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Abstract

A number of efficient methods for evaluating first-order and monadic-second order queries on finite
relational structures are based on tree-decompositions ofstructures or queries. We systematically study
these methods.

In the first part of the paper we consider arbitrary formulas on tree-like structures. We generalize a
theorem of Courcelle [8] by showing that on structures of bounded tree-width a monadic second-order
formula (with free first- and second-order variables) can beevaluated in time linear in the structure size
plus the size of the output.

In the second part we study tree-like formulas on arbitrary structures. We generalize the notions
of acyclicity and bounded tree-width from conjunctive queries to arbitrary first-order formulas in a
straightforward way and analyze the complexity of evaluating formulas of these fragments. Moreover,
we show that the acyclic and bounded tree-width fragments have the same expressive power as the well-
known guarded fragment and the finite-variable fragments offirst-order logic, respectively.

1 Introduction

Evaluating first-order, or relational calculus, queries against a finite relational database is well-known to
be PSPACE-complete [25]. The complexity we refer to here is called thecombined complexityof the
query language [29], i.e. the complexity of the evaluation problem measured both in terms of the length
of the query and the size of the database. Many research efforts went into handling this high worst case
complexity. In practice, various query optimization heuristics are used; they are based both on the structure
of the queries and the (expected) structure of the databases.

One of the important theoretical notions is that ofacyclic conjunctive queries(cf. [1]). Yannakakis
[31] proved that acyclic conjunctive queries can be recognized and evaluated efficiently. In the last few
years, there has been renewed interest in acyclic conjunctive queries and related notions based on the
graph theoretic concept oftree-width[7, 22, 17, 18]. Whereas these approaches concentrate on conjunctive
queries, there have also been attempts to isolate larger fragments of first-order logic whose combined
complexity is in PTIME. In particular, Vardi [30] observed that the combined complexity of thefinite
variable fragmentsof first-order logic is in PTIME. A fragment of first-order logic that has recently received
a lot of attention is theguarded fragment[3]. Gottlob, Grädel, and Veith [16] proved that its combined
complexity is both linear in the length of the formula and thesize of the database.

There is a different way of using tree-width to evaluate queries that originated in the area of graph
algorithms. Here we do not restrict the class of queries, butthe class of input structures, or databases. This
approach does not only work for first-order logic, but even for the much stronger monadic second-order
logic. Courcelle [8] proved that Boolean monadic second-order queries on structures of bounded tree-width
can be evaluated in time linear in the size of the input structure, or more precisely in timef(l) � n, wherel
is the length of the query,n is the size of the structure, andf : N ! N is some (fast-growing) function.1

Arnborg, Lagergren, and Seese [5] extended Courcelle’s result by showing that on structures of bounded�Institut für Mathematische Logik, Albert-Ludwigs-Universität Freiburg, Eckerstr. 1, 79104 Freiburg, Germany.
Email:Joerg.Flum@math.uni-freiburg.de.yLaboratory for Foundations of Computer Science, University of Edinburgh, Edinburgh EH9 3JZ, Scotland, UK.
Email:fmfrick,groheg@inf.ed.ac.uk

1Another way to phrase Courcelle’s result is to say that thedata complexity[29] of monadic second-order logic on graphs of
bounded tree-width is in linear time. However, in this paperwe consequently maintain the view of combined complexity.
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tree-width the number of satisfying assignments of a monadic second-order formula with free variables can
be computed in time linear in the size of the input structure.

In the first part of this paper we shall further extend this approach by proving that on structures of
bounded tree-width the set of all satisfying assignments ofa monadic second-order formula (with free
first and second-order variables) can be computed in time linear in the size of the input structure and the
size of the output. For example,all cliques of a graphG of bounded tree-width can be computed in timeO(jGj +PC clique inG jCj). Similarly, all Hamiltonian cycles of a graph of bounded tree-width can be
computed in time linear in the size of the graph and the output.

In the second part of the paper we study fragments of first-order logic whose formulas have a tree-like
structure. We start by reviewing Yannakakis’s [31] algorithm for evaluating acyclic conjunctive queries.
Practically the same algorithm can be used to evaluate conjunctive queries of bounded tree-width [7, 22],
bounded query-width [7], or bounded hypertree-width [18].We then extend the notions of acyclicity and
tree-width from conjunctive queries to full first-order logic. Our approach is based on the well-known
correspondence between first-order formulas and non-recursive stratified datalog programs (cf. [1]). We
generalize acyclicity and tree-width in a straightforwardway to such datalog programs. Yannakakis’s
algorithm immediately gives us algorithms for evaluating queries defined by acyclic or bounded-tree-width
programs.

Then we show that the tree-like fragments of first-order logic obtained by this approach are very closely
related to the two fragments mentioned earlier: We show thatacyclic programs correspond to guarded first-
order formulas and bounded tree-width programs correspondto finite-variable first-order formulas. The
latter correspondence extends an observation Kolaitis andVardi [22] made on the level of conjunctive
queries. In particular the result on the guarded fragment, though not difficult to prove, is quite remarkable,
since the motivation for introducing the guarded fragment was completely different. Nevertheless, it turns
out that this new fragment can be described in terms of the well-known concept of acyclicity.

The second part of our paper thus shows that Yannakakis’s method of evaluating tree-like queries is very
far reaching and comprises all the methods used to evaluate queries in the other fragments of first-order
logic mentioned here.

In the last section we discuss the connections between the two parts of the paper. The algorithms in
both parts are very similar, and we give an explanation of whythat is using tree-automata.

Throughout the paper, it is one of our main objectives to analyze the running times of the algorithms
as precisely as possible, instead of just saying that we havepolynomial time algorithms. Occasionally, this
requires considerable additional efforts. We have added anappendix in which we show how to implement
some basic algorithmic routines, such as computing joins oftwo relations in linear time (in the size of the
input and output).

Furthermore, we are always interested in evaluating formulas with free-variables and not just sentences.
Let us also emphasize that we are not fixing a vocabulary for our formulas and structures in advance, but
let the vocabulary vary with the inputs.

2 Preliminaries

Structures and Queries. A vocabularyis a finite set of relation symbols. Associated with every relation
symbol is a natural number, itsarity. The arity of a vocabulary is the maximum of the arities of therelation
symbols it contains. In the following,� always denotes a vocabulary.

A � -structureA consists of a non-empty setA, called theuniverseof A, and a relationRA � Ar
for eachr-ary relation symbolR 2 � . If A is a structure andB � A non-empty, thenhBiA denotes the
substructure induced byA onB, that is, the structure with universeB andRhBiA = RA \ Br for everyr-aryR 2 � .

We only consider finite structures. It is convenient to assume that elements of a structure are natural
numbers. In other words,the universe of every structure considered here is a finite subset ofN. Let us
remark that all the results of this paper remain true if we also admit constants in our structures. We restrict
our attention to the relational case because constants would not give us additional insights.

STR denotes the class of all structures (whose universes arefinite subsets ofN). If C is a class
of structures,C[� ℄ denotes the subclass of all� -structures inC. We consider graphs asfEg-structures
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G = (G;EG), whereEG is an anti-reflexive and symmetric binary relation (i.e. graphs are loop-free and
undirected). Acolored graphis a structureB = (B;EB; PB1 ; : : : ; PBn ), where(B;EB) is a graph and the
unary relationsPB1 ; : : : ; PBn form a partition of the universeB.

A k-ary queryof vocabulary� is a mapping� that associates with each structureA 2 STR[� ℄ ak-ary relation�(A) � Ak in such a way that for every isomorphismf : A ! B between structuresA;B 2 STR[� ℄ we have�(B) = f(�(A)). We admitk = 0 and letA0 consist of one element (the empty
tuple) for everyA. We identifyA0 with TRUE and; with FALSE. 0-ary queries are usually called Boolean
queries. Note that Boolean queries are essentially the sameas classes of structures of the same vocabulary
that are closed under isomorphism.

Logics. We assume that the reader is familiar with first-order logic and monadic second-order logic (see,
for example, [12]). FO and MSO denote the classes of first-order and monadic second-order formulas,
respectively. If L is a class of formulas, then L[� ℄ denotes the class of all formulas of vocabulary� in L.

We always use lower case lettersx; y; : : : to denote first-order variables and upper case lettersX;Y; : : :
to denote monadic second-order variables. The set of free variables of a formula' is denoted by free(').
We write'(X1; : : : ; Xl; x1; : : : ; xm) to indicate that free(') = fX1; : : : ; Xl; x1; : : : ; xmg. However, if
we just write' this does not mean that' is a sentence, i.e. that free(') = ;.

For a structureA 2 STR and a formula'(X1; : : : ; Xl; x1; : : : ; xm) we let'(A) := �(A1; : : : ; Al; a1; : : : ; am) j A j= '(A1; : : : ; Al; a1; : : : ; am)	:
For sentences we have'(A) = TRUE if, and only if, A satisfies'. If the vocabularies ofA and'
are different, then we let'(A) = ;. If ' has no free second-order variables, then we call the mappingA 7! '(A) the querydefinedby'. If ' is a sentence, then it defines a Boolean query, which corresponds
to a class of structures. A query or class of structures isdefinablein a logic if there is a formula' of the
logic defining it.

In this paper, for various logics L and classesC of structures we will study the followingevaluation
problem forL onC:

Input: StructureA 2 C, formula' 2 L.
Problem: Compute'(A).

Note that the vocabulary of the input structures and formulas is not fixed in advance, but (implicitly) part
of the input. IfC is the class of all structures, then we call this problem theevaluation problem forL.

We often denote tuples(a1; : : : ; ak) of elements of a setA by �a, and we write�a 2 A instead of�a 2 Ak. Similarly, we denote tuples of(B1; : : : ; Bk) of subsets ofA by �B and write �B � A instead of�B 2 (Pow(A))k . We denote tuples of variables by�x or �X.

Coding issues. In finite model theory, one usually assumes that structures are coded byf0; 1g-strings
in a way that generalizes the adjacency matrix encoding of graphs (see [12, 21]). This is appropriate for
the complexity theoretic results that form the core of finitemodel theory, but not for the more algorithmic
considerations of this paper. Since in the finite model theory literature this issue is usually not addressed,
we think it is worthwhile to explain our encoding in some detail.

Our underlying model of computation is the standard RAM-model with addition and subtraction as
arithmetic operations (cf. [2, 28]). As common, we assume that initially all memory registers are set to ‘0’.
In our complexity analysis we use the uniform cost measure.

We will carefully distinguish between thesizejjojj of an objecto, which is the length of its encoding,
and, ifo is a set, itscardinality, denoted byjoj. For example, ifR is anr-ary relation on a setA, then for a
reasonable encoding ofR we will havejjRjj = �(r � jRj+ 1).

To represent structures on a RAM, we first have to encode the vocabularies. We assume that relation
symbols are just pairs of natural numbers;(i; j) is theith j-ary relation symbol. The encoding[� ℄ of � is
a sequence of2j� j + 1 natural numbers. The first isj� j, it is followed by all the pairs(i; j) 2 � . Thenjj� jj = 1 + 2j� j is the length of the encoding of� .
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The encoding of a structureA 2 STR[� ℄ is also a sequence[A℄ of natural numbers. It starts with the
encoding of the vocabulary. This is followed by the size of the universe and the sizes of all relations inA.
The nextjAj numbers are the elements of the universe. After that the relations are represented. Anr-ary
relationRA is represented by a sequence ofr � jRAj integers consisting of all tuples contained inRA.

If we want the encoding of a structure to be unique, we may require that the universe and the relations
are given in their natural (lexicographical) order. However, our algorithms are not based on this.

Example 2.1. Let � = fP;Q;Egwith P = (1; 1); Q = (2; 1); E = (1; 2). The colored graphG 2 STR[� ℄
with G = f1; 2; 5; 9g, P G = f2g, QG = f1; 5; 9g, andEG = f(1; 2); (2; 1); (2; 9); (9; 2); (5; 9); (9; 5)g
(displayed in Figure 1) is encoded by the sequence

9

52

1

Figure 1.[G℄ := � 3|{z}j� j ; 1; 1|{z}P ; 2; 1|{z}Q ; 1; 2|{z}E ; 4|{z}jGj ; 1|{z}jPG j ; 3|{z}jQG j ; 6|{z}jEGj ; 1; 2; 5; 9| {z }A ; 2|{z}PG ; 1; 5; 9| {z }QG ; 1; 2; 2; 1; 2; 9; 5; 9; 9; 2; 9; 5| {z }EG �:
Thesizeof a structureA 2 STR[� ℄ isjjAjj := jj� jj + 1 + j� j+ jAj+XR2�r-ary

r � jRAj = ��j� j+ jAj+XR2� jjRAjj�:
Finally, let us fix an encoding of formulas by sequences of natural numbers. We assume that the first

order variables in our formulas arev0; v1; : : : and the monadic second-order variables areV0; V1; : : :, then
we may view formulas as sequences of symbols9;8;^;_;!;:; (; );=; v; V , natural numbers representing
the indices, and relation symbols. To avoid confusion we need another symbol, say,R, indicating that
a relation symbol follows. We encode9;8;^;_;!;:; (; );=; v; V; R by natural numbers. Then, our
encoding of a formula' of vocabulary� starts with the encoding[� ℄ of � followed by the encoding of the
symbols of'. Let jj'jj denote the length of the encoding of'.

Trees. A tree is a connected acyclic graphT = (T;ET ). We always fix an (arbitrary)root rT 2 T in a
treeT . Then we have a natural partial order�T onT , which is defined byt �T u () t appears on the (unique) path fromrT to u.

We say thatu is a child of t or t is theparentof u if (t; u) 2 ET andt �T u. For everyt 2 T we letTt := hfu j t �T ugiT be the subtree rooted att. A treeT is binary if every node has either 0 or 2
children.

3 Tree-decompositions

In this section it will be convenient to work with hypergraphs (as an abstraction of relational structures). A
hypergraphH is a pair(H;EH) consisting of a non-empty setH of verticesand a setEH of non-empty
subsets ofH calledhyperedges.

A tree-decompositionof a hypergraphH is a pair(T ; (Ht)t2T ), whereT = (T;ET ) is a tree and(Ht)t2T a family of subsets ofH (called theblocksof the decomposition) such that

(1) For everyv 2 H , the setft 2 T j v 2 Htg is non-empty and connected (i.e. a subtree).
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(2) For everye 2 EH, there is at 2 T such thate � Ht.
Thewidth of a tree-decomposition(T ; (Ht)t2T ) is maxfjHtj j t 2 Tg � 1. Thetree-widthtw(H) ofH is
the minimum taken over the widths of all tree-decompositions ofH.

A tree-decomposition of a� -structureA is a tree decomposition of the hypergraph�A;�fa1; : : : ; arg �� 9R 2 �; R r-ary; (a1; : : : ; ar) 2 RA	�;
thetree-widthof A is defined accordingly.

Let (T ; (Ht)t2T ) be a tree-decomposition of a hypergraphH. For everyv 2 H we let node(v) be the
minimum nodet 2 T (with respect to�T ) such thatv 2 Ht, and for everye 2 EH we let node(e) be the
minimum nodet 2 T such thate � Ht.
Lemma 3.1. There is a linear time algorithm that, given a hypergraphH and a tree-decomposition(T ; (Ht)t2T ) of H, computes the family(node(x))x2H[EH .

Proof: LetH be a hypergraph and(T ; (Ht)t2T ) a tree-decomposition ofH.
We first compute a bijection� : T ! f1; : : : ; jT jg such that for allt; t0 2 T we havet �T t0 =)�(t) � �(t0). Then for every vertexv 2 H we let�(v) := minf�(t) j v 2 Htg. Clearly, such a labeling�

can be computed in time linear in the size of the tree-decomposition.
We observe that for everyv 2 H we have node(v) = ��1(�(v)) and for everye 2 EH we have

node(e) = maxf��1(�(v)) j v 2 eg and use this to compute the mapping node in linear time. 2
A tree-decomposition(T ; (Ht)t2T ) of a hypergraphH is reducedif for all t; u 2 T with t 6= u, we

haveHt 6� Hu.

Lemma 3.2 (Bodlaender [6]). Let (T ; (Ht)t2T ) be a reduced tree-decomposition of a hypergraphH.
ThenjT j � jH j.
Proof: The proof is by induction onjH j, using the fact that the block of every leaf in a reduced tree-
decomposition contains a vertex not contained in any other block. 2

The next lemma is implicit in [26], but is also easy to prove directly.

Lemma 3.3. There is a linear time algorithm that computes, given a hypergraphH and a tree-decomposi-
tion (T ; (Ht)t2T ) of H, a reduced tree-decomposition(T 0; (H 0t)t2T 0) ofH such that for allt0 2 T 0 there
is a t 2 T withH 0t0 = Ht, and for allt 2 T there is at0 2 T 0 such thatHt � H 0t0 .
Proof: LetH be a hypergraph and(T ; (Ht)t2T ) a tree-decomposition ofH.

We start by computing labelings� : T ! f1; : : : ; jT jg and� : H ! f1; : : : ; jT jg as in the proof of
Lemma 3.1.

Call a nodet 2 T maximalif there is nou 2 T such thatHt � Hu, and for allu with Ht = Hu we
havet �T u. Observe that a nodet is maximal if, and only if, for the parents of t we haveHt 6� Hs
and for every childu of t we haveHt 6� Hu. If t is a child ofs, we haveHt � Hs if, and only if,jHtj = jfa 2 Ht j �(a) < �(t)gj. If u is a child oft, we haveHt � Hu if, and only if, jHtj < jHuj andjHtj = jfa 2 Hu j �(a) < �(u)gj. We use this to find all maximal nodes in linear time.

We now compute the tree-decomposition(T 0; (H 0t)t2T 0) of H defined as follows: We letT 0 be the set
of all maximal nodes ofT , andH 0t := Ht for all t 2 T 0. We pick an arbitraryr 2 T 0 to be the root ofT 0.
Then we define the edge relation inductively; the children ofa vertext 2 T 0 are allu 2 T 0 whose children
are not yet defined such that there is nov 2 T 0 on theT -path fromt to u.

Clearly,(T 0; (H 0t)t2T 0) is a reduced tree-decomposition ofH. 2
Theorem 3.4 (Bodlaender [6]).There is a polynomialp(X) and an algorithm that, given a hypergraphH, computes a tree-decomposition ofH of widthw := tw(H) in time2p(w)jH j.
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Actually, Bodlaender proves his theorem only for graphs. Toextend it to hypergraphs, with every
hypergraphH we associate a graphGH with the same vertex set asH and an edge between two vertices if
they occur together in some hyperedge ofH. GH is usually refered to as theprimal graphor theGaifman
graphof H. Then every tree-decomposition ofGH is also a tree-decomposition ofH and vice versa. It is
easy to see thatGH can be computed fromH in timeO(jjGHjj). There seems to be a slight problem becauseGH can be larger thanH. More precisely, the size ofGH can be quadratic in the size ofH. However, a
graphG of tree-widthw has at mostw � jGj edges [6]. Thus the size ofGH isO(tw(H) � jH j).

In some situations, in particular when we are dealing with hypergraphs of small size, it is better to use
the algorithm mentioned in the following Theorem 3.5 to compute tree-decompositions. The additional
advantage of this algorithm is that, as opposed to Bodlaender’s algorithm, the hidden constants in the
bound on the running time are practically feasible.

Theorem 3.5 (Arnborg, Corneil, and Proskurowski [4]). There is an algorithm that, given a hypergraphH, computes a tree-decomposition ofH of widthw := tw(H) in timeO(jH jw+2).
4 Tree-like structures

In this section we present algorithms for evaluating monadic-second order formulas. We first deal with
trees (Subsection 4.1) and then show how to extend the results to arbitrary structures parameterized by
tree-width (Subsection 4.2). Our automata theoretic approach is based on ideas of Arnborg, Lagergren, and
Seese [5].

4.1. Trees.For a finite alphabet� we let�� be the vocabulary consisting of a binary relation symbolE and
a unary relation symbolP
 for all 
 2 �. A �-tree is a colored graph of vocabulary�� whose underlying
graph is a binary tree, and acolored treeis a�-tree for some�.

We say that a vertext of a colored treeT hascolor 
 (and write
(t) := 
), if t 2 P T
 .

A (bottom-up)�-tree automatonis a tupleA = (Q; Æ;�; F ), whereQ is a finite set, the set ofstates,� : � ! Q is thestarting function, F � Q is the set ofaccepting statesandÆ : [Q℄�2 � � ! Q is the
transition function(hence we only consider deterministic automata). Here,[Q℄�2 := ffq; q0g j q; q0 2 Qg
is the set of singletons and pairs of elements ofQ.

Therun � : T ! Q of A on a�-treeT is defined in a bottom-up manner (i.e., from leaves to the root):
If t is a leaf, then�(t) := �(
(t)); if t has childrens1; s2, then�(t) := Æ(f�(s1); �(s2)g; 
(t)). The
automatonA acceptsT if �(rT ) 2 F .

A class of colored trees isrecognizable, if it is the class of colored trees accepted by some tree automa-
ton.

Theorem 4.1 (Thatcher and Wright [27]). Let� be a finite alphabet. A class of�-trees is recognizable
if, and only if, it is definable by anMSO[��℄-sentence.

Furthermore, there is an algorithm that computes the tree automaton corresponding to a givenMSO-
sentence.

We use this theorem to efficiently evaluate the assignments satisfying a given MSO-formula. When
computing'(A) for an MSO-formula'(X1; : : : ; Xl; x1; : : : ; xm) and a structureA, we have to handle
setsS � Pow(A)l � Am for a setA andl;m � 0. While the appropriate data-structures to handle suchS
will be explained later, when describing the algorithms, let us define thesizeof S asjjSjj := X(B1;:::;Bl;a1;:::;am)2S � lXi=1 jBij+m�:
The size of a reasonable encoding ofS will be in �(jjSjj).
Theorem 4.2. There exist a functionf : N ! N and an algorithm that solves the evaluation problem for
MSO-formulas on colored trees in timef(jj'jj) � �jT j+ jj'(T )jj�:

6



Proof: Without loss of generality we can restrict our attention to MSO-formulas without free first-order
variables. To see this, let'(X1; : : : ; Xl; x1; : : : ; xm) be an MSO-formula. LetY1; : : : ; Ym be new monadic
second-order variables not occurring in' and'0(X1; : : : ; Xl; Y1; : : : ; Ym) = m̂i=1 9�1x Yix ^ 9x1 : : : 9xm� m̂i=1Yixi ^ '(X1; : : : ; Xl; x1; : : : ; xm)�:
Here9�1x Yix abbreviates8x18x2�(Yix1^Yix2)! x1 = x2�. Then for every structureA and �B; �C � AA j= '0( �B; �C) () There are
1; : : : ; 
m 2 A such thatC1 = f
1g; : : : ; Cm = f
mg andA j= '( �B; �
):

For the rest of the proof, let� be an alphabet and'(X1; : : : ; Xk) 2 MSO[��℄. Theorem 4.1 only
applies to sentences. Therefore, we replace the variablesX1; : : : ; Xk by new unary relation symbols
appropriately. We set�0 := � � f0; 1gk. A �-treeT together withB1; : : : ; Bk � T leads to a�0-treeT 0 := (T ;B1; : : : ; Bk) in a natural way: Denoting the color oft 2 T in T 0 by 
0(t), we let
0(t) = (
; ��) () 
(t) = 
 and(t 2 Bi , �i = 1) for i = 1; : : : ; k:
We call�� theadditional colorof t.

The class of�0-trees f(T ; �B) j T colored� -tree, �B � T , �B 2 '(T )g
is definable in MSO; hence, there is a�0-automatonA = (Q;�; Æ; F ) recognizing it.

What we have achieved so far is a reduction of the problem of computing'(T ) for a�-treeT to the
problem of computing the set A(T ) = f �B � T j A accepts(T ; �B)g
for a�� f0; 1gk-tree automatonA.

We now describe an algorithm computingA(T ). LetT be a�-tree. Our algorithm passes the tree three
times:

(1) Bottom-up.By induction from the leaves to the root, we first compute, foreveryt 2 T , a setPt of
“potential states” att: If t is a leaf, thenPt := f�((
(t); ��)) j �� 2 f0; 1gkg. For an inner vertext with
childrens1 ands2, we setPt := fÆ(fq1; q2g; (
(t); ��)) j q1 2 Ps1 ; q2 2 Ps2 ; �� 2 f0; 1gkg:
Then for allt 2 T andq 2 Q we haveq 2 Pt if, and only if, there are setsB1; : : : ; Bk � T such that for
the run� of A on (T ; �B) we have�(t) = q.

Note that for the rootr := rT , if Pr \ F = ; thenA(T ) = ;, and no further action is required.

(2) Top-down.Starting at the rootr we compute, for everyt 2 T , the subsetSt of Pt of “success states”
at t: We letSr := F \ Pr. If t has parents and siblingt0, thenSt := fq 2 Pt j there areq0 2 Pt0 , �� 2 f0; 1gk such thatÆ(fq; q0g; (
(s); ��)) 2 Ssg:
Then for allt 2 T andq 2 Q we haveq 2 St if, and only if, there are setsB1; : : : ; Bk � T such thatA
accepts(T ; �B) and for the run� of A on (T ; �B) we have�(t) = q.

(3) Bottom-up again.Recall that fort 2 T , by Tt we denote the subtree ofT rooted int. We compute
sets Satt;q inductively from the leaves to the root. Intuitively, a tuple �B � Tt is in Satt;q iff it is the
restriction of a “satisfying assignment”�C 2 A(T ) toTt and for the run� ofA on(T ; �C) we have�(t) = q.

Let t 2 T andq 2 St. SetBt1 := ftg andBt0 = ;. If t is a leaf, then

Satt;q := f(Bt�1 ; : : : ; Bt�k) j �((
(t); ��)) = qg:
7



If t has childrens ands0, then

Satt;q := n(B1 [ B01 [ Bt�1 ; : : : ; Bk [ B0k [ Bt�k) ����� 2 f0; 1gk; there existq0 2 Ss; q00 2 Ss0such that�B 2 Sats;q0 ; �B0 2 Sats0;q00 ; Æ(fq0; q00g; (
(t); ��)) = qo:
Before we present the actual algorithm let us prove that the computed sets Satt;q have the intended

meaning.

Claim 1: For t 2 T andq 2 St we have

Satt;q = � �B � Tt �� There are setsC1; : : : ; Ck � T such thatCi \ Tt = Bi for 1 � i � k,A accepts(T ; �C),
and for the run� of A on (T ; �C) we have�(t) = q	.

Proof: To prove that Satt;q is contained in the set on the right hand side of the equality,we first observe
that if �B is in Satt;q then there is a run� of A on (Tt; �B) such that�(t) = q. This can be proved by
a straightforward induction. Moreover, ifq 2 St, then there is a tuple�D and an accepting run� �D ofA on (T ; �D) such that� �D(t) = q. We letC1; : : : ; Ck � T be the sets defined byCi \ Tt = Bi andCi n Tt = Di n Tt. Then the run� �C of A on (T ; �C) will be identical with� onTt. Thus it will reacht in
stateq. Outside ofTt, it will be identical with� �D . Therefore, it will accept. This shows that�B is contained
in the set on the right hand side of the claimed equality.

To prove the converse containment, lett 2 T andq 2 St. Let �C � T be such thatA accepts(T ; �C)
and for the run� of A on (T ; �C) we have�(t) = q. For1 � i � k, letBi := Ci \ Tt. We have to prove
that �B 2 Satt;q. We proceed by induction ont.

Before we do so, we need another bit of notation: For1 � i � k, we let�i = 1 if t 2 Bi and�i = 0
otherwise. We let�Bt�� = (Bt�1 ; : : : ; Bt�k).

If t is a leaf, then�B = �Bt��. Since�(t) = q, we must have�((
(t); ��)) = q. Thus �B 2 Satt;q.
Now suppose thatt has childrens1 and s2. Let q1 = �(s1), q2 = �(s2), �B1 = �B \ Ts1 , and�B2 = �B \ Ts2 . By induction hypothesis, we have�B1 2 Sats1;q1 and �B2 2 Sats2;q2 . Since�(t) = q, we

haveÆ(fq1; q2g; (
(t); ��)) = q. Moreover, we haveBi = Bt�i[B1i [B2i for i = 1; : : : ; k. Thus �B 2 Satt;q.
This completes the proof of Claim 1.

An algorithm evaluating a given formula on a given tree can now be described as follows:

Input: Colored treeT , MSO-formula'(X1; : : : ; Xk).
1. Check if there is an alphabet� such thatT is a colored�-tree and' is an MSO[��℄-

formula; if this is not the case then return;.
2. Compute the�0-tree automatonA corresponding to'.

3. For all t 2 T , computePt.
4. For all t 2 T , computeSt.
5. For all t 2 T andq 2 St, compute Satt;q.
6. Return

Sq2Sr Satr;q.
Note that Claim 1 implies thatA(T ) = Sq2Sr Satr;q . Thus the algorithm is correct. Before we

give implementation details, in particular appropriate data structures, and analyse the running time of this
algorithm, let us give an example to clarify the introduced concepts and their interaction.

Example 4.3. Let � = fWHITE; BLACKg. We consider the first-order formula'(x) = ‘x has two white
children’, over the vocabulary��. A � � f0; 1g-tree automatonA = (Q; Æ;�; F ) corresponding to'(x)
looks as follows:Q := fqw; qb; qacc; qfailg, F := fqaccg. The intended meaning of these states is obvious.
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For example,qw means that the automaton just saw a white vertex. Note that our automaton must implicitly
force the additional colors (corresponding to the assignment of x) to encode a singleton set.

In the definition of the transition functions, we use the wildcard? to indicate that the corresponding
argument can be arbitrary. We let� := f(WHITE; 0) 7! qw; (BLACK ; 0) 7! qb; (?; 1) 7! qfailg and defineÆ
to contain the following mappings:

(1) (A; ?; ?) 7! qfail for all A 2 [Q℄�2 with qfail 2 A
(2) (fqwg; ?; 1) 7! qacc; (fqw; qbg; ?; 1) 7! qfail ; (fqbg; ?; 1) 7! qfail

(3) (A;WHITE; 0) 7! qw; (A; BLACK ; 0) 7! qb for all A 2 [Q℄�2 with qacc; qfail =2 A
(4) (A; ?; 1) 7! qfail ; (A; ?; 0) 7! qacc for all A 2 [Q℄�2 with qacc2 A; qfail =2 A

We run our evaluation algorithm forA on the tree displayed in Figure 2. It is easy to see that in line3 we
obtainP3 = P4 = P5 = fqb; qfailg, P7 = P8 = fqw; qfailg, P1 = fqw; qfailg, P6 = P2 = fqw; qacc; qfailg,P0 = fqb; qacc; qfailg. Then in line 4 we proceed top-down and getS0 = fqaccg, S1 = fqwg, S2 =fqacc; qwg, S3 = S4 = S5 = fqbg, S6 = fqacc; qwg andS7 = S8 = fqwg.

6

7 8

53

1 2

4

0

Figure 2. Sample tree: black nodes are filled

In line 5 we go bottom-up again, and get (we only display non-empty sets) Sat6;qaccff6gg, Sat2;qacc =ff6gg = Sat2;qw and Sat0;qacc = ff0g; f6gg. And this is the set of assignments, we expected.

Let us return to our general algorithm and analyse its running time. Line 1 needs time linear in the size
of the input. The time needed by line 2 only depends on' and thus is bounded byf1(jj'jj) for a suitable
functionf1 : N ! N. Note also that the sizejjAjj of the automatonA only depends on'. Lines 3 and 4
require one pass of the tree each, with an amount of work at each node that is linear injjAjj. Thus the time
needed for these two lines isO(jjAjj � jT j), and the overall time needed in lines 1–4 isf2(jj'jj) � jT j, for a
suitablef2 : N ! N.

Line 5, the third pass of the tree, is critical. We shall use the following two facts about the sets Satt;q .
Fact 1.Satt;q is non-empty for allt 2 T; q 2 St.

This follows immediately from the definition ofSt.
Fact 2.Satt;q \ Satt;q0 = ; for all t 2 T , q; q0 2 St such thatq 6= q0.

This is due to the fact that we are dealing with a deterministic automaton. It can proved by a straight-
forward induction ont.

Remember that the sets Satt;q are sets ofk-tuples of sets. We use the following data structure to
represent them: A subset ofT is represented by a linked list with an additional pointer tothe last element
(cf. Figure 3). This enables us to form the union of two disjoint sets in constant time. Ak-tuple of sets
is represented by an array of such lists, and a set ofk-tuples of sets is represented as a linked list of such
arrays, again with an additional pointer to the last element(cf. Figure 4).

Suppose nowT 0; T 00 are disjoint sets andS0 andS00 are two non-empty sets ofk-tuples of subsets ofT 0 andT 00, respectively. We let

MERGE(S0; S00) := f(B01 [ B001 ; : : : ; B0k [ B00k ) j �B0 2 S0; �B00 2 S00g:
9



t1 t2 tm

Figure 3. Representation of a setB = ft1; : : : ; tmg � T .

Figure 4. Representation of a set Satt;q.
If we are givenS0; S00 in the representation described above, then MERGE(S0; S00) can be computed in
time O�k � �1 + jjMERGE(S0; S00)jj � jjS0jj � jjS00jj��; (1)

where, as usual, for a setS of k-tuples of sets we letjjSjj = P �B2SPki=1 jBij. Note that forS0; S00 as
above, the term

�jjMERGE(S0; S00)jj � jjS0jj � jjS00jj� is always non-negative. To achieve the time bound
(1), we use the actual representations of elements ofS0 andS00 in memory whenever this is possible and
only copy them if they are used more than once.

Let us now analyze the time required to compute the sets Satt;q . Note that the numberk and, for everyt 2 T , the size of the setSt is bounded byjjAjj, the size of the automaton. Thus for every leaft 2 T the
sets Satt;q can be computed in timeg1(jjAjj) for a suitable functiong1.

For inner nodest and statesq 2 St, our goal is to compute Satt;q in time g2(jjAjj) � (jTtj + jjSatt;q jj)
for a suitable functiong2. This yields the desired time bound.

Let t be an inner node with childrens; s0 and suppose we have already computed the sets Sats;q0 and
Sats0;q00 for all q0 2 Ss, q00 2 Ss0 . We assume that these sets are represented as described above. Then we
can compute Satt;q as follows:

1. Satt;q := ;
2. for all q0 2 Ss; q00 2 Ss0 do

3. N := ;
4. for all �� 2 f0; 1gk do

5. if Æ(q0; q00; (
(t); ��)) = q then

6. N := N [ f �B��g
7. fi

8. od

9. if N 6= ; then

10. Satt;q := MERGE
�
MERGE(N;Sats;q0);Sats0;q00�

11. fi

12. od

10



It is easy to see that this procedure works correctly; using (1), Fact 1, and Fact 2 we get the desired time
bound.2 2
Remark 4.4. The functionf in the statement of Theorem 4.2 is essentially determined bythe size of the
automaton to which the input formula is translated. It is well-known that there is no elementary bound on
the size of the automaton in terms of the size of the formula [25]. Indeed, it has recently been shown that
there is no algorithm solving the evalutation problem for MSO-sentences on trees in timef(jj'jj) � p(n)
for any elementary functionf and polynomialp [15].

The main factor contributing to the large automaton-size isthe number of quantifier alternations in the
formula; roughly there is one iterated exponential per quantifier alternation. However, practical experience
with such translations seems to indicate that very often theautomaton does not get too big.

Corollary 4.5. There exist a functionf : N ! N and an algorithm that solves the evaluation problem for
MSO-formulas with no free set variables on colored trees in timef(jj'jj) � �jT j+ j'(T )j�:
Proof: This follows from the fact that for a formula'(x1; : : : ; xk) with no free set variables we havejj'(T )jj = kj'(T )j � jj'jj � j'(T )j. 2

The following corollary easily follows from the proof of Theorem 4.2:

Corollary 4.6. There exist a functionf : N ! N and an algorithm that, given a colored treeT and an
MSO-formula'(X1; : : : ; Xl; x1; : : : ; xm), decides in timef(jj'jj) � jT j
if there areB1; : : : ; Bl � T anda1; : : : ; am 2 T such thatT j= '(B1; : : : ; Bl; a1; : : : ; am), and, if this is
the case, computes such sets and elements.

4.2. Structures of bounded tree-width. It will be convenient for us to work with tree-decompositions
of the following form: A special tree-decompositionof width w of a structureA is an ordered pair(T ; (�at)t2T ) whereT is a binary tree, every�at := (at0; : : : ; atw) is a (w + 1)-tuple of elements ofA,
and(T ; (fat0; : : : ; atwg)t2T ) is a tree-decomposition ofA of width w. Let us mention explicitly that two
distinct nodes of the tree of a special tree-decomposition may have identical blocks. It is easy to see that a
given tree-decomposition of a structure can be transformedinto a special tree-decomposition of the same
width in linear time.

Let � = fR1; : : : ; Rmg, whereRi is ri-ary for 1 � i � m. With every special tree-decomposition(T ; (�at)t2T ) of width w of a � -structureA we associate a colored treeT � with underlying treeT and
coloring
(t) := (
1(t); : : : ; 
m+2(t)) for t 2 T , where

– 
1(t) := f(i; j) j ati = atjg,
– 
2(t) := (f(i; j) j ati = asjg for the parents of t if t 6= rT ;; if t = rT ;
– 
i+2(t) = f(j1; : : : ; jri) j (atj1 ; : : : ; atjri ) 2 RAi g for 1 � i � m.

The alphabet ofT � is�(�; w) := Pow(f0; : : : ; wg2)� Pow(f0; : : : ; wg2)�Pow(f0; : : : ; wgr1)� � � � � Pow(f0; : : : ; wgrm):
2For further details we refer the reader to the second author’s PhD-thesis [14].
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Example 4.7. LetR be a ternary relation symbol, and letA = (A;RA) be thefRg-structure displayed on
the left side of Figure 5. Formally, we haveA = f1; : : : ; 6g andRA = �(i0; i1; i2) j fi0; i1; i2g = f1; 2; 6g or fi0; i1; i2g = f2; 3; 4g or fi0; i1; i2g = f4; 5; 6g	:
The tree-width ofA is 2; the right side of Figure 5 shows a special tree-decomposition (T ; (�ax)x2T ) of
width 2 ofA. The universeT of the treeT is fr; s; t; u; vg, and the edge relation can be seen in the figure.
Let us declarer to be the root ofT . The only purpose of nodev is making the tree binary. For every nodex, the tuple�ax 2 A3 is displayed next tox. For example,�ar = (2; 3; 4).

The�(fRg; 2)-treeT � is the tree with underlying treeT and coloring
 = (
1; 
2; 
3) defined as
follows:

– 
1(r) = 
1(s) = 
1(t) = 
1(u) = f(0; 0); (1; 1); (2; 2)g,
1(v) = f0; 1; 2g2,
– 
2(r) = ;,
2(s) = f(0; 0); (1; 2)g,
2(t) = f(1; 0); (2; 2)g,
2(u) = f(0; 1); (2; 2)g,
2(v) = f(0; 0); (1; 0); (2; 0)g,
– 
3(r) = 
3(t) = 
3(u) = f(i0; i1; i2) j fi0; i1; i2g = f0; 1; 2gg,
3(s) = 
3(v) = ;.

3
2

1

6
4

5

1,2,6 4,5,6

2,4,6

2,3,4

2,2,2

r

t

s

u

v

Figure 5.

We observe the following:

Lemma 4.8. Given a� -structureA and a special tree-decomposition(T ; (�at)t2T ) of widthw of A, the
corresponding�(�; w)-treeT � can be computed in timef(jj� jj; w) � jT j
for a suitable functionf .

Recall that for an elementa 2 A we let node(a) be the minimalt 2 T with respect to�T such thata 2 fat0; : : : ; atwg. Define �U(a) := (U0(a); : : : ; Uw(a)) byUi(a) := (fnode(a)g if anode(a)i = a andanode(a)j 6= a for 1 � j < i;; otherwise,

for 0 � i � w. For a subsetB � A we letUi(B) := Sa2B Ui(a) and �U(B) := (U0(B); : : : ; Uw(B)).
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Example 4.9. Continuing Example 4.7, we observe that for the vertexa = 2 we have node(a) = r andU0(a) = frg; U1(a) = U2(a) = ;. For the setB = f1; 2; 6g we haveU0(B) = fr; tg; U1(s) = ;, andU2(B) = fsg.
Note that for subsetsU0; : : : ; Uw � T there exists ana 2 A such that�U = �U(a) if, and only if,

(1)
Swi=0 Ui is a singleton.

(2) For allt 2 T and0 � i < j � w: If t 2 Uj then(i; j) =2 
1(t).
(3) For allt 2 T and0 � i; j � w: If t 2 Ui then(i; j) =2 
2(t).

Moreover, there is a subsetB � A with �U = �U(B) just in case the conditions (2) and (3) are fulfilled. Us-
ing these characterizations of tuples of sets�U(a) and �U(B), it is straightforward to exhibit MSO-formulas
Elem(X0; : : : ; Xw) and Set(X0; : : : ; Xw) such that for arbitraryU0; : : : ; Uw � T ,T � j= Elem( �U) () there is ana 2 A with �U = �U(a);T � j= Set( �U) () there is a subsetB � A with �U = �U(B):
For example, we let

Set(X0; : : : ; Xw) = 8x ^0�i<j�w �Xjx! ^
=(
1;:::;
m+2)2�(�;w)(i;j)2
1 :P
x�^8x� ^0�i;j�w �Xix! ^
=(
1;:::;
m+2)2�(�;w)(i;j)2
2 :P
x�:
The first line of this formula corresponds to (2) and the second line to (3).

Also observe that we can pass fromB to �U(B) and from �U(B) toB in linear time. To see this, note
thatB is the union of the disjoint setsfati j t 2 Ui(B)g.
Lemma 4.10. EveryMSO-formula'(X1; : : : ; Xk; y1; : : : ; yl) can be effectively translated to a formula'�( �X1; : : : ; �Xk; �Y1; : : : ; �Yl) such that:

(1) For all B1; : : : ; Bk � A; a1; : : : ; al 2 A we haveA j= '(B1; : : : ; Bk; a1; : : : ; al) () T � j= '�( �U(B1); : : : ; �U(Bk); �U(a1); : : : ; �U(al)):
(2) For all �U1; : : : ; �Uk; �V1; : : : ; �Vl � T such thatT � j= '�( �U1; : : : ; �Uk; �V1; : : : ; �Vl) there existB1; : : : ; Bk � A, a1; : : : ; al 2 A such that�Ui = �U(Bi) for 1 � i � k and �Vi = �U(ai) for1 � i � l.

Proof: The proof is by induction on', the case of atomic' being the only non-trivial part. For this purpose
we say that�V = (V0; : : : ; Vw) with V0; : : : ; Vw � T is closed, if the following hold for alls; t 2 T and0 � i; j � w:

– If t 2 Vi and(i; j) 2 
1(t) thent 2 Vj .
– If (s; t) 2 ET , s 2 Vj , and(i; j) 2 
2(t) thent 2 Vi.

Note that, fora 2 A and closed�V , if �U(a) � �V then for allt 2 T and0 � i � w we haveati = a if, and
only if, t 2 Vi: In other words, a closed tuple that contains�U(a) contains all occurrences ofa in the tree
decomposition.

Example 4.11. Examples of closed tuples in the treeT � of Example 4.7 are�fr; s; vg; ft; vg; fvg�; �fug; fsg; fr; s; t; ug�:
The first of these contains all occurrences of2, the second all occurrences of4 and6.
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Continuing with the proof of Lemma 4.10, we now define a formula expressing closedness:

Closed(X0; : : : ; Xw) = 8x ^0�i;j�w ��Xix ^ _
=(
1;:::;
m+2)2�(�;w)(i;j)2
1 P
x�! Xjx�^8x8y�Exy ! ^0�i;j�w ��Xjx ^ _
=(
1;:::;
m+2)2�(�;w)(i;j)2
2 P
y�! Xiy��:
The two lines in this formula correspond to the two items in the definition of closedness. Thus clearly for
all tuples�V � T we have T � j= Closed( �V ) () �V is closed.

Now for an atomic formula' = Ry1 : : : yr, whereR = Ri is r = ri-ary, we let'�( �Y1; : : : ; �Yr) := Elem( �Y1) ^ : : : ^ Elem( �Yr) ^8 �Z1 : : :8 �Zr� r̂i=1 ��Yi � �Zi ^ Closed( �Zi)�!9x� w_i1;:::;ir=0(Z1;i1x ^ : : : ^ Zr;irx ^ _
=(
1;:::;
m+22�(�;w)(i1;:::;ir)2
i+2 P
x)��:
The first line of this formula simply says that the tuples�Y1; : : : ; �Yr are all of the form�U(ai) for elementsa1; : : : ; ar 2 A, that is, they encode elementsa1; : : : ; ar of the structureA in the treeT �. In the second
line we take closed tuples�Z1; : : : ; �Zr containing the respective�Yi; in particular,�Zi contains all occurrences
of ai. In the third line we say that there must be some tree node thatcontains elements of all�Zis such that
these elements are related byR = Ri. Thusa1; : : : ; ar must be in the relationR. 2
Theorem 4.12. There exist a functionf : N�N ! N and an algorithm that solves the evaluation problem
for MSO-formulas in time f�jj'jj; tw(A)� � �jAj+ jj'(A)jj�:
Proof: The algorithm proceeds as follows:

Input: StructureA, MSO-formula'
1. Check ifA and' have the same vocabulary, say� ; if this is not the case then return;.
2. Compute a special tree-decomposition(T ; (�at)t2T ) of tree-widthw := tw(A) of A.

3. Compute the corresponding�(�; w)-treeT �.
4. Compute the formula'�.
5. Compute'�(T �).
6. Compute'(A).

Line 1 requires time linear in the size of the input. Line 2 requires timef1(jj� jj; w) � jAj for a suitable
functionf1 (by Theorem 3.4). Line 3 requires timef2(jj� jj; w) � jAj for a suitable functionf2 (by Lemma
4.8). Now recall that we always havejj� jj � jj'jj.

Line 4 requires timef3(jj'jj) (by Lemma 4.10). Certainly, the length of'� is recursively bounded in
terms ofjj'jj.

Line 5 require timef4(jj'�jj) � (jT j + jj'�(T �)jj) (by Theorem 4.2). Finally, given'�(T �) and the
mapping�U(a) 7! a, the output'(A) can be computed in linear time.

Putting everything together, we get the desired time bound. 2
14



Remark 4.13. Courcelle and Mosbah [10] get an algorithm for evaluating MSO-formulas on graphs of
bounded tree-width out of a more algebraic framework. Sincethey neither give any implementation details
(such as which data structures to use) nor a tight analysis ofthe running time of their algorithm, it is hard
to compare it with ours. Clearly, if implemented in a straightforward way, their algorithm is not linear in
the size of the output. It is conceivable, however, that if similar data-structures as those described in the
proof of Theorem 4.2 are used, their algorithm can also be turned into a linear time algorithm.

Corollary 4.14. There exist a functionf : N�N ! N and an algorithm that solves the evaluation problem
for MSO-formulas with no free set variables in timef�jj'jj; tw(A)� � �jAj+ j'(A)j�:
Corollary 4.15. There exist a functionf : N � N ! N and an algorithm that, given a structureA and an
MSO-formula'(X1; : : : ; Xl; x1; : : : ; xm), decides in timef(jj'jj; tw(A)) � jAj
if there areB1; : : : ; Bl � T anda1; : : : ; am 2 T such thatT j= '(B1; : : : ; Bl; a1; : : : ; am), and, if this is
the case, computes such sets and elements.

Remark 4.16. There is a trick that can sometimes improve the running time of our algorithms consider-
ably, in particular if the arity of the vocabulary is high.

For every vocabulary� we let�b be the vocabulary that contains a unary relation symbolPR for everyR 2 � and binary relation symbolsE1; : : : ; Es, wheres is the arity of� . Then with every� -structureA
we associate a�b-structureAb, thebipartite structureassociated withA (often this structure is called the
associatedincidence structure). The universe consists ofA together with a new vertexbR�a for all R 2 �
and�a 2 RA. The relationEAbi holds for all pairs(ai; bRa1:::ar ), andPAbR := fbR�a j �a 2 RAg.

ThenAb can be computed fromA in linear time, and we havejAbj = O(jjAjj). Moreover, we have
tw(Ab) � tw(A) + 1. If the arity of � is at most tw(A), this can be improved to tw(Ab) � tw(A). The
tree-width ofAb can be considerably smaller than that ofA. For example, ifR is a 1000-ary relation, then
the tree width of the structureA = (f1; : : : ; 1000g; f(1; : : : ; 1000)g) is 999, whereas the tree-width ofAb
is 1. Let us remark that for graphsG we have tw(G) = tw(Gb).

It is easy to see that there is a linear-time algorithm that associates with every MSO-formula' an
MSO-formula'b such that for all structuresA we have'(A) = 'b(Ab).

Thus to evaluate MSO-formulas we can also proceed as follows: Given a formula' and a structureA, we first compute'b andAb. Then we compute'b(Ab) using our algorithms. By Theorem 4.12, this
requires time O�f�jj'bjj; tw(Ab)� � �jjAjj+ jj'(A)jj��;
which can be much better thanf(jj'jj; tw(A)) � �jAj+ jj'(A)jj�.

There is another advantage in working with the structureAb instead ofA: MSO becomes more expres-
sive. Intuitively, the reason is that inAb we can talk about sets of “edges”. For example, it is easy to see that
there is an MSO-formula'(X) such that for every graphG, '(Gb) consists of all setsfbEab j ab 2 Hg,
whereH ranges over the edge sets of all Hamiltonian cycles ofG. Thus in a sense' defines the set of all
Hamiltonian cycles of a graph. Clearly, this is not possibleby an MSO-formula in the original graphG. As
a matter of fact, there is not even an MSO-sentence that holdsin a graphG if, and only if,G is Hamiltonian
[23].

But let us also point out that, by a further result due to Courcelle [9], one does not really gain anything
by using bipartite structures in our context. Courcelle proved that for every classC of structures of bounded
tree-width, monadic second order logic over the bipartite version of structures inC has the same expressive
power as monadic second order logic over the standard version.

Remark 4.17. We mentioned that our approach to evaluating MSO-formulas on structures of bounded
tree-width is similar to Arnborg, Lagergren, and Seese’s [5]. They also “interpret” graphs of bounded
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tree-width in trees and use automata based techniques to evaluate formulas on trees. Our representation
of structures of bounded tree-width by colored trees is different from theirs, though. While we use the
tree of a tree-decomposition and encode the structure in a coloring of this tree, they actually modify the
tree. For example, in their representation elements of the structure are only represented by leaves of the
tree. Another difference between their approach and ours isthat they implicitly translate a relation to its
corresponding incidence relation (cf. Remark 4.16).

We believe that our representation is technically a bit moreconvenient, but none of the differences is
really crucial.

5 Tree-like formulas

In this section, we restrict our attention to first-order formulas. Recall thatatomic formulas, or atoms, are
formulas of the formx = y orRx1 : : : xr for anr-ary relation symbolR. The set of all atoms occurring in
a formula' is denoted by at('). Literals are atomic or negated atomic formulas. The set of all variables
occurring in a formula' is denoted by var('), the set of free variables of' by free(').

With every formula' we associate a hypergraphH' := �
var('); fvar(�) j � 2 at(')g�:

Definition 5.1. A tree-decompositionof a formula' is a tree-decomposition ofH'. A tree-decomposition(T ; (Xt)t2T ) of a formula' is strict if there exists at 2 T such that free(') � Xt.
For arbitrary first-order formulas, tree-decompositions are meaningless, as the following example shows:

Example 5.2. Let' be a formula, and suppose that the vocabulary of' is r-ary, for somer � 2. We show
that' is equivalent to a formula'0 that has a very simple tree-decomposition of widthr.

Let y1; : : : ; yr 62 var('). To obtain'0, we replace every atomic subformula�(x1; : : : ; xs) of ' by the
formula9y1 : : :9ys�x1 = y1 ^ : : : ^ xs = ys ^ �(y1; : : : ; ys)�. Then obviously,' and'0 are equivalent.

Let T be the tree with rootrT and vertextx adjacent torT for everyx 2 var('). Let XrT :=fy1; : : : ; yrg andXtx := XrT [ fxg for x 2 var('). Then(T ; (Xt)t2T ) is a tree-decomposition of'0.
However, tree-decompositions turn out to be quite useful when it comes to evaluating formulas of a

very simple form, which are known asconjunctive queries.

5.1. Acyclic Conjunctive Queries. A conjunctive queryis a formula of the form9y1 : : : 9ymVni=1 �i
with atomic formulas�1; : : : ; �n. In this subsection we explain an algorithm due to Yannakakis [31] for
evaluatingacyclicconjunctive queries.

We have to recall some basic notions of relational database theory. AnX-relationR, for a finite setX ,
is a finite set of mappings with domainX . We let range(R) := S
2R 
(X). We think of anX-relation as
an jX j-ary relation on range(R) in which we have associated a name (an element ofX) with every place
of the relation. Usually,X is a set of variables and range(R) is contained in the universe of some structure.
ForY � X , theY -projection of anX-relationR is the set�Y (R) := f
jY j 
 2 Rg. For setsX;Y of
variables, thejoin of anX-relationR and aY -relationS is theX [ Y -relationR ./ S := f
 : X [ Y ! A j 
jX 2 R; 
jY 2 Sg:
For every formula'(x1; : : : ; xl) and structureA the set'(A) is anfx1; : : : ; xlg-relation overA. On the
logical level, projections correspond to existential quantifications and joins correspond to conjunctions. In
particular, for a conjunctive query'(x1; : : : ; xl) = 9y1 : : :9ymVni=1 �i we have'(A) = �fx1;:::;xlg��1(A) ./ � � � ./ �n(A)�:
In an appendix, we explain how to representX-relations on a RAM and how to compute projections and
joins efficiently. ThesizejjRjj of an jX j-relationR is defined to be2 + jX j + jX j � jRj. By Theorem
A.5, the projection�Y (R) of anX-relationR to aY � X can be computed in timeO(jjRjj), and the joinR ./ S of anX-relationR and aY -relationS can be computed in timeO�jjRjj+ jjSjj + jjR ./ Sjj�.
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The result of a sequence of join operations can get very large, which makes the evaluation of conjunctive
queries hard in general. When evaluating a query, instead ofcomputing the full join of all relations first and
then project out the components not needed in the result,if possibleit is a much more efficient evaluation
strategy to interleave joins and projections and thereby reduce the size of the intermediate results. In
database terminology, this is known as computingsemi-joins(see, e.g., [1]). The following algorithms are
based on this idea.

The following two lemmas describe Yannakakis’s basic algorithm. The idea behind these lemmas is
the following: We want to evaluate a conjunctive query' in a structureA. Suppose we can efficiently
compute a tree-decomposition(T ; (Xt)t2T ) of ' and, for everyt 2 T , theXt-relationPt := ./�2at(')

var(�)�Xt�(A):
Then, noting that'(A) := �free(')�./t2TPt�, we can use Lemma 5.4 to compute'(A). Moreover, if the

tree-decomposition is strict, i.e. if free(') � Xt for somet 2 T , we can even do better using Lemma 5.3.

Lemma 5.3. There is an algorithm solving the following problem in timeO�jT j �maxt2T jjPtjj�:
Input: Tree-decomposition(T ; (Xt)t2T ), anXt-relationPt for

everyt 2 T .
Problem: ComputeRt := �Xt�./t2TPt� for all t 2 T .

Proof: The algorithm passes the tree twice.

(1) Bottom-up.For everyt 2 T we letQt := �Xt� ./u�T tPu�:
Then if t is a leaf, we have Qt = Pt; (2)

and if t is an inner node with childrent1; : : : ; tm, thenQt = �Xt�Pt ./ ./1�j�m� ./u�T tjPu�� = Pt ./ �Xt� ./1�j�m� ./u�T tjPu�� = Pt ./ ./1�j�m�Xt ( ./u�T tjPu)
(to establish the last equality we use the fact that for1 � i < j � m we haveXti \Xtj � Xt, because for
everyx 2 var(') the setft0 2 T j x 2 Xt0g is connected inT ). ThusQt = Pt ./ ./1�j�m�Xt(Qt): (3)

Our algorithm uses (2) and (3) to inductively compute the setsQt for all t 2 T . This amounts to computing
at most one projection and one join of relations of size at most maxt2T jjPtjj for every tree-node.

(2) Top-down.Note that for the rootr := rT we haveRr = Qr: For a nodet 2 T n frg with parents
we have Rt = �Xt(Rs) ./ Qt:
Thus we can computeRt for all t 2 T in top down manner. Again this requires to compute at most one
projection and one join per tree-node. Noting thatRt � Qt � Pt, we see that this can be done within the
desired time bounds. 2
Lemma 5.4. There is an algorithm solving the following problem in timeO�jT j � (maxt2T jjPtjj) � jjSjj�:

Input: Tree-decomposition(T ; (Xt)t2T ), a subsetX � St2T Xt, anXt-relationPt for everyt 2 T .
Problem: ComputeS := �X�./t2TPt�.
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Proof: We first compute the family(Rt)t2T as in Lemma 5.3.
For everyt 2 T , let Yt := Su�T t(X \ Xu). If t has a parents, then letZt := Xt \ Xs, and letZr := ;. Let St := �Yt[Zt� ./u�T tRu�:

ThenS = Sr.
We can compute the relationsSt inductively in a bottom-up manner, noting that for a leaft we haveSt = �Yt[Zt(Rt) and for an inner nodet with childrent1; : : : ; tm we haveSt = �Yt[Zt�Rt ./ St1 ./ � � � ./ Stm�:

Note that the size of all intermediate joins is bounded byjjRtjj � jjStjj � jjPtjj � jjSjj. 2
Definition 5.5. A hypergraphH is acyclic if there is a tree-decomposition(T; (Ht)t2T ) of H such that
for everyt 2 T there exists a hyperedgee 2 EH such thate = Xt. We call such a tree-decomposition a
chordal decompositionofH.

A conjunctive query' is acyclic if its hypergraphH' is. ' is strictly acyclic if H' has a chordal
decomposition that is a strict tree-decomposition of'.

Observe that every chordal decomposition of a strictly acyclic query is a strict tree-decomposition,
because if' is strictly acyclic, then there exists an atom� 2 at(') such that free(') � var(�).
Theorem 5.6 (Tarjan, Yannakakis [26]). Given a hypergraphH, it can be decided in linear time ifH is
acyclic. If this is the case, a chordal decomposition ofH can be computed in linear time.

Let (T ; (Ht)t2T ) be a reduced chordal decomposition of an acyclic hypergraphH. Observe that there
is a bijection between the vertices ofT and the maximal (with respect to set inclusion) hyperedges of H.
Thus for everyt 2 T there is exactly onee 2 EH such that node(e) = t ande = Xt (where node(e) is
defined as in Lemma 3.1).

If (T ; (Ht)t2T ) is a tree-decomposition of a formula' and� := Rx1 : : : xr 2 at('), then we let
node(�) := node(fx1; : : : ; xrg). The proof of Lemma 3.1 shows that the family(node(�))�2at(') can be
computed in linear time.

Theorem 5.7 (Yannakakis [31]). There is an algorithm that solves the evaluation problem foracyclic
conjunctive queries in timeO�jj'jj � jjAjj � jj'(A)jj�.

For strictly acyclic conjunctive queries, this can be improved toO�jj'jj � jjAjj�.
Proof: GivenA and', we first compute a chordal decomposition(T ; (Xt)t2T ) of '. By Theorem 5.6, this
is possible in timeO(jj'jj). By Lemma 3.3, we can actually assume that this decomposition is reduced.
Then by Lemma 3.2 we havejT j � jj'jj. We compute node(�) for all � 2 at(').

Clearly, for every atomic formula�(�x) we can compute�(A) in timeO(jjAjj).
For everyt 2 T we let Pt := ./�2at(')

node(�)=t�(A):
Then'(A) = �free(')�./t2TPt�. For t 2 T we let �t 2 at(') such that var(�t) = Xt. ThenPt ��t(A), and thusjjPtjj � jj�t(A)jj � jjAjj. Furthermore, we can compute the family(Pt)t2T in timeO(jj'jj � jjAjj), because we only have to compute at most one join per atom of', and if we start with�t,
the intermediate relations obtained while computingPt are all contained in�t(A).

We can now apply Lemma 5.4. The stronger statement for strictly acyclic' follows from Lemma 5.3.2
Remark 5.8. Actually, the numberjjAjj in the statement of Theorem 5.7 can be replaced by rel-size(A) :=
maxfjjRAjj j R 2 �g, where� is the vocabulary ofA.
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Definition 5.9. The tree-widthtw(') of a formula' is the tree-width of the hypergraphH', i.e. the min-
imum taken over the widths of all tree-decompositions of'. The strict tree-widthstw(') of ' is the
minimum taken over the widths of all strict tree-decompositions of'.

Corollary 5.10 (Chekuri and Rajaraman [7]). The evaluation problem for conjunctive queries can be
solved in time O�jj'jjw+2 + jj'jj � (jAjw+1 + jjAjj) � jj'(A)jj�;
wherew := tw('), and in time O�jj'jjs+2 + jj'jj � (jAjs+1 + jjAjj)�;
wheres := stw(').
Proof: The proof is analogous to the proof of Theorem 5.7, using Theorem 3.5 instead of Theorem 5.6 to
compute a tree-decomposition(T ; (Xt)t2T ) of width w. The main difference is that theXt-relationsPt
are no longer contained in a relation ofA. But since here we havejXtj � w + 1, we havejPtj � jAjw+1
and thusjjPtjj = O(jAjw+1). The termjj'jj � jjAjj takes care of the evaluation of the atoms.

There is a slight problem in the extension to strict tree-width, since it is not the case that any tree-
decomposition of' is also a strict tree-decomposition of'. However, a strict tree-decomposition of' is
simply a tree-decomposition of the hypergraphobtained fromH' adding a hyperedge free('). By Theorem
3.5, we can compute such a decomposition of minimum widths in timeO(jj'jjs+2). 2
Remark 5.11. Note that in most situations we will havejj'jj � jAj. Then the termsjj'jjw+2 andjj'jjs+2
can be omitted. If we use Bodlaender’s [6] algorithm insteadof Arnborg, Corneil, and Proskurowski’s [4]
to compute the tree-decompositions, we can replace these terms by2p(w)jj'jj and2p(s)jj'jj, respectively
(for a suitable polynomialp).
Remark 5.12. Recall Remark 4.16, where we evaluated a query by first translating the input structureA
to a bipartite structureAb and the input formula' to a formula'b such that'(A) = 'b(Ab). Then we
evaluated'b onAb instead.

If ' is a conjunctive query (and the translation is done in the right way), then'b will be a conjunctive
query andjj'bjj = O(jj'jj). The hypergraph of this conjunctive query'b isB' := �

var(') [ at(');�fx; �g �� x 2 var(�)	�;
which is a bipartite graph. As in Remark 4.16 we have tw(B') � tw(') + 1, and tw(B') � tw(') if the
arity of the vocabulary of' is at most tw(').

Recalling thatjAbj = O(jjAjj), by Corollary 5.10, we can thus evaluate' in timeO�jj'jjb+2 + jj'jj �jjAjjb+1 � jj'(A)jj�, whereb := tw(B').
Actually, Chekuri and Rajaraman [7] defined the tree-width of a conjunctive query to be tw(B') instead

of tw(H').
5.2. Digression: Graph-based and hypergraph-based classes of conjunctive queries. To complete
the picture, in this short digression, we discuss some very recent results on tractable classes of conjunctive
queries that extend the basic tractability results of the previous subsection. Our treatment may also clarify
the relation between seemingly contradictory results of Gottlob, Leone, and Scarcello [18, 19] and Grohe,
Schwentick, and Segoufin [20].

We start by observing that acyclicity and bounded tree-width of conjunctive queries are incomparable
— all queriesEx1x2 ^Ex2x3 ^ : : :^Exn�1xn ^Exnx1, for n � 3, are of tree-width 2, but not acyclic.
On the other hand, the queriesRnx1 : : : xn, forn � 1 andn-aryRn, are acyclic, but their tree-width grows
with n.

The common ground for both acyclicity and bounded tree-width is the notion of being a tree, that is, an
acyclic graph. Acyclicity relaxes this notion by going fromgraphs to hypergraphs. Bounded tree-width is

19



still a property of the underlying graph, but it is more liberal than acyclicity of a graph. This may become
clearer by the following definitions. Recall that the underlying graph of a hypergraphH is the graphGH
with vertex setH and edge setEGH := f(u; v) j u 6= v; 9e 2 EH : u; v 2 eg. Theunderlying graphG' of
a conjunctive query' is the underlying graph ofH', that is, the graph with vertex set var(') and an edge
between variablesx andy if x andy appear together in an atom of'.

Definition 5.13. A class� of conjunctive queries ishypergraph-based, if there is a classC of hypergraphs
such that� = f' j ' conjunctive query withH' 2 Cg.� is graph-based, if there is a classC of graphs such that� = f' j ' conjunctive query withG' 2 Cg.

Clearly, every graph-based class is also hypergraph-based. On the other hand, the class of acyclic
conjunctive queries is hypergraph-based, but not graph based. To see the latter, note that the acyclic queryTx1x2x3 and the “cyclic” queryEx1x2 ^ Ex2x3 ^ Ex3x1 have the same underlying graph. For everyw � 0, the class of all conjunctive queries of tree-width at mostw is graph-based, because a hypergraph
and its underlying graph have the same tree-width.

Under the complexity theoretic assumption FPT6= W[1℄ (see [11]), Grohe, Schwentick, and Segoufin
[20] gave a complete characterization of the graph-based classes of conjunctive queries with a tractable
evaluation problem:

Theorem 5.14 (Grohe, Schwentick, and Segoufin [20]).Assume that FPT6= W[1℄. Then for every
graph-based class� of conjunctive queries, the following two statements are equivalent:

(1) The evaluation problem for queries in� is solvable in polynomial time (polynomial in terms ofjj'jj+jjAjj+ jj'(A)jj).
(2) � has bounded tree-width.

Note that, although the class of acyclic conjunctive queries does not have bounded tree-width, this
result does not contradict Theorem 5.7, because the class ofacyclic conjunctive queries is not graph-based.

If acyclicity is the hypergraph-theoretic analogue of being a tree, what is an appropriate hypergraph-
theoretic analogue of having bounded tree-width? Chekuri and Rajaraman [7] defined a (hypergraph-based)
common generalization of acyclicity and bounded tree-width they calledbounded query-width. Acyclic
queries are precisely those of query-width 1, and for all queries' we have query-width(') � tw(B').
Chekuri and Rajaraman [7] showed that conjunctive queries of bounded query-width can be evaluated in
polynomial time (in the size of the input and the output). However, query-width has one big disadvantage:
Queries of bounded query-width cannot be recognized in polynomial time. More precisely, for everyq � 4
it is NP-complete to decide whether a given query has query-width at mostq [18].

Gottlob, Leone, and Scarcello [18] therefore introduced yet another width,hypertree-width, which is
more general and has nicer properties:

Definition 5.15. A hypertree-decompositionof a hypergraphH is a triple(T ; (Bt)t2T ; (Ct)t2T ), where(T ; (Bt)t2T ) is a tree-decomposition ofH and(Ct)t2T is a family of sets of hyperedges ofH, such that,
the following two properties are satisfied:

(1) For everyt 2 T we haveBt � SCt.
(2) For everyt 2 T we have

SCt \Su�T tBu � Bt.
Thewidthof a hypertree-decomposition(T ; (Bt)t2T ; (Ct)t2T ) is maxfjCtj j t 2 Tg. Thehypertree-width
of a hypergraphH is the maximum taken over the widths of all hypertree-decompositions ofH.

Clearly, an acyclic hypergraph has hypertree-width 1; Gottlob, Leone, and Scarcello [18] proved that
the converse is also true. Furthermore, they observed that the query-width and, hence, the tree-width of
a hypergraph is an upper bound for its hypertree-width. Thenthey proved that for every fixedw there is
a polynomial time algorithm that decides if a given hypergraphH has hypertree-width at mostw and, if
this is the case, computes a hypertree-decomposition ofH of widthw. Using this result and the techniques
described in the previous subsection, it is easy to prove thefollowing theorem:
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Theorem 5.16 (Gottlob, Leone, and Scarcello [18]).For everyw � 1, the evaluation problem for con-
junctive queries of hypertree-width at mostw is solvable in polynomial time.

In [19], Gottlob, Leone, and Scarcello generalize hypertree-width from conjunctive queries to full
first-order logic in a similar way as we shall do for acyclicity and bounded tree-width in the following
subsections.

5.3. Conjunctive queries with negation. Let us now try to extend the results on conjunctive queries to
larger classes of formulas. Aconjunctive query with negationis a formula of the form9�yVni=1 �i, where�1; : : : ; �n are literals, i.e. atomic or negated atomic formulas. We letat+(') (at�(')) denote the set of all
atoms occurring positively (negatively, resp.) in'.

The first observation we make is a disappointment: Evaluating conjunctive queries with negation whose
hypergraph is acyclic is just as hard as evaluating arbitrary conjunctive queries with negation. To see this, let' = 9�yVni=1 �i be an arbitrary conjunctive query with negation of vocabulary � . LetR be a newjvar(')j-
ary relation symbol,�x a tuple that contains all variables of', and'� := 9�y�:R�x ^Vni=1 �i). ThenH'�
is acyclic, because the one node tree is a chordal tree-decomposition ofH'� . For every� -structureA letA� be the� [ fRg-expansion ofA with RA� := ;. ThenjjA�jj = O(jjAjj) and'(A) = '�(A�). Thus
evaluating' is not harder than evaluating'�.

However, there is a refined notion of acyclicity for conjunctive queries with negation:

Definition 5.17. A conjunctive query with negation' is acyclic if it has a chordal decomposition(T ; (Xt)t2T ) such that for everyt 2 T there is an atom� 2 at+(') such thatXt = var(�).
If ' has such a chordal decomposition that, in addition, is a strict tree-decomposition, then' is strictly

acyclic.

Observe that for an acyclic conjunctive query with negation', for every� 2 at�(') there exists a� 2 at+(') such that var(�) � var(�). Thus every reduced chordal decomposition(T ; (Xt)t2T ) of the
hypergraphH' satisfies the additional condition that for everyt 2 T there is an atom� 2 at+(') such
thatXt = var(�). On the other hand, if' is not acyclic, then no chordal decomposition ofH' satisfies
this condition.

Proposition 5.18. There is a linear-time algorithm that decides whether a given conjunctive query with
negation is acyclic.

Proof: Given a conjunctive query with negation', the algorithm first computes a reduced chordal decom-
position(T ; (Xt)t2T ) of the hypergraphH' (by Theorem 5.6 and Lemma 3.3). If this is impossible, then' is not acyclic. Then it checks whether for every nodet 2 T there is at least one� 2 at+(') such that
node(�) = t. If this is not the case, then' is not acyclic. Otherwise,' is acyclic, and the algorithm returns
the chordal decomposition(T ; (Ht)t2T ). 2
Corollary 5.19. The evaluation problem for acyclic conjunctive queries with negation can be solved in
timeO�jj'jj � jjAjj � jj'(A)jj�.

For strictly acyclic queries, this can be improved toO�jj'jj � jjAjj�.
Proof: We can proceed completely analogously to the proof of Theorem 5.7; the only problem being that
to compute the relationsPt we now have to form joins with relations:�(A), where� 2 at�(A). For such
negative literals the size of:�(A) is no longer bounded byjjAjj.

However, by acyclicity the following observation gives thedesired time bounds: LetY � X , R anX-relation andS aY relation. ThenR ./ S{, whereS{ denotes the complement ofS, can be computed
in timeO(jjRjj + jjSjj). This can be done similarly to computing the join ofR andS. 2

For queries of bounded tree-width, we do not get any new problems by allowing negation. Similarly to
Corollary 5.10 we can prove:
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Corollary 5.20. The evaluation problem for conjunctive queries with negation can be solved in timeO�jj'jjw+2 + jj'jj � (jAjw+1 + jjAjj) � jj'(A)jj�, wherew := tw('), and in timeO�jj'jjs+2 + jj'jj �(jAjs+1 + jjAjj)�, wheres := stw(').
5.4. Non-recursive stratified datalog. A datalog rule (with negation)� is an expression of the form
  �1 ^ : : : ^ �n;
where
 is an atom of the formQx1 : : : xl with pairwise distinct variablesx1; : : : ; xl 2 var(�1 ^ : : :^ �n)
and�1; : : : ; �n are literals.
 is called theheadand�1 ^ : : : ^ �n thebodyof �.

To define the semantics, suppose that
 = Qx1 : : : xl and letA be a structure whose vocabulary
contains all relation symbols occurring in the body of�. Then we let�(A) := �fx1;:::;xlg� ./1�i�n�i(A)�:
Letting �y be a tuple that consists of all variables in

S1�i�n var(�i) n fx1; : : : ; xlg and'(�x) := 9�y ^1�i�n�i
we have�(A) = '(A). Thus datalog rules are just another way of writing conjunctive queries with
negation.

A datalog programis a finite set� of datalog rules with the property that any two rules with thesame
relation symbol in the head already have the same head. Theintensional vocabularyint(�) of � is the
set of all relation symbols that occur in the head of some ruleof �. The extensional vocabulary ext(�) is
the set of all relation symbols that occur in the body of some rule of � and are not contained in int(�).
Program� is non-recursive, if no relation symbol that occurs in the head of a rule also occurs in the body
of a rule.In the following we restrict our attention to non-recursivedatalog programs.

To define the semantics, letQ 2 int(�) andA an ext(�)-structure. Then we let�Q(A) :=[��(A) �� � 2 �; Q occurs in the head of�	:
It is easy to see that the queryA 7! �Q(A) can be defined by an existential first-order formula, and that
conversely every query definable by an existential first-order formula can also be defined by a datalog
program.

A non-recursive stratified datalog (NRSD) programis a sequence� := (�1; : : : ;�n) of non-recursive
datalog programs with the property that for1 � i < j � n we have int(�j) \ (int(�i) [ ext(�i)) = ;,
i.e. noQ 2 int(�j) occurs in�i. The intensional vocabulary of� is the set int(�) := Sni=1 int(�i), and
the extensional vocabulary is the set of all the relation symbols in� that are not contained in int(�). The
programs�1; : : : ;�n are called thestrataof �.

To define the semantics, letA be an ext(�)-structure. We letA0 := A. Inductively overi; 1 �i � n, we defineAi and�Q(A) for all Q 2 int(�i) as follows: Suppose that1 � i � n and that the
ext(�) [Si�1j=1 int(�j)-structureAi�1 is already defined. ForQ 2 int(�i) we let�Q(A) := �iQ(Ai�1).
LetAi be the ext(�) [Sij=1 int(�j)-expansion ofAi�1 with QAi := �Q(A) for Q 2 int(�i).

In the following, we assume that every NRSD-program has a distinguished intensional relational sym-
bol, thegoal predicate, which we always denote byQ. Then we write�(A) instead of�Q(A); A 7!�Q(A) is thequery defined by�. An NRSD-program� is Boolean, if it defines a Boolean query, i.e. if its
goal predicate is0-ary. An NRSD-program� is equivalentto a formula' or to another program�0 if they
define the same query. It is easy to prove the following (well-known) fact:

Fact 5.21. A query is first-order definable if, and only if, it is NRSD-definable.

Theevaluation problemfor a class P of datalog programs is the following problem:
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Input: StructureA, program� 2 P.
Problem: Compute�(A).

Tree-decompositions, tree-width, acyclicity, etc. of a datalog rule� are defined with respect to the
corresponding conjunctive query with negation. For example, a tree-decomposition of a datalog rule� :=
  Vni=1 �i is a tree-decomposition of the hypergraph(var(�); fvar(�i) j 1 � i � ng), and a tree-
decomposition(T ; (Xt)t2T ) of � is strict if there is at 2 T such that var(
) � Xt.
Definition 5.22. Let� = (�1; : : : ;�n) be an NRSD-program.

(1) � is strictly acyclicif every rule of� is strictly acyclic.

(2) � is acyclic if (�1; : : : ;�n�1) is strictly acyclic and every rule� of �n is acyclic.

(3) Thestrict tree-widthof � is the number

stw(�) := maxfstw(�) j � 2 n[i=1�ig:
(4) Thetree-widthof � is the number

tw(�) := maxfstw((�1; : : : ;�n�1))g [ ftw(�) j � 2 �ng:
If we make the (natural) assumption that the goal predicate is the only intensional symbol in the highest

stratum of an NRSD-program, then the notions of acyclicity and strict acyclicity, and similarly tree-width
and strict tree-width, coincide for Boolean and unary programs (i.e. for programs whose goal predicate is
at most unary).

The following example shows why it is necessary that in an acyclic program we require all strata except
for the last one to bestrictly acyclic:

Example 5.23. Let � = (�1; : : : ;�n) be an arbitrary NRSD-program. We construct an equivalent pro-
gram�0 = (�00;�01; : : : ;�0n) such that all rules of�0 are acyclic.

Letm be the maximum number of variables occurring in a rule of� andX 62 int(�) [ ext(�) a newm-ary relation symbol. Let�0 be the acyclic datalog ruleXx1 : : : xm  m̂i=1xi = xi:�00 just consists of the rule�0, and for1 � i � n the stratum�0i is obtained from�i by adding an atomX�y to the body of every rule� of �i, where�y is a tuple of variables that contains all variables of�.
Clearly,�0 is equivalent to�, and all of its rules are acyclic.

Definition 5.24. An NRSD-program� = (�1; : : : ;�n) is in normal form if for 1 � i < j � n andX 2 int(�i) \ ext(�j) the relation symbolX only occurs negatively in�j .
Lemma 5.25. There is an exponential time algorithm that associates withevery acyclic NRSD-program�
an equivalent acyclic NRSD-program�0 in normal form.

Furthermore, if� is strictly acyclic, then�0 is also strictly acyclic.

Proof: Let� be an acyclic NRSD-program. The following elimination stepreduces the number of positive
occurrences of a symbolX 2 int(�) in the body of a rule. Suppose that the rules of� with X in their head
areX�x  �1(�x; �y1); : : : ; X�x  �m(�x; �ym). Then for every rule� of � such thatX occurs positively in
the body of� we do the following: Let� := 
  X �w^�( �w; �z). Without loss of generality we can assume
that the tuples�z and �w are disjoint from�y1; : : : ; �ym. We replace� by the rules
  �1( �w; �y1) ^ �( �w; �z),: : :, 
  �m( �w; �ym) ^ �( �w; �z). The resulting program is equivalent to�. It is easy to see that the new
program is (strictly) acyclic if� is.
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We repeat the elimination step until we obtain a program in which all intensional relation symbols
only occur negatively in the bodies of rules. To guarantee that we never increase the number of positive
occurrences of other intensional symbol of�, we process the symbols in the order of the strata in which
they occur as intensional symbols.

Then the number of elimination steps needed is bounded byjj�jj. Each elimination step can be per-
formed in polynomial time, and it at most squares the size of the program. Thus our algorithm can be
implemented as an exponential time algorithm. 2

The results of Section 5.1 on conjunctive queries yield:

Corollary 5.26. (1) The evaluation problem for acyclic NRSD-programs in normal form can be solved
in timeO�jj�jj � jjAjj � jj�(A)jj�.
For strictly acyclic NRSD-programs in normal form, this canbe improved toO�jj�jj � jjAjj�.

(2) The evaluation problem for NRSD-programs can be solved in timeO�jj�jjw+2 + jj�jj � (jAjw+1 +jjAjj) � (jj�(A)jj+1)�, wherew := tw(�), and in timeO�jj�jjs+2+ jj�jj � (jAjs+1+ jjAjj)�, wheres := stw(�).
The following example shows why we need the normal form in (1). It also shows that there is no

polynomial time translation of arbitrary acyclic programsinto normal form programs. A similar example
occurs in [16].

Example 5.27. Let n � 2 andX1; : : : ; Xn ben-ary relation symbols. For1 � i < j � n, 1 � k � n� 1
let �kfi;jg be the datalog ruleXk+1x1 : : : xi�1xjxi+1 : : : xj�1xixj+1 : : : xn  Xkx1 : : : xn:
Furthermore, let�kid be the ruleXk+1�x  Xk�x and�k := f�kidg [ f�kfi;jg j 1 � i < j � n � 1g. Then� = (�1; : : : ;�n�1) is a strictly acyclic NRSD-program withjj�jj = O(n4).

Now letA be thefX1g-structure(f1; : : : ; ng; f(1; : : : ; n)g). Then, using the fact that every permuta-
tion of f1; : : : ; ng is the product of at most(n� 1) transpositions, we obtain�Xn(A) = �(x1; : : : ; xn) �� fx1; : : : ; xng = f1; : : : ; ng	:
Thusj�Xn(A)j = n!, and therefore�Xn(A) cannot be computed in timeO(jj�jj � jjAjj) = O(n5).
Remark 5.28. Similar results can be obtained for stratified datalog programs with recursion (by iterating
the results for programs without recursion).

5.5. Tractable fragments of first-order logic. In this last subsection we show that the classes of strictly
acyclic NRSD-programs and NRSD-programs of strictly bounded tree-width correspond to well-known
fragments of first-order logic.

The guarded fragment. Theguarded fragmentGF is the smallest fragment of FO such that:

(1) GF contains all atoms.

(2) If '; '1; '2 are GF-formulas, then so are:', '1 ^ '2 and'1 _ '2.

(3) If � is atomic and' is a GF-formula with free(') � var(�), then for every tuple�y of variables9�y(� ^ ') is a GF-formula.

As usual we use the Boolean connectives!;$ and the universal quantifier as abbreviations.
A GF-formula isstrictly guardedif it is of the form 9�y(� ^ '), where free(') � var(�). Here we

allow the degenerated case that�y is empty, i.e. that the formula is just� ^ '. Every GF-formula is a
Boolean combination of atomic formulas and strictly guarded formulas. Furthermore, any GF-sentence'
is equivalent to the strictly guarded sentence9y(y = y ^ ').
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Theorem 5.29. (1) There is a quadratic time algorithm that associates withevery strictly guarded for-
mula an equivalent strictly acyclic NRSD-program in normalform.

(2) There is an algorithm that associates with every strictly acyclic NRSD-program an equivalent dis-
junction of strictly guarded formulas.

In particular, every GF-sentence is equivalent to a Booleanacyclic NRSD-program and vice versa.

Proof: To prove (1), we note first that every strictly guarded formula can easily be translated to a strictly
guarded GF-formula in which negation symbols only appear directly in front of atoms or existential quan-
tifiers. Let' be such a formula.

To translate', we proceed by induction. Assume first that := 9�y(� ^ �) is a strictly guarded
subformula of' with a quantifier-free�. Using the equality� ^ (�1 _ �2) � (� ^ �1) _ (� ^ �2),
we can easily transform into an equivalent datalog program� every rule of which contains�. Since
var(�) � var(�), this program is strictly acyclic. Furthermore, since we need at most one copy of� for
every literal in�, the length of the program is at most quadratic in the length of '.

We can now use induction to translate arbitrary strictly guarded subformulas of'.

To prove (2), we show that every strictly acyclic datalog rule � can be translated to an equivalent
strictly guarded formula in linear time. Then a straightforward induction using Lemma 5.25 yields the full
statement.

Consider the rule� := 
  �1^: : :^�n and let(T ; (Xt)t2T ) be a reduced strict chordal decomposition
of �. Without loss of generality we can assume that var(
) � XrT .

For the rootr := rT , letZr := var(
). For every nodet 2 T n frg with parents, letZt := Xt \Xs.
For everyt 2 T , let �zt a tuple of variables that contains all variables inZt and�yt a tuple that contains all
variables inXt n Zt. If t1; : : : ; tm are the children oft, let't(�zt) := 9�yt� ^1�i�n

node(�i)=t�i ^ m̂j=1'tj (�ztj )�:
Then a straightforward induction shows that� is equivalent to'r. Moreover, every't is strictly guarded
since the conjunction

V 1�i�n
node(�i)=t �i contains an atom�it with var(�it ) = Xt, and the free variables of all

other conjuncts of't are contained inXt. 2
Remark 5.30. It seems possible to improve the translation algorithm in (1) to anO(n � log(n))-algorithm.
We do not believe that it can be made linear, although we cannot prove this. The following family('n)n�1
of strictly acyclic formulas seem to require NRSD-programsof superlinear size: We letP1; P2; : : : be unary
and, forn � 1, Rn n-ary. Then we let'n := Rnx1 : : : xn ^ n_i=1Pixi:
The translation from NRSD-programs to first-order formulascannot be made polynomial; this has nothing
to do with being acyclic or guarded. Intuitively, it is due tothe fact that programs correspond to directed
acyclic graphs, whereas formulas correspond to trees.

Remark 5.31. Gottlob, Grädel, and Veith [16] give a similar translationbetween sentences of the guarded
fragment and so-calledDatalog LITE-programs, which are essentially stratified datalog programs where
every rule has a strict chordal decomposition whose tree only consists of one node.

Finite-variable fragments. Fork � 1 we let FOk denote the set of all first-order formulas with at mostk
variables.

Theorem 5.32. Letk � 1.
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(1) There is a linear time algorithm that associates with every FOk-formula an equivalent NRSD-program
of strict tree-width at most(k � 1).

(2) There is an algorithm that associates with every NRSD-program of strict tree-width at most(k � 1)
an equivalentFOk-formula.

Proof: (1) If we translate an FOk-formula to an NRSD-program in a straightforward manner, then every
rule of the resulting program has at mostk-variables and thus strict tree-width at most(k � 1).

(2) It suffices to prove that every conjunctive query of strict tree-width at mostk � 1 is equivalent to
an FOk-formula. This has been done by Kolaitis and Vardi [22]; the proof is similar to the proof that every
strictly acyclic datalog rule is equivalent to a strictly guarded formula. It uses the fact that a first-order
formula' with the property that all subformulas of' have at mostk free variables can be transformed into
an equivalent FOk-formula by renaming variables. 2

6 The overall picture

The query-evaluation algorithms of Sections 4 and 5 are verysimilar. First they compute a tree-decomposi-
tion, either of the structure or the formula. Then they pass the tree three times. The first (bottom-up) pass is
to compute all reachable states of the automaton at some tree-node (the setsPt in the proof of Theorem 4.2)
or all reachable assignments to the variables occurring at the node (the relationQt in the proof of Lemma
5.3). In the second (top-down) pass we filter out all states that do not lead to an accepting configuration (St
in the proof of Theorem 4.2,Rt in Lemma 5.3). The third (bottom-up) pass is to assemble the satisfying
assignments from the pieces computed at every node (Satt;q in the proof of Theorem 4.2,St in Lemma
5.4). Note that in both cases for sentences we only need the first pass.

The connection becomes clearer if in Section 5 we view the structures as automata: For every� -
structureA we define a non-deterministic3 tree-automatonAA := (Q; Æ;�; F ). In the following we just
view ‘=’ as a relation symbol in� with =A:= f(a; a) j a 2 Ag. Let r be the arity of� . The alphabet is�� := � � Pow(f(i; j) j 1 � i; j � rg)3. The state space consists of a stateqR�a for everyR 2 �; �a 2 RA.
The transition relationÆ consists of all tuples(qR�a ; qR0�a0 ; (R00; e; e0; e00); qR00�a00 ) where

�(i; j) 2 e =) ai =a00j �, �(i; j) 2 e0 =) a0i = a00j �, and
�(i; j) 2 e00 =) a00i = a00j �. The starting relation� consists of

all pairs((R; ;; ;; e); qR�a ) where
�(i; j) 2 e =) ai = aj�. Every state ofAA is accepting, i.e. we letF := Q.

Now let ' be an acyclic conjunctive query of vocabulary� . Then, starting from an arbitrary chordal
decomposition of', we can find a chordal decomposition(T ; (Xt)t2T ) of ' whereT is a binary tree,
together with an onto mapping� : T ! at(') such that for everyt 2 T we have var(�(t)) = Xt. We
define a mapping� : T ! �� as follows: For the leavest 2 T we let�(t) = (R; ;; ;; f(i; j) j �(t) =Ry1 : : : yn and yi = yjg). For a nodet with childrenu1 andu2 we let �(t) = (R; e1; e2; e3), where
againR is the relation symbol occurring in�(t), andei is defined as follows: If�(t) = Rx1 : : : xm,i = 1; 2, and�(ui) = R0y1 : : : yn (note that1 � m;n � r), thenei := f(k; l) j yk = xlg. Ande3 := f(k; l) j xk = xlg.

Suppose now that' is a sentence. Then the automatonAA accepts the colored tree(T ; �) if, and only
if, A j= '. The fact that our automaton is not deterministic does not play a role as long as we just want
to decide acceptance; in the algorithm of Theorem 4.2 we usedthe fact that there we had a deterministic
automaton only in the third pass in order to compute the output efficiently.

The correspondence breaks down for formulas with free variables. If we want to evaluate an MSO-
formula on a structure of bounded tree-width then in the third pass of the automaton we have to collect
additional colorings of the tree that lead to accepting runs. If we want to evaluate an acyclic conjunctive
query in a structureA using the automatonAA, then in the third pass we have to collect projections of
accepting runs of the automaton.

If we restrict our attention to monadic second-order sentences of a very special form, there is an abstract
explanation for the connection between the evaluation of the MSO-sentences and Boolean conjunctive

3In Section 4.1 we only defined deterministic tree-automata.In a non-deterministic automaton(Q; Æ;�; F ) of alphabet�, instead
of functions we have atransition relationÆ � Q�Q���Q and astarting relation� � ��Q.
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queries due to Feder and Vardi [13]: Both problems amount to deciding whether there is a homomorphism
between two relational structures. And in both cases we use the fact that it is decidable in polynomial time
if an arbitrary structureA contains a homomorphic image of a structureB of bounded tree-width.

Appendix: Basic algorithmic routines

In this appendix we describe how to implement the basic algorithmic routines needed in Section 5 — com-
puting joins and projections — as linear time algorithms on astandard RAM. We are sure these algorithms
are known, but since we could not find a reference, we decided to add this appendix.

Recall the definitions of anX-relation and the projection and join operations from page 16. LetR be anX-relation. As usual, we assume that bothX and range(R) are sets of natural numbers.R is represented
by aheadertogether with all tuples in the relation. The header consists of jX j+2 numbers: The cardinality
of X , the cardinality ofR, and then an enumeration ofX . Every tuple in the relation is represented byjX j
numbers. We letjjRjj := 2 + jX j+ jX j � jRj. For everyx 2 X we letnx := nx(R) := max

��fxg(R)�.
For every linear order� on a subsetY of X , we can define thelexicographic (pre-)order with respect

to � on the set of all mappingsX ! N by letting
 � Æ if, and only if, either
jY = ÆjY or there is ay 2 Y such that
(y) � Æ(y) and
(z) = Æ(z) for all z 2 Y such thatz � y.
Using the well-known bucket sort algorithm, we obtain the following:

Lemma A.1. LetR be anX-relation and� a linear order on a subsetY ofX . ThenR can be ordered
lexicographically with respect to� in timeO(jjRjj +Py2Y ny).

Once we have sorted the relations, it is easy to compute projections and joins:

Lemma A.2. (1) LetR be anX-relation andY � X . Then�Y (R) can be computed in timeO(jjRjj+Py2Y ny).
(2) LetR be anX-relation andS a Y -relation. ThenR ./ S can be computed in timeO�jjRjj+ jjSjj+jjR ./ Sjj +Pz2X\Y �nz(R) + nz(S)��.

Proof: (1) We first compute the projection in a straightforward way by copying theY -part of every tuple
in R to a new list. Then we sort this new list lexicographically with respect to the natural order onY and
eliminate double entries.

(2) We sort both relations lexicographically with respect to the natural order onX \ Y . It is straight-
forward to compute the join of the ordered relations in timeO(jjRjj + jjSjj+ jjR ./ Sjj). 2

Lemma A.2 gives us good time bounds for computing projections and joins as long as we are dealing
withX-relationsR where

Px2X nx = O(R). For arbitraryX-relations, we can improve these algorithms
by first “compressing” the relations.

A compressionof a setN of natural numbers is an injective mappingf : N ! f1; : : : ; jN jg. A
compression is represented by two arraysAf andAf�1 . The size ofAf is max(N), and itsith entry isf(i)
if i 2 N and0 otherwise. The size ofAf�1 is jN j, and itsith entry isf�1(i).
Lemma A.3. Given a setN of natural numbers, a compression ofN (represented as described above) can
be computed in linear time.

Proof: Recalling that in the RAM model all memory cells are initialized to ‘0’, the proof is straightforward.2
Remark A.4. Although the last lemma is formally correct, we somehow seemto be cheating, for two
reasons:

The first is that we assume all memory cells to be initialized to ‘0’. It is easy to avoid this assumption.
Suppose initially the state of the memory cells is arbitrary. We first initialize the arrayAf�1 by setting all
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its memory cells to 0, this only requires timeO(jN j). Then we can compute the arraysAf andAf�1 as
we did before. All entries except those entries ofAf (i) for i 62 N are correct. However, we can still find
out if Af (i) is supposed to be zero. Say, we readAf (i) = j. Then we check ifAf�1(j) = i. If this is the
case, thenj is correct, if not it is supposed to be zero. This method is essentially the “lazy array” technique
described in [24].

The second problem is that max(N) may be much larger thanjN j, so we waste a lot of space with the
tableAf . In practice, we may have to use a hash table to representAf more space efficiently. This gives
us an additional time factor, but can still be implemented quite efficiently.

Theorem A.5. (1) LetR be anX-relation andY � X . Then�Y (R) can be computed in timeO(jjRjj).
(2) LetR be anX-relation andS a Y -relation. ThenR ./ S can be computed in timeO(jjRjj+ jjSjj+jjR ./ Sjj).

Proof: We only prove (2); (1) can be treated analogously.
We are given anX-relationR and aY -relationS. LetZ := X \ Y . Our algorithm first computes, for

all z 2 Z, a compressionfz of range(�fzg(R))[ range(�fzg(S)). Then, using the tablesAfz , it computes
the relationsR0 :=n
0 ��� 9
 2 R : �
0(z) = fz(
(z)) for z 2 Z; 
0(x) = 
(x) for x 2 X n Z�o;S 0 :=nÆ0 ��� 9Æ 2 R : �Æ0(z) = fz(Æ(z)) for z 2 Z; Æ0(y) = Æ(y) for y 2 Y n Z�o
This requires timeO(jjRjj + jjSjj). Note thatjjRjj = jjR0jj, jjSjj = jjS 0jj, andjjR0 ./ S 0jj = jjR ./ Sjj.
Furthermore, for allz 2 Z we havenz(R0); nz(S 0) � j�fzg(R0) [ �fzg(S 0)j � jR0j + jS 0j and thusPz2Z �nz(R0) + nz(S 0)� = O�jjR0jj+ jjS 0jj�.

Thus by Lemma A.2, we can computeR0 ./ S 0 in timeO(jjRjj+ jjSjj+ jjR ./ Sjj). We can now use
the tablesAf�1z to computeR ./ S fromR0 ./ S 0 in timeO(jjR ./ Sjj). 2
Acknowledgements. We thank Helmut Veith for pointing us to the “lazy arrays” in this context.
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