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Abstract

A number of efficient methods for evaluating first-order anshadic-second order queries on finite
relational structures are based on tree-decompositioasaftures or queries. We systematically study
these methods.

In the first part of the paper we consider arbitrary formulagree-like structures. We generalize a
theorem of Courcelle [8] by showing that on structures ofriat®d tree-width a monadic second-order
formula (with free first- and second-order variables) camevmuated in time linear in the structure size
plus the size of the output.

In the second part we study tree-like formulas on arbitranyctures. We generalize the notions
of acyclicity and bounded tree-width from conjunctive dasrto arbitrary first-order formulas in a
straightforward way and analyze the complexity of evah@fiormulas of these fragments. Moreover,
we show that the acyclic and bounded tree-width fragments tiee same expressive power as the well-
known guarded fragment and the finite-variable fragmenfssiforder logic, respectively.

1 Introduction

Evaluating first-order, or relational calculus, querieaiagt a finite relational database is well-known to
be PSPACE-complete [25]. The complexity we refer to herealted thecombined complexitpf the
query language [29], i.e. the complexity of the evaluatioobfem measured both in terms of the length
of the query and the size of the database. Many researchseffent into handling this high worst case
complexity. In practice, various query optimization hstids are used; they are based both on the structure
of the queries and the (expected) structure of the databases

One of the important theoretical notions is thataafyclic conjunctive queriegf. [1]). Yannakakis
[31] proved that acyclic conjunctive queries can be recogphiand evaluated efficiently. In the last few
years, there has been renewed interest in acyclic conjengtieries and related notions based on the
graph theoretic concept tee-width[7, 22, 17, 18]. Whereas these approaches concentrate apmctive
queries, there have also been attempts to isolate larggménmats of first-order logic whose combined
complexity is in PTIME. In particular, Vardi [30] observedat the combined complexity of thinite
variable fragmentsf first-order logicis in PTIME. A fragment of first-order laghat has recently received
a lot of attention is thguarded fragmenf3]. Gottlob, Gradel, and Veith [16] proved that its comdsih
complexity is both linear in the length of the formula and $iee of the database.

There is a different way of using tree-width to evaluate tgethat originated in the area of graph
algorithms. Here we do not restrict the class of queriestimitlass of input structures, or databases. This
approach does not only work for first-order logic, but eventf® much stronger monadic second-order
logic. Courcelle [8] proved that Boolean monadic secondkoqueries on structures of bounded tree-width
can be evaluated in time linear in the size of the input stmegtor more precisely in timg(l) - n, wherel
is the length of the query, is the size of the structure, arfd: N — N is some (fast-growing) functioh.
Arnborg, Lagergren, and Seese [5] extended Courcelletdtreg showing that on structures of bounded
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tree-width the number of satisfying assignments of a mansetiond-order formula with free variables can
be computed in time linear in the size of the input structure.

In the first part of this paper we shall further extend thisrapph by proving that on structures of
bounded tree-width the set of all satisfying assignmenta ofonadic second-order formula (with free
first and second-order variables) can be computed in tineatim the size of the input structure and the
size of the output. For examplall cliques of a graply of bounded tree-width can be computed in time
O(IG| + > ¢ ciiqueing |C1)- Similarly, all Hamiltonian cycles of a graph of boundedetwwidth can be
computed in time linear in the size of the graph and the output

In the second part of the paper we study fragments of firstrdogjic whose formulas have a tree-like
structure. We start by reviewing Yannakakis's [31] aldumitfor evaluating acyclic conjunctive queries.
Practically the same algorithm can be used to evaluate notije queries of bounded tree-width [7, 22],
bounded query-width [7], or bounded hypertree-width [M8 then extend the notions of acyclicity and
tree-width from conjunctive queries to full first-order log Our approach is based on the well-known
correspondence between first-order formulas and nonsiveustratified datalog programs (cf. [1]). We
generalize acyclicity and tree-width in a straightforwavdy to such datalog programs. Yannakakis's
algorithm immediately gives us algorithms for evaluatingdes defined by acyclic or bounded-tree-width
programs.

Then we show that the tree-like fragments of first-orderdaditained by this approach are very closely
related to the two fragments mentioned earlier: We showatyatlic programs correspond to guarded first-
order formulas and bounded tree-width programs correspmfidite-variable first-order formulas. The
latter correspondence extends an observation Kolaitisvandi [22] made on the level of conjunctive
queries. In particular the result on the guarded fragmbatygh not difficult to prove, is quite remarkable,
since the motivation for introducing the guarded fragmeas$ wompletely different. Nevertheless, it turns
out that this new fragment can be described in terms of thekmelwn concept of acyclicity.

The second part of our paper thus shows that Yannakakisteadetf evaluating tree-like queries is very
far reaching and comprises all the methods used to evaluatéeg in the other fragments of first-order
logic mentioned here.

In the last section we discuss the connections between th@awns of the paper. The algorithms in
both parts are very similar, and we give an explanation of thiayis using tree-automata.

Throughout the paper, it is one of our main objectives toyaeathe running times of the algorithms
as precisely as possible, instead of just saying that we fpayaomial time algorithms. Occasionally, this
requires considerable additional efforts. We have addexpaendix in which we show how to implement
some basic algorithmic routines, such as computing joirig/ofrelations in linear time (in the size of the
input and output).

Furthermore, we are always interested in evaluating foaswith free-variables and not just sentences.
Let us also emphasize that we are not fixing a vocabulary fof@mulas and structures in advance, but
let the vocabulary vary with the inputs.

2 Preliminaries

Structures and Queries. A vocabularyis a finite set of relation symbols. Associated with evergtieh
symbol is a natural number, igsity. The arity of a vocabulary is the maximum of the arities ofrilation
symbols it contains. In the following, always denotes a vocabulary.

A r-structure A consists of a non-empty set, called theuniverseof A, and a relationrR* C A"
for eachr-ary relation symboR € . If Ais a structure an®® C A non-empty, the{B)* denotes the
substructure induced byt on B, that is, the structure with univerg@ and R(B)" = R4 n B" for every
r-artyR € 1.

We only consider finite structures. It is convenient to asstinat elements of a structure are natural
numbers. In other wordshe universe of every structure considered here is a finibsetofN. Let us
remark that all the results of this paper remain true if we aldmit constants in our structures. We restrict
our attention to the relational case because constantsiwotigive us additional insights.

STR denotes the class of all structures (whose universefirdie subsets ofN). If C is a class
of structuresC[7] denotes the subclass of alistructures inC. We consider graphs gg¢}-structures



G = (G, EY), whereEY is an anti-reflexive and symmetric binary relation (i.e.piraare loop-free and
undirected). Acolored graphis a structure8 = (B, EB, PE, ..., PP), where(B, EP) is a graph and the
unary relationsP?, .. ., PB form a partition of the universB.

A k-ary queryof vocabularyr is a mappingy that associates with each structudee STR7| a
k-ary relationy(A) C A* in such a way that for every isomorphisfn: A — B between structures
A, B € STRr] we havex(B) = f(x(A)). We admitk = 0 and letA° consist of one element (the empty
tuple) for everyA. We identify A° with TRUE and() with FALSE. 0-ary queries are usually called Boolean
gueries. Note that Boolean queries are essentially the aamlasses of structures of the same vocabulary
that are closed under isomorphism.

Logics. We assume that the reader is familiar with first-order logid monadic second-order logic (see,
for example, [12]). FO and MSO denote the classes of firstoamd monadic second-order formulas,
respectively. If L is a class of formulas, thefrl. denotes the class of all formulas of vocabulaiiyn L.

We always use lower case lettargy, . . . to denote first-order variables and upper case leffers, . . .
to denote monadic second-order variables. The set of fregbles of a formula is denoted by frefe).
We write p(X1,...,X;,%1,...,%m,) to indicate that fregp) = {X1,..., X, x1,..., 2, }. However, if

we just writep this does not mean thatis a sentence, i.e. that frgg = 0.
For a structured € STR and a formule (X, ..., X, z1,...,z,) wWe let

e(A) = {(Ar, ..., A ar, . am) | AE 0(Ar, . A a, . am) )

For sentences we havg(4) = TRUE if, and only if, A satisfiesy. If the vocabularies ofd and ¢

are different, then we lep(A) = (. If ¢ has no free second-order variables, then we call the mapping
A — ¢(A) the querydefinedby . If ¢ is a sentence, then it defines a Boolean query, which comelspo

to a class of structures. A query or class of structurelefsablein a logic if there is a formulg of the
logic defining it.

In this paper, for various logics L and clasge®f structures we will study the followingvaluation
problem forL onC"

Input:  Structure4 € C, formulagp € L.
Problem: Computep(.A).

Note that the vocabulary of the input structures and forsigdanot fixed in advance, but (implicitly) part
of the input. IfC is the class of all structures, then we call this problemetveduation problem foL..

We often denote tupleu, ..., ax) of elements of a setl by a, and we writea € A instead of
a € A*. Similarly, we denote tuples dfB, ..., By) of subsets ofd by B and write B C A instead of

B € (Pow(A4))*. We denote tuples of variables layor X .

Coding issues. In finite model theory, one usually assumes that structures@ded by{0, 1}-strings

in a way that generalizes the adjacency matrix encodingaglts (see [12, 21]). This is appropriate for
the complexity theoretic results that form the core of fimitedel theory, but not for the more algorithmic

considerations of this paper. Since in the finite model thétarature this issue is usually not addressed,
we think it is worthwhile to explain our encoding in some dleta

Our underlying model of computation is the standard RAM-miosiith addition and subtraction as
arithmetic operations (cf. [2, 28]). As common, we assuragittitially all memory registers are setto ‘0'.
In our complexity analysis we use the uniform cost measure.

We will carefully distinguish between trgéze||o|| of an objecto, which is the length of its encoding,
and, ifo is a set, itardinality, denoted byo|. For example, iR is anr-ary relation on a set, then for a
reasonable encoding & we will have||R|| = O(r - |R| + 1).

To represent structures on a RAM, we first have to encode tbabutdaries. We assume that relation
symbols are just pairs of natural numbe(isy) is theith j-ary relation symbol. The encodirig] of 7 is
a sequence df|7| + 1 natural numbers. The first ig|, it is followed by all the pairgi, j) € 7. Then
lI7|| = 1+ 2|r| is the length of the encoding of



The encoding of a structutd € STR[7] is also a sequendel] of natural numbers. It starts with the
encoding of the vocabulary. This is followed by the size @& timiverse and the sizes of all relations4n
The next|A| numbers are the elements of the universe. After that théortaare represented. Anary
relation R4 is represented by a sequence of R4 | integers consisting of all tuples containedirt.

If we want the encoding of a structure to be unique, we mayiredat the universe and the relations
are given in their natural (lexicographical) order. Howeweir algorithms are not based on this.

with G = {1,2,5,9}, P9 = {2}, Q9 = {1,5,9}, andE9 = {(1,2),(2,1),(2,9),(9,2), (5,9),(9,5)}
(displayed in Figure 1) is encoded by the sequence

Example 2.1. Letr = {P,Q,E}with P = (1,1),Q = (2,1), E = (1,2). The colored grapfi € STR[7]
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Finally, let us fix an encoding of formulas by sequences ofirginumbers. We assume that the first
order variables in our formulas avg, vy, . . . and the monadic second-order variablesigg/, .. ., then
we may view formulas as sequences of symBo¥s A, vV, —, =, (, ), =, v, V, natural numbers representing
the indices, and relation symbols. To avoid confusion wedreegother symbol, sayg, indicating that
a relation symbol follows. We encodeV,A,V,—, -, (,),=,v,V, R by natural numbers. Then, our
encoding of a formula of vocabularyr starts with the encodinfg] of = followed by the encoding of the
symbols ofp. Let ||¢|| denote the length of the encoding.ef

Trees. A treeis a connected acyclic grapgh = (T, E7). We always fix an (arbitrarypot r7 € T in a
tree7. Then we have a natural partial ordef on T, which is defined by

t <7 u <= tappears on the (unique) path frarh to u.

We say that is achild of ¢ or t is theparentof u if (t,u) € ET andt <7 u. For everyt € T we let
T: == ({u | t <7 u})7 be the subtree rooted at A tree T is binary if every node has either 0 or 2
children.

3 Tree-decompositions

In this section it will be convenient to work with hypergrag(as an abstraction of relational structures). A
hypergraph# is a pair(H, E™) consisting of a non-empty séf of verticesand a setz” of non-empty
subsets of{ calledhyperedges

A tree-decompositionf a hypergrapt¥ is a pair(7, (H;)ier), whereT = (T, E7) is a tree and
(Hy):er afamily of subsets off (called theblocksof the decomposition) such that

(1) Foreveryw € H,thesef{t € T | v € H;} is non-empty and connected (i.e. a subtree).



(2) Forevery € E*, thereis & € T such that C H;.

Thewidth of a tree-decompositiofV", (H;):cr) is maxX|H;| | t € T} — 1. Thetree-widthtw(#) of H is
the minimum taken over the widths of all tree-decomposgiofi{.
A tree-decomposition of a-structure A is a tree decomposition of the hypergraph

(A,{{al,...,ar} | iR € 7, Rr-ary, (a1, ...,a;) GRA});

thetree-widthof A is defined accordingly.

Let (T, (H:):er) be a tree-decomposition of a hypergr@phFor everyv € H we let nodév) be the
minimum nodet € T (with respect to<”) such that € Hy, and for every: € E* we let nodée) be the
minimum nodet € T such that C H;.

Lemma 3.1. There is a linear time algorithm that, given a hypergraphand a tree-decompaosition
(T, (Hy)ier) of H, computes the familjnod€r)), c gL -

Proof: Let H be a hypergraph and™, (H;):cr) a tree-decomposition 6{.

We first compute a bijectiop : 7 — {1,...,|T|} such that for alt,#' € T we havet <7 ' —
wu(t) < u(t'). Then for every vertex € H we letA(v) := min{u(t) | v € H;}. Clearly, such a labeling
can be computed in time linear in the size of the tree-decaitipn.

We observe that for every € H we have nod@) = p~'(\(v)) and for everye € E* we have
nodde) = max{u~!(A(v)) | v € e} and use this to compute the mapping node in linear time. i

A tree-decompositio7, (H;):cr) of a hypergrapti is reducedif for all ¢,u € T with ¢ # u, we
haveH; Z H,.

Lemma 3.2 (Bodlaender [6]). Let (7, (H:):er) be a reduced tree-decomposition of a hypergrédph
Then|T| < |H|.

Proof: The proof is by induction onH|, using the fact that the block of every leaf in a reduced tree-
decomposition contains a vertex not contained in any otloekb |

The next lemma is implicit in [26], but is also easy to proveedily.

Lemma 3.3. There is a linear time algorithm that computes, given a hgmgh# and a tree-decomposi-
tion (7, (H;):er) of H, areduced tree-decompositid¢f”’, (H;):c7+) of H such that for allt' € T" there
isat € T with H;, = H;, and for allt € T there is at’' € T' such thatd; C H},.

Proof: Let H be a hypergraph and, (H;):cr) a tree-decomposition 6{.

We start by computing labelings: 7' — {1,...,|T|} andX : H — {1,...,|T|} as in the proof of
Lemma 3.1.

Call a node € T maximalif there is nou € T such thatd; ¢ H,, and for allu with H;, = H, we
havet <7 u. Observe that a nodeis maximal if, and only if, for the parent of ¢t we haveH; ¢ H,
and for every childu of t we haveH; ¢ H,. If t is a child ofs, we haveH; C H; if, and only if,
|H¢| = |{a € H; | AM(a) < u(t)}|. If uis a child oft, we haveH; C H, if, and only if,|H;| < |H,| and
|H¢| = |{a € H, | AM(a) < p(u)}|. We use this to find all maximal nodes in linear time.

We now compute the tree-decompositidi, (H;):c7) of 1 defined as follows: We Ief”’ be the set
of all maximal nodes of ', andH; := H, for all t € T". We pick an arbitrary: € T" to be the root off .
Then we define the edge relation inductively; the childrea vértext € T are allu € T' whose children
are not yet defined such that there istne 7" on the 7 -path from¢ to w.

Clearly, (T, (H;)ter) is a reduced tree-decompositiondf O

Theorem 3.4 (Bodlaender [6]). There is a polynomigb(X') and an algorithm that, given a hypergraph
H, computes a tree-decomposition#fof widthw := tw(#) in time2P(")|H|.



Actually, Bodlaender proves his theorem only for graphs. eXtend it to hypergraphs, with every
hypergrapl#{ we associate a graggh, with the same vertex set & and an edge between two vertices if
they occur together in some hyperedgébfG4, is usually refered to as th@imal graphor theGaifman
graphof . Then every tree-decomposition @, is also a tree-decomposition &f and vice versa. It is
easy to see thdty can be computed fror in time O(]|Gy||). There seems to be a slight problem because
Gy can be larger thaft{. More precisely, the size @}, can be quadratic in the size &f. However, a
graphg of tree-widthw has at mostv - |G| edges [6]. Thus the size ¢ isO(tw(H) - |H|).

In some situations, in particular when we are dealing withdrgraphs of small size, it is better to use
the algorithm mentioned in the following Theorem 3.5 to comeptree-decompositions. The additional
advantage of this algorithm is that, as opposed to Bodla&ndkgorithm, the hidden constants in the
bound on the running time are practically feasible.

Theorem 3.5 (Arnborg, Corneil, and Proskurowski [4]). There is an algorithm that, given a hypergraph
H, computes a tree-decomposition#fof widthw := tw(H) in time O (| H|**2).

4 Tree-like structures

In this section we present algorithms for evaluating monagicond order formulas. We first deal with
trees (Subsection 4.1) and then show how to extend the sasu#irbitrary structures parameterized by
tree-width (Subsection 4.2). Our automata theoretic aggrds based on ideas of Arnborg, Lagergren, and
Seese [5].

4.1. Trees.For afinite alphabdf we letr be the vocabulary consisting of a binary relation symbaind
a unary relation symbaP, for all v € T'. A T'-treeis a colored graph of vocabulary whose underlying
graph is a binary tree, andcalored treeis aT'-tree for somd’.

We say that a vertexof a colored treg hascolor v (and writey(t) := ), if t € Pf.

A (bottom-up)I'-tree automatoris a tuplel = (Q, 4, A, F), where( is a finite set, the set aftates
A : T — Q is thestarting function F' C () is the set ofaccepting stateands : [Q]<? x I' — (@ is the
transition function(hence we only consider deterministic automata). H&¥5? := {{q,¢'} | ¢.¢' € Q}
is the set of singletons and pairs of element§of

Therunp : T — @ of 2 on al'-treeT is defined in a bottom-up manner (i.e., from leaves to the)root
If tis a leaf, therp(t) := A(y(#)); if ¢ has childrensy, sa, thenp(t) := 6({p(s1), p(s2)},7(t)). The
automator®( acceptsT if p(r7) € F.

A class of colored trees recognizableif it is the class of colored trees accepted by some treazarto
ton.

Theorem 4.1 (Thatcher and Wright [27]). LetT be a finite alphabet. A class df-trees is recognizable
if, and only if, it is definable by aMSO[r]-sentence.

Furthermore, there is an algorithm that computes the trem@aaton corresponding to a givénSO-
sentence.

We use this theorem to efficiently evaluate the assignmentisfiysing a given MSO-formula. When
computingy(A) for an MSO-formulap(X,, ..., X}, z1,...,2,,) and a structured, we have to handle

setsS C Pow(A4)! x A™ for a setd andl, m > 0. While the appropriate data-structures to handle sich
will be explained later, when describing the algorithmspkedefine theizeof S as

l

151/ := > (> 1Bil +m).
(B] ..... B],(I,l,...,(lm)es i=1

The size of a reasonable encodingSovill be in ©(]|S]]).

Theorem 4.2. There exist a functiorf : N — N and an algorithm that solves the evaluation problem for
MSO-formulas on colored trees in time

Flell) - (1T + [le(TI]).-



Proof: Without loss of generality we can restrict our attention t8®Hormulas without free first-order
variables. To see this, let{( X1, ..., X;, z1, ..., z,,) be an MSO-formula. LeY3, . . ., Y;, be new monadic
second-order variables not occurringdrand

m

O ( Xy, ., X, Y, .., Yy) = /\33137 Y,;.r/\EIml...Elmm(/\Y,;.m/\<p(X1,...,Xl,.rl,...,mm)).

i=1 i=1
Here3<'z Y;z abbreviate¥z1Vz, ((Yiz1 AYjz2) — 21 = x2). Thenfor every structurd andB, C C A
AE¢'(B,C) <= Therearey,...,cn € AsuchthaCy = {¢;},...,Cyp = {cn} and
A ¢(B, o).

For the rest of the proof, Idf be an alphabet and(X,,..., X)) € MSO[r-]. Theorem 4.1 only
applies to sentences. Therefore, we replace the varidbles. ., X; by new unary relation symbols
appropriately. We self’ := I' x {0,1}*. A I'-treeT together withB,,..., By C T leads to al'-tree
T':=(T;Bs,...,By)inanatural way: Denoting the color 6f T in 7' by v'(t), we let

Y (t)=(y,6) <= )=~y and(te B, o¢e=1)fori=1,... k.

We calle theadditional colorof ¢.
The class of”-trees

{(T;B) | T coloredr-tree,B C T, B € ¢(T)}

is definable in MSO; hence, there i§'aautomator®l = (@, A, §, F') recognizing it.
What we have achieved so far is a reduction of the problem wipeding(7") for aT-tree7T to the
problem of computing the set

A(T) ={B C T |Aaccept{T; B)}

foral x {0, 1}*-tree automatofl.

We now describe an algorithm computi®lg7 ). Let 7 be al'-tree. Our algorithm passes the tree three
times:

(1) Bottom-up By induction from the leaves to the root, we first compute deeryt € T, a setP; of
“potential states” at: If ¢ is a leaf, thenP, := {A((y(t),€)) | € € {0,1}*}. For an inner vertex with
childrens; ands,, we set

P = {0({ar. a2}, (7(t).€) | a1 € Py, a2 € Py, €€ {0,1}F).

Then for allt € T andq € Q we haveg € F if, and only if, there are setB,, ..., By, C T such that for
the runp of 2 on (7; B) we havep(t) = q.
Note that for the root := +7, if P, N F = () then?A(7) = §, and no further action is required.

(2) Top-down Starting at the root we compute, for every € T', the subses; of P; of “success states”
att: We letS, := F'n P,. If ¢t has parent and siblingt’, then

S, :={q € P, | there arg/ € Py, € € {0,1}* suchthav({q,q'}, (7(s),€)) € Ss}.
Then for allt € T andq € @ we haveg € S; if, and only if, there are setB, ..., By C T such thatl
acceptg7; B) and for the rurp of A on (7; B) we havep(t) = q.

(3) Bottom-up againRecall that fort € T', by 7; we denote the subtree @f rooted int. We compute
sets Sat, inductively from the leaves to the root. Intuitively, a tapB C T is in Sat, iff it is the
restriction of a “satisfying assignmen® € (7" to 7; and for the rurp of 2 on (7'; C) we havep(t) = g.

Lett € T andg € S;. SetB! := {t} andB}, = 0. If t is a leaf, then

Sat, == {(B;,,---. B;,) | A((v(),9) = g}



If t has childrers ands’, then

Sat,, = {(B] UB{UB!,,...,ByUB,UB)

€ € {0,1}* there exisy € S,,q" € S, such that
B € Saty, B € Sat,,0({d,q"} (1(1).€) = a}.

Before we present the actual algorithm let us prove that dmputed sets Saj have the intended
meaning.

Claim 1: Fort € T andq € S; we have

Sat, = {B C T, | Thereare set§, ..., C; C T such that
C;NTy :Bifgrl <i <k,
A acceptdT; (),

and for the rurp of A on (7'; C) we havep(t) = ¢}.

Proof: To prove that Saf, is contained in the set on the right hand side of the equaligyfirst observe
that if B is in Sat, then there is a rup of 2 on (7;; B) such thatp(t) = ¢. This can be proved by
a straightforward induction. Moreover, §f € S;, then there is a tupl® and an accepting rupp of
20 on (T; D) such thatp(t) = q. We letC,,...,Cr C T be the sets defined by; N T; = B; and
C; \ T; = D; \ T;. Then the rumps of 2 on (T; C) will be identical withp on 7;. Thus it will reacht in
stateg. Outside ofT;, it will be identical withp ;. Therefore, it will accept. This shows thatis contained
in the set on the right hand side of the claimed equality.

To prove the converse containment,det 7' andg € S;. LetC' C T be such tha®l accepty7T; C)
and for the rurp of 20 on (7; C') we havep(t) = q. For1 < i < k, let B; := C; N T;. We have to prove
thatB € Sat ,. We proceed by induction an

Before we do so, we need another bit of notation: Fet 7 < k, we lete; = 1if t € B; ande; = 0
otherwise. We leBB! = (B! ,...,B! ).

If ¢ is a leaf, thenB = B!. Sincep(t) = q, we must have\((v(¢), €)) = ¢. ThusB € Sat ,.

Now suppose that has childrens; ands,. Letq = p(s1), ¢ = p(s2), B! = Bn Ty, and
B? = BN Ts,. By induction hypothesis, we havé' € Sat, ,, andB? € Sat, ,,. Sincep(t) = ¢, we
haved({q1,q.}, (7(t),€)) = q. Moreover,we hav; = B! UB! UB?fori =1,... k. ThusB € Sat,.

This completes the proof of Claim 1.

An algorithm evaluating a given formula on a given tree caw be described as follows:

Input: Colored treeT”, MSO-formulap( X1, . .., X).
1. Check if there is an alphab&tsuch that7 is a coloredl-tree andy is an MSQr]-
formula; if this is not the case then retuin

. Compute thd”-tree automatofl corresponding tg.

. Forallt € T', computep;.

. Forallt € T', computeS;.

. Forallt € T'andq € S;, compute Sat,.

. Return{ 5. Sat .

o 0o~ WN

Note that Claim 1 implies thad(7) = U, s, Sat,. Thus the algorithm is correct. Before we
give implementation details, in particular appropriatéadsiructures, and analyse the running time of this
algorithm, let us give an example to clarify the introducedaepts and their interaction.

Example 4.3. LetT" = {wWHITE, BLACK }. We consider the first-order formuigz) = ‘z has two white
children’, over the vocabularyr. AT x {0, 1}-tree automatofl = (Q, J, A, F') corresponding te(z)
looks as follows:Q) := {qu, @b, gace, rail }» F' := {qacc}. The intended meaning of these states is obvious.



For exampleg,, means that the automaton just saw a white vertex. Note tmatudamaton must implicitly
force the additional colors (corresponding to the assignogr) to encode a singleton set.

In the definition of the transition functions, we use the wéddx to indicate that the corresponding
argument can be arbitrary. We lat:= {(WHITE, 0) — ¢, (BLACK,0) > g3, (*,1) — grai } and define
to contain the following mappings:

(1) (A, %,%) — g forall A € [Q]=? with g € A

(2) ({quw},* 1) = Gaco ({qu, @}, %, 1) = grair, ({gb}, %, 1) = Grai

(3) (A, WHITE,0) ~ ¢y, (4, BLACK,0) — ¢ for all A € [Q]<? With gace, Grail € A
(4) (A,%,1) = ggail, (A, %,0) = gaccforall A € [Q]<? with gacc € A, grail ¢ A

We run our evaluation algorithm f@t on the tree displayed in Figure 2. Itis easy to see that irdiwe
obtainP; = Py = Ps = {qb, rail }» Pr = Ps = {qu, Grait }, Pr = {qu, @it }, P6 = P2 = {qu, Gaco Gail }»
Py = {@, qace ¢rail }- Then in line 4 we proceed top-down and dg&t = {qgacc}, S1 = {qw}, S2 =
{qaCC: QU)}- S‘% = 54 = SS = {Qb}, 56 = {Qacc, qUJ} andS? = SS = {qUJ}'

Figure 2. Sample tree: black nodes are filled

In line 5 we go bottom-up again, and get (we only display nowp® sets) Sat,...{{6}}, Sab .. =
{{6}} = Sat,, and Saf ... = {{0}, {6}}. And this is the set of assignments, we expected.

Let us return to our general algorithm and analyse its ruptime. Line 1 needs time linear in the size
of the input. The time needed by line 2 only depends,aand thus is bounded bt (||]||) for a suitable
function f; : N — N. Note also that the sizg2(|| of the automatof only depends orp. Lines 3 and 4
require one pass of the tree each, with an amount of work atreade that is linear if2(||. Thus the time
needed for these two lines@(|||| - |T|), and the overall time needed in lines 1-4ig||¢||) - | T|, for a
suitablef, : N — N.

Line 5, the third pass of the tree, is critical. We shall usefdilowing two facts about the sets Sat

Fact 1.Sat , is non-empty foralk € T, q € S;.
This follows immediately from the definition ;.
Fact2.Sat ,nSat,, =0forallt € T, q,q' € S, suchthay # ¢'.

This is due to the fact that we are dealing with a determmistitomaton. It can proved by a straight-
forward induction on.

Remember that the sets Satare sets of-tuples of sets. We use the following data structure to
represent them: A subset @fis represented by a linked list with an additional pointethi® last element
(cf. Figure 3). This enables us to form the union of two disjaiets in constant time. A-tuple of sets
is represented by an array of such lists, and a séttoples of sets is represented as a linked list of such
arrays, again with an additional pointer to the last elenfefinfFigure 4).

Suppose noW", T" are disjoint sets and’ and.S"" are two non-empty sets @ftuples of subsets of
T' andT", respectively. We let

MERGE(S’, S") := {(B,UB!,...,B,UB)) | B' € S',B" € §"}.



,0

ty[e—{t;] ] ]

Figure 3. Representation of a 9ét= {¢1,...,t,,} CT.

Figure 4. Representation of a setSat

If we are givenS’, S” in the representation described above, then MERSGE'"') can be computed in
time
O(k- (1+ | IMERGE(S", 8")|| — |I5"]| = [15"]1)), (1)

where, as usual, for a sétof k-tuples of sets we letS|| = > 5. Zf:] |B;|. Note that forS’, S" as
above, the ternf|[MERGE(S’, S")|| — ||S’|| — ||S"]]) is always non-negative. To achieve the time bound
(1), we use the actual representations of elements ahd.S” in memory whenever this is possible and
only copy them if they are used more than once.

Let us now analyze the time required to compute the sets, Sebte that the numbeér and, for every
t € T, the size of the set; is bounded by|2||, the size of the automaton. Thus for every leaf T the
sets Sat, can be computed in time (]|2||) for a suitable functiom, .

For inner nodes and stateg € S;, our goal is to compute Saf in time go(||A||) - (|7¢] + ||Sat 4||)
for a suitable functiomy,. This yields the desired time bound.

Let ¢ be an inner node with childresy s’ and suppose we have already computed the sejs, Satd
Sat . forall ¢' € Ss, ¢" € Sy. We assume that these sets are represented as described Blhenr we
can compute Saj, as follows:

1. Sat,:=0

2. forall ¢ € S5,q" € Sy do

3 N:=0

4 forall € € {0,1}* do

5. if 6(¢, ", (7(t),€)) = ¢ then
6 N := NU{B:}

7 fi

8 od

9 if N # () then

10. Sat,, := MERGE(MERGE(N, Sat, /), Sat, ,)
11. fi

12. od

10



It is easy to see that this procedure works correctly; usingRact 1, and Fact 2 we get the desired time
bound? ]

Remark 4.4. The functionf in the statement of Theorem 4.2 is essentially determinetidgize of the
automaton to which the input formula is translated. It islvi@lown that there is no elementary bound on
the size of the automaton in terms of the size of the formub [(deed, it has recently been shown that
there is no algorithm solving the evalutation problem forMSentences on trees in tinfé||¢||) - p(n)
for any elementary functiofi and polynomiap [15].

The main factor contributing to the large automaton-sizésnumber of quantifier alternations in the
formula; roughly there is one iterated exponential per gjfianalternation. However, practical experience
with such translations seems to indicate that very oftemtiiematon does not get too big.

Corollary 4.5. There exist a functiorf : N — N and an algorithm that solves the evaluation problem for
MSO-formulas with no free set variables on colored trees in time

Flell) - (IT1 + le(TI).-

Proof: This follows from the fact that for a formula(z, ..., zx) with no free set variables we have
(I = Kl (T)] < [lel] - [ (T)]- O

The following corollary easily follows from the proof of Theem 4.2:

Corollary 4.6. There exist a functiorf : N — N and an algorithm that, given a colored trge and an
MSO-formulap(Xy, ..., X, x1,...,z,), decides in time

Fllell) - T

if there areB,, ..., B, C T'anday,...,a,, € T suchthatl = ¢(Bs,...,B;,a1,...,a,), and, if this is
the case, computes such sets and elements.

4.2. Structures of bounded tree-width. It will be convenient for us to work with tree-decomposition
of the following form: A special tree-decompositioof width w of a structure4 is an ordered pair
(T, (at)ter) whereT is a binary tree, every! := (af,...,a,) is a(w + 1)-tuple of elements of4,
and(7, ({a}, ..., al,})ier) is a tree-decomposition of of width w. Let us mention explicitly that two
distinct nodes of the tree of a special tree-decompositiay have identical blocks. It is easy to see that a
given tree-decomposition of a structure can be transforimecda special tree-decomposition of the same
width in linear time.

Lett = {Ri,...,R,}, whereR; is r;-ary for1 < i < m. With every special tree-decomposition
(T, (at)¢er) of width w of a 7-structure A we associate a colored trd&* with underlying tree7” and

coloring~y(t) := (v1(¢),. .., Ym+2(t)) fort € T, where

— (1) = {(ig) | a! = al},
zy | af = a3} forthe parens of ¢if ¢ # 7,
n2(t if t =17,
—~yl+2()_{(71,...,jn)\(a_f;],...,a;ri)eR;“}forlgigm.

The alphabet of * is

[(r,w):= Pow{0,...,w}?) x Pow({0,...,w}?)
x Pow({0,...,w}™) x -+ x Pow({0,...,w}"™).

2For further details we refer the reader to the second awti®itD-thesis [14].
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Example 4.7. Let R be a ternary relation symbol, and ldt= (A, R*) be the{ R}-structure displayed on
the left side of Figure 5. Formally, we have= {1,...,6} and

RA = {(io,i1,i2) | {io,i1,in} = {1,2,6} or {ig,i1,is} = {2,3,4} or {ig,i1,i2} = {4,5,6}}.

The tree-width of4 is 2; the right side of Figure 5 shows a special tree-decoitipog 7, (a,).cr) Of
width 2 of A. The universd” of the treeT is {r, s, t,u, v}, and the edge relation can be seen in the figure.
Let us declare to be the root of/ . The only purpose of nodeis making the tree binary. For every node
z, the tuplea, € A? is displayed next ta. For exampleg, = (2,3, 4).

TheT'({R},2)-tree T* is the tree with underlying treg and coloringy = (v1,72,73) defined as
follows:

= m(r) =m(s) =) = n(u) ={(0,0),(1,1),(2,2)},
v (v) ={0,1,2}2
= 72(r) =0,
72(s) = {(0,0),(1,2)},
72 (t) = {(1,0),(2,2)},
Y2(u) = {(0,1),(2,2)},
72(v) ={(0,0),(1,0),(2,0)},
= 73(r) = 13(t) = v3(u) = {(io,i1,i2) | {io. 01,92} = {0,1,2}},
Y3(s) = v3(v) = 0

Figure 5.

We observe the following:

Lemma 4.8. Given ar-structure 4 and a special tree-decompositi¢i, (a');cr) of widthw of A, the
corresponding’(r, w)-tree 7* can be computed in time

Sl w) - [T
for a suitable functiory.

Recall that for an element € A we let nodéa) be the minimalt € T with respect to<” such that
a € {af,...,al,}. DefineU(a) := (Up(a),...,Uy(a)) by

3 3

Us(a) - | {n0dea)} if a}* = a anda**" £ afor1 < j <i,
e otherwise,

for 0 <i < w. For asubseB C A we letU;(B) := {J,. 5 Ui(a) andU(B) := (Up(B), ..., Uw(B)).

12



Example 4.9. Continuing Example 4.7, we observe that for the vertex 2 we have nodg) = r and
Uo(a) = {r},Ui(a) = Us(a) = (. For the setB = {1,2,6} we havely(B) = {r,t},Ui(s) = 0, and
Us(B) = {s}.

Note that for subsety, . .., U, C T there exists an € A such that/ = U(a) if, and only if,
(1) UL, U; is a singleton.
(2) Forallt e Tand0 <i < j <w: If t € U; then(i, j) ¢ v (¢).
(3) Forallt € Tand0 <i,j < w: If t € U; then(i, ) ¢ va(t).

Moreover, there is a subsBt C A with U = U(B) justin case the conditions (2) and (3) are fulfilled. Us-
ing these characterizations of tuples of 9é{a) andU (B), it is straightforward to exhibit MSO-formulas
Elem( Xy, ..., Xy) and SetXy, ..., X, ) such that for arbitrary/y, ..., U, C T,

T* E ElemU) <= thereisam € AwithU = U(a);
T* =SelU) <= thereisasubsdt C AwithU = U(B).

For example, we let

Se(Xo,...,X») = Vo A (Xjz- A -P, 1)
0<i<j<w Y=(71,- -y Ym2) ET(T,w0)
(1,5)€Em
/\V.r( /\ (Xﬂ“ — /\ —|P,,m).
0<i,j<w TY=(V15e0sYm+2) EL(T,w0)
(i,4)€Ev2

The first line of this formula corresponds to (2) and the seldore to (3).
Also observe that we can pass frdinto U (B) and fromU(B) to B in linear time. To see this, note
that B is the union of the disjoint sets:! | ¢t € U;(B)}.

Lemma 4.10. EveryMSO-formulayp(Xi, ..., Xk, y1,...,y) can be effectively translated to a formula
e (X, ..., Xy, Y1,...,Y;) such that:

Q) Forall By,...,B, C A,ay,...,aq; € Awe have

./4|: @(B]7...,Bk7a]7...7al) p== T* |: @*(0(B])77U(Bk) 0(@]),...,0(@[)).

(2) For all Uy,..., Ui, Vi,...,V; C T such thatT* | ¢*(Uy,..., Ui, V1,...,V;) there exist
By,...,Bry C A, a1,...,a0 € Asuchthaty; = U(B;) for1 < i < kandV; = U(a;) for
1<i<l.

Proof: The proofis by induction o, the case of atomig being the only non-trivial part. For this purpose
we say thal” = (14, ..., V,,) with V,, ..., V,, C T is closed if the following hold for alls,t € T and
0<1i,j<w:

— Ift € V; and(i, j) € v (¢) thent € V.
— If (s,t) € ET,s € V;,and(i, j) € y2(t) thent € V;.

Note that, fora € A and closed/, if U(a) C V then forallt € T'and0 < i < w we haveu! = « if, and
only if, t € V;. In other words, a closed tuple that contalih&:) contains all occurrences afin the tree
decomposition.

Example 4.11. Examples of closed tuples in the trgé of Example 4.7 are

({r,s,v},{t,v},{v})7 ({u}7{s}7{r7s7t,u}).

The first of these contains all occurrenceg othe second all occurrencesband6.
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Continuing with the proof of Lemma 4.10, we now define a foramexpressing closedness:

ClosedX,...,X,) = Vz A ((Xi.r A \/ P,x) > ij)
0<i,j<w Y=(V15e-, Ym42) ET(T,0)
(i,) €M
AVzVy (Ery — /\ ((Xj.r A \/ Pyy) — Xﬂ/))
0<i,j<w 7:(71,--(-7.773?2)6]“(771“)
i.5)Eve

The two lines in this formula correspond to the two items i@ diefinition of closedness. Thus clearly for
all tuplesV C T' we have

T* = ClosedV) <«= Visclosed.

Now for an atomic formulg = Ry ...y, whereR = R; isr = r;-ary, we let

©*(V1,...,Y,) = ElemY;)A... AElemY,) A
VZ, .. .vz( A (i C Zi A Closed Z;)) —
i=1
Ja \/ (Zijnx Noo N Zysom A \/ PVCL'))).
i1 yeeyin=0 Y=(71,--- Ym+42ET (T,w)

(i1,esir ) EYig2

The first line of this formula simply says that the tupls. . ., Y, are all of the formi/(a;) for elements
ai,...,a, € A, thatis, they encode elements, . . ., a, of the structured in the tree7*. In the second
line we take closed tuples, . . ., Z, containing the respectivi§; in particular,Z; contains all occurrences
of a;. In the third line we say that there must be some tree nodetmains elements of aff;s such that
these elements are related By= R;. Thusay, ..., a, must be in the relatior. m|

Theorem 4.12. There exist a functiofi : Nx N — N and an algorithm that solves the evaluation problem
for MSO-formulas in time

7 (el () - (141 + ().

Proof: The algorithm proceeds as follows:
Input: Structured, MSO-formulay

1. Check if A andy have the same vocabulary, sayif this is not the case then retufin
. Compute a special tree-decomposit{@n (a’);cr) of tree-widthw := tw(A) of A.

. Compute the correspondifgr, w)-tree 7 *.

. Compute the formula*.

. Computep™* (7).

. Computep(A).

o U b~ WN

Line 1 requires time linear in the size of the input. Line 2uiegs timef, (||7]|, w) - |A| for a suitable
function f; (by Theorem 3.4). Line 3 requires tinfe(||7||, w) - | A| for a suitable functiorf, (by Lemma
4.8). Now recall that we always halle|| < ||¢]|-

Line 4 requires timefs(||¢||) (by Lemma 4.10). Certainly, the length of is recursively bounded in
terms of|o||.

Line 5 require timef4(||¢*|]) - (|T| + |l¢*(T*)||) (by Theorem 4.2). Finally, givep*(7*) and the
mappingl (a) +— a, the outputp(A) can be computed in linear time.

Putting everything together, we get the desired time bound. |
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Remark 4.13. Courcelle and Mosbah [10] get an algorithm for evaluating®A8rmulas on graphs of
bounded tree-width out of a more algebraic framework. Siheg neither give any implementation details
(such as which data structures to use) nor a tight analysheafunning time of their algorithm, it is hard
to compare it with ours. Clearly, if implemented in a strafghward way, their algorithm is not linear in
the size of the output. It is conceivable, however, thatrifikir data-structures as those described in the
proof of Theorem 4.2 are used, their algorithm can also beetlinto a linear time algorithm.

Corollary 4.14. There exist a functiofi : Nx N — N and an algorithm that solves the evaluation problem
for MSO-formulas with no free set variables in time

£ (el tw(A) - (14] + (A ).

Corollary 4.15. There exist a functiorf : N x N — N and an algorithm that, given a structuré and an
MSO-formulap( X4, ..., X, z1,...,Zy), decides in time

Fllell, tw(A)) - [A]

if there areB,,...,B; C T anday,...,a, € T suchthatT = ¢(Bs,...,B;,a1,...,a,), and, if this is
the case, computes such sets and elements.

Remark 4.16. There is a trick that can sometimes improve the running tifnauo algorithms consider-
ably, in particular if the arity of the vocabulary is high.

For every vocabulary we letr;, be the vocabulary that contains a unary relation synitypofor every
R € 7 and binary relation symbolB, ..., E;, wheres is the arity ofr. Then with everyr-structureA
we associate a,-structureA,, thebipartite structureassociated withd (often this structure is called the
associatedhcidence structure The universe consists of together with a new vertelg; forall R € 7
anda € R*. The relationZ;** holds for all pair§a;, bga, 4, ), andPZ" = {bgs | @ € R*}.

Then A, can be computed from in linear time, and we havel,| = O(||.A||). Moreover, we have
tw(Ap) < tw(A) + 1. If the arity of 7 is at most tw.4), this can be improved to tisd;) < tw(A). The
tree-width of A, can be considerably smaller than thattfFor example, ifR is a 1000-ary relation, then
the tree width of the structutd = ({1,...,1000}, {(1,...,1000)}) is 999, whereas the tree-width of,
is 1. Let us remark that for graplfswe have twWG) = tw(Gy).

It is easy to see that there is a linear-time algorithm thabeiates with every MSO-formula an
MSO-formulap, such that for all structured we havep(A) = ¢, (As).

Thus to evaluate MSO-formulas we can also proceed as fall@ixen a formulap and a structure
A, we first computep, and.4,. Then we computey(A,) using our algorithms. By Theorem 4.12, this
requires time

O (£ (Il l, tw(As)) - (ANl + (A )

which can be much better theft| |||, tw(A)) - (JA] + H<p(A)|\).

There is another advantage in working with the structigénstead of4: MSO becomes more expres-
sive. Intuitively, the reason is that i, we can talk about sets of “edges”. For example, it is easyddrest
there is an MSO-formula(X) such that for every grapfi, ¢(Gs) consists of all set§bg,; | ab € H},
whereH ranges over the edge sets of all Hamiltonian cycle§.ofhus in a sense defines the set of all
Hamiltonian cycles of a graph. Clearly, this is not possiijfe&an MSO-formula in the original gragh As
a matter of fact, there is not even an MSO-sentence that oldgraphg if, and only if, G is Hamiltonian
[23].

But let us also point out that, by a further result due to Celled9], one does not really gain anything
by using bipartite structures in our context. Courcellevprbthat for every class of structures of bounded
tree-width, monadic second order logic over the bipargéesion of structures i’ has the same expressive
power as monadic second order logic over the standard versio

Remark 4.17. We mentioned that our approach to evaluating MSO-formufastauctures of bounded
tree-width is similar to Arnborg, Lagergren, and Seese]s [Bhey also “interpret” graphs of bounded
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tree-width in trees and use automata based techniques ltcagvormulas on trees. Our representation
of structures of bounded tree-width by colored trees isedfit from theirs, though. While we use the
tree of a tree-decomposition and encode the structure itaginng of this tree, they actually modify the
tree. For example, in their representation elements ofttiuetsire are only represented by leaves of the
tree. Another difference between their approach and outsisthey implicitly translate a relation to its
corresponding incidence relation (cf. Remark 4.16).

We believe that our representation is technically a bit noar@venient, but none of the differences is
really crucial.

5 Tree-like formulas

In this section, we restrict our attention to first-ordemfolas. Recall thaatomic formulasor atoms are
formulas of the form: = y or Rz, ...z, for anr-ary relation symboR. The set of all atoms occurring in
a formulayp is denoted by dt). Literals are atomic or negated atomic formulas. The set of all vag&gbl
occurring in a formula is denoted by vdty), the set of free variables gf by freqy).

With every formulay we associate a hypergraph

H, = (var(y),{var(a) | a € at(y)}).

Definition 5.1. A tree-decompositioaf a formulay is a tree-decomposition @{,. A tree-decomposition
(T, (Xi)ieT) of a formulay is strict if there exists & € T such that fregp) C X;.

For arbitrary first-order formulas, tree-decompositioresraeaningless, as the following example shows:

Example 5.2. Let p be a formula, and suppose that the vocabulary isfr-ary, for some: > 2. We show
thaty is equivalent to a formula’ that has a very simple tree-decomposition of width
Letyy,...,y, & van(y). To obtainy’, we replace every atomic subformuléz , . . ., ;) of ¢ by the
formulady; ... 3ys(z1 = y1 A... Az =ys Aa(yr,...,ys)). Then obviouslyy andy’ are equivalent.
Let 7 be the tree with root” and vertext, adjacent tor” for everyz € var(y). Let X,r :=
{y1,...,y.} andX,, := X7 U {z} forz € var(p). Then(T, (X;)ier) is a tree-decomposition gf .

However, tree-decompositions turn out to be quite usefldmih comes to evaluating formulas of a
very simple form, which are known asnjunctive queries

5.1. Acyclic Conjunctive Queries. A conjunctive querys a formula of the formby; ... 3y, Al o
with atomic formulasyy, ..., «,. In this subsection we explain an algorithm due to Yannakfki] for
evaluatingacyclicconjunctive queries.

We have to recall some basic notions of relational datalresery. AnX -relationR, for a finite setX,
is a finite set of mappings with domai. We let rangéR) := |, . 7(X). We think of anX-relation as
an|X|-ary relation on rangé&R ) in which we have associated a name (an elemen ofvith every place
of the relation. UsuallyX is a set of variables and ran@e) is contained in the universe of some structure.
ForY C X, theY-projection of anX -relationR is the setry (R) := {v|yv | v € R}. For setsX,Y of
variables, thgoin of an X -relationR and aY -relationsS is the X U Y-relation

R<xS:={y: XUY = A|v|x € R,y|y € S}.

For every formulap(xy, . .., ;) and structured the setp(A) is an{z, ..., x;}-relation overd. On the
logical level, projections correspond to existential difamations and joins correspond to conjunctions. In
particular, for a conjunctive query(z1, ..., 2;) = Jy1 ... Jym A, @; We have

P(A) = a1 (A) 5 b3 (A)).

In an appendix, we explain how to represéhrelations on a RAM and how to compute projections and
joins efficiently. Thesize||R|| of an|X|-relationR is defined to be& + | X| + |X| - |[R|. By Theorem
A.5, the projectionry (R) of an X -relationR to aY” C X can be computed in tim@(||R||), and the join

R < S of an X -relationR and aY -relationS can be computed in tim@ (||R|| + ||S|| + [|R > S|).
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The result of a sequence of join operations can get very largieh makes the evaluation of conjunctive
queries hard in general. When evaluating a query, insteadmputing the full join of all relations first and
then project out the components not needed in the rasplissibleit is a much more efficient evaluation
strategy to interleave joins and projections and therebyae the size of the intermediate results. In
database terminology, this is known as compusiami-joing(see, e.g., [1]). The following algorithms are
based on this idea.

The following two lemmas describe Yannakakis’s basic atgor. The idea behind these lemmas is
the following: We want to evaluate a conjunctive queryn a structure4. Suppose we can efficiently
compute a tree-decomposition, (X;):cr) of ¢ and, for everyt € T', the X;-relation

Pri= X alA).
acat(p)
var(a)C X,

Then, noting thatp(A) = Teey) (fl>£j?t), we can use Lemma 5.4 to compuytéA). Moreover, if the

tree-decomposition is strict, i.e. if freg) C X, for somet € T', we can even do better using Lemma 5.3.

Lemma 5.3. There is an algorithm solving the following problem in ti@¢|T'| - max.cr||P;||):

Input:  Tree-decompositiofiT, (X;)ier), an X;-relationP; for
everyt € T'.
Problem: ComputeR; := mx, (fl>€4T73t) forallt e T.

Proof: The algorithm passes the tree twice.

(1) Bottom-upFor everyt € T we letQ; := 7x, ( E<TI 73“).
u>"t

Thenift is a leaf, we have
Qf, = 731‘,: (2)

and if¢ is an inner node with childrefy, . . . , ¢,,,, then

Q =mx,(Pivs D (D4 P)) =Py, (D (D P)) =P D my, (DX Py)

1<j<m u>T¢; 1<j<m u>Tt; <j<m u>Tt;

(to establish the last equality we use the fact thatferi < j < m we haveX;, N X;, C X;, because for
everyx € var(p) the set{t' € T'| =z € X } is connected if7"). Thus

Qr =P < 1552771%(97“)' 3

Our algorithm uses (2) and (3) to inductively compute the €gtfor all t € T'. This amounts to computing
at most one projection and one join of relations of size attrm@s¢.c || P;|| for every tree-node.

(2) Top-downNote that for the root := r7 we haveR, = Q,. For anode € T \ {r} with parents
we have
Ry =mx,(Rs) >4 Q.

Thus we can comput®, for all t € T in top down manner. Again this requires to compute at most one
projection and one join per tree-node. Noting tRatC 9, C P;, we see that this can be done within the
desired time bounds. O

Lemma 5.4. There is an algorithm solving the following problem in tiG¢| 7’| - (max.cr||P:|]) - [|S]]):

Input:  Tree-decompositio7, (X¢):e7), @ subsetX C J,., X¢, an
X;-relationP; for everyt € T.
Problem: ComputeS := 7x (tszPt).
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Proof: We first compute the familyR;);cr as in Lemma 5.3.
For everyt € T, letY; := U~ (X N X,). If t has a parent, then letZ, := X; N X,, and let
Z,:= 0. Let B
St = ’/TYtUZt (“Eﬂ Ru)

t

ThenS = S,.
We can compute the relatiods inductively in a bottom-up manner, noting that for a l¢afe have
St = my,uz, (R¢) and for an inner nodewith childrent,, . . ., t,, we have
St = TY,uZ, (Rt > Sﬁ D - ] Stm)-
Note that the size of all intermediate joins is bounded|®y|| - ||S:|| < [|P:]| - || S]|- i

Definition 5.5. A hypergraph?{ is acyclicif there is a tree-decompositidfi’, (H):cr) of H such that
for everyt € T there exists a hyperedgec E such thakt = X,;. We call such a tree-decomposition a
chordal decompositionf .

A conjunctive queryy is acyclicif its hypergrapht{,, is. ¢ is strictly acyclicif #, has a chordal
decomposition that is a strict tree-decompositiopof

Observe that every chordal decomposition of a strictly Bcyquery is a strict tree-decomposition,
because iy is strictly acyclic, then there exists an atene at(y) such that fregp) C var(a).

Theorem 5.6 (Tarjan, Yannakakis [26]). Given a hypergrapfi, it can be decided in linear time # is
acyclic. If this is the case, a chordal decompositiofifo€an be computed in linear time.

Let (7, (H:)ter) be areduced chordal decomposition of an acyclic hypergkap@bserve that there
is a bijection between the vertices pfand the maximal (with respect to set inclusion) hyperedfés.o
Thus for everyt € T there is exactly one € E? such that node) = ¢t ande = X; (where nodé) is
defined as in Lemma 3.1).

If (T,(Ht)ier) is a tree-decomposition of a formuaanda := Rz, ...z, € at(y), then we let
nodga) := nod€{z,...,z,}). The proof of Lemma 3.1 shows that the familyod€a)),cay,) can be

computed in linear time.

Theorem 5.7 (Yannakakis [31]). There is an algorithm that solves the evaluation problemdoyclic
conjunctive queries in im@ (||| - [|A|| - [|¢(A)]]).
For strictly acyclic conjunctive queries, this can be imped toO (||| - ||A]]).

Proof: Given A andy, we first compute a chordal decompositign (X¢):cr) of ¢. By Theorem 5.6, this
is possible in tim&)(||¢||). By Lemma 3.3, we can actually assume that this decompnsgiceduced.
Then by Lemma 3.2 we hay&| < ||¢||. We compute node) for all a € af(p).
Clearly, for every atomic formula(z) we can compute(.A) in time O(]|A]).
For everyt € T' we let
7)1; = > O/(A)

acat(p)
nodg a)=t

Thenp(A) = reg(y) (tDE<Tl73t). Fort € T we leta; € at(yp) such that vai;) = X;. ThenP, C

ai(A), and thug|P;|| < ||a:(A)]| < || A|. Furthermore, we can compute the fam(§;);cr in time
O(J|¢ll - |1 A]]), because we only have to compute at most one join per atgmarid if we start withy,,
the intermediate relations obtained while computihgre all contained i (.A).

We can now apply Lemma 5.4. The stronger statement forlgtacyclic ¢ follows from Lemma 5.3.
O

Remark 5.8. Actually, the numbel].4|| in the statement of Theorem 5.7 can be replaced by rel:4ize=
max{||R4|| | R € 7}, wherer is the vocabulary of4.
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Definition 5.9. Thetree-widthtw(y) of a formulay is the tree-width of the hypergragt,, i.e. the min-
imum taken over the widths of all tree-decompositionspof The strict tree-widthstw(y) of ¢ is the
minimum taken over the widths of all strict tree-decomponi of .

Corollary 5.10 (Chekuri and Rajaraman [7]). The evaluation problem for conjunctive queries can be
solved in time
O([ll|"*2 + [l - A"+ + AL - [[o(A)]]).

wherew := tw(yp), and in time
O([lll*® + lloll - (AP + [1A4]D),

wheres := stw(yp).

Proof: The proof is analogous to the proof of Theorem 5.7, using Témad.5 instead of Theorem 5.6 to
compute a tree-decompositiofi, (X;):cr) of width w. The main difference is that th¥;-relationsP;
are no longer contained in a relation.df But since here we havy&;| < w + 1, we haveP;| < |A[v !
and thus|P;|| = O(|A|“*1). The term|||| - ||.A|| takes care of the evaluation of the atoms.

There is a slight problem in the extension to strict treetljidince it is not the case that any tree-
decomposition ofy is also a strict tree-decomposition pf However, a strict tree-decompositionofis
simply a tree-decomposition of the hypergraph obtainemh fto, adding a hyperedge frég). By Theorem
3.5, we can compute such a decomposition of minimum widthtime O(||¢||5*?). a

Remark 5.11. Note that in most situations we will hayie|| < |A|. Then the term§p||“*2 and||y||*+2
can be omitted. If we use Bodlaender’s [6] algorithm insteBdrnborg, Corneil, and Proskurowski’s [4]
to compute the tree-decompositions, we can replace these ty2°(*) ||p|| and2”()||||, respectively
(for a suitable polynomiap).

Remark 5.12. Recall Remark 4.16, where we evaluated a query by first &inglthe input structurel
to a bipartite structurel, and the input formulg to a formulay;, such thatp(A4) = ¢;(As). Then we
evaluatedp, on A; instead.

If ¢ is a conjunctive query (and the translation is done in thietnigay), thenp, will be a conjunctive
query and|gs|| = O(||¢]|). The hypergraph of this conjunctive quesy is

B, = (varp) Uatlp), {{z,a} | » € vara)}),

which is a bipartite graph. As in Remark 4.16 we havédw) < tw(y) + 1, and tw(B,) < tw(yp) if the
arity of the vocabulary of is at most twy).

Recalling that4,| = O(||4]|), by Corollary 5.10, we can thus evaluatén time O (||¢||"+2 + ||¢|| -
AP - |lp(A)[]), whereb := tw(B,,).

Actually, Chekuri and Rajaraman [7] defined the tree-width conjunctive query to be t{#8,,) instead
of tw(H,,).

5.2. Digression: Graph-based and hypergraph-based classef conjunctive queries. To complete
the picture, in this short digression, we discuss some \ezrgnt results on tractable classes of conjunctive
gueries that extend the basic tractability results of thewipus subsection. Our treatment may also clarify
the relation between seemingly contradictory results atl@lo, Leone, and Scarcello [18, 19] and Grohe,
Schwentick, and Segoufin [20].

We start by observing that acyclicity and bounded tree4widtconjunctive queries are incomparable
—all queriesExy 22 A Exaxs A ... AN Ex,_12, N Ex,z41, fOrn > 3, are of tree-width 2, but not acyclic.
On the other hand, the queri®s z; . .. z,, forn > 1 andn-ary R,,, are acyclic, but their tree-width grows
with n.

The common ground for both acyclicity and bounded treetwislthe notion of being a tree, that is, an
acyclic graph. Acyclicity relaxes this notion by going fragraphs to hypergraphs. Bounded tree-width is
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still a property of the underlying graph, but it is more liakthan acyclicity of a graph. This may become
clearer by the following definitions. Recall that the ungigry graph of a hypergraph is the graphgy,
with vertex set and edge seE9* := {(u,v) | u # v,3e € E™ : u,v € e}. Theunderlying graptG,, of

a conjunctive query is the underlying graph ok, that is, the graph with vertex set ya) and an edge
between variables andy if  andy appear together in an atom of

Definition 5.13. A class® of conjunctive queries isypergraph-basedf there is a clas§¢’ of hypergraphs
such tha® = {¢ | ¢ conjunctive query wittH, € C}.
® isgraph-basegdif there is a clas€§’ of graphs such thak = {¢ | ¢ conjunctive query wittG,, € C'}.

Clearly, every graph-based class is also hypergraph-baSeadthe other hand, the class of acyclic
conjunctive queries is hypergraph-based, but not grapbdchd@® see the latter, note that the acyclic query
Tx1z223 and the “cyclic” queryEz 22 A Exsxs A Exsx; have the same underlying graph. For every
w > 0, the class of all conjunctive queries of tree-width at moss graph-based, because a hypergraph
and its underlying graph have the same tree-width.

Under the complexity theoretic assumption F2TW[1] (see [11]), Grohe, Schwentick, and Segoufin
[20] gave a complete characterization of the graph-basesbet of conjunctive queries with a tractable
evaluation problem:

Theorem 5.14 (Grohe, Schwentick, and Segoufin [20])Assume that FPT# W[1]. Then for every
graph-based clas$ of conjunctive queries, the following two statements argwedent:

(1) The evaluation problem for queriesdnis solvable in polynomial time (polynomial in terms|@#|| +
LA+ [l (A1

(2) ® has bounded tree-width.

Note that, although the class of acyclic conjunctive quedees not have bounded tree-width, this
result does not contradict Theorem 5.7, because the clagydic conjunctive queries is not graph-based.

If acyclicity is the hypergraph-theoretic analogue of lgeintree, what is an appropriate hypergraph-
theoretic analogue of having bounded tree-width? ChekwarRajaraman [7] defined a (hypergraph-based)
common generalization of acyclicity and bounded tree-witiey calledbounded query-widthAcyclic
gueries are precisely those of query-width 1, and for allrigsep we have query-widity) < tw(B,).
Chekuri and Rajaraman [7] showed that conjunctive quefigmonded query-width can be evaluated in
polynomial time (in the size of the input and the output). lwer, query-width has one big disadvantage:
Queries of bounded query-width cannot be recognized innmotyal time. More precisely, for every> 4
it is NP-complete to decide whether a given query has quedgkvat most; [18].

Gottlob, Leone, and Scarcello [18] therefore introduceidayether width hypertree-widthwhich is
more general and has nicer properties:

Definition 5.15. A hypertree-decompositioof a hypergraplti is a triple (7, (Bt)ier, (Ct)ier), Where
(T, (Bt):er) Is a tree-decomposition 6 and(Cy):cr is a family of sets of hyperedges &f, such that,
the following two properties are satisfied:

(1) Foreveryt € T we haveB, C |JC;.
(2) Foreveryt € T'we havelJ C; N U, 7 Bu C B.

Thewidthof a hypertree-decompositi¢d, (B )er, (Ct)ier) ismaX|Cy| | t € T'}. Thehypertree-width
of a hypergraph is the maximum taken over the widths of all hypertree-deasitipns of .

Clearly, an acyclic hypergraph has hypertree-width 1; lBbttLeone, and Scarcello [18] proved that
the converse is also true. Furthermore, they observedhbajuery-width and, hence, the tree-width of
a hypergraph is an upper bound for its hypertree-width. Tthew proved that for every fixed there is
a polynomial time algorithm that decides if a given hypepdra/ has hypertree-width at most and, if
this is the case, computes a hypertree-decompositidhaffwidth w. Using this result and the techniques
described in the previous subsection, it is easy to provéolteving theorem:
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Theorem 5.16 (Gottlob, Leone, and Scarcello [18])For everyw > 1, the evaluation problem for con-
junctive queries of hypertree-width at masis solvable in polynomial time.

In [19], Gottlob, Leone, and Scarcello generalize hyperisgdth from conjunctive queries to full
first-order logic in a similar way as we shall do for acyclicénd bounded tree-width in the following
subsections.

5.3. Conjunctive queries with negation. Let us now try to extend the results on conjunctive queries to
larger classes of formulas. @onjunctive query with negatida a formula of the fornig A", A;, where
A1, ..., A, are literals, i.e. atomic or negated atomic formulas. Watefy) (at™ (¢)) denote the set of alll
atoms occurring positively (negatively, resp.)4n

The first observation we make is a disappointment: Evalgatimjunctive queries with negation whose
hypergraphis acyclicis just as hard as evaluating aritranjunctive queries with negation. To see this, let
¢ =3y A\._, A be an arbitrary conjunctive query with negation of vocabuta Let R be a newvar()|-
ary relation symbolz a tuple that contains all variables of andy* := 3y(—Rz A A}, X;). ThenH,,-
is acyclic, because the one node tree is a chordal tree-gesition of H,-. For everyr-structureA let
A* be ther U { R}-expansion ofd with RA" := §. Then||A*|| = O(||A||) andp(A) = ¢*(A*). Thus
evaluatingp is not harder than evaluating'.

However, there is a refined notion of acyclicity for conjunetgueries with negation:

Definition 5.17. A conjunctive query with negatiop is acyclic if it has a chordal decomposition
(T, (X1)ier) such that for every € T there is an atom € at™ () such thatX; = var(a).

If © has such a chordal decomposition that, in addition, is et$tee-decomposition, themnis strictly
acyclic

Observe that for an acyclic conjunctive query with negatigrior everya € at () there exists a
B € at™(p) such that vai) C var(3). Thus every reduced chordal decompositi@n (X;):;cr) of the
hypergrapl,, satisfies the additional condition that for eveér¢g T there is an aton € att(y) such
that X; = var(a). On the other hand, ip is not acyclic, then no chordal decomposition¢f satisfies
this condition.

Proposition 5.18. There is a linear-time algorithm that decides whether a gigenjunctive query with
negation is acyclic.

Proof: Given a conjunctive query with negatign the algorithm first computes a reduced chordal decom-
position(7, (X;):er) of the hypergrapft,, (by Theorem 5.6 and Lemma 3.3). If this is impossible, then
¢ is not acyclic. Then it checks whether for every nade T there is at least one € at™(y) such that
nod€«) = t. If this is not the case, thepis not acyclic. Otherwisey, is acyclic, and the algorithm returns
the chordal decompositio, (H:)ieT)- |

Corollary 5.19. The evaluation problem for acyclic conjunctive querieshwiegation can be solved in
time O (][l - [[A]] - [le(A)]).-
For strictly acyclic queries, this can be improved®||¢|| - ||A]|).

Proof: We can proceed completely analogously to the proof of Thed&’; the only problem being that
to compute the relatiori8; we now have to form joins with relationsx(A), wherea € at™ (.A). For such
negative literals the size efa(.A) is no longer bounded blyA||.

However, by acyclicity the following observation gives ttiesired time bounds: L&t C X, R an
X-relation andS aY relation. TherR 1 St, whereSt denotes the complement &f can be computed
intime O(||R|| + ||S]]). This can be done similarly to computing the join®fandS. |

For queries of bounded tree-width, we do not get any new problby allowing negation. Similarly to
Corollary 5.10 we can prove:
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Corollary 5.20. The evaluation problem for conjunctive queries with newattan be solved in time
O(lll|"*2 + [ll| - A"+ + [LAl]) - [lo(A)]]), wherew := tw(yp), and in timeO ([|¢|I*** + [l¢]] -
(JA]*T1 + [|Al])), wheres := stw().

5.4. Non-recursive stratified datalog. A datalog rule (with negationp is an expression of the form
7<_)\1AA)\H,

wherey is an atom of the fornQ)x; . .. z; with pairwise distinct variables;, ..., z; € varlA; A... A \,)
and\q, ..., A\, are literals.y is called theheadand; A ... A A, thebodyof p.

To define the semantics, suppose that Qz; ...2; and let A be a structure whose vocabulary
contains all relation symbols occurring in the bodyofThen we let

p(A) = 7T{z1,...7xl}( >J

1<i<n

A A)).
Lettingy be a tuple that consists of all variabledif ., var(A:) \ {=1, ..., =} and

p(z) =3y /\ Ai

1<i<n

we havep(A) = ¢(A). Thus datalog rules are just another way of writing conjiwectjueries with
negation.

A datalog progranis a finite sefl of datalog rules with the property that any two rules with shene
relation symbol in the head already have the same head.intdmsional vocabularynt(IT) of II is the
set of all relation symbols that occur in the head of someatilé. The extensional vocabulary ¢kt) is
the set of all relation symbols that occur in the body of somle of IT and are not contained in {fil).
Programll is non-recursiveif no relation symbol that occurs in the head of a rule alstuegin the body
of a rule.In the following we restrict our attention to non-recursiyatalog programs.

To define the semantics, I € int(IT) and.A an ex{II)-structure. Then we let

Tq(A) == J{p(A) | p € TT,Q occurs in the head of}.

It is easy to see that the query — II(.A) can be defined by an existential first-order formula, and that
conversely every query definable by an existential firseofdrmula can also be defined by a datalog
program.

A non-recursive stratified datalog (NRSD) progrésva sequencH := (TT', ..., TI"?) of non-recursive
datalog programs with the property that fo< i < j < n we have infII;) N (int(Il;) U ext(I1;)) = 0,
i.e. no@ € int(IlY) occurs inll;. The intensional vocabulary &f is the set infll) := |J;", int(I;), and
the extensional vocabulary is the set of all the relationlsyisinII that are not contained in ifff). The
programdl,, ..., II, are called thetrataof II.

To define the semantics, let be an exII)-structure. We letd, := A. Inductively overi,1 <
i < n, we defined; andTig(A) for all @ € int(IT¥) as follows: Suppose thdt < i < n and that the
ext(T) U U;.;]l int(T17)-structureA; , is already defined. Fap € int(IT") we letTlg (A) = TI{,(A; 1).
Let A; be the extll) U |U;_, int(Il7)-expansion of4; , with Q4 := Tl (A) for @ € int(IL;).

In the following, we assume that every NRSD-program hastindisished intensional relational sym-
bol, thegoal predicate which we always denote b§). Then we writell(.A) instead oflIg(A); A —
[T (A) is thequery defined byI. An NRSD-progranil is Boolean if it defines a Boolean query, i.e. if its
goal predicate i8-ary. An NRSD-progranil is equivalento a formulap or to another prografi’ if they
define the same query. It is easy to prove the following (\kethwn) fact:

Fact 5.21. A query is first-order definable if, and only if, it is NRSD-defile.

Theevaluation problenfior a class P of datalog programs is the following problem:
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Input:  StructureA, programll € P.
Problem: Computell(.A).

Tree-decompositions, tree-width, acyclicity, etc. of aattzg rule p are defined with respect to the
corresponding conjunctive query with negation. For exanaltree-decomposition of a datalog ryle=
v < A, \; is a tree-decomposition of the hypergrapar(p), {var(};) | 1 < i < n}), and a tree-
decompositio{ 7, (X;):cr) of p is strict if there is at € T such that vary) C X;.

Definition 5.22. LetII = (II4, ..., II,,) be an NRSD-program.
(1) 11 is strictly acyclicif every rule ofTI is strictly acyclic.
(2) Oisacyclicif (I14,...,II,_4) is strictly acyclic and every rulg of II,, is acyclic.
(3) Thestrict tree-widthof 1T is the number

stw(II) := max{stw(p) | p € LnJ I1;}.

(4) Thetree-widthof T is the number
tw(Il) := max{stw((Ily, ..., I, 1))} U {tw(p) | p € IL,.}.

If we make the (natural) assumption that the goal predisates only intensional symbol in the highest
stratum of an NRSD-program, then the notions of acyclicitgt atrict acyclicity, and similarly tree-width
and strict tree-width, coincide for Boolean and unary paogs (i.e. for programs whose goal predicate is
at most unary).

The following example shows why it is necessary that in alcprogram we require all strata except
for the last one to bestrictly acyclic:

Example 5.23.LetII = (II;,...,II,,) be an arbitrary NRSD-program. We construct an equivalem pr
gramIl’ = (IIj, IT%, . . ., IT})) such that all rules ofl’ are acyclic.

Let m be the maximum number of variables occurring in a ruléland X ¢ int(IT) U ext(IT) a new
me-ary relation symbol. Lepy be the acyclic datalog rule

m
Xz1...2 & /\CL’Z:CL'Z

i=1

IT§ just consists of the rulgy, and forl < i < n the stratunil; is obtained frondl; by adding an atom
Xy to the body of every rulg of T1;, wherey is a tuple of variables that contains all variableg of
Clearly,IT" is equivalent tdI, and all of its rules are acyclic.

Definition 5.24. An NRSD-programll = (II,,...,II,) is in normal formif for 1 < i < 5 < n and
X € int(II;) N ext(II;) the relation symbaoKX only occurs negatively ifl ;.

Lemma 5.25. There is an exponential time algorithm that associates ewntry acyclic NRSD-prograifh
an equivalent acyclic NRSD-prograifi in normal form.
Furthermore, ifI1 is strictly acyclic, therlI’ is also strictly acyclic.

Proof: LetII be an acyclic NRSD-program. The following elimination steduces the number of positive
occurrences of a symbdl € int(IT) in the body of a rule. Suppose that the ruleslofith X in their head
areXz « 51(z,91),...,XT < Bm(T,ym). Then for every rule of II such thatX occurs positively in
the body ofp we do the following: Lep := v + Xw A B(w, z). Without loss of generality we can assume
that the tupleg andw are disjoint fromy,, .. ., 7,,. We replacep by the rulesy < 3, (w, 1) A 8(w, 2),
cou Y Bm(w,ym) N B(w, z). The resulting program is equivalent®b It is easy to see that the new
program is (strictly) acyclic ifT is.
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We repeat the elimination step until we obtain a program inctvtall intensional relation symbols
only occur negatively in the bodies of rules. To guarante¢ e never increase the number of positive
occurrences of other intensional symbollbfwe process the symbols in the order of the strata in which
they occur as intensional symbols.

Then the number of elimination steps needed is boundedbly Each elimination step can be per-
formed in polynomial time, and it at most squares the sizéhefgrogram. Thus our algorithm can be
implemented as an exponential time algorithm. O

The results of Section 5.1 on conjunctive queries yield:

Corollary 5.26. (1) The evaluation problem for acyclic NRSD-programs inmak form can be solved
in time O (|[11]] - [|A[| - [[LI(A)[]).
For strictly acyclic NRSD-programs in normal form, this ca@improved ta (|[T1|| - [|-Al|).
(2) The evaluation problem for NRSD-programs can be solnetvie O (||II||**2 + |[TI|| - (JA[“*! +
I1A]]) - (IITI(A)|] + 1)), wherew := tw(TT), and in timeO (|[TT]|**2 + [|TT]| - (|A[]**" +||.4]))), where
s := stw(II).

The following example shows why we need the normal form in (t)also shows that there is no
polynomial time translation of arbitrary acyclic programt normal form programs. A similar example
occurs in [16].

Example 5.27.Letn > 2 and Xy, ..., X,, ben-ary relation symbols. Far<i < j<n,1<k<n-1
|etpl{“i7j} be the datalog rule

Xk+1-771 B S O K R R ) S 0 ¥ oy B R 70} «— Xkﬂfl R

Furthermore, lepjy be the ruleX 1z « X,z andTly := {pj} U {pf, ;; | 1 <i < j<n—1}. Then
Il = (My,...,H,_1) is astrictly acyclic NRSD-program withlI|| = O(n?).

Now let A be the{ X, }-structure({1,...,n},{(1,...,n)}). Then, using the fact that every permuta-
tion of {1,...,n} is the product of at mogt: — 1) transpositions, we obtain

IOx, (A) = {(z1,...,2,) ‘ {z1,.., 2} ={1,...,n}}.
Thus|TTx, (A)| = n!, and thereforél x, (A) cannot be computed in tim@(||TI|| - [|A||) = O(n®).

Remark 5.28. Similar results can be obtained for stratified datalog paogy with recursion (by iterating
the results for programs without recursion).

5.5. Tractable fragments of first-order logic. In this last subsection we show that the classes of strictly
acyclic NRSD-programs and NRSD-programs of strictly bathttee-width correspond to well-known
fragments of first-order logic.

The guarded fragment. Theguarded fragmenGF is the smallest fragment of FO such that:
(1) GF contains all atoms.
(2) If @, o1, 2 are GF-formulas, then so arey, p1 A o andy; V @s.

(3) If « is atomic andy is a GF-formula with fregp) C var(a), then for every tupley of variables
Jy(a A @) is a GF-formula.

As usual we use the Boolean connectives«~ and the universal quantifier as abbreviations.

A GF-formula isstrictly guardedif it is of the form 3y(a A ¢), where fre¢p) C var(a). Here we
allow the degenerated case tljats empty, i.e. that the formula is just A ¢. Every GF-formula is a
Boolean combination of atomic formulas and strictly guarttemulas. Furthermore, any GF-sentegce
is equivalent to the strictly guarded sentefigéy = y A ).
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Theorem 5.29. (1) There is a quadratic time algorithm that associates vetfery strictly guarded for-
mula an equivalent strictly acyclic NRSD-program in norrfaam.

(2) There is an algorithm that associates with every syiettyclic NRSD-program an equivalent dis-
junction of strictly guarded formulas.

In particular, every GF-sentence is equivalent to a Boolaayclic NRSD-program and vice versa.

Proof: To prove (1), we note first that every strictly guarded forancén easily be translated to a strictly
guarded GF-formula in which negation symbols only appe@ctly in front of atoms or existential quan-
tifiers. Lety be such a formula.

To translatep, we proceed by induction. Assume first that:= Jy(a A 8) is a strictly guarded
subformula ofp with a quantifier-free3. Using the equalityx A (81 V B2) = (a A B1) V (a A B2),
we can easily transfornp into an equivalent datalog prografhevery rule of which containa. Since
var(a) D var(3), this program is strictly acyclic. Furthermore, since wechat most one copy af for
every literal ing, the length of the program is at most quadratic in the lenfjth.o

We can now use induction to translate arbitrary strictlyrged subformulas ap.

To prove (2), we show that every strictly acyclic datalogerpylcan be translated to an equivalent
strictly guarded formulain linear time. Then a straightfard induction using Lemma 5.25 yields the full
statement.

Considertherulg := v < A A...AN\, and let(T, (X;).er) be areduced strict chordal decomposition
of p. Without loss of generality we can assume thafyaC X, 7.

For the rootr := r7, let Z, := var(y). For every node € T'\ {r} with parents, let Z; := X; N X.
For everyt € T, let z; a tuple of variables that contains all variableZinandy; a tuple that contains all

variables inX; \ Z;. If t,,...,t,, are the children of, let
ez =3 N\ A Nen)).
1<i<n j=1
node \; )=t

Then a straightforward induction shows theis equivalent tap,.. Moreover, everyp; is strictly guarded

since the conjunctiof\ i1<i;<» A; contains an atom;, with var(\;,) = X, and the free variables of all
node \; )=t
other conjuncts of; are contained irX;. O

Remark 5.30. It seems possible to improve the translation algorithm jndanO(n - log(n))-algorithm.
We do not believe that it can be made linear, although we dgprowge this. The following family{y,, ), >1
of strictly acyclic formulas seem to require NRSD-prograrhsuperlinear size: We Idt;, P, . .. be unary
and, forn > 1, R,, n-ary. Then we let

n
Yn = Rpxy ... ¢ A \/ Pix;.

i=1

The translation from NRSD-programs to first-order formwasnot be made polynomial; this has nothing
to do with being acyclic or guarded. Intuitively, it is duettee fact that programs correspond to directed
acyclic graphs, whereas formulas correspond to trees.

Remark 5.31. Gottlob, Gradel, and Veith [16] give a similar translatioetween sentences of the guarded
fragment and so-calleBatalog LITEprograms, which are essentially stratified datalog pnogravhere
every rule has a strict chordal decomposition whose treganisists of one node.

Finite-variable fragments. Fork > 1 we let FG' denote the set of all first-order formulas with at mbst
variables.

Theorem 5.32. Letk > 1.
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(1) Thereis alinear time algorithm that associates withrg\eO" -formula an equivalent NRSD-program
of strict tree-width at mostk — 1).

(2) There is an algorithm that associates with every NRS@y@m of strict tree-width at mosgk — 1)
an equivaleneO"-formula.

Proof: (1) If we translate an F&formula to an NRSD-program in a straightforward mannesntevery
rule of the resulting program has at mésvariables and thus strict tree-width at m@st— 1).

(2) It suffices to prove that every conjunctive query of sttiee-width at mosk — 1 is equivalent to
an FJ'-formula. This has been done by Kolaitis and Vardi [22]; theqgfis similar to the proof that every
strictly acyclic datalog rule is equivalent to a strictlyagded formula. It uses the fact that a first-order
formulap with the property that all subformulas gfhave at mosk free variables can be transformed into
an equivalent F&-formula by renaming variables. ]

6 The overall picture

The query-evaluation algorithms of Sections 4 and 5 aresienifar. First they compute a tree-decomposi-
tion, either of the structure or the formula. Then they phegitee three times. The first (bottom-up) pass is
to compute all reachable states of the automaton at somadee(the set#; in the proof of Theorem 4.2)
or all reachable assignments to the variables occurrirfgeatdde (the relatio@; in the proof of Lemma
5.3). In the second (top-down) pass we filter out all statasdh not lead to an accepting configuratici (

in the proof of Theorem 4.2%; in Lemma 5.3). The third (bottom-up) pass is to assembleadtisfging
assignments from the pieces computed at every node (8athe proof of Theorem 4.25; in Lemma
5.4). Note that in both cases for sentences we only need sh@#éiss.

The connection becomes clearer if in Section 5 we view théciires as automata: For every
structure4 we define a non-deterministitree-automatofl 4 := (Q,d, A, F'). In the following we just
view ‘=’ as a relation symbol im with =4:= {(a,a) | a € A}. Letr be the arity ofr. The alphabet is
¥, =71 x Pow({(i,7) | 1 <i,j < r})®. The state space consists of a stgtefor everyR € 7,a € R*.
The transition relatiod consists of all tuplesg?, ¢ft', (R" e, e',e"), q%') where((i,j) € e = a; =
af), ((i,j) € & = aj = df),and((i,j) € &' = af = a}). The starting relation\ consists of
all pairs((R,0,0,¢),¢%) where((i,j) € e = a; = a;). Every state of( 4 is accepting, i.e. we let
F:=Q.

Now let ¢ be an acyclic conjunctive query of vocabulary Then, starting from an arbitrary chordal
decomposition ofp, we can find a chordal decompositi¢h, (X;):cr) of ¢ whereT is a binary tree,
together with an onto mapping: T — at(p) such that for every € T we have vaf\(t)) = X;. We
define a mapping : T — X, as follows: For the leavese T we leto(t) = (R,0,0,{(i,) | A(t) =
Ry, ...y, andy; = y;}). For a node with childrenu; andu, we leto(t) = (R, e, ez, e3), Where
againR is the relation symbol occurring ia(t), ande; is defined as follows: IA(t) = Rx;...%m,

i = 1,2, and\(u;) = R'yy ...y, (note thatl < m,n < r), thene; := {(k,1) | yr = =}. And
es = {(k,]) | z, =z }.

Suppose now that is a sentence. Then the automa®op accepts the colored tréd , o) if, and only
if, A = . The fact that our automaton is not deterministic does ren¢ plrole as long as we just want
to decide acceptance; in the algorithm of Theorem 4.2 we tisethct that there we had a deterministic
automaton only in the third pass in order to compute the dgfficiently.

The correspondence breaks down for formulas with free bla$a If we want to evaluate an MSO-
formula on a structure of bounded tree-width then in thedtpiass of the automaton we have to collect
additional colorings of the tree that lead to accepting rufg/e want to evaluate an acyclic conjunctive
query in a structured using the automato® 4, then in the third pass we have to collect projections of
accepting runs of the automaton.

If we restrict our attention to monadic second-order sezgsof a very special form, there is an abstract
explanation for the connection between the evaluation efMI8O-sentences and Boolean conjunctive

3In Section 4.1 we only defined deterministic tree-automiata. non-deterministic automatge@, §, A, F) of alphabet, instead
of functions we have #&ansition relationd C @ x @ x ¥ x @ and astarting relationA C ¥ x Q.
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gueries due to Feder and Vardi [13]: Both problems amoun¢tidihg whether there is a homomorphism
between two relational structures. And in both cases wehestatt that it is decidable in polynomial time
if an arbitrary structured contains a homomorphic image of a structtiref bounded tree-width.

Appendix: Basic algorithmic routines

In this appendix we describe how to implement the basic élguic routines needed in Section 5 — com-
puting joins and projections — as linear time algorithms stesdard RAM. We are sure these algorithms
are known, but since we could not find a reference, we decwadd this appendix.

Recall the definitions of aiX -relation and the projection and join operations from pa@e BtR be an
X-relation. As usual, we assume that bafhand rangéR) are sets of natural numberR. is represented
by aheadertogether with all tuples in the relation. The header coasibtX | + 2 numbers: The cardinality
of X, the cardinality ofR, and then an enumeration &f. Every tuple in the relation is represented| B
numbers. We lefR|| := 2 + | X| + |X| - |R|. For everyz € X we letn, :=n,(R) := max(r(,}(R)).

For every linear order on a subsel” of X, we can define thkexicographic (pre-)order with respect
to < on the set of all mapping§ — N by lettingy < ¢ if, and only if, eithery|y = |y or there is a
y € Y such thaty(y) < d(y) andvy(z) = d(z) forall z € Y such that < y.

Using the well-known bucket sort algorithm, we obtain thiof@ing:

Lemma A.1l. Let R be anX-relation and< a linear order on a subsét” of X. ThenR can be ordered
lexicographically with respect te in time O(|[R|[ + 3=, cy 1y)-

Once we have sorted the relations, it is easy to computegiimjes and joins:

LemmaA.2. (1) LetR be anX-relation andY C X. Thenry (R) can be computed in tim@(||R|| +
Zyey n'll)

(2) LetR be anX-relation andS a Y -relation. TherR > S can be computed in tim@ (\ IRI|+ /S| +
IR 5 S|| + Xeexny (n2(R) +n2(S))).

Proof: (1) We first compute the projection in a straightforward waycbpying theY -part of every tuple
in R to a new list. Then we sort this new list lexicographicallyiwiespect to the natural order &hand
eliminate double entries.

(2) We sort both relations lexicographically with respectte natural order oX NY'. It is straight-
forward to compute the join of the ordered relations in tithg R || + ||S|| + ||R > S]|). O

Lemma A.2 gives us good time bounds for computing projesti@amd joins as long as we are dealing
with X-relationsR where} __ n, = O(R). For arbitraryX -relations, we can improve these algorithms
by first “compressing” the relations.

A compressiorof a setN of natural numbers is an injective mappifig: N — {1,...,|N|}. A
compression is represented by two arrdysandA ;.. The size ofd; is max V), and itsith entry isf (i)
if i € N and0 otherwise. The size of ;- is [N|, and itsith entry isf ~' (7).

Lemma A.3. Given a setV of natural numbers, a compression/gf(represented as described above) can
be computed in linear time.

Proof: Recalling that in the RAM model all memory cells are initzadd to ‘0’, the proof is straightforward.
O

Remark A.4. Although the last lemma is formally correct, we somehow séerbe cheating, for two
reasons:

The first is that we assume all memory cells to be initializetDt. It is easy to avoid this assumption.
Suppose initially the state of the memory cells is arbitraif first initialize the arrayl ;. by setting alll
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its memory cells to O, this only requires tinig|N|). Then we can compute the arraytg and A, as
we did before. All entries except those entriesdgf(i) for i ¢ N are correct. However, we can still find
outif Ay (i) is supposed to be zero. Say, we rebdi) = j. Then we check ifd;—: (j) = 4. If this is the
case, then is correct, if not it is supposed to be zero. This method ism@sally the “lazy array” technique
described in [24].

The second problem is that m@x) may be much larger thdv|, so we waste a lot of space with the
tableA;. In practice, we may have to use a hash table to representore space efficiently. This gives
us an additional time factor, but can still be implementeiteerficiently.

Theorem A.5. (1) LetR be anX-relation andY” C X. Thenry (R) can be computed in tin@(||R||).

(2) LetR be anX-relation andS aY-relation. TheriR > S can be computed in tim@(||R|| + ||S|| +
IR > S])).

Proof: We only prove (2); (1) can be treated analogously.

We are given arX -relationR and aY -relationS. Let Z := X N'Y. Our algorithm first computes, for
all z € Z, a compressioffi. of rangér;.,(R)) Urangén.,(S)). Then, using the tables;, , it computes
the relations

R ::{7' Iy eR: (V(2) = fo(v(2)) forz € Z,+'(z) = y(z) forz € X \ Z)},
S' ::{5' I eR: (8'(z) = £.(8(2)) for z € 2,8/ (y) = d(y) fory € '\ z)}
This requires time)(||R|| + [|S]]). Note that|R]| = [|R'|], [|S]| = ||S']|, and||R’ = S'|| = ||R = S]|.

Furthermore, for alk € Z we haven.(R'),n.(S") < |m3(R') Un(S)] < |R'| + |S'| and thus
Yez (n=(RY) +n:(8") = O([[R|| + [|S"I)-

Thus by Lemma A.2, we can compuRe < S’ intime O(||R|| + ||S|] + ||R > S||). We can now use
the tables4 ;. to computeR o< S from R’ 1 §" intime O(||R > S). O

Acknowledgements. We thank Helmut Veith for pointing us to the “lazy arrays” hig context.
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