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Abstract

We establish a close connection between (sub)exponemtialcomplexity and parameterized com-
plexity by proving that the so-called miniaturization magpis a reduction preserving isomorphism
between the two theories.

1 Introduction

The area of exact algorithms for hard algorithmic problers rexeived considerable attention in recent
years (see, e.g., [19, 20]). The goal is to design exact, pesaul to approximative, algorithms for hard
(usually NP-complete) problems that are better than th@ttrute force algorithms, but may still be ex-
ponential. For example, the currently best determiniggorthm for the 3-satisfiability problem (343)
due to Brueggemann and Kern [3] has a running tim®@.473"), and the best randomized algorithm
due to Rolf [18] has a running time @(1.3222"). Heren denotes the number of variables of the input
formula.

Exponential complexity theory

A more qualitative question that has been recognized asatdat the emerging theory of “exponential
time complexity” is whether 3-8r can be solved in time%". The hypothesis that this is not possible is
known as theexponential time hypothesiETH). It has first been studied systematically by Impagliazzo,
Paturi, and Zane [17], who proved that the hypothesis is kayst and equivalent to analogous hypothe-
ses for many other NP-complete problems. For example, ETédjisvalent to the question whether the
INDEPENDENTFSET problem can be solved in timé®, wheren denotes the number of vertices of the
input graph. The reader may wonder why the running time issoneal in terms of the number of variables
and number of vertices, respectively, and not in the actymitisize. The main contribution of Impagliazzo
et al. is to prove that the ETH is independent of the “size meggnumber of variables or actual size),
that is, 3-9T is solvable in time 2" if and only if it is solvable in time 2™ for the input sizen! Itis
easy to see that this implies the corresponding resultSOEPENDENTFSET and a number other further
problems. However, in general subexponential solvahgityery sensitive with respect to the size measure,
as the trivial example of thel@QUE problem shows: Clearly, GQUE is solvable in time 2" if and only

if | NDEPENDENTFSET is, but QLIQUE is trivially solvable in timen®vM — 20(M wherem denotes the
size of the input graph.
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1 et us remark that here we assume that 3-CNF formulas havepeated clauses and hence that O(n®). Otherwise the input
size would not be bounded in termsmand hence the problem would not be solvable in tifiie) for any functionf. Later, this
problem will disappear because we will always admit a pofgiad of the input size as a factor of the running time.



The example of the AOQUE problem illustrates that it is reasonable for a theory ofaagntial time
complexity to view problems as paif®,v) consisting of a decision problef C ~* over some finite
alphabek and a mapping : ¥* — N, which may be viewed as tlsize measurd-or technical reasons, the
mappingy is required to be polynomial time computable. Typical sizasures are the number of vertices
or the number of edges for graph problems, or the number @fhlas for satisfiability problems. Of course
there is always the trivial size measwx) = |x|. At first sight, it seems reasonable to also require a size
measurev to be polynomially related to the input length, that|ig¢ < v(x) < |9 for somec,d > 0 and
all x € ¥*. However, we prefenotto make this additional requirement, because there ardgmshwhere
very natural “size measures” do not fulfill it. The most imgaot example is the satisfiability problem
SaT for arbitrary CNF formulas. The number of variables stikses one of the most natural complexity
parameters, but it may be exponentially smaller than thetilemgth. Hypergraph problems provide further
natural examples; here the number of vertices is a naturahpeter. Of course for such examples it is no
longer appropriate to call a “size measure”, but other than that the roleyaémains the same.

But what would it mean for &r to be subexponential with respect to “number of variablesiZarly,
SAT is not solvable in time 2", because the size of the input formula may be®". The natural
question is whether & is solvable in time 2" . m°1_ More generally, we say that a probld® v) is
subexponentiaf it is solvable in time

20v(9) x| O (1.1)

for every instancex. Of course, ifv is polynomially related to the input length, then the tesi?® is
dominated by 2V®) and can hence be omitted. We denote the class of all subenti@ingroblems by
SUBEPT. We are interested in the dividing line between egptial and subexponential solvability; the
problems we consider are usually (trivially) solvable méi (V) . |x|9() Let us denote the class of all
these problems by EPAThe main advantage of our “parameterized” approach to expiial complexity is
that it makes it easier to compare problems that otherwisddvmot be by “rescaling” them. For example,
PLANAR-INDEPENDENTFSET is solvable in time 2V" and the question of whether it is solvable in
time 2" is equivalent to the question of whethetDEPENDENTFSET is solvable in time 2", If we
rescale PANAR -INDEPENDENTFSET by lettingv(n) = /n, we actually obtain a problem that is equivalent
to INDEPENDENTFSET with the size measure “number of variables” under suitabtluictions. Thus by
specifying size measures, we get a more robust theory.

To develop a complexity theory, we need suitable reductidngpagliazzo et al. [17] introduced so
called subexponential reduction familiehich are a form of Turing reductions that preserve subexpo
nential solvability. We essentially work with these redoss, and also with a corresponding notion of
many-one reductions.

The goals oexponential complexity theorgay now be stated as classifying concrete problems within
this framework and investigating the structure of the r@sglcomplexity classes.

Parameterized complexity theory

The reader familiar with parameterized complexity theoity/tvave noticed that we are dealing with exactly
the type of problems as considered thergaakameterized probleiis a pair(Q, k), whereQ C * for some
finite alphabek andk : £* — N, theparameterizationis polynomial time computable. We usually denote
parameterized problems in the “exponential world”(®v) and problems in the “parameterized world”
by (Q, k) because it will be important for us to separate the two “warldut formally both are the same.
However, the questions asked in parameterized compldwtyry are different; parameterized complexity
theory’s main intention is to address complexity issuestiraions where the parameter is expected to be
small compared to the input size, whereas in the exponehéaly the parameter was introduced as a size
measure. A problertQ, k) is fixed-parameter tractablé it can be solved in timef (k(x)) - [x|°Y, where
f is an arbitrary computable function. The class of all fixedgmeter tractable problems is denoted by
FPT. There are suitable notionsfpt (many-one) reductioandfpt Turing reduction

As opposed to exponential complexity theory, parametdrcemplexity theory has been developed
in depth over the last fifteen years. A rich and maybe a bit aldyistructure has emerged. The most
important parameterized complexity classes are thoseeo¥Mthierarchy Most natural parameterized

2This terminology has been introduced in [15] in the contdyiarameterized complexity theory, it will be explained iecSon 2.



problems are complete for one of these classes. Paraneeteomplexity theory almost exclusively studies
problems which are in the class XP of all problems that canobeed in polynomial time for every fixed
parameter value.

Our results

Our main result is that exponential and parameterized cexipt theory are isomorphicLet us explain
what we mean by this: On the exponential side, we considepdiigal order induced by subexponential
reduction families on thelegreesthat is, equivalence classes under subexponential ieduemilies.
On the parameterized side, we consider the partial ordeicedi by fpt-reductions on the corresponding
degrees. We define a mapping, the so-cati@daturization mappingthat associates a probléi@, k) with
every problem(P,v) and prove that this mapping is an isomorphism between theparder of degrees
inside EPT under subexponential reduction families ancptréal order of degrees inside XP under fpt-
reductions. This result holds for both many-one and Turetyictions. In particular, miniaturization maps
the class SUBEPT (the lowest “exponential degree”) to FR& Igwest “parameterized degree”) and EPT
to XP.

If we look at degrees outside of EPT, then the miniaturizatiapping is still an embedding, but we
prove that it is no longer onto. That is, there are paranmgdrnilegrees outside XP that are not in the image
of the miniaturization mapping. Technically, this is oursndifficult result.

The precise technical statement of our results requireg saiditional uniformity conditions. Essen-
tially, the “little-oh” in (1.1) has to be interpreted “effévely” (see 2 for a precise statement). Alternatively,
the uniformity condition in the definition of fixed-parametectability, requiringf to be computable, can
be relaxed.

The miniaturization mapping is a fairly natural mappingietn parameterized problems that has been
studied before [4, 7, 9], albeit not as an abstract mappimgden parameterized problems, but just as a
transformation between concrete problems such as vertex.chs a matter of fact, there already is a body
of work in parameterized complexity theory, starting witbrAhamson, Downey, and Fellows [1], that
studies the relation between fixed-parameter tractalilityexponential time complexity [4, 5, 6, 7, 9, 13].
Notably, it follows from this work that the miniaturizationapping maps the degree of 3Swith the
“number of variables” size measure to a clagd]Mbetween FPT and the first level[ty of the W-hierarchy.
The degree of &1 is mapped to a class [2] between W1] and WZ2], and the degree of the satisfiability
problem for Boolean circuits under the “number of input n&fdeize measure is mapped to the class
WI[P]. This shows that the miniaturization isomorphism ig just an abstract mapping between partial
orders, but actually is a meaningful mapping between ceagmwblems and complexity classes. In the
last section of this paper, we analyse the correspondetaede the W-hierarchy and a natural hierarchy
in the exponential theory, and we determine the pre-imaghefV-hierarchy under the miniaturization

mapping.

2 Preliminaries

In this section we give the necessary background of expaiemd parameterized complexity. For more
comprehensive details the reader is referred to [12, 14, 17]

We useN to denote the set of natural numbers (positive integersy.niFg n € N we let[m,n] :=
{mm+1,...,n} and[n] := [1,n]. A classical decision probleis a setP C X*, whereX is a finite alphabet.
P is trivial if P =0 orP = Z* andnontrivial otherwise. Aparameterized problens a pair(Q, k), where
Q C >* for some finite alphabet andk : >* — N is polynomial time computable. The mappikgs called
the parameterizationWe occasionally write € (Q, k) instead ofx € P. A parameterized problefi@Q, )
istrivial if Q is and nontrivial otherwise.

Exponential complexity

Recall that in the exponential theory we study parameteipzeblemgP, v) and view the parameterization
vV as asize measute The most obvious size measure for a problera >* is thelength of the input
v(x) = |x|. Unfortunately, for most natural problems, the length @ ittput is not exactly what we think
of as its “size”. For example, we are used to thinking of tlze sif a graptG with n vertices andn edges



as beingm+n) rather thar®(n+m-logn), which would be the length of a reasonable encoding ofrer

a finite alphabet. To abstract from such a heavy dependenceding issues, we define tiseze||G|| of

a graphG with n vertices andn edges tan+ n. Hence we distinguish between “size” and “length (of an
encoding)” of a graph. Similarly, we define the sij#g|| of a Boolean circuit to be the number of gates
plus the number of lines. We view Boolean formulas as spetialits, so they inherit the size measures
for circuits. For example, for a CNF-formuta= A", \/ij(i:]_)\ij this means thaffa|| = ©(3 ", k). We
denote the parameterization of a graph problem or satikfiaproblem P by the input size by-P. For
example, we let

S-SAT
Instance: A CNF-formulaa.
Parameter: ||a||.
Problem: Decide whetheun is satisfiable.

Other natural size measures are the “number of verticegjrimph problems and the “number of vari-
ables” for satisfiability problems. As examples, consitierfbllowing problems:

S-VertiNDEPENDENTFSET
Instance: A graphG = (V,E) and & € N.
Parameter: |V|.
Problem: Decides whethe® has an independent set of cardinality

s-var-3-SAT
Instance: A 3-CNF-formulaa.
Parameter: Number of variables ofr.
Problem: Decide whetheun is satisfiable.

Similarly, we can define the graph problesgert-CLIQUE, s-vertV ERTEX-COVER, S-VertDOMINATING -SET
and the satisfiability problenssvar-SAT (satisfiability of CNF-formulas)s-var-CIRCUIT-SAT (satisfiabil-
ity of Boolean circuits, parameterized by the number of irgates).
For two functionsf, g with rangeN, we sayf is effectively little-orof g and writef € 0%(g), if there
is a computable functionthat isnondecreasingndunboundeduch that

-o(?).

Definition 1. A parameterized problerfP,v) is subexponentially solvabiéthere is an algorithm that
for every instance decides whethet € P in time

207(V0) . x|O),

By 2°™(v(X) we mean $X for some functionf € o®ff(v). SUBEPT denotes the class of all subexponen-
tially solvable problems.

As mentioned in the introduction, an example of a problemUBEPT iss-CLIQUE, the clique problem
parameterized by the input size, which is solvable in tifde/?1°9™ wherem denotes the size of the input
graph. Other, less trivial examples of problems in SUBERT the planar restrictions of many standard
optimization problems parameterized by the number of eest{or the size, which is equivalent for planar
graphs). For example, the probleswertPLANAR-VERTEX-COVER, S-VertPLANAR-INDEPENDENTF
SET, ands-vertPLANAR-DOMINATING -SET are all solvable in time 2v" and hence in SUBEPT [2].
However, most natural NP-complete problems do not seemito BBEPT. To establish a completeness
theory giving evidence to claims of problems not being in 8PB, we need an appropriate notion of
reduction. The following lemma offers an alternative clotgdzation of SUBEPT, which is the basis of
the reductions we shall introduce afterwards.



Lemma 2. Let(P,v) be a parameterized problem over the alphabeThe following are equivalent:
(1) (P,v) € SUBEPT

(2) There is an algorithm expecting inputs froa* x N and a computable function f such that for all
(x,£) € =* x N the algorithmA decides if xc P in time f(¢) - 2V®/¢. |x O,

(3) There is an algorithmA expecting inputs frol>* x N, a computable function f, and a constant
ce N, such that for all(x,¢) € £* x N the algorithmA decides if xc P in time f(¢)-2¢V®)/¢. x| O,

Proof. (1) = (2): Assume(P,v) € SUBEPT. Leti be a computable function that is nondecreasing and
unbounded, and let be an algorithm decidinge P in time 22V(X/1(v(X) . |x|°(1) for some constant e N.
For¢ e N, letn(¢) :=max({n|1(n) < c-£}U{1}) andf(¢) := 2°"(). Then for all(x,¢) € =* x N we have
26v/1vE) L x| O < f(g) - 2v/C. x|O), Let A’ be the algorithm that, give(x,£) € * x N, simply
ignores? and simulated\ on inputx. ThenA’ andf satisfy the conditions of (2).
The direction from (2) to (3) is trivial. We turn t@) = (1): Let f : N — N be a computable function,c N
a constant, ané an algorithm that, giverix,/) € =* x N, decides ifx € P in time f(¢) - 2cVX)/¢ . |x|O(D)
Without loss of generality, we may assunfigs increasing and time-constructible. Let N — N be
the following computable functionz(n) := max({¢ | f(¢) < n} U{1}), which is clearly nondecreasing,
unbounded, and computable in time polynomiahinLet A’ be the following algorithm for deciding:
Givenx € ¥*, first computen := v(x) and? := 1(n), and then simulaté& on (x,¢). The running time of\
is bounded by
|X|0(1) +nP@ f(1(n))- ocn/i(n) |X|0(1)
< |x°® 4+ 0@ 1 o(n)- 20°f(n) x|
= 200 |xO),

O

Our notion of reduction is essentially thatsfbexponential reduction familieas introduced in [17].
The reduction families in [17] are Turing reductions; weodlgtroduce a many-one version.

Definition 3. Let (P,v) and(P’,v’) be parameterized problems over the alphabetsdy’, respectively.

(1) A subexponential reduction famjlpr simply serf reduction from (P,v) to (P’,v’) is a mapping
R:Z* x N — ()%, such that:

(a) Forall(x,¢) € * x Nwe have(x € P <= R(x,{) € P').
(b) Given a pair(x,¢) € Z* x N, the imageR(x, £) is computable in time
f(0)- v(x)/e, |X|O<1)

for some computable functioh: N — N.
(c) There is a computable functign N — N such that

VI(R(x,0)) < g(£) - (v(x) +log|x|)
forall (x,¢) € ¥* x N.

(2) A subexponential Turing reduction familgr serf Turing reductionfrom (P,v) to (P’,v’) is an
algorithmA with an oracle td® such that there are computable functidng : N — N with:

(a) Given a paifx, /) € Z* x N, the algorithmA decides ifx € P in time

f(£)-2"0/0. |x O,



(b) For all oracle queriesy‘c P'?” posed byA on input(x,¢) € * x N it holds that
V'(y) < 9(6) - (v(x) +log|X|).

We write (P,v) <S¢ (P’ V') (or (P,v) <S¢™T (P’,v")) if there is a serf reduction (serf Turing re-
duction, respectively) fronfP,v) to (P,v/). We write (P,v) =S¢ (P, V) if (P,v) <¢ (P",v/) and
(P/, V’) Ssen‘ (Pv).

It is clear that(P,v) <S¢ (P’,v/) implies (P,v) <¢"T (P",v’). It is not completely trivial that serf
reductions preserve subexponential solvability.

Proposition 4. Let (P,v) and (P',v') be parameterized problems. (B, v) <5¢T (P’ V') and (P,V') €
SUBEPT, then(P,v) € SUBEPT.

Proof. Let ¥,%’ be the alphabets dP,v), (P',V’), respectively. LetA be a serf Turing reduction from
(Pv)to (P,v'), and letf, g be the functions bounding the running time and the paramietef’ : N — N
be a computable function and an algorithm that, giveiix,¢') € (£')* x N, decides ifX € P’ in time
f/(0)-2V"0)/C . |x |90, Suchf’, A’ exist by Lemma 2.

Let B be the algorithm that, givefx,¢) € Z* x N, simulatesA and answers the oracle queries with
instanced by simulatingd’ on input(x', ¢'), where?’ := g(¢) - £. Observe that since the running timedofs
bounded byf (¢) - 2V®/¢. |x|O() for each oracle query with instangewe havex'| < f(¢)- 2/, |xO1),
Also recall that by the definition of subexponential redaictfamilies, we have/’(x') < g(¢) - (v(x) +
log|x|). ThenB decidesP, and the running time on inp(, ¢) is bounded by

f(0)-2Y0/L. ) OW . /(). 2V )/ |y |O)
f/

< f(£)- 2700 O £(g(0) - 0)

- 2(OHog /L f(9)O(1). 20(v(X¥/6) . |5 OM)
f(g)o(l) f(g(l)-0) - 20(v(x)/)  ologx/¢ |X|O(l)
< h() - 2000/ 4O

IA

for a suitable computable functidm Thus by Lemma 2(P,v) € SUBEPT. O

Example 5. For every graph problem we trivially haves-P <$¢fs-vert-P as a reduction family we can
simply use the mapping(x, £) = x. Similarly, for every satisfiability probler® we haves-P <5 s-var-P.

Itis a highly nontrivial result due to Impagliazzo et al. [1f7at for many natural graph and satisfiability
problems, the converse also holds. As a matter of fact, liigzamp et al. proved that the following problems
are all equivalent with respect to serf Turing reductios8-SAT, s-var-3-SAT, S-INDEPENDENTFSET, S-
vert-INDEPENDENTFSET, S-VERTEX-COVER, s-vertV ERTEX-COVER, S-DOMINATING-SET, ands-vert-
CLIQUE.

Note thats-CLIQUE does not appear in this list of problems. Indeed, it seenikelplthats-CLIQUE is
equivalent to the problems above because it is in SUBEP Tre@isehe other problems are notin SUBEPT
unless the exponential time hypothesis (mentioned in thiednction) fails.

While unlikely to belong to SUBEPT, all problems consideiedhe previous example belong to the
class EPT:

Definition 6. A parameterized probleifP, v) is in EPT if there is an algorithm that, for every instance
x, decides ifx € P in time 22(V() . |x|O),

It follows from the Time Hierarchy Theorenthat SUBEPT is groper subclass of EPT. The next
proposition shows that EPT is closed under serf Turing recios.

Proposition 7. Let (P,v) and (P',v') be parameterized problems. (B, v) <5¢T (P’ V') and (P, V') €
EPT, then(P,v) € EPT.

Proof. It is not hard to see that, from the a serf Turing reductiomf{®, v) to (P,v’), we can construct
an algorithmA with an oracle td® satisfying:



(R1) A decides ifx € P in time O(2"® . |x| %)) for any instance.
(R2) For all oracle queries/c P'?" posed byA on inputx we havev’(y) = O(v(x) + log|x).

Let A’ be an algorithm that, givexi, decides¢ € P’ in time 2(V'(X)) . |x/|O1),

Now we define the following algorithi that, given an instance simulatesA and answers the oracle
gueries with instanc® by simulatingA’ onx'. By (R1), for each oracle query with instandewe have
IX| = O(2"™ . |x|OM). In addition, (R2) implies that’(xX') = O(v(x) +log|x|). Itis clear thafB decides
P, and its running time on inputis bounded by

0(2"™ . |x|OW)y . 20V (X)) . |y |O(1)
= 0(2"X . x| . 20(v(+loglx) . 5(20(v(X) .| OL)y

= 200v(¥) . %O
O

The following example introduces another problem that tith out to be complete for the class EPT
under serf-reduction.

Example 8. Consider the halting problem for alternating Turing maekiwith binary alphabet parame-
terized by the amount of space a computation uses (haltwiggms parameterized by space are referred
to has “compact” halting problems in the parameterized derity literature):

p-COMPACT-BIN-ATM-HALT

Instance: An alternating Turing machinil with binary alphabetk € N.
Parameter: k

Problem: Decide whetheM accepts the empty input using at mksape cells.

Itis easy to see thatCOMPACT-BIN-ATM-H ALT € EPT; just observe that for a given instarité k),
there are at modN = 2°( . [M|°(1) many relevant configurations. So we can first computestinéiguration
graphof M of sizeN, and then test the accepting condition in time polynomialibby computing the
alternating reachability probleron that graph.

Parameterized complexity

As mentioned in the introduction, in parameterized comipfexe are dealing with the same type of prob-
lems as in exponential complexity, namely parameterizetlpms(Q, k), whereQ C ¥* andk : ¥* — N

is polynomial time computable. However, we study the protddérom a different perspective, in parame-
terized complexity theory we usually assume the parametee small, whereas in the exponential theory,
the parameter is supposed to be a size measure and hencdlussize of the instance.

Definition 9. A parameterized problerfQ, k) is fixed-parameter tractablé there is an algorithn\ and
a computable functiom such that for every instanceA decides ifx € Q in time

F(k(x)) - x°W.
FPT denotes the class of all fixed-parameter tractable @nadl

Observe that
EPTC FPT.

Example 10. The following parameterized vertex cover problem is mayieelest studied problem in
parameterized complexity theory.

p-VERTEX-COVER

Instance: A graphG and a nonnegative integler
Parameter: k

Problem: Decide ifG has a vertex cover of cardinaliky




Itis easy to see that-V ERTEX-COVERIs fixed-parameter tractable. Actually, the problem is eneBPT.
Example 11. The problemns-varSAT is in EPT and hence fixed-parameter tractable.

Definition 12. Let (Q, k) and(Q', k') be two parameterized problems over the alphabeisdZ’, respec-
tively.

(1) A (many-onejpt-reductionfrom (Q, ) to (Q',k’) is a mappindR: Z* — (£')* such that:
(a) Forallx e =* we have(x € Q <= R(x) € Q).
(b) For allx € *, the imageR(x) is computable in time
f (k) - [x/°
for a computabld : N — N,
(c) There is a computable functign N — N such thak’(R(x)) < g(k(x)) for all x € *.

(2) An fpt Turing reductiorfrom (Q, k) to (Q', k') is an algorithmA with an oracle tdQ’ such that there
are computable functionsg: N — N with:

(a) Given an instancee >*, the algorithmA decides ifx € Q in time
F(k (%)) - X0V

(b) For all oracle queriesy'c Q'?” posed byA on inputx € Z* it holds thatk’(y) < g(k(X)).

We write (Q, k) <™ (Q', k") (or (Q,k) <PT (Q/, k")) if there is an fpt-reduction (fpt Turing reduction,
respectively) from(Q, k) to (Q', k'), and we writeg(Q, k) =P (@, k') (and similarly(Q, k) =PT (Q/, k"))
if (Q,k) <™ (Q,k’)and(Q,k’) <P'(Q, k). Itis easy the see that a many-one fpt-reduction is alsotan fp
Turing reduction, and FPT is closed under fpt Turing recudi

Most parameterized problems that are studied in parametedomplexity theory have the property
that for every fixed parameter value, the instances withuhlise are decidable in polynomial time (albeit
by an algorithm whose running time is bounded by a polynothial may depend on the paramekgr
Essentially, XP is the class of all such problems, but witmifonmity condition added.

Definition 13. A parameterized problerfQ, k) is in XP, if there is an algorithm\ and a computable
functionf : N — N such thatA decideqQ, and the running time of on inputx is bounded by

O([x| ()
Clearly, XP is closed under fpt- and fpt Turing reductions.

Example 14. Theparameterized compact halting problem for alternatingifigmachiness the following
parameterized problem.

p-COMPACT-ATM-HALT

Instance: An alternatingTuring machineM with arbitrary alphabetk € N.
Parameter: k

Problem: Decide whetheM accepts the empty input using sp&ce

It has been proved by Demri et al. [8] tirCoMPACT-ATM-H ALT is complete for XP under fpt-reductions.



3 The miniaturization mapping

Definition 15. Let (P,v) be a parameterized problem over the alphabetve define thaminiaturization
A (P,v) of (P,v) as the following parameterized problem:

A (Pv)
Instance: xc £* andme N in unary.
Parameter: [%W if m> 2 andv(x) otherwise.

Problem: Decide whethex € P.

In other words,# (P,v) is the parameterization of the classical problem

Instance: xc £* andme N in unary.
Problem: Decide whethex € P.

with kK (x,m) = [v(x)/logm].
The ideas underlying the following result go back to [4, 9heTtheorem also follows from Theorem 19
below, but nevertheless we find it worthwhile to state and/@ibseparately first.

Theorem 16. Let (P, v) be a parameterized problem. ThéPv) € SUBEPT «<— .# (P,v) € FPT.

Proof. Let X be the alphabet d?. Assume(P,v) is in SUBEPT. By Lemma 2, there is an algorithin
expecting inputs fronz* x N and a computable functiohsuch that for allx, ¢) € £* x N, the algorithm
A decides ifx € Pin time f(¢) - 2V®/¢. |x|O(1),

Let B be the following algorithm: Given an instanfem) € 2* x N, first B computes the parameter

k:{[%ﬂ ifm>2,

V(X) otherwise

It is easy to verify that
2VX/k < om, (3.1)

ThenB simulatesA on (x,k). The time taken by the simulation is bounded by
f(K) - 2V09/K. |x|OD) < £ (k) - 2m- |x|OD (by (3.1)
< 2f (k) - (|x| +m)°.

Therefore# (P,v) is fixed-parameter tractable.
For the converse direction, assume there is an algorthand a computable functioh: N — N that
for every(x,m) with m > 2 decides if(x,m) is a ‘yes’-instance of# (P,v) in time

f G%D - (IX] +m)°.

Without loss of generality we assume thais nondecreasing. Now I& be the algorithm that, for any
given(x, /) € 2* x N, first computes

m:— ’72‘}()()/[‘7
which can be done in time®’®/9 . |x|°1), Notem> 2. ThenB simulatesA on (x,m), which requires
time
¢ GMD (X + MO < f(g) . 2000/0) O
logm
So again by Lemma ZP,v) is in SUBEPT. O



As the following two examples show, there is a number of mpid that have natural parameterized
problems as their miniaturizations. THamming weighof a finite Boolean valued function is the number
of arguments that are mappedTRUE.

Example 17. The miniaturization ob-var-CIRCUIT-SAT is fpt-equivalent to the followingarameterized
weighted circuit satisfiability problem

p-W-CIRCUIT-SAT
Instance: A Boolean circuitC and ak € N.
Parameter: k
Problem: Decide whethe€ has a satisfying assignment of Hamming weikht

Essentially, this result goes back to Abrahamson, DowneyFailows [1] (see [14] for a proof). It de-
rives its significance from the fact thptW-CIRCUIT-SAT is complete for the important parameterized
complexity class W[P].

Example 18. The miniaturization op-CoMPACT-BIN-ATM-H ALT (see Example 8) is fpt-equivalent to
the parameterized problepaCoMPACT-ATM-H ALT (see Example 14).

Proof. First it is easy to see the miniaturization@COMPACT-BIN-ATM-H ALT is fpt-equivalent to the
problem:

p-k-logn-COMPACT-BIN-ATM-HALT

Instance: An alternating Turing machiné! with binary alphabety € N in unary, k € N.
Parameter: k

Problem: Decide whetheM accepts the empty input using sp&célogn].

Therefore it suffices to shop-CoMPACT-ATM-H ALT =Pt p-k- logn-COMPACT-BIN-ATM-HALT.

p-COMPACT-ATM-HALT <! p-k-logn-CoMPACT-BIN-ATM-HALT: Given an alternating machirid
of arbitrary alphabet, it is not very hard, albeit tediowsgonstruct another alternating machMg, with
binary alphabet by encoding each symboMrby a binary string of lengthlog|M|]. ThusM accepts the
empty input using spadeif and only if My, accepts the empty input using spcélog|M|]. So

(M, k) — (Mpin, M|, k)

is an appropriate fpt-reduction.

p-k-logn-COMPACT-BIN-ATM-H ALT <! p-CoMPACT-ATM-H ALT: For an alternating machind with
binary alphabet and a natural numbewe can construct an alternating machivhg,qn whose alphabet is
of sizen, each corresponds[éogn]-bit binary. ThusMpiogn) can simulate a computation bf which uses
spacek- [logn] by a computation using spakeHence

(M,n,k) — (M[Iogn} ,K)
gives the required fpt-reduction. O

The previous example can be generalized to the halting enadbfordeterministicandnondetermin-
istic Turing machines parameterized by space. However for theanome do not have a similar exact
correspondence between “time” halting problems.

As we have seen in Theorem 16, miniaturization maps subexyiahsolvability of a problem exactly
into the fixed-parameter tractability of its miniaturizati Indeed it can be viewed as a consequence of the
following theorem.

Theorem 19. Let (P,v) and(P',v’) be parameterized problems. Then

(1) (Pv) < (P V) «— .7 (Pv) <Ptz (P, V).
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(2) (Pv) < T (P V) = . (Pv) <PT 7 (P, V).

Proof. We show (2), the easier (1) is left to the reader. Leinds’ be the alphabets ¢f andP’, respec-
tively.

For the forward direction, le be a serf Turing reduction frorfP,v) to (P’,v’) such that for every
input (x,¢) € =* x N the running time ofA is bounded byf (¢) - 2®/¢. |x|°1) and for any oracle query
“x' € P'?” posed byA it holds that

V() <g(0) - (v(x) + log|x|) (3.2)

for some computable functian: N — N. Without loss of generality we assume thas nondecreasing.
LetB be an algorithm that, given an instaneem) of .# (P, k), simulatesA on (x,k), where

. [pa] itm=>2,
V(X) otherwise
is the parameter f, m), and replaces each oracle quexy¢ P'?” posed byA by “(X',m') € .2 (P',v')?”

wherem' := max{|x'|,m,2}.
The overall running time dB is bounded by

f(K) - 2v09/%. x|OD) < £ (k) - 2m- |x|OD.

Furthermore, for each oracle querfx;m’) € .# (P’,v')?" posed byB, we havev’(x') < g(k) - (v(x) +

log|x|) by (3.2). Sincen > 2, the parameter ¢, n) is L‘géxrﬂ

- If m> 2, thenk= [%W and we have
V(X) v(x) +log x|
Logrﬂw =9l { logn l
<g(K)- G%-‘ +1> (by m' > |x| andnm > m)
=9k - (k+1).

- Otherwisem= 1 andk = v(x). It follows that

V(XW — [v<x>+|og|x|w

logm’ logm’
<000 (| o] 1) (bym > )
<g(k)- (k+1) (sincem’ > 2 andk = v(x)).

ThusB is an fpt Turing reduction from# (P,v) to . (P',V’).

For the backward direction, lek be an algorithm with an oracle to7 (P’,v’) such that there are
nondecreasing computable functiohg : N — N and a constard € N with:

(F1) Given an instance,m) € Z* x N with m > 2, the algorithmA decides if(x, m) € .# (P,v) in time
f ([—V(X) W ) (x| 4 m)d.
logm

11



(F2) For all oracle querieS%,n') € .# (P',v’)?" posed byA on input(x, m) with m > 2 we have
art| = [eom )
logm’ logm
/ v(¥)
vt)<9( g )

To show (P,v) <¢T (P’ '), let B be an algorithm with an oracle t@',v’) such that, given a pair
(x,£) € Z* x N, the algorithnB simulatesA on (x,m), where

m:= max{|x|, [2‘“’()/(""")} } ,

if m > 2, and

if m=1.

and replaces oracle querigs*;n') € .# (P, v')?" posed byA by “X' € P'?".
Observe tham > 2 and

V(X)
ogm =46 (3.3)

So by (F1) the running time & on (x,m), and henc® on (x, ¢), is bounded by

f G Ve D (X m) < F(d-0) 29 2V /0 xd,

logm

Here we assume without loss of generality thxat> 0. Note it follows that for any oracle queryx’,n') €
M (P,v")?" posed byA, we have

m < f(d-¢).29. 20/ |9, (3.4)
since it is represented in unary.

Now for any oracle queryX € P'?” posed byB, which comes from the simulation @éf over an oracle
query “(X,m) e .4 (P',v')?", if M > 2, then (F2) implies

| <9 (fom )

V/(X) < g(d-£)-log(f(d-¢)-2¢- 2"/ ) < h(¢) - (v(x) + log|x])

Therefore by (3.3) and (3.4)

for some suitable computable functibnOtherwisem’ = 1. Again by (F2), we have

oo 2])

V(') <g(d-£) <g(d-£)- (v(x) +log|x]).
SoB is a serf Turing reduction frorP, v) to (P, v’).

It follows that

O

The main results of this and the following section can masgahtly be formulated in the language of
degreedrom classical recursion theory. Suppose we have some it@litlyarelation < on parameterized
problems, for example<™. In general,< only needs to be a reflexive and transitive relation. Let us
denote the corresponding equivalence relatior=byThen the<-degreeof a problem(Q, v), denoted by
[(Q,v)]=, is the=-equivalence class @B, v). For example, theP-degree op-CoMPACT-ATM-H ALT
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is the class of all XP-complete problems. The class ofatlegrees is denoted ly<, and for a class C
of parameterized problems that is downward closed urdehe class of all degrees in C is denoted by
C-. The reductior< induces a partial order d<. If <=<™!, then to simplify the notation we speak of
fpt-degrees instead of P-degrees and writ§(Q, v)]™', Dyy, et cetera. The same notational convention
applies to reductions T, <sef gnd<sertT,

Note that by Theorem 19 (1), the miniaturization mappingices a well-defined mapping’ : Dges—
Dyt defined by//{([[(P, v)]]se"f) = [[//Z(P, v)]]fpt, on the serf-degrees. By Theorem 19(2), it also induces
a mapping on the serf Turing degrees. The main results of#fuison can be summarized in the following
theorem:

Theorem 20 (Embedding Theorem).The miniaturization mapping induces an embedding of théadr
ordered se{Dserf, gse”) into the partially ordered setDryt, gfpt) and also an embedding of the partially
ordered se{Dserr., <5°™T) into the partially ordered setDep.t, <PT).

4 An Isomorphism between EPT and XP

Lemma 21. Let(Q,k) € XP. Then there exists a problefR, v) € EPTsuch tha(Q, k) =P'.# (P,v).
Proof. Let Z be the alphabet d. Without loss of generality we may assume tQa 0 andQ # >*. In a
first step we construct a problei@’, k') that is fpt-equivalent t¢Q, k) and decidable in tim® (|x|\/ K'<X>) .

Suppose that € Q is decidable in time (|x| f<’<(x>>), where without loss of generalitiyis increasing
and time constructible. L€tY, k’) be the following parameterized problem:

Input:  x€ ¥, and/ € N in unary such that > f(k(x))2.
Parameter: /.
Problem: Decide whethex € Q.

Itis easy to see that inde¢’, k') =Pt (Q, ) and thatQ is decidable in time (|x|v K'<X>).

In the second step, we construct the desired protjem). Let 2’ be the alphabet d@. We let(P,v)
be the following problem:

Input:  xe (Z')*.
Parameter: k’(x) - [log|x|] if |x| > 2 andk’(x) otherwise.
Problem: Decide whethere Q'.

ThenP = @/, thatis,(P,v) is just a re-parameterization @, k’). Recall thaY is decidable in time
0 (|x|x/K’<X>) o) (zwwxﬂog\x\) <0 (Zv(x)) .

It follows that(P,v) € EPT. Now we claim that# (P,v) =P (Q/, k).
Letx, € Q andx_ € (¥')*\ Q. To prove that# (P,v) <! (QY,k’), we define a reductioR by letting

Xy ifm>[xVK® andxe @,
RX,m) = qx_ ifm>|xV<¥® andx ¢ Q,

X  otherwise

Then clearly for all(x,m) € Z* x N we have(x,m) € .# (P,v) < R(x,m) € Q. Moreover,R(x,m)
is computable in polynomial time, because Q' is decidable in timeO(|x|V*¥'®)), which is O(m) if

m> |x|VK®,
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It remains to prove that the paramei€(R(x,m)) of the image is effectively bounded in terms of the
parameter

V(X) otherwise

‘. {[v(x)/logm1 if m>2,

of the argument. Lgx, m) be an instance o# (P, v) If m> x| VK™, thenk (R(x,m)) < max{k (x; ),k (x_)},
which is a constant. So let us assume that [x|V*'®. Thenk’(R(x,m)) = k’(X).

- If |x| > 2, then logn < /K'(X) - [log|x|] = v(X)/+/K’ because/ K'(x) - [log|x|]. Thus
in casem > 2 we havek’(x) = k’(x) - logm/logm < \/ /Iogm and therefore<’(x) <
(v(x)/logm)? < k2. Otherwisem = 1, we havek = v(X) = K ( ) ﬂog|x|] > K'(X).

- If x| < 2, thenk’(x) is bounded by a constant, since there are only finitely maolysu

This shows that indeeis an fpt-reduction and prove# (P,v) <P (Q/,k’).

For the other direction@,«’) <Pt .7 (P,v), we define a reductioR: (')* — (¥')* x N by R(x) =
(%,2|X| +2)). Itis easy to see that(x) < k’(x) - [log(|x| + 2)] for everyx € (Z')*. Thus

v(x) K'(x) - [log(|x| +2)] /
ez < | e | <K
andRis an fpt-reduction frontQ, k') to .# (P,v). O

Now we can establish a similar correspondence as Theoreniti @aspect to XP and EPT.
Theorem 22. Let (P, v) be a parameterized problem. Thév) € EPT «<—= .# (P,v) € XP.

Proof. Let (P,v) € EPT, in other words(P,v) is decidable in time 2v®) . |x|°(1). Let (x,m) be an
instance of/l(P v). If m> 2, then we lek := ( ( )/logm]|. Then the instance is decidable in time
20(v(0) . x|0) < mPV(/logm) . 150 < (mt [x])OK. If m= 1, then the parametdxrof (X, m) is V(x).
It follows that we can decide whethéx,m) € . (P, v) in time 2V . |x|01) = 200 . |x|O1) Hence,
A (Pv)isin XP.

For another direction, assun# (P,v) € XP. By Lemma 21, there is a parameterized problBmv’) €
EPT such that# (P,v) =Pt .# (P',v’). Now Theorem 19 implie$P,v) =" (P’,v'), and by Proposi-
tion 7,(P,v) € EPT. O

Corollary 23. Let (P,v) be a parameterized problem(P,v) is EPT-complete EPT-hard) underserf
reductions if and only# (P,v) is XP-complete XP-hard, respectively) unddpt-reductions.

Example 24. p-COMPACT-BIN-ATM-HALT is complete for EPT under serf-reductions.

Proof. p-CoMPACT-ATM-HALT is complete for XP under fpt-reductions [8], and the minigtation of
p-COMPACT-ATM-HALT is fpt-equivalent tgp-COMPACT-BIN-ATM-HALT (see Example 18). So Corol-
lary 23 impliesp-COMPACT-BIN-ATM-H ALT is complete for EPT under serf-reductions. O

Rephrasing the results of this section in the language afegsgntroduced at the end of the previous
section, we obtain the following theorem:

Theorem 25 (Isomorphism Theorem).The miniaturization mapping induces an isomorphism betwee
(EPTserr, <3¢ and (XPry, <) and also an isomorphism betwe@P Tser.1, <5¢™T) and (XPye.1, <PUT).
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Outside EPT and XP

The following theorem shows that the Isomorphism Theorenmotibe extended from the degrees in EPT
and XP to all degrees, because outside of XP the mappingéaddug the miniaturization mapping is not
onto.

Theorem 26. There is a parameterized problef®, k) that is notfpt-T-equivalent ta.# (P,v) for any
(Pv).

We need some preparation before we prove the theorem.

Definition 27. Let Q and@ be two classical problems. An algorithdnwith an oracle tdY is a2-exptime
Turing reductionfrom Q to Q/, if for any instancex of Q, A decides ifx € Q in time

O

22

2-exptime Turing reductions are slightly at odds with a# tisual reductions (including those intro-
duced in this paper so far), namely they aretnatsitive However they are closed under the composition
with polynomial time Turing reductions. More precisely:

Lemma 28. Let Q, G, Q' be classical problems. There is a 2-exptime Turing redndiiom Q to d,

o if there is a 2-exptime Turing reduction from Q té,@nd a polynomial time Turing reduction from
Qtoq”
o or, if there is a polynomial time Turing reduction from Q td, @nd a 2-exptime Turing reduction
from Q to Q.
We omit the routine proof.
Lemma 29. There is a sequence of problefy )iy such that
o {{i} xQi|i e N} is decidable,

e foralli € N, Q is not 2-exptime Turing reducible to
Li:={(j,x) | j #iand xe Q; }.

Proof. Fix an alphabeX. Let A1, Ay, ... be an effective enumeration of all the 2-exptime Turing rticns
from problems over the alphabeto problems that are subsetsMf >*.
ForSCNx >, ee N, andx € =*, we define

AS (X) = 1 Aeacceptx with an oracle t&5
€ 0 otherwise

and let
u(S.ex) :=max{|y| | in the computation oAS(x) there is an oracle query‘c S}

Clearly, for a computabl8the setsAS(x) andu(S e, x) are both computable i@andx.
Note for givenS;,$; C N x 2%, ee N, andx € Z*, if for all y € N x Z* with |y| < u(S,ex), (y €
S < ye€ ), then the computation 0&\31(x) exactly coincides with that o&?(x), in particular,
Sty — A
A (X) = A& (x).

Let(-,-):Nx N — N be areasonable bijective encoding function. We shall coasa computable
sequence of pairwise distinct eleme(ds)jcy € 2* such that forj = (i, €), aj witnesses the fact that

Ae is not a reduction fron@; to L.
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Simultaneously, we will define a sequence-U < ¢; < ¢2--- of nonnegative integers and a sequence
=R CP CPC---CNxZX*of sets such that for ajl e N with j = (i,e),

G <|(i,a))] < ¢, (4.1)
and |P\Pj_1| C {(i,a))}. (4.2)
Then we set, for eadhe N,
Q= {aez*|(i,a)e UPJ-}. (4.3)
jeN

Recallég =0, By = 0. Now for j € N with j = (i,e), assume;_1 andP;_; are already defined. Let
aj € Z* be the minimal element in the lexicographical order such tha

[N
and thatg; is distinct from allaj for 1 < j’ < j. Now let
T={(",a) e P |i #i} = P2\ ({i} x ). (4.4)
and
;= max{u(Tj,ea;), |(i,a)|}. (4.5)
() If Ad(aj) =0, letP, := Py U{(i,a))}.
(i) OtherwiseAd (aj) =1, letP; := Pj_,.
This finishes the construction.
Now we show that for eache € N, A¢ is not a reduction fron®; to

Li={(i",a)|i'#iandac Qy}
= {(i",a)| " #1, and there exists pc N such thati’,a) € P; } (4.6)
Let j :=(i,e). Note it suffices to prove that it isot the case that
acQ <« Al =1

First observe that (4.4) and (4.6) imply C L;. And by (4.1), (4.2), and (4.5), for ary ,&) € Li\Tj,
we have|(i’,a)| > u(Tj, e a;j). It follows that

. T
Ag(a)) = Ad' (). 4.7
Recall during the construction we have two casesNBl(aj )

@) If AZJ (aj) =0, thenAs (aj) =0 by (4.7). And by our constructiofi,a;) € Pj, thereforea; € Q; by
(4.3).

(i) If AZJ (a)) =1, thenAs (aj) = 1. Hence(i,aj) ¢ P;\Pj_1. It follows that(i,a;) ¢ P, for all j’ € N
by (4.2). Consequently; £ Q;.
To see tha{{i} x Q; | i € N} is decidable, lefi,a) € N x Z* be an instance. Clearly

acQ < (haecJP.
jeN

We compute the minimgl € N such that
|(i,a)| < 45,

and then decide ifi, a) is in the finite se®;.
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Proof of Theorem 26Let (Qj)icy be as stated in Lemma 29. And for eazh N, let @ denote thee-th
partially recursive function.

For anyee N andn € NU{0}, let

k kis maximum such thage(1), ..., @(k) are defined
Clen) := together can be computed in at mogteps, and each is smaller than

1 if no suchk exists

Clearly for any fixede, C(e,n) can be computed in time polynomial m andC(e,n) < n. Moreover if
@ (1) is defined, then
@(C(e,n)) < max{¢(1),n}. (4.8)

Now let
Q:={(eak)|ecN,ac Qe andk=C(ea))}.
Define the parameterizationby k (e,a,k) := k.
Suppose for contradiction that
(Q.k) =Tz (Pv)
for a parameterized proble(® v) over some alphabét. Let

v(X) w

logm

ptem) = |

be the parameterization o (P, v).
Let A be an fpt-T-reduction froniQ, k) to .# (P,v), and letf : N — N be a computable function such
that, for all instanceg, the algorithmA decides ifx € Q in time

f(k(x))- X°0.

Lete e N be such thatp. = f. We leavee fixed for the rest of the proof.

Claim 1 There is a polynomial time Turing reduction fra@a to . (P, v).
Proof of the claim Let B be the following Turing reduction fror®e to MINI(P,v): Given an instance
a € 2*, the algorithmiB computes in polynomial timk := C(e,|a|). Then it simulates the fpt-T-reduction
Aon(ea k). Sinceac Q. < (e a,k) € Q, this algorithmB correctly decides i& € Qe.
Moreover (4.8) implies that
@e(k (e a,k)) = @(k) = O(|a)

for @ is total. Hence the running time &f (and hence oB) on (e, a,k) is

90 = O(lal) - |(e,a, k)| *
(al) - 2]
(Jal°).

%(K(ev a, k)) ’ |(ev a, k)

O
O

The second equality follows from the fact that C(e,|a|) < |a] andeis a constant. ThuB is a desired
polynomial time Turing reduction, which proves Claim 1.

Sincev is polynomial time computable, without loss of generality assume
v(x) <2 (4.9)

foranyx € (')*. Let
P = {(x22") | xeP} 2
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It follows that for all(x,m) € P/
A2
m=2°". (4.10)

Claim 2 . (P,v) is 2-exptime Turing reducible t8'.
Proof of the claim Given an instancéx,m) € (¥')* x N, we have

(x,m) € .4 (PV) & xcP < (x,22")eP.
This can be easily turned into a 2-exptime Turing reductions Claim 2 is proved.
Note that for all(x, m) € P’ we have

V(X) ]

logm

ptem) = |

IN

X
LOSTw (by (4.9) and (4.10))

1. (4.11)

Claim 3 There is a polynomial time Turing reducti@nfrom P’ to Q. Moreover the set

{(e,a,k) € Q| for some(x,m) € (£')* x N,
there is an oracle queryé a, k) € Q?” in the computation oB on (x,m) }
is finite.
Proof of the claim Recall we assume? (P,v) =P'T (Q, k). So there is an algorithty’ with an oracle to
(Q, k) and a computable functian: N — N, such that, given an instanéem) € (¥')* x N:

(E1) A’ decides if(x,m) € . (P,v) in time

g(p(x,m) - | (x, m) .

(E2) For each oracle query¢ a’. k') € Q?” posed byA/,
K(€,a,K) =K < g'(u(xm)
for a computable functiog’ : N — N. For simplicity, we assumg = g.

Given an instancéx, m) of P’, the algorithnB first checks in polynomial time ifn £ 22 or p(x,m) >
1. If so, then(x,m) is a ‘no’-instance by (4.10) and (4.11). Otherwige= 22 > x|, andp(x,m) = 1. It
follows that
(x,m) €P <= xeP < (x,m) €.# (Pv).

ThereforeB decides if(x, m) € P’ by simulatingA’ on (x, m), which by (E1) requires time
g(u (6 m) -6 m) O = g(1) - | (x,m)[ OV,

therefore polynomial in(x, m)|.
Now for any oracle query(¥,a,k’) € Q?” that occurs in the simulation @&’ on (x,m), by (E2) we
have
K'=«k(€,a,K) <g(p(x,m)=g(1).

3Here 2 is represented in unary.
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If (¢,a,K') € Qande = e, thenk' =C(e, |d'|) is the maximum such thak(1),..., ¢e(k') can be computed
in at most|a’| steps and all bounded b |. As k' is bounded by the fixed constagi(tl) independent ok
andm, there are only finitely many suc with (e a,k’) € Q for all possible instancel, m), otherwise
@ is not total. Thus Claim 3 is proved.

Claim 4. There is a polynomial time Turing reduction frdphto
Le={(¢,a) | € #eandac Qg }.

Proof of the claim By Claim 3 it suffices to give a polynomial time Turing redioct from

{(¢.ak cQ|é+e)
to Le: For any instancée, a k), if k£ C(€,|a|) or € = g, then it is a ‘no’-instance. Otherwise

(¢,ak e{(¢d.akecQ|d+e} — (¢.a)cle
This proves Claim 4.
Combining Claims 1,2, and 4, we have a 2-exptime Turing rédndrom Qe to Le by Lemma 28,

which contradicts our construction. O

5 The S-hierarchy and the W-hierarchy

The purpose of this last section of the paper is to gathenéuevidence that the miniaturization mapping is
not only an abstract isomorphism between exponential arehpeterized complexity theory, but actually
establishes a relation between interesting and relevanplaxity classes on both sides. Specifically, we
shall lay out a relation between a natural hierarchy of thgoerntial theory and the W-hierarchy of pa-
rameterized complexity theory. The basic ideas underlgfilgysection go back to Abrahamson, Downey,
and Fellows [1] and have been refined in [5, 6, 13].
The W-hierarchy is defined in terms wkighted satisfiability problenfer classed” of Boolean for-

mulas or circuits:

p-WSaT (")
Instance:y €I’ andk € N.
Parameter: k
Problem: Decide whethey has a satisfying assignment of Hamming weiight

We denote the class of Boolean circuits byRC, and the class of formulas byoRM. Recall that
FORM is viewed as a subclass ofiez. Note thatp-WSAT(CIRC) is exactly the parameterized problem
p-W-CIRCUIT-SAT introduced in Example 17.

Fort > 0 andd > 1 we inductively define the following classEgy and/; 4 of Boolean formulas:

Mod:= {AMA...AA|C<d,Aq,..., A literals},

Dog:= {A1V...VAc|c<d,Ag,...,Ac literals},

Meind = {/\a |1 finite, & € Aq foralli € |},

iel

Dri1g = {\/yI |1 finite, y € Ty q foralli e I}.

iel
TheW-hierarchyof parameterized complexity theory consists of the follogwtlasses:
Definition 30. (1) Fort > 1, Wt] := Ug=1 {(Q.K) | (Q,K) <P p-WSAT (' q)}.
(2) W[SaT] := {(Q,K) | (Q.k) <™ p-WSaT (ForM)}.
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(3) WIP]:= {(Q,k) | (Q,k) <™ p-WSaT(CIRC)}.

This definition of the W-hierarchy establishes the role oiglieed satisfiability problems as the “generic”
(hard) problems of parameterized complexity theory. Weppse that plain (unweighted) satisfiability
problems with the “number of variables” size measure cag plaimilar role in exponential complexity
theory. For every clads of Boolean formulas or circuits, we let:

s-varSat(l)
Instance:yeT.

Parameter: Number of variables oy.
Problem: Decide whethey is satisfiable.

The S-hierarchyconsists of the following classes:

Definition 31. (1) Fort > 1, St] := Ug=1{(P.V) | (P,v) <*Ts-varSaT ([ q4)}.
(2) SsaT]:={(Pv) | (P,v) <5¢"s-varSAT(FORM)}.
(3) SIPl={(Pv) | (Pv) <*Ts-varSaT(CIRC)}.

So far, mainly the first level S[1] of the S-hierarchy has betardied, and some highly nontrivial
completeness results are known. Most importantly, Impagb, Paturi, and Zane [17] have proved that
s-varSaT([13) (that is, 3-satisfiability) is complete for S[1] under setfrihg reductions. Thus the expo-
nential hypothesis (discussed in the introduction) isemjant to S[1}~ SUBEPT.

The image of the S-hierarchy

Definition 32. (1) Foraclass C of parameterized problems that is downwased under serf-reducibility,
theimage ofC under the miniaturization mapping the class

A (C) = {(Q,k) | (Q,k) <P'.# (Pv) for some(P,v) € C}.

(2) Foraclass C of parameterized problems that is downwased under fpt-reducibility, thereimage
of C under the miniaturization mappirig the class

MHC):={(Pv)|.# (Pv)eC}.

To relate the S-hierarchy and the W-hierarchy, we consigerirhage of the S-hierarchy under the
miniaturization mapping (the so-calldd-hierarchy):

Definition 33. Fort > 1, we let Mt] := .# (S]t]). Furthermore, we let [BAT] := .# (S[SaT]) and
M[P] := .# (S[P)).

The M-hierarchy is a natural hierarchy within the realm ofgwaeterized complexity theory. It is
populated not only by the miniaturizations of the satisfigbproblems, but also by the following re-
parameterizations. For every cldssf Boolean formulas or circuits, we let:

p-log=1-SaT(I")

Instance: A circuit y € I' of sizemwith n inputs (variables).
Parameter: [n/logm].

Problem: Decide ify is satisfiable.

The motivation to study these problems can be explainedlbsvi For simplicity, let us consider
I' = CIRC, and letm denote the size andthe number of input gates. If we parameteriza &IRC) by n
then we obtain the familiar problemvar-SAT(CIRC), which is fixed-parameter tractable; it even belongs
to the class EPT. A parameterized problem gets “harder” ifle@ease the parameter. For the satisfiability
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problem, we may consider the parameterizati@ﬁim(Cmc), Kh) for functionsh: N — N, where for every
circuit y of sizemwith n inputs we let
n

For constanh = 1, kj, is just our old parameterization by the number of inputs, éedefore the prob-
lem (SAT(CIRC),Kkp) = s-SAT(CIRC) is fixed-parameter tractable. At the other end of the scale, f
h(m) > m> n we havek(y) = 1, and essentiallf SAT(CIRC), ky) is just the NP-complete unparame-
terized problem 8r(CIRC). More formally, the problem is complete for the parametdizomplexity
class para-NP (cf. [14]). Thus by increasing the functiowe can shift the fixed-parameter tractable
problems-SAT(CIRC) to a highly intractable problem that is not even containetheclass XP (unless
PTIME = NP). We leave it has an easy exercise for the reader to pratdahh(m) < o®(logm) the
problem (SaT(CIRC), kp) is still fixed-parameter tractable. Fhftm) € w(logm), it seems unlikely that
the problem(SAT(CIRC),ky) is in XP, and therefore it is not so interesting from the paifiview of
parameterized complexity. However, fbfm) € ©(logm) the problem(SAT(CIRC), kp) is right on the
“boundary” of XP. Note thap-log~!-SaT(CIRC) is (SAT(CIRC), kp) for h(m) = logm.

While the problenp-log=-SAT (") bears some similarity withz# (s-var-SaT (")), the two problems
are not the same. Nevertheless, it can be shown that for-tvedlaved” classds of circuits, which include
CIrc, FoRrM, and all classeB; g4, the two problems are fpt-equivalent [13]. Hence the M-duiey can be
characterized directly in terms of the log-parameteraresi

= J{(Q«) | (QK) <" p-log *-SaT(I"tq)} fort > 1,
d>1

M[SAT] = {(Q.k) | (Q,k) <™ p-log™-SaT(FORM)},

M[P] = {(Q.k) | QK <f|f"p|og‘1 SAT(CIRC) }.

¢From the fact thas-SAT (M1 3) (i.e., 3-SAT) is complete for [3] under serf Turing reductions, it fol-
lows thatp-log—1-SaT(I"y 3) is complete for M1] under fpt Turing reductions. Another natural problem
complete for M1] is the following re-parameterized vertex cover problenis tiesult is due to Cai and
Juedes [4]:

p-log~1-VERTEX-COVER

Instance: A graphG of sizemand a nonnegative integler
Parameter: [k/logm].

Problem: Decide ifG has a vertex cover of cardinaliky

The following theorem shows how the M-hierarchy relates®W-hierarchy:

Theorem 34 (Abrahamson et al. [1]).For every t> 1, M[t] C W[t] C M[t+1]. MoreoverM[SAT] =
W([SaT] andM[P] = W[P].

For a proof, we refer the reader to [13] or [14].
A schematic figure illustrating the relations between theglexity classes considered so far can be
found in Figure 1.

The preimage of the W-hierarchy

The discussion above shows that the M-hierarchy, that ésjrtfage of the S-hierarchy under the minia-
turization mapping, is reasonably well understood andtirésting also for “intrinsically parameterized
complexity” reasons. What about the preimage of the W-haénain the world of exponential complexity
(shown as dashed ovals in Figure 1)? The remainder of thseasidevoted to this question.

When we studied the M-hierarchy and, more generally, thgéwd problems in EPT under the minia-
turization mapping, we re-parameterized the problems biglidig the parameter by the logarithm of the
instance size, hence making the parameter smaller and ohéeprs “harder”. It turned out that this in-
creased the parameterized complexity by just the right atahifting problems from EPT to XP. The
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S[SAT]

Figure 1: Overview over the complexity classes and hieiasch

natural idea for the converse direction is to multiply thegpaeter by the logarithm of the instance size,
hence making the parameter larger and the problems “eagied again, we will see that this simple idea
works.

It will be convenient to first prove that the reparameteitabf problems by multiplying the parameter
by the logarithm of the instance size gives an inverse fomtir@aturization mapping for all problems
satisfying certain technical conditions. After that, walsprove that the W-hierarchy can be characterized
in terms of problems satisfying these technical conditions

Definition 35. Let (Q, k) be a parameterized problem over the alph&bet
Thelog reparameterizationf (Q, k) is the mappingZ between parameterized problems defined by
Z(Q,K) :=(Q,A), whereA : Z* — N with

1 otherwise

A = {wx) log|x|] if x| >2,

for all x € =*.

Then obviously:
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Lemma 36. For all parameterized problem®), k) it holds that
(QK) <Pz (£(Qk)).
Proof. The mapping— (X, |X|) is an fpt-reduction. O
We can prove a partial converse for problems that have tt@fivig property:

Definition 37. A parameterized problerfQ, k) over the alphabel is scalableif there is a mapping :
>* x N such that for alk € Z* ands > max{|x|, 2} it holds that:

(1) xeQ <= F(x,9 €Q);
(2) F(x,s) is computable in time polynomial ifjx| + s);
(3) K(F(x9)) < [k(x)- 24 ].

Example 38. The parameterized independent set problem

p-INDEPENDENFSET
Instance: A graphG andk > 1.
Parameter: k
Problem: Decide whethe6 has an independent set of cardinakty

is scalable.

To see this, leG = (V,E) be a graph anét € N. Let m be the size of the instan¢&, k) ands > 2.
Clearlym> 2. Let/ := [logs/logm]. Thenm~1 < s < m’. Without loss of generality we assume tlkat
is a multiple of? (in the proof of Lemma 42 we shall see how to avoid such an agsan). LetG' be the
graph whose vertices are all independent sefs of size/, with an edge between two such independent
sets if they are disjoint and their union is an independentfsgize Z. ThenG has an independent set of
sizek if and only if G’ has an independent set of size

sz <k logm < [k Iogmw .

logs — | logs
We let(G',k/¢) be the scaled instance pflNDEPENDENTFSET.

Theslicesof a parameterized proble(®, k) are the classical probleng = {x € Q| k(x) =i}, for
i > 1. Observe thatif a problem is scalable and its first slic@ignpomial time decidable, then the problem
is in XP. To see this, lefQ, k) be a scalable problem such tt@¢ is polynomial time decidable. Letbe
an instance. Scalewith s= |x|*®. Then the resulting instaneéhas parameter value 1. Hende Q can
be decided in polynomial time. Note that this actually giesalgorithm deciding € Q in time [x| (<)),

Lemma 39. Let(Q, k) be a scalable problem. Then

M (L (Q.K)) =P (Q,k).

Proof. By Lemma 36, we havéQ, k) <P' .7 (.Z (Q,«)). Thus we only have to prove the converse. Let
3 be the alphabet d). LetF : 2* x N — X* be a function witnessing th&®, k) is scalable. We define a
reductionR: 2* x N — Z* by:

F(x,m) ifm>|x>2,
X otherwise

R(x,m) := {

Obviously, (x,m) € .# (£ (Q,k)) if and only if R(x,m) € Q. FurthermoreR is polynomial time com-
putable becausg is. To see that the parameter of tRémage of an instance can be bounded in terms of
the parameter of the instance, (&m) be an instance o7 (. (Q,k)) andx := R(x,m). If x| < 2, then
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X =x, andk (X') = k(x) is bounded by a constant, since there are only finitely nxamigh |x| < 2. So we
assumex| > 2 and let
A .
. { [0l ] 2

[K(x)-log|x|] otherwise

be the parameter value 0f, m). If m> |x|, thenx = F(x,m) and

where the first inequality holds by the definition of scaliépilOtherwisem < |x]. It follows thatx’ = x and
K(X) = K(X).

- If m> 2, then

K(X) = K(x)-logm _ k(x)-loglx| FK(X)'|09|X|W
~ logm logm logm

- Otherwisem= 1 and we have
k= [K(x)-log|x|] > K(x).

O

The notation in the following example requires explanatiBar functionsf,g: N> — N we say that
ge OEff(f) if there is a computable functian N — N that is nondecreasing and unbounded such that for all

m,k it holds thatg(m k) < f(m,k)/1(m+K). We say thaty € 20 (f(mK) if there is a functiory’ € o°f(f)
such that(m, k) < 29(MK) for all m k. Some care needs to be taken with this notation. For example,

Zoeff(k.|ogn) c oeff (nk).

An example of a function i (nk) \ 20°(klog) jg /2.

Example 40. The log reparameterization pfINDEPENDENTFSET is the problem:

S-logdNDEPENDENFSET
Instance: A graphG of sizemandk > 1.
Parameter: [k-logm].
Problem: Decide if G has an independent set of cardinakty

Hence the miniaturization mapping mapg4{NDEPENDENTFSET to a parameterized problem fpt-equiv-
alent top-INDEPENDENTSET, or equivalently, maps the serf-degfiselogd NDEPENDENTFSET]® to the
fpt-degredp-INDEPENDENFSET]PL. Asp-INDEPENDENTFSET is complete for W1 under fpt-reductions
[11], it follows thats-log{ NDEPENDENTFSET is complete for# —1(W[1]) under serf-reductions.

An interesting consequence of this result is that ERW/[1] if and only if there is an algorithm deciding

whether a graph of size has an independent set of skén time 2°"(k109m) . O()  or equivalently, an
algorithm deciding whether amvertex graph has an independent set of kiretime 2" (klogn) . nO(1),

We cannot apply the same technique as in the previous exantpiethe defining problensWSAT (It ¢)
of the W-hierarchy directly, because they are not (obvigustalable. We take a detour through the mono-
tone and antimonotone versions of these problems. Let Ua 8alolean formulanonotoneif it contains
no negations, andntimonotoneif all variables are negated and no other negations ocoura Elassb of
formulas, we us@™ to denote the class of monotone formulagiand similarlyd~ for the antimonotone
formulas.

Lemma 41 (Downey and Fellows [10, 11])Lett,d € N such thatt+d > 3.

(1) Iftis even, then M/SAT(I‘tTd) is complete folV[t] under fpt-reductions.
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(2) Iftis odd, then pA/SAT (') is complete folV[t] under fpt-reductions.
Lemma 42. Lett,d € Nsuchthatt+d > 3.

(1) Iftis even, then pWSAT(I'y) is scalable.

(2) Iftis odd, then pA/SaT (I 4) is scalable.
Furthermore, the problems W SAT (FORM) and pWSAT (CIRC) are scalable.

Proof. Assume first that is odd. Lety € Md be a formula of sizen with n variables. Without loss of
generality we assunta > n > 2 and letk,s € N such than > k > 1,s > m, and/ := [logs/logn]. Let us
assume first that is a multiple of?.

LetV denote the set of variables gf For each/-element subse® C V we introduce a new variable
Ys ¢ V. Now we replace each negative literaX in y by the conjunction

A -Ys.

SCV with
X|=(andX € S

The resulting formula can be transformed into an equivdiggtformulay’ in time O(m‘”). We let

)// = V’/\ /\ (—|Ys\/ﬁYg).
S S CV with
IS =S| =¢andSNS £ 0
Ast+d > 3, the resulting formula is still i . Itis easy to see that’ has a satisfying assignment of
Hamming weighk/¢ if and only if y has a satisfying assignment of Hamming weighEurthermore,

k k. logn “k. logm < [k- Iogmw

¢~ " logs ™~ logs — | logs

It remains to explain what we do ifis a not multiple of’. We letk be the least multiple of greater
thank. Then we choose= ssuch that/logs/log(n+ 1+ k—k)| = ¢. We lety be a the !, formula

YA(RYLV-Z)A A (Y VL),

where thery,...,Y;_,, Zare new variables notin Theny has a satisfying assignment of Hamming weight
k if and only if y has a satisfying assignment of Hamming weighi\Ve apply the construction above to
the instance ¥,k) ands’obtain art*d—formula;/’ that has a satisfying assigment of Hamming welg/rﬁ
if and only if y has a satisfying assignment of weidghtAs [k/(Z] [k/¢] by the choice ok, this is good
enough.

Assume now thatt is even. Lety € thd be a formula of sizen with n variables, and let,s € N such
thatn > k> 1,s>m. Let?:= [logs/logn]. Without loss of generality, we may assume thist a multiple
of £. LetV be the set of variables of. For each/-element subseb C V we introduce a new variable
Ys. Now we replace each variabkein y by the disjunctiony/ gy wi xesYs. The resulting formula can
be transformed into an equivaldﬁtd—formula)/ in time O(m‘”). It is easy to see that has a satisfying
assignment of Hamming weigky ¢ if y has a satisfying assignment of Hamming weighConversely,
if ¥ has a satisfying assignment of Hamming weight theny has a satisfying assignment of Hamming
weight at mosk, and hence by monotonicity, a satisfying assignment of iteegactlyk. Moreover, we
havek/¢ < [k-logm/logs] (as above).

Using similar ideas, it is easy to prove theWSAT (FORM) andp-WSAT(CIRC) are scalable. O

For every clas§ of Boolean formulas or circuits, we let:

S-log-WSAaT (")
Instance: y € ' of sizemandk € N.
Parameter: [k-logm].
Problem: Decide ify has a satisfying assignment of Hamming weight
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Corollary 43. Lett,d € N such thattd > 3.
(1) Iftis even, then s-IogVSAT(F;jd) is complete for# ~1(W[t]) underserfreductions.

(2) Iftis odd, then s-logA/SAT(I", ) is complete for#—1(W(t]) undersertreductions.
As ./ ~1(W[SAT]) = S[SaT] and.# ~1(W[P]) = S[P], we also get:
Corollary 44. (1) s-log\WSAT(FORM) is complete folS[SAT] underserfreductions.

(2) s-logWSAT(CIRC) is complete folS[P]underserfreductions.

Note that, combined with our earlier results, (2) implies fbllowing corollary. (Statement (1) has a
similar consequence for formulas, which we do not stateieil)

Corollary 45. The following statements are equivalent:
(1) There is an algorithm deciding if a circuit of size m witimputs is satisfiable in tima™"(m . e

(2) There is an algorithm deciding if a circuit of size m withinputs has a satisfying assignment of
Hamming weight k in tim@®"(logm) . ,0(1),

Corollary 43 already yields a characterization of the pege of the W-hierarchy under the minia-
turization mapping, but we find it not yet completely satisfey because it involves a restriction of the
satisfiability problems not used so far. Fortunately, weeasily get rid of this restriction.

Lemma 46. Lett, d € Nsuchthatt+d > 3.
(1) Iftis even, then s-lo§¥SAT (I 4) zserfs-logWSAT(thd).

(2) Iftis odd, then s-logA/ SAT (I ) ="s-log-WSAT (I'{y).

Proof. In [16], the authors give a polynomial time reductions fronS\ (I 4) to WSAT(F{d) for event

and from WS\t (I 4) to WSAT () for oddt that are linear in the parameter. These reductions caryeasil
be turned into the desired serf-reductions. O

Finally, we are ready to state and prove the main result efgéction:
Theorem 47. For every t> 1,

AW = [ {(Pv) | (Pv) <%Ts-logWSAT (T g) }.
d>1

6 Concluding remarks

This paper is a contribution to a (not yet clearly establiflexponential complexity theory. A long term
goal of such a theory might be to prove that the exponeniied tiypothesis is equivalent taANP and thus
obtain a solid basis for exponential lower bounds such aetledor 3-T stated by the exponential time
hypothesis. However, with current methods this goal seamsfareach, and maybe such an equivalence
cannot be established without actually proving that theoeeptial time hypothesis and henceZANP
holds?

What we can establish now is a close connection between exgiahand parameterized complexity
theory. The obvious open question is whether the exporidirtia hypothesis is equivalent to FRA
WI[1], or more or less equivalently, whether[M = W/[1]. Despite serious efforts, so far researchers in
parameterized complexity have not been able to prove tha} MW[1], even though this still seems quite
plausible. However, it would also be compatible with ourreat knowledge that M[23 W[1].

The higher levels of the S-hierarchy (or equivalently, thénirarchy), have not yet received much
attention. Specifically, no completeness results for Si@Jkamown, even though the class contains natural
problems such asvar-SAT that are not believed to be in S[1]. It may be worthwhile taigtthe class S[2]
and develop a completeness theory for this class similaread{1]-completeness theory, which is based
on Impagliazzo, Paturi, and Zane’s Sparsification Lemma [17

“However, 20 years ago an equivalence between the inappabiity of, say, MAX - SAT and P# NP also must have seemed far
out of reach.
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