boolean 
ir
uits by CIRC. Usually, we do not distinguish betweenformulas and 
ir
uits, that is, we view PROP as a sub
lass of CIRC.For t ≥ 0, d ≥ 1 we indu
tively de�ne the following 
lasses Γt,d and ∆t,dof propositional formulas:1

Γ0,d = {λ1 ∧ . . . ∧ λc | c ≤ d, λ1, . . . , λc literals},
∆0,d = {λ1 ∨ . . . ∨ λc | c ≤ d, λ1, . . . , λc literals},

Γt+1,d = {
∧

i∈I

δi | I �nite index set and δi ∈ ∆t,d for all i ∈ I},1We prefer to use Γ and ∆ instead of the more 
ommon Π and Σ to denote 
lassesof propositional formulas (Γ for 
onjun
tions, ∆ for disjun
tions). The reason is that wewant to reserve Π and Σ for 
lasses of formulas of predi
ate logi
. Often in parameterized
omplexity, it is ne
essary to jump ba
k and forth between propositional and predi
atelogi
, and it is helpful to keep them stri
tly separated on the notational level.4



∆t+1,d = {
∨

i∈I

γi | I �nite index set and γi ∈ Γt,d for all i ∈ I}.

Γ2,1 is the 
lass of all formulas in 
onjun
tive normal form, whi
h we oftendenote by CNF. For d ≥ 1, Γ1,d is the 
lass of all formulas in d-
onjun
tivenormal form, whi
h we denote by d-CNF.The size |γ| of a 
ir
uit γ is the number of nodes plus the number ofedges; thus for formulas the size is O(number of nodes). We usually use theletter m to denote the size of a formula or 
ir
uit and the letter n to denotethe number of variables.3. Fundamentals of Parameterized Complexity Theory3.1. Parameterized Problems and Fixed-Parameter Tra
tabilityAs it is 
ommon in 
omplexity theory, we des
ribe de
ision problems aslanguages over �nite alphabets Σ. To distinguish them from parameterizedproblems, we refer to problems Q ⊆ Σ∗ as 
lassi
al problems.A parameterization of Σ∗ is a mapping κ : Σ∗ → N that is polynomial time
omputable. A parameterized problem (over Σ) is a pair (Q, κ) 
onsisting ofa set Q ⊆ Σ∗ and a parameterization κ of Σ∗. If (Q, κ) is a parameterizedproblem over the alphabet Σ, then we 
all strings x ∈ Σ∗ instan
es of Q or of
(Q, κ) and the numbers κ(x) the 
orresponding parameters. Slightly abusingnotation, we 
all a parameterized problem (Q, κ) a parameterization of the
lassi
al problem Q.Usually, when representing a parameterized problem we do not mentionthe underlying alphabet expli
itly and use a notation as illustrated by thefollowing examples.Example 3.1. Re
all that a vertex 
over in a graph G = (V,E) is a subset
S ⊆ V su
h that for ea
h edge {u, v} ∈ E, either u ∈ S or v ∈ S. Theparameterized vertex 
over problem is de�ned as follows:p-Vertex-CoverInstan
e: A graph G and a natural number k ∈ N.Parameter: k.Problem: De
ide if G has a vertex 
over of size k.Example 3.2. The parameterized satis�ability problem for Boolean 
ir
uitsis de�ned as follows: 5



p-Sat(CIRC)Instan
e: A Boolean 
ir
uit γ.Parameter: |var(γ)|.Problem: De
ide if γ is satis�able.More generally, for a 
lass Γ of 
ir
uits or formulas, we let p-Sat(Γ) denotethe restri
tion of p-Sat(CIRC) to instan
es γ ∈ Γ.p-Sat(Γ) is a parameterization of the 
lassi
al problem Sat(Γ). Thereare other interesting parameterizations of Sat(Γ), and we will see some later.Example 3.3. The weight of an assignment V is the number of variablesset to true by V. A 
ir
uit γ is k-satis�able, for some k ∈ N, if there is asatisfying assignment V of weight k for γ. The weighted satis�ability problemWSat(Γ) for a 
lass Γ of 
ir
uits asks whether a given 
ir
uit γ ∈ Γ is
k-satis�able for a given k. We 
onsider the following parameterization:p-WSat(Γ)Instan
e: γ ∈ Γ and k ∈ N.Parameter: k.Problem: De
ide if γ is k-satis�able.De�nition 3.4. Let Σ be a �nite alphabet and κ : Σ∗ → N a parameteriza-tion.(1) An algorithm A with input alphabet Σ is an fpt-algorithm with respe
tto κ if there is a 
omputable fun
tion f : N → N su
h that the runningtime of A on input x is

f
(
κ(x)

)
· |x|O(1).(2) A parameterized problem (Q, κ) is �xed-parameter tra
table if there isan fpt-algorithm with respe
t to κ that de
ides Q.FPT denotes the 
lass of all �xed-parameter tra
table problems.2Example 3.5. p-Sat(CIRC) is �xed-parameter tra
table.Indeed, the obvious brute-for
e sear
h algorithm de
ides if a 
ir
uit γ ofsize m with n variables is satis�able in time O(2n ·m).We leave it to the reader to show that p-Vertex-Cover is also �xed-parameter tra
table. On the other hand, p-WSat(2-CNF) does not seemto be �xed-parameter tra
table. We shall now introdu
e the theory to giveeviden
e for this and other intra
tability results.2The notion of �xed-parameter tra
tability we introdu
e here is known as �stronglyuniform �xed-parameter tra
tability.� The alternative notion �uniform �xed-parametertra
tability� does not require the fun
tion f to be 
omputable.6



3.2. Redu
tionsDe�nition 3.6. Let (Q, κ) and (Q′, κ′) be parameterized problems over thealphabets Σ and Σ′, respe
tively. An fpt-redu
tion (more pre
isely, fpt many-one redu
tion) from (Q, κ) to (Q′, κ′) is a mapping R : Σ∗ → (Σ′)∗ su
h that:(1) For all x ∈ Σ∗ we have x ∈ Q ⇐⇒ R(x) ∈ Q′.(2) R is 
omputable by an fpt-algorithm with respe
t to κ.(3) There is a 
omputable fun
tion g : N → N su
h that κ′(R(x)) ≤ g(κ(x))for all x ∈ Σ∗.We write (Q, κ) ≤fpt (Q′, κ′) if there is an fpt-redu
tion from (Q, κ) to
(Q′, κ′), and we write (Q, κ) ≡fpt (Q′, κ′) if (Q, κ) ≤fpt (Q′, κ′) and (Q′, κ′) ≤fpt
(Q, κ). We let [

(Q, κ)
]fpt be the 
lass of parameterized problems fpt-redu
ibleto (Q, κ), that is,

[
(Q, κ)

]fpt
=

{
(Q′, κ′)

∣
∣ (Q′, κ′) ≤fpt (Q, κ)

}
.For every 
lass C of parameterized problems, we de�ne C-hardness and C-
ompleteness of a parameterized problem (Q, κ) in the usual way.Example 3.7. Re
all that an independent set in a graph is a set of pair-wise non-adja
ent verti
es and 
onsider the parameterized independent setproblem:p-Independent-SetInstan
e: A graph G and k ∈ N.Parameter: k.Problem: De
ide if G has an independent set of size k.Then p-Independent-Set ≤fpt p-WSat(2-CNF), where 2-CNF denotesthe 
lass of all propositional formulas in 2-
onjun
tive normal form.To see this, let G = (V,E) be a graph. For every vertex v ∈ V weintrodu
e a propositional variable Xv whose intended meaning is �v belongsto the independent set�. We let

γ =
∧

{v,w}∈E

(¬Xv ∨ ¬Xw).Then α is k-satis�able if and only if G has an independent set of size k.(There is one detail here that requires attention: If v is an isolated vertex of
G, then the variable Xv does not o

ur in γ. Thus the 
laimed equivalen
e is7



true for graphs without isolated verti
es. We leave it to the reader to redu
ethe problem for arbitrary graphs to graphs without isolated verti
es.)The 
onverse also holds, that is,p-WSat(2-CNF) ≤fpt p-Independent-Set,but is mu
h harder to prove [12℄. By reversing the argument above, it is easyto show that p-WSat(2-CNF−) ≤fpt p-Independent-Set, where 2-CNF−denotes the 
lass of all 2-CNF-formulas in whi
h only negative literals o

ur.We also need a notion of parameterized Turing redu
tions:De�nition 3.8. Let (Q, κ) and (Q′, κ′) be parameterized problems over thealphabets Σ and Σ′, respe
tively. An fpt Turing redu
tion from (Q, κ) to
(Q′, κ′) is an algorithm A with an ora
le to Q′ su
h that:(1) A de
ides (Q, κ).(2) A is an fpt-algorithm with respe
t to κ.(3) There is a 
omputable fun
tion g : N → N su
h that for all ora
lequeries �y ∈ Q′?� posed by A on input x we have κ′(y) ≤ g(κ(x)).We write (Q, κ) ≤fpt-T (Q′, κ′) if there is an fptTuring redu
tion from (Q, κ)to (Q′, κ′), and we write (Q, κ) ≡fpt-T (Q′, κ′) if (Q, κ) ≤fpt-T (Q′, κ′) and
(Q′, κ′) ≤fpt-T (Q, κ).3.3. The W-Hierar
hyRe
all the de�nitions of the 
lasses Γt,d of propositional formulas.De�nition 3.9. (1) For t ≥ 1, W[t] is the 
lass of all parameterized prob-lems fpt-redu
ible to a problem p-WSat(Γt,d) for some d ≥ 1, thatis, W[t] =

⋃

d≥1

[p-WSat(Γt,d)
]fpt

.(2) W[SAT] is the 
lass of all parameterized problems fpt-redu
ible top-WSat(PROP), that is,W[SAT] =
[p-WSat(PROP)

]fpt
.(3) W[P] is the 
lass of all parameterized problems fpt-redu
ible top-WSat(CIRC), that is,W[P] =

[p-WSat(CIRC)
]fpt

.8



Observe that FPT ⊆ W[1] ⊆ W[2] ⊆ · · · ⊆ W[SAT] ⊆ W[P].One of the fundamental stru
tural results of parameterized 
omplexity theoryis the following normalization theorem for the W-hierar
hy. For t, d ≥ 1 welet Γ+
t,d be the 
lass of Γt,d-formulas in whi
h all literals are positive (that is,no negation symbols o

ur) and Γ−

t,d be the 
lass of Γt,d-formulas in whi
h allliterals are negativeTheorem 3.10 (Downey and Fellows [12, 11℄).(1) W[1] =
[WSat(Γ−

1,2)
]fpt

.(2) For even t ≥ 2, W[t] =
[WSat(Γ+

t,1)
]fpt

.(3) For odd t ≥ 3, W[t] =
[WSat(Γ−

t,1)
]fpt

.Many natural parameterized problems are 
omplete for the �rst two levelsof the W-hierar
hy. For example, p-Independent-Set is 
omplete for W[1][11℄, and the parameterized dominating set problem is 
omplete for W[2] [12℄.3.4. W[P] and Limited NondeterminismWe 
lose this introdu
tory se
tion by presenting two results that establisha very 
lean 
onne
tion between the 
lass W[P] and limited nondetermin-ism [22, 16℄. The �rst is a ma
hine 
hara
terization of W[P]:Theorem 3.11 ([2, 7℄). A parameterized problem (Q, κ) over the alphabet
Σ is in W[P] if and only if there are 
omputable fun
tions f, h : N → N,a polynomial p(X), and a nondeterministi
 Turing ma
hine M de
iding Qsu
h that for every input x on every run the ma
hine M:(1) performs at most f(k) · p(n) steps;(2) performs at most h(k) · logn nondeterministi
 steps.Here n = |x| and k = κ(x).Let f : N → N. A problem Q ⊆ Σ∗ is in NP[f ] if there is a polynomial
p and a nondeterministi
 Turing ma
hine M de
iding Q su
h that for everyinput x on every run the ma
hine M(1) performs at most p(|x|) steps;(2) performs at most f(|x|) nondeterministi
 steps.9



There is an obvious similarity between the 
hara
terization of W[P] givenin Theorem 3.11 and the (
lassi
al) 
lasses NP[f ]. The next theorem estab-lishes a formal 
onne
tion:Theorem 3.12 ([2℄). The following statements are equivalent:(1) FPT = W[P].(2) There is a 
omputable fun
tion ι : N → N that is non-de
reasing andunbounded su
h that PTIME = NP[ι(n) · log n].The te
hniques used to prove this result are similar to those introdu
ed inthe next se
tion. Indeed, the dire
tion (1) =⇒ (2) is an easy 
onsequen
e ofTheorem 4.4.The 
onne
tion between parameterized 
omplexity and limited nondeter-minism 
an be broadened if one 
onsiders bounded parameterized 
omplexitytheory, where some bound is put on the growth of the dependen
e of therunning time of an fpt-algorithm on the parameter (see [15℄).4. The M-Hierar
hy4.1. A New Parameterization of the Satis�ability ProblemIn the following, we will 
onsider di�erent parameterizations of the satis�a-bility problem Sat(CIRC). We denote the input 
ir
uit by γ, its size by m,and its number of variables by n. Without loss of generality we 
an alwaysassume that m ≤ 2n, be
ause if m > 2n we 
an easily de
ide if γ is satis�ablein time mO(1). However, in general m 
an still be mu
h larger than n.If we parameterize Sat(CIRC) by n then we obtain the �xed-parametertra
table problem p-Sat(CIRC). Let us now see what happens if we de-
rease the parameter. Spe
i�
ally, let us 
onsider the parameterizations
(Sat(CIRC), κh

), where
κh(γ) =

⌈
n

h(m)

⌉for 
omputable fun
tions h : N → N. For 
onstant h ≡ 1, κh is just our oldparameterization p-Sat(CIRC) ∈ FPT. At the other end of the s
ale, for
h(m) ≥ m ≥ n we have κh(γ) = 1, and essentially (Sat(CIRC), κh

) is justthe NP-
omplete unparameterized problem Sat(CIRC). But what happensif we 
onsider fun
tions between these two extremes?If h(m) ∈ oe�(logm), then (Sat(CIRC), κh

) is still �xed-parameter tra
ta-ble. (To see this, use that Sat(CIRC) is trivially solvable in time mO(1) for10



instan
es with m ≥ 2n.) If h(m) ∈ ωe�(logm) then for large 
ir
uits of size
lose to 2n, but still 2oe�(n), the parameter is 1 and �xed-parameter tra
tabil-ity 
oin
ides with polynomial time 
omputability. The most interesting rangefrom the perspe
tive of parameterized 
omplexity is
h(m) ∈ Θ(logm).These 
onsiderations motivate us to introdu
e the following parameteri-zation of the satis�ability problem for every 
lass Γ of 
ir
uits.p-log-Sat(Γ)Instan
e: γ ∈ Γ of size m with n variables.Parameter: ⌈

n
log m

⌉.Problem: De
ide if γ is satis�able.Obviously, p-log-Sat(Γ) is solvable in time
2n ·mO(1) ≤ 2k·log m ·mO(1) = mk+O(1),where k =

⌈
n

log m

⌉ is the parameter. Intuitively it seems unlikely that theproblem is �xed-parameter tra
table.To phrase our �rst result in its most general form, we introdu
e a simple
losure property of 
lasses of 
ir
uits: We 
all a 
lass Γ paddable if for every
γ ∈ Γ and for every m′ ≥ |γ| there is a 
ir
uit γ′ ∈ Γ su
h that var(γ′) =
var(γ), the 
ir
uits γ and γ′ are equivalent, and m′ ≤ |γ′| ≤ O(m′). We 
all Γe�
iently paddable if, in addition, there is an algorithm that 
omputes γ′ forgiven γ and m′ ≥ |γ| in time (m′)O(1). Most natural 
lasses of formulas and
ir
uits are e�
iently paddable, in parti
ular all 
lasses Γt,d and the 
lassesPROP and CIRC. For example, for the Γ1,2-formula

γ =
m∧

i=1

(λi1 ∨ λi2),we 
an let λij = λmj for m < i ≤ m′ and j = 1, 2, and
γ′ =

m′
∧

i=1

(λi1 ∨ λi2).Proposition 4.1 ([3, 10℄). Let Γ be an e�
iently paddable 
lass of 
ir
uits.Then p-log-Sat(Γ) ∈ FPT ⇐⇒ Sat(Γ) ∈ DTIME(
2oe�(n) ·mO(1)

)
,where n = |var(γ)| is the number of variables and m = |γ| the size of theinput 
ir
uit γ. 11



Proof: Suppose �rst that p-log-Sat(Γ) ∈ FPT. Let f : N → N be a 
om-putable fun
tion and A an fpt-algorithm that de
ides p-log-Sat(Γ) in time
f(k) ·mO(1),where k = ⌈n/ logm⌉ is the parameter. Without loss of generality, we mayassume that f is in
reasing and time 
onstru
tible, whi
h implies that f(i) ≤

j 
an be de
ided in time O(j). Let ι : N → N be de�ned by
ι(n) = max

(

{1} ∪ {i ∈ N | f(i) ≤ n}
)

.Then ι is non-de
reasing and unbounded, f(ι(n)) ≤ n for all but �nitelymany n, and ι(n) 
an be 
omputed in time O(n2).We shall prove that Sat(Γ) ∈ DTIME(
2O(n/ι(n)) ·mO(1)

).Let γ ∈ Γ, m = |γ| and n = |var(γ)|. Assume �rst that m ≥ 2n/ι(n). Notethat
k =

⌈
n

logm

⌉

≤ ι(n).Thus f(k) ≤ f(ι(n)) ≤ n, and we 
an simply de
ide γ ∈ Sat(Γ) with thefpt-algorithm A in time
f(k) ·mO(1) ≤ n ·mO(1) = mO(1).Assume next that m < 2n/ι(n). Let m′ = 2⌈n/ι(n)⌉. Let γ′ ∈ Γ su
h that

var(γ′) = var(γ), the 
ir
uits γ and γ′ are equivalent, and m′ ≤ |γ′| ≤ O(m′).Sin
e Γ is e�
iently paddable, su
h a γ′ 
an be 
omputed in time polynomialin m′, that is, time 2O(n/ι(n)). Let k′ = n/ log |γ′|. Then k′ ≤ ι(n). We de
ide
γ′ ∈ Sat(Γ) with the fpt-algorithm A in time

f(k′) · (m′)O(1) ≤ n · 2O(n/ι(n)).This 
ompletes the proof of the forward dire
tion.For the ba
kward dire
tion, let B be an algorithm solving Sat(Γ) inDTIME(
2O(n/ι(n)) · mO(1)

) for some 
omputable fun
tion ι : N → N thatis non-de
reasing and unbounded. Let f be a non-de
reasing 
omputablefun
tion with f(ι(n)) ≥ 2n for all n ∈ N. We 
laim thatp-log-Sat(Γ) ∈ DTIME(f(k) ·mO(1)).Let γ ∈ Γ, m = |γ|, n = |var(γ)|, and k = ⌈n/ logm⌉. If m ≥ 2n/ι(n) thenalgorithm B de
ides γ ∈ Sat(Γ) in time mO(1). If m < 2n/ι(n), then
k =

⌈
n

logm

⌉

≥ ι(n)12



and thus f(k) ≥ 2n. Thus we 
an de
ide γ ∈ Sat(Γ) by exhaustive sear
hin time O(f(k) ·m). 2In the following, we shall say that Sat(Γ) is subexponential (with respe
tto the number of variables) if it is solvable in DTIME(
2oe�(n) ·mO(1)

).4.2. The M-Hierar
hyMotivated by Proposition 4.1, we de�ne another hierar
hy of parameterized
omplexity 
lasses in anlogy to De�nition 3.8:De�nition 4.2. (1) For every t ≥ 1, we let M[t] =
⋃

d≥1

[p-log-Sat(Γt,d)
]fpt

.(2) M[SAT] =
[p-log-Sat(PROP)

]fpt.(3) M[P] =
[p-log-Sat(CIRC)

]fpt.Then by Proposition 4.1:Corollary 4.3. (1) For t ≥ 1, M[t] = FPT if and only if Sat(Γt,d) issubexponential for all d ≥ 1.(2) M[SAT] = FPT if and only if Sat(PROP) is subexponential.(3) M[P] = FPT if and only if Sat(CIRC) is subexponential.The following theorem is essentially due to Abrahamson, Downey, and Fel-lows [1℄ (also see [13℄).Theorem 4.4. For every t ≥ 1,M[t] ⊆ W[t] ⊆ M[t+ 1].Furthermore, M[SAT] = W[SAT] and M[P] = W[P].Proof: We �rst prove M[t] ⊆ W[t]. For simpli
ity, let us assume that t isodd. Fix d ≥ 1 su
h that t+ d ≥ 3. We shall prove thatp-log-Sat(Γt,d) ≤
fpt p-WSat(Γt,d). (4.1)Let γ ∈ Γt,d. We shall 
onstru
t a Γt,d-formula β su
h that

γ is satis�able ⇐⇒ β is k-satis�able. (4.2)Let m = |γ|, n = |var(γ)|. To simplify the notation, let us assume that
ℓ = logm and k = n/ logm are integers. Then n = k · ℓ. Let X = var(γ),and let X1, . . . ,Xk be a partition of X into k sets of size ℓ.13



For 1 ≤ i ≤ k and every subset S ⊆ Xi, let Y S
i be a new variable. Let Yibe the set of all Y S

i and Y =
⋃k

i=1 Yi. Call a truth value assignment for Ygood if for 1 ≤ i ≤ k exa
tly one variable in Yi is set to true. There is abije
tion f between the truth value assignments V for X and the good truthvalue assignments for Y de�ned by
f(V)(Y S

i ) = true ⇐⇒ ∀X ∈ Xi :
(
V(X) = true ⇐⇒ X ∈ S

)for all V : X → {true, false}, 1 ≤ i ≤ k, and S ⊆ Xi.Let β ′′ be the formula obtained from γ by repla
ing, for 1 ≤ i ≤ k and
X ∈ Xi, ea
h o

urren
e of the literal X by the formula

∧

S⊆Xi with X 6∈S

¬Y S
iand ea
h o

urren
e of the literal ¬X by the formula

∧

S⊆Xi with X∈S

¬Y S
i .Then an assignment V : X → {true, false} satis�es γ if and only if f(V)satis�es β ′′. Thus γ is satis�able if and only if β ′′ has a good assignment.Note that the size of ea
h of the sets Yi is 2ℓ = m. Thus the size of β ′′ ispolynomial in m. Moreover, β ′′ 
an easily be 
omputed from γ in polynomialtime.

β ′′ is not a Γt,d-formula: The transformation from γ to β ′′ has turned thesmall disjun
tions (λ1 ∨ . . . ∨ λd) on the bottom level of γ into formulas
∧

i

ν1i ∨ . . . ∨
∧

i

νdi.Applying the distributive law to all these subformulas turns them into big
onjun
tions of disjun
tions of at most d literals, and sin
e t is odd, it turnsthe whole formula β ′′ into a Γt,d-formula β ′. Sin
e d is �xed, the size onlyin
reases polynomially, and β ′ 
an be 
omputed from β ′′ in polynomial time.And we still have: γ is satis�able if and only if β ′ has a good assignment.All that remains to do is add a subformula stating that all assignmentsof weight k are good. We let
α =

k∧

i=1

∧

S,T⊆Xi
S 6=T

(¬Y S
i ∨ ¬Y T

i )and β = α ∧ β ′. Then β is (equivalent to) a Γt,d-formula that satis�es (4.2).14



Next, we prove W[t] ⊆ M[t+1]. For simpli
ity, let us assume again that tis odd. Let d = 2 if t = 1 and d = 1 otherwise. Re
all that by Theorem 3.10,WSat(Γ−
t,d) is W[t]-
omplete. We shall prove thatp-WSat(Γ−

t,d) ≤
fpt p-log-Sat(Γt+1,1). (4.3)We simply reverse the idea of the proof that M[t] ⊆ W[t].Let β ∈ Γ−

t,d and k ≥ 1, say,
β =

∧

i1∈I1

∨

i2∈I2

. . .
∧

it∈It

δ(i1, . . . , it), (4.4)where ea
h δ(i1, . . . , it) is a disjun
tion of at most d negative literals. Let
n = |var(β)| and ℓ = log n, and let us assume again that ℓ is an integer.Furthermore, we assume that the variables of β are indexed with subsets of
{1, . . . , ℓ}, or more pre
isely, that

var(β) = Y =
{
Y S

∣
∣ S ⊆ {1, . . . , ℓ}

}
.For 1 ≤ i ≤ k and 1 ≤ j ≤ ℓ, let Xij be a new variable. As above, let

Xi = {Xij | 1 ≤ j ≤ ℓ} and X =
⋃k

i=1 Xi. The idea is that every assignmentto the variables in Xi 
orresponds to a subset Si ⊆ {1, . . . , ℓ} and hen
e toa variable Y Si. Thus an assignment to all variables in X 
orresponds to asubset {Y S1 , . . . , Y Sk} ⊆ Y and hen
e to an assignment to the variables in Yof weight at most k (�at most� be
ause the Si are not ne
essarily distin
t).Formally, let g be the followingmapping from the assignments for X to theassignments for Y of weight at most k: For every V : X → {true, false},we let g(V) : Y → {true, false} the assignment that sets Y S1 , . . . , Y Sk totrue and all other variables to false, where for 1 ≤ i ≤ k

Si = {j | V(Xij) = true}.Let γ′′ be the formula obtained from β by repla
ing ea
h literal ¬Y S by thesubformula
χS =

k∧

i=1

( ∨

j∈S

¬Xij ∨
∨

j∈{1,...,ℓ}\S
Xij

)

.(Remember that all literals in β are negative.) Then for every assignment
V : X → {true, false},

V satis�es γ′′ ⇐⇒ g(V) satis�es β.15



The translation from β to γ′′ turns every δ = δ(i1, . . . , it) in (4.4) into adisjun
tion δ′ of at most d formulas χS. Say,
δ′ =

(
χS1

∨ . . . ∨ χSd

)By applying the distributive law, this formula 
an be turned into a 
onjun
-tion χ of kd disjun
tions of d · ℓ literals. Applying this operation to every δ′in γ′′, we obtain an equivalent Γt+1,1-formula γ′. Then for every assignment
V : X → {true, false},

V satis�es γ′ ⇐⇒ g(V) satis�es β.This almost 
ompletes the proof. The only problem that remains to be solvedis that not all assignments g(V) have weight exa
tly k, be
ause some of theindu
ed Si may be identi
al. Let
α′ =

∧

1≤i<i′≤k

ℓ∨

j=1

¬(Xij ↔ Xi′j).Then for every V : X → {true, false} that satis�es α′, the assignment
g(V) has weight exa
tly k. Thus g indu
es a mapping from the assignmentsfor X that satisfy α′ onto the weight k assignments for Y . Note that α′ isequivalent to a Γ2,1-formula α of size O(k2 · 22ℓ) = O(k2 · n2). Furthermore,given k, n, su
h a formula α 
an be 
omputed in time polynomial in k and
n. We let γ = α ∧ γ′. Then γ is satis�able if and only if β is k-satis�able.The size m of γ is polynomial in the size of β, and the number of variables is
k · ℓ, where ℓ = log n ≤ logm. By adding dummy variables (to the outermost
onjun
tion of γ) we 
an adjust the number of variables in su
h a way that
k = ⌈|var(γ)|/ logm⌉.It remains to prove M[SAT] = W[SAT] and M[P] = W[P]. We 
an simply
arry out the pre
eding 
onstru
tions without worrying about the form of theresulting formulas. 2Corollary 4.5. Let t, d ≥ 1.(1) If W[t] = FPT then Sat(Γt,d) is subexponential.(2) If Sat(Γt+1,1) is subexponential then W[t] = FPT.By a more re�ned argument based on the same idea, Chen et al. [4℄strengthened part (1) of the 
orollary as follows:16



Theorem 4.6 ([4℄). Let t, d ≥ 1 su
h that t+ d ≥ 3. IfWSat(Γt,d) ∈ DTIME(f(k) · noe�(k) ·mO(1))for some 
omputable fun
tion f , then Sat(Γt,d) is subexponential.In [5℄, this has further been strengthened by restri
ting the range of values
k for whi
h the hypothesis is needed.Let us brie�y return to the 
onne
tions between W[P] and limited non-determinism. Re
all Theorem 3.12. We en
ourage the reader to prove thedire
tion (1) =⇒ (2); it follows easily from W[P] = M[P]. (The 
onversedire
tion of the theorem is also not hard to prove.) Let us summarize ourthree 
hara
terizations of W[P] vs FPT in a 
orollary:Corollary 4.7. The following three statements are equivalent:(1) W[P] = FPT.(2) Sat(CIRC) is subexponential.(3) PTIME = NP[ι(n) · log n] for some 
omputable fun
tion ι : N → N thatis non-de
reasing and unbounded.5. M[1] and Miniaturized ProblemsOriginally, the 
lass M[1] was de�ned in terms of so-
alled parameterizedminiaturizations of NP-
omplete problems [10℄. Let Q ⊆ Σ∗ be any de
isionproblem. We de�ne:p-mini-QInstan
e: x ∈ Σ∗ and m ∈ N in unary.Parameter: ⌈

|x|
log m

⌉.Problem: De
ide if x ∈ Q.We 
all p-mini-Q the �miniaturization� of Q, be
ause if we assume the pa-rameter k = ⌈|x|/ logm⌉ to be small, then the size |x| = ⌊k · logm⌋ of thea
tual instan
e is very small 
ompared to the �padded size� |x| + m. Thereis an equivalent way of formulating the problem making this expli
it:Instan
e: x ∈ Σ∗ and k,m ∈ N in unary su
hthat |x| = ⌊k · logm⌋.Parameter: k.Problem: De
ide if x ∈ Q.17



The main reason that we are interested in these strange problems is thefollowing equivalen
e:Proposition 5.1. Let Σ be a �nite alphabet and Q ⊆ Σ∗. Thenp-mini-Q ∈ FPT ⇐⇒ Q ∈ DTIME(2oe�(n)),where n = |x| denotes the length of the instan
e x of Q.We skip the proof, whi
h is very similar to the proof of Proposition 4.1.The main 
ombinatorial tool in the development of a M[1]-
ompletenesstheory is the Sparsi�
ation Lemma due to Impagliazzo, Paturi, and Zane[19℄. The lemma says that the satis�ability problem for d-CNF-formulas
an be redu
ed to the satis�ability problem for d-CNF-formulas whose sizeis linear in the number of variables by a suitable redu
tion that preservessubexponential time solvability.Lemma 5.2 (Sparsi�
ation Lemma [19℄). Let d ≥ 2. There is a 
om-putable fun
tion f : N → N su
h that for every k ∈ N and every formula
γ ∈ d-CNF with n = |var(γ)| variables there is a ∆2,d-formula

β =

p
∨

i=1

βisu
h that:(1) β is equivalent to γ,(2) p ≤ 2n/k,(3) |βi| ≤ f(k) · n for 1 ≤ i ≤ p.Furthermore, there is an algorithm that, given γ and k, 
omputes β in time
2n/k · |γ|O(1).The idea of using the Sparsi�
ation Lemma in this 
ontext goes ba
k toCai and Juedes [3℄.Theorem 5.3 ([3, 10℄). p-mini-Sat(3-CNF) isM[1]-
omplete under fpt Tur-ing redu
tions.Proof: To prove that p-mini-Sat(3-CNF) ∈ M[1], we show thatp-mini-Sat(3-CNF) ≤fpt p-log-Sat(3-CNF).18



Let (γ,m) be an instan
e of p-mini-Sat(3-CNF) and k = |γ|/ logm. Bypadding γ we obtain an equivalent formula γ′ su
h that var(γ′) = var(γ) and
m′ = |γ′| ≥ m. Then

k′ =
|var(γ′)|

logm′ ≤
|var(γ)|

logm
≤

|γ|

logm
= k.Thus (γ,m) 7→ γ′ is an fpt-redu
tion from p-mini-Sat(3-CNF) top-log-Sat(3-CNF).To prove hardness, we show thatp-log-Sat(d-CNF) ≤ftp-T p-mini-Sat(3-CNF)for all d ≥ 3. Fix d ≥ 3.Let γ ∈ d-CNF. Let m = |γ|, n = |var(γ)|, and k = ⌈n/ logm⌉.Choose f : N → N (depending on d) and β =

∨p
i=1 βi (depending on γand k) a

ording to the Sparsi�
ation Lemma 5.2. Sin
e

2n/k = 2
n

⌈n/ log m⌉ ≤ m,we have p ≤ m, and β 
an be 
omputed in time mO(1). Let 1 ≤ i ≤ p. Sin
e
βi has at most f(k) · n 
lauses, there is a 3-CNF-formula β ′

i with at most
f(k) · d · n variables and of length |β ′

i| ∈ O(f(k) · d · n) su
h that
βi is satis�able ⇐⇒ β ′

i is satis�able.Thus γ is satis�able if and only if there exists an i, 1 ≤ i ≤ p, su
h that β ′
i issatis�able.For 1 ≤ i ≤ p we have

k′i =

⌈
|var(β ′

i)|

logm

⌉

= O

(
f(k) · d · n

logm

)

= O(f(k) · d · k).The desired Turing redu
tion de
ides if γ ∈ Sat(d-CNF) by querying theinstan
es (β ′
i, m), for 1 ≤ i ≤ p, of p-mini-Sat(3-CNF). 2Corollary 5.4. p-log-Sat(3-CNF) is M[1]-
omplete under ftp Turing redu
-tions.Proof: We have noted in the proof of Theorem 5.3 that p-mini-Sat(3-CNF)is fpt-redu
ible to p-log-Sat(3-CNF). 2Polynomial time redu
tions between problems do not automati
ally givefpt-redu
tions between their miniaturizations. Let us a 
all a polynomialtime redu
tion R from a problem Q ⊆ Σ∗ to a problem Q′ ⊆ (Σ′)∗ sizepreserving if for all x ∈ Σ∗ we have |R(x)| ∈ O(|x|).19



Lemma 5.5. Let Q ⊆ Σ∗ and Q′ ⊆ (Σ′)∗ su
h that there is a size preservingpolynomial time redu
tion from from Q to Q′. Then there is an fpt-redu
tionfrom p-mini-Q to p-mini-Q′.Proof: If R is a size-preserving polynomial time redu
tion from Q to Q′ then
(x,m) 7→ (R(x), m) de�nes an fpt-redu
tion from p-mini-Q to p-mini-Q′. 2Corollary 5.6. The following problems are M[1]-
omplete under fpt Turingredu
tions:(1) p-mini-d-Colorability for every d ≥ 3,(2) p-mini-Sat(d-CNF) for every d ≥ 3 and p-mini-Sat(CIRC).Proof: The standard polynomial time redu
tions between d-Colorability,Sat(CIRC), Sat(3-CNF) are size preserving. 2Lemma 5.7. There is a size preserving polynomial time redu
tion fromWSat(CIRC) to Sat(CIRC).We skip the proof. The main idea is to use a linear size 
ir
uit to 
ount thenumber of variables set to true.Corollary 5.8. The following problems are M[1]-
omplete under fpt Turingredu
tions:(1) p-mini-Independent-Set,(2) p-mini-Vertex-Cover,(3) p-mini-WSat(d-CNF) for every d ≥ 2 and p-mini-WSat(CIRC).Proof: The standard redu
tions from Sat(3-CNF) to Independent-Set,from Independent-Set to Vertex-Cover and vi
e versa, from Indepen-dent-Set to WSat(2-CNF), from WSat(2-CNF) to p-mini-WSat(CIRC)are all size preserving. Thus the equivalen
e of the problems here and inCorollary 5.6 follows from Lemma 5.7. 2It is an open problem if the miniaturization p-mini-Short-NTM-Haltof the following problem Short-NTM-Halt is M[1]-
omplete. The inputTuring ma
hine is supposed to have just one work tape (or a �xed number),but may have an arbitrary alphabet. The parameterization of this problemby n is known to be W[1]-
omplete [12℄.20



Short-NTM-HaltInstan
e: A nondeterministi
 Turing ma
hine M andan n ∈ N in unary.Problem: De
ide if M , started with the empty tape,halts in at most n steps.Note that the standard redu
tion between Clique and Independent-Set is not size preserving. A
tually, we have:Corollary 5.9. p-mini-Clique ∈ FPT.Proof: Observe that Clique ∈ DTIME(nO(
√

n)), where n is the size of theinput. The reason is that a 
lique of size ℓ has Ω(ℓ2) edges and thus 
an onlyexist in a graph of size Ω(ℓ2).By Proposition 5.1, this implies that p-mini-Clique ∈ FPT. 2Corollary 5.9 highlights how sensitive the whole theory is to the spe
i�
en
oding of the input and our �size measure�. For example, for graph prob-lems it would also be natural to de�ne the �size� of an instan
e to be thenumber of verti
es. Then, obviously, there are �size�-preserving redu
tionsbetween Clique and Independent-Set. To investigate the role of sizemeasures, we de�ne a size measure on Σ∗ to be a polynomial time 
om-putable fun
tion ν : Σ∗ → N. Of 
ourse a size measure is just anotherparameterization. For now, we use a di�erent term and di�erent symbols toavoid 
onfusion between the two. We will dis
uss the relation between sizemeasures and parameterizations below.Obviously, the a
tual input size, that is, ν(x) = |x| is a size measure,whi
h we 
all the standard size measure. Other natural size measures are thenumber of verti
es of a graph, that is,
νvert(x) =

{

|V | if x is the en
oding of a graph (V,E),

|x| otherwise,and the number of variables of a formula or 
ir
uit, that is,
νvar(x) =

{

|var(γ)| if x is the en
oding of a 
ir
uit γ,
|x| otherwise,We let 21



p-mini[ν]-QInstan
e: x ∈ Σ∗ and m ∈ N in unary.Parameter: ⌈
ν(x)
log m

⌉.Problem: De
ide if x ∈ Q.By essentially the same proof as that of Propositions 4.1 and 5.1, we obtainthe following slightly more general result.Proposition 5.10. Let Σ be a �nite alphabet and Q ⊆ Σ∗. Thenp-mini[ν]-Q ∈ FPT ⇐⇒ Q ∈ DTIME(2oe�(ν(x)) · |x|O(1)).By using the Sparsi�
ation Lemma, it 
an be proved that:p-mini[νvar]-Sat(d-CNF) ≡fpt-T p-mini-Sat(d-CNF)p-mini[νvar]-WSat(d-CNF) ≡fpt-T p-mini-WSat(d-CNF)p-mini[νvert]-d-Colorability ≡fpt-T p-mini-d-Colorabilityp-mini[νvert]-Independent-Set ≡fpt-T p-mini-Independent-Setp-mini[νvert]-Vertex-Cover ≡fpt-T p-mini-Vertex-Cover.Furthermore, we 
learly havep-mini[νvert]-Clique ≡fpt-T p-mini[νvert]-Independent-Set.Thus, by Corollaries 5.6 and 5.8, all these problems are M[1]-
omplete. Itis not known if p-mini[νvar]-Sat(CIRC) or just p-mini[νvar]-Sat(CNF) is re-du
ible to p-mini-Sat(CIRC).Let us re-iterate that a size measure and a parameterization are reallythe same thing (though introdu
ed with di�erent intentions). This be
omesmost obvious for the problems p-Sat(Γ), whose parameterization is just thesize measure νvar for Sat(Γ). Proposition 5.10 
an be read as stating thatp-mini[ν]-Q ∈ FPT if and only if the parameterized problem (Q, ν) 
anbe solved by a subexponential fpt-algorithm, that is, an fpt-algorithm whoserunning time is 2oe�(k) · nO(1), where k is the parameter and n the input size.A starting point for the whole theory was the question of whether theparameterized vertex 
over problem p-Vertex-Cover (
f. Example 3.1),whi
h is easily seen to be solvable in time O(2k · |G|), has a subexponentialfpt-algorithm. Note that the parameterization of p-Vertex-Cover is notthe same as the size measure νvert. Nevertheless, it 
an be proved:Theorem 5.11 ([3, 10℄). p-Vertex-Cover has a subexponential fpt-algo-rithm if and only if M[1] = FPT. 22



6. Miniaturizations of Problems in SNPThere is a more general prin
iple behind the results of the previous se
tion,whi
h be
omes apparent if we look at the synta
ti
 form of the problems 
on-sidered there: They all belong to the synta
ti
ally de�ned 
omplexity 
lassSNP [23℄. In this se
tion, we shall prove that essentially, the miniaturizationsof all problems in SNP are in M[1]. Some 
are needs to be taken with regardsto the size measure.Let us �rst re
all the de�nition of the 
lass SNP. Instan
es of problemsin SNP are relational stru
tures su
h as graphs. Propositional formulas or
ir
uits 
an also be en
oded by relational stru
tures. A problem is in SNP ifit is de�nable by a formula ϕ of se
ond-order logi
 of the form
∃X1 . . .∃Xk ∀y1 . . .∀yℓ ψ(X1, . . . , Xk, y1, . . . , yℓ). (6.1)Here X1, . . . , Xk are relation variables, ea
h with a pres
ribed arity, whi
hrange over relations over the universe of the input stru
ture. y1, . . . , yℓare individual variables, whi
h range over elements of the input stru
ture.

ψ(X1, . . . , Xk, y1, . . . , yℓ) is a quanti�er free formula, that is, a Boolean 
ombi-nation of atomi
 formulas of the form Rz1 . . . zr or z1 = z2, where z1, . . . , zr ∈
{y1, . . . , yℓ} and R is either one of the relation variables X1, . . . , Xk or a re-lation symbol representing one of the relations of the stru
ture (su
h as theedge relation of a graph). Rz1 . . . zr is true in a stru
ture under some in-terpretation of the variables if the tuple (a1, . . . , ar) of elements interpretingthe individual variables (z1, . . . , zr) is 
ontained in the relation interpreting
R. Then the meaning of the whole formula is de�ned indu
tively using theusual rules for Boolean 
onne
tives and quanti�ers.For a stru
ture A we write A |= ϕ if ϕ holds in A. We 
an asso
iate thefollowing problem with ϕ:Dϕ Instan
e: Stru
ture A.Problem: De
ide if A |= ϕ.Slightly abusing notation, we use SNP to denote both the 
lass of formulasof the form (6.1) and the 
lass of all problems Dϕ, where ϕ is a formula ofthe form (6.1). 23



Example 6.1. Let d ≥ 1. The following SNP-formula χ states that a graphis d-
olorable:
∃X1 . . .∃Xd
︸ ︷︷ ︸

Xi is the set ofelements of 
olor i

∀x∀y
( d∨

i=1

Xix ∧
∧

1≤i<j≤d

¬(Xix ∧Xjx)

︸ ︷︷ ︸�Ea
h element has exa
tly one 
olor.�
∧

∧

1≤i≤d

(
Exy → ¬(Xix ∧Xiy)

)

︸ ︷︷ ︸�Adja
ent elements do not have the same 
olor.� ).Thus Dχ = d-Colorability and hen
e d-Colorability ∈ SNP.An SNP-formula as in (6.1) ismonadi
 if the relation variablesX1, . . . , Xkare all unary, that is, range over subsets of the stru
ture. MSNP denotesthe 
lass of all monadi
 SNP-formulas and at the same time the 
lass of allproblems de�ned by su
h formulas. For example, the formula in Example 6.1is monadi
, and thus d-Colorability ∈ MSNP for all d ≥ 1. It is also nothard to see that Sat(d-CNF) ∈ MSNP for all d ≥ 1.We generalize the size measures νvert and νvar to arbitrary input stru
turesby letting
νelt(x) =

{

n if x is the en
oding of a stru
ture A with n elements,
|x| otherwise,Then on graphs, νelt = νvert, and on d-CNF-formulas (if represented by stru
-tures in a standard way), νelt = νvar.Proposition 6.2. For every problem Q ∈ MSNP, the miniaturized problemp-mini[νelt]-Q is 
ontained in the 
losure of M[1] under fpt Turing redu
tions.It shown in [6℄ that for every problem Q ∈ MSNP the miniaturized prob-lem p-mini[νelt]-Q is 
ontained in W[1].Problems su
h as Independent-Set or Vertex-Cover, at least if rep-resented naturally, are not in SNP simply be
ause the problem instan
es arenot just stru
tures (graphs), but pairs 
onsisting of graphs and natural num-bers. For su
h problems, we de�ne a variant of SNP: Instead of formulas(6.1) we 
onsider formulas ϕ(X0) of the form

∃X1 . . .∃Xk ∀y1 . . .∀yℓ ψ(X0, X1, . . . , Xk, y1, . . . , yℓ), (6.2)whi
h have one additional relation variable o

urring freely. Say, X0 is s-ary.For a stru
ture A and an s-ary relation S on A we write A |= ϕ(S) if ϕ holdsin A if X0 is interpreted by S. We 
an asso
iate the following problem with
ϕ(X0): 24



WDϕInstan
e: A stru
ture A and k ∈ N.Problem: De
ide if there is an s-ary relation S on
A of size |S| = k su
h that A |= ϕ(S).We use W-SNP to denote the 
lass of all problems WDϕ, where ϕ is anSNP-formula of the form (6.2), and W-MSNP to denote the sub
lass of allproblems WDϕ, where ϕ is an MSNP-formula.Example 6.3. The following formula witnesses that Independent-Set ∈W-MSNP:

∀y1∀y2

((
X0y1 ∧X0y2

)
→ ¬Ey1y2

)

,where the binary relation symbol E represents the edge relation of the inputgraph.Similarly, it 
an be shown thatVertex-Cover, Clique, andWSat(d-CNF)for d ≥ 1 are in W-MSNP.Proposition 6.4. For every problem Q ∈ W-MSNP, the miniaturized prob-lem p-mini[νelt]-Q is 
ontained in the 
losure of M[1] under fpt Turing redu
-tions.Propositions 6.2 and 6.4 
an be generalized to arbitrary (not ne
essarilymonadi
) SNP-formulas, but only under an unnatural size measure. For
r ≥ 1, let

νrelt(x) =

{

nr if x is the en
oding of a stru
ture A with n elements,
|x| otherwise,Call a formula of the form (6.1) or (6.2) r-ary if the maximum arity of therelations (X0), X1, . . . , Xk is r. Observe that monadi
 formulas are 1-ary.Propositions 6.2 and 6.4 generalize to r-ary formulas for every r ≥ 1, butonly under the size measure νrelt.For a thorough dis
ussion of miniaturized problems (in parti
ular synta
-ti
ally de�ned problems su
h as those in SNP and W-SNP) under varioussize measures we refer the reader to [6℄.25



7. The Exponential Time HypothesisWe are now ready to apply the results of the previous se
tions in a more
onventional setting.In this se
tion, we assume that d-CNF-formulas 
ontain no repeated
lauses and are thus of size m = O(nd) (for �xed d).3 In parti
ular, forevery 
omputable fun
tion f(n) ∈ Ω(log n), this implies thatSat(d-CNF) ∈ DTIME(2O(f(n)))⇐⇒Sat(d-CNF) ∈ DTIME(
2O(f(n))·mO(1)

)
.We are 
on
erned here with the �e�e
tive� version of the exponential timehypothesis: Sat(3-CNF) 6∈ DTIME(2oe�(n)) (ETH)Re
all that by Proposition 5.1 and Corollary 5.6 we have(ETH) ⇐⇒ M[1] 6= FPT.We say that a problem Q ⊆ Σ∗ is subexponential with respe
t to a sizemeasure ν : Σ∗ → N if there is an algorithm de
iding x ∈ Q in time

2oe�(ν(x)) · |x|O(1).The negation of (ETH) will be denoted by ¬(ETH). The results of the pre-vious two se
tions yield the following two 
orollaries:Corollary 7.1 ([19℄). ¬(ETH) is equivalent to either of the following prob-lems being subexponential:(1) Sat(d-CNF) for d ≥ 3 with respe
t to the standard size measure and
νvar.(2) WSat(d-CNF) for d ≥ 2 with respe
t to the standard size measure and
νvar.(3) Sat(CIRC) and WSat(CIRC) with respe
t to the standard size mea-sure.(4) d-Colorability for d ≥ 3 with respe
t to the standard size measureand νvert.(5) Independent-Set with respe
t to the standard size measure and νvert.(6) Clique with respe
t to νvert.3Some 
are needs to be taken with this assumption be
ause the proofs of some ofthe earlier results involve padding arguments that are no longer available if we make theassumption. The reader may be assured that we take 
are here.26



(7) Vertex-Cover with respe
t to the standard size measure and νvert.It 
an further be proved that Independent-Set restri
ted to graphs ofdegree at most 3 is equivalent to Independent-Set on arbitrary graphswith respe
t to subexponential solvability [21℄.Corollary 7.2 ([19℄). ¬(ETH) implies that all problems in MSNP and W-MSNP are subexponential with respe
t to νelt.As Propositions 6.2 and 6.4, Corollary 7.2 
an be generalized from monadi
to arbitrary SNP-problems for the size measures νrelt.The �xed-parameter tra
table Turing redu
tions between the miniatur-ized problems that we gave in Se
tion 5 
an be translated to �subexponential�redu
tions between the 
orresponding 
lassi
al problems (so-
alled SERF-redu
tions as de�ned in [19℄), and it follows that the problems mentioned inCorollary 7.1 are 
omplete for MSNP or W-MSNP, respe
tively, under su
hredu
tions.In view of the previous se
tion, there is a natural generalization of (ETH)to t ≥ 1:
∃d ≥ 1 : Sat(Γt,d) 6∈ DTIME(2oe�(n) ·mO(1)) (ETHt)Then (ETH) = (ETH1). By Corollary 4.3, for all t ≥ 1 we have(ETHt) ⇐⇒ M[t] = FPT.Not mu
h is known about (ETHt) for t ≥ 2. As a matter of fa
t, it is noteven known if Sat(CNF) ∈ DTIME(2ε·n ·mO(1)) (7.1)for some 
onstant ε < 1. Suppose that (ETH) holds. Then for every d ≥ 3there exists a positive 
onstant

εd = inf
{
ε > 0

∣
∣ Sat(d-CNF) ∈ DTIME(2ε·n ·mO(1))

}
.It is known that εd < 1 for all d ≥ 3 and that the sequen
e is (εd)d≥3 isnon-de
reasing and not ultimately 
onstant [18℄. The latter is a fairly deepresult; its proof 
ombines the Sparsi�
ation Lemma [19℄ with te
hniques forthe Sat(d-CNF)-algorithm due to Paturi, Pudlak, Saks, and Zane [24℄.It is an open problem if limd→∞ εd = 1. Of 
ourse, if limd→∞ εd = 1 thenthere is no 
onstant ε < 1 satisfying (7.1). It is not known if the 
onverse ofthis statement also holds. 27



8. Open ProblemsFirst of all, it would be very ni
e to prove that the W-hierar
hy and theM-hierar
hy 
oin
ide on ea
h level. In parti
ular, if M[1] = W[1] then theexponential time hypothesis would be equivalent to FPT 6= W[1], whi
h wemay interpret as new eviden
e for the exponential time hypothesis. Whilethe question of whether M[1] = W[1] has re
eived a lot of attention in theparameterized 
omplexity 
ommunity, the question of whether M[t] = W[t]for t ≥ 2 has not been looked at very intensely (and may in fa
t be easier,as the 
lasses get more robust on higher levels). It is also 
on
eivable thatM[t+ 1] = W[t] for t ≥ 1.A se
ond interesting question is whether the M[1]-
ompleteness of theproblem p-log-Sat(Γ1,3) (whi
h may be viewed as a normal form result forM[1]) has analogues for higher levels of the hierar
hy. The result one wouldhope for is that p-log-Sat(Γt,1) is M[t]-
omplete for t ≥ 2. Essentially thesame question is whether (ETHt) is equivalent to the statementSat(Γt,1) 6∈ DTIME(2oe�(n) ·mO(1))Proving su
h a result would probably require some form of a Sparsi�
ationLemma for the higher levels, an interesting problem in itself. Of 
ourse one
ould also try to eliminate the use of the Sparsi�
ation Lemma from theproof of the M[1]-
ompleteness of p-log-Sat(Γ1,3) and possibly even prove
ompleteness under fpt many-one redu
tions (instead of Turing redu
tions).And �nally, it is a notorious open question in parameterized 
omplexitytheory if a 
ollapse su
h as W[t] = FPT on some level t of the W-hierar
hyhas any impli
ations for the higher levels (ideally, implies W[t′] = FPT forall t′). In view of the entanglement of the W-hierar
hy and the M-hierar
hy,one possible approa
h to this question would be to prove a 
orrespondingresult for the M-hierar
hy. An equivalent formulation of the question for theM-hierar
hy is whether ¬(ETHt) implies ¬(ETHt′) for t′ > t.Referen
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