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Abstract

We give machine characterizations of most parameterizegpkxity classes, in particular, of |,
of the classes of the W-hierarchy, and of the A-hierarchy.eéxample, we characterize W[P] as the class
of all parameterized problems decidable by a nondetertiariised-parameter tractable algorithm whose
use of nondeterminism is bounded in terms of the paramekernfachine characterizations suggest the
introduction of a hierarchy WW'® between the W and the A-hierarchy. We study the basic priegent
this hierarchy.

1. Introduction

Parameterized complexity theory provides a framework fiamegrain complexity analysis of algorithmic
problems that are intractable in general. It has been usadalyze problems in various areas of computer
science, for example, database theory [13, 15], artifici@ligence [12], and computational biology [1,
16]. The theory is built on a weakened notion of tractabititlled fixed-parameter tractabilitywhich
relaxes the classical notion of tractability, polynomiadé computability, by admitting algorithms whose
running time is exponential, but only in terms of sop@rameterof the problem instance that can be
expected to be small in the typical applications.

A core structural parameterized complexity theory has loesmloped over the last 10-15 years (see
[6]). Unfortunately, it has led to a bewildering variety ofinameterized complexity classes, the most
important of which are displayed in Figure 1. As the readdr hdve guessed, none of the inclusions is
known to be strict. The smallest of the displayed classes$, BRhe class of all fixed-parameter tractable
problems. Of course there is also a huge variety of classm@plexity classes, but their importance is
somewhat limited by the predominant role of the class NPalameterized complexity, the classification
of problems tends to be less clear cut. For example, for efitte@lasses \W|, W[2], and W[P] there are
several natural complete problems which are parametemimadf classical NP-complete problems.

Not only is there a large number of (important) parameterzzamplexity classes, but unfortunately it
is also not easy to understand these classes. The main reasbis may be seen in the fact that all the
classes (except FPT) are defined in terms of complete prabi@md no natural machine characterizations
are known. This makes it hard to get a grasp on the classe#, alsd frequently leads to confusion with
respect to what notion of reduction is used to define the etdsdn this paper, we try to remedy this
situation by giving machine characterizations of the patamized complexity classes.

Our starting point is the class W[P], which is defined to bedlzss of all parameterized problems
that are reducible to theeighted satisfiability problerfior Boolean circuits. This problem asks whether a
given circuit has a satisfying assignmentdightk, that is, a satisfying assignment in which precisely
inputs are set taRUE. Herek is treated as thparameterof the problem. It is worth mentioning at this
point that all the other “W-classes” in Figure 1 are definaxliisirly in terms of the weighted satisfiability
problem, but for restricted classes of circuits. Our firgiilem is a simple machine characterization of the
class W[P], which generalizes an earlier characterizatiento Cai, Chen, Downey and Fellows [2] of the
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FPT—WI[1] = A[l] > W[2] > W[3] = - - - — W[SAT] — WIP|
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Al2] = A[3] = -+ = AW[x] —» AW[SAT] — AW|[P]

Figure 1. Parameterized complexity classes.

class of all problems in W[P] that are in NP when consideredassical problems. Intuitively, our result
states that a problem is in W[P] if and only if it is decidabjesbnondeterministic fixed-parameter tractable
algorithm whose use of nondeterminism is bounded in ternth@parameter. A precise formulation of
this result is that a problem is in W[P] if and only if it is dded in timef (k) - p(n) by a nondeterministic
Turing machine that makes at mgig) -log n nondeterministic steps, for some computable funcfiamd
some polynomiap. Herek denotes the parameter andhe size of the input instance. While it has been
noted before (see, for example, Chapter 17 of [6]) that tiseaerelation between limited nondeterminism
and parameterized complexity theory, no such simple andggequivalence was known. As a by-product
of this result, we get a somewhat surprising machine chariaation of the class W] = A[1]: A problem

is in W[1] if and only if it is decidable by a nondeterministic fixed-pareter tractable algorithm that does
its nondeterministic steps only among the last steps ofahgpaitation.

Nondeterministic random access machines turn out to bepghmpriate machine model in order to
make precise what we mean by “among the last steps”. In tleideterministic steps these machines are
able to guess natural numbetsf (k) - p(n), wheref is a computable function anda polynomial. The
corresponding alternating random access machines cheracthe classes of the A-hierarchy.

It is known that the model-checking problems M) and MCE; ;) are complete for ] and W],
respectively. Herel;, denotes the class af;-formulas in relational vocabularies, where all blocks of
quantifiers, besides the first one, just consist of a singéntiiier. The corresponding restriction for the
length of the blocks of alternating random access machiiedg pnachine characterizations of the classes
of a hierarchy, which we denote by™#. We have Wt] € W'"[] C A[t], but we do not know, if any
of the inclusions can be replaced by an equality:for 2. We show that the model-checking problem for
¥, 1-formulas in vocabulariewith function symbols is complete for Wc[t].

To obtain machine characterizations of the classes of theeférchy we have to restrict the access of
alternating random access machines to the guessed nuritharsgrtain sense they only have access to
properties of the objects denoted by the numbers but nottadimbers themselves.

Extended abstracts containing parts of the results apgpeargs, 4].

2. Parameterized Complexity Theory
We recall the notions of parameterized problem, of fixecapeater tractability, and of fpt-reduction.

A parameterized problens a set) C ¥* x N, whereX is a finite alphabet. Ifz, k) € ¥* x Nis
an instance of a parameterized problem, we refer &% theinput and tok as theparameter Usually,
we denote the parameter Byand the length of the input stringby n. Parameters are encoded in unary,
although, in general, this is inessential.

Definition 1. A parameterized proble C ¥* x N is fixed-parameter tractablef there is a computable
function f : N — N, a polynomialp, and an algorithm that, given a pdir, k) € X* x N, decides if
(z,k) € Q inatmostf(k) - p(n) steps.

FPT denotes the complexity class consisting of all fixeckpeater tractable parameterized problems.

Occasionally we use the term fptgorithmto refer to an algorithm that takes as input pairsk) €
¥* x N and has a running time bounded figk) - p(n) for some computable functiofi: N — N and
polynomialp. Thus a parameterized problem is in FPT, if it can be decigeghifpt-algorithm. However,
we use the term fpt-algorithm mostly when referring to aiigpons computing mappings.

To compare the complexity of problems that are not fixedpater tractable, we need an appropriate
notion of parameterized reduction:



Definition 2. An fpt-reductionfrom the parameterized problefhC X* x N to the parameterized problem
Q' C (¥')* x Nisamapping? : ¥* x N — (X')* x N such that:

(1) Forall(z,k) €e ¥* xN: (z,k) € Q < R(z,k) € Q.

(2) There exists a computable functipn N — N such that for al{z, k) € ¥* x N, say withR(z, k) =
(', k"), we havek' < g(k).

(3) R can be computed by an fpt-algorithm.
We write Q@ <! ' if there is an fpt-reduction fror) to Q’. We let
QI = {Q'|Q <™Q}.

Often we introduce parameterized problems in the form we ele lwith theparameterized clique
problemp-CLIQUE:

p-CLIQUE
Input: A graphg.
Parameter: k € N.
Problem: Decide ifG has a clique of sizé.

3. The class WI[P]

One of the most natural NP-complete problems isdinguit satisfiability problemthe problem to decide
if a given circuit can be satisfied by some assignment. A i€is k-satisfiablgwherek € N), if there is
an assignment for the set of input gate€ aff weightk satisfyingC, where thaveightof an assignment is
the number of input gates setteuUE. Theweighted circuit satisfiability problem-WSAT CIRCUIT is the
following parameterized problem:

p-WSATCIRCUIT
Input:  Acircuit C.
Parameter: k£ € N.
Problem: Decide ifC is k-satisfiable.

Now, W[P] is the class of all parameterized problems thafptreeducible top-WSATCIRCUIT, that is,
W[P] := [p-WSATCircuIT]™.

Cai et al. [2] gave a machine characterization of all prold@mN[P] which are in NP when considered as
classical problems.

Theorem 3 (Cai et al. [2]). Let @) be a parameterized problem, which isNP as a classical problem.
Then@ € WIP] if and only if there is a nondeterministic Turing machihedeciding such that}/ on
input (z, k) performs at mosp(|z| + k) steps and at most(k) - log n nondeterministic steps (for some
computablef and polynomiap).

Clearly, there are W[P] problems that do not lie in NP. In tegstion, we generalize Theorem 3 to a
machine characterization that covers all of W[P].

We use standard random access machines (RAMs) as descr[iddl iDeviating from [14], we assume
for simplicity, that the registers contain natural numb@rsd not integers). The arithmetic operations are
addition, (modified) subtraction, and division by two (roed off), and we use a uniform cost measure.
For details, we refer the reader to Section 2.6 of [14]. Ifittechine stops, @cceptsts input, if the content
of register 0 (theaccumulatoy is O; otherwise, itejects

Our model is non-standard when it comes to nondeterminisstedd of just allowing our machines to
nondeterministically choose one bit, or an instructionhaf program to be executed next, we allow them
to nondeterministically choose a natural number. Of cothiseis problematic, because if the machine
can really “guess” arbitrary numbers, computations carongér be described by finitely branching trees,



and nondeterministic machines can no longer be simulatedebsrministic ones. To avoid the kind of
problems resulting from this, we decided that a “bounded$iem of this unlimited nondeterminism is
most appropriate for our purposes. Therefore, we defimmaeterministiRAM, or NRAM, to be a RAM
with an additional instruction “GUESS” whose semanticg3siess a natural number less than or equal to
the number stored in the accumulator and store it in the aotator. Acceptance of an input by an NRAM
program is defined as usually for nondeterministic machirgtsps of a computation of an NRAM that
execute a GUESS instruction are caltezhdeterministic steps

While this form of nondeterminism may seem unnatural at iggt, we would like to argue that it is
very natural in many typical “applications” of nondeterisim. For example, a nondeterministic algorithm
for finding a clique in a graph guesses a sequence of verticdgearaph and then verifies that these
vertices indeed form a cliqgue. Such an algorithm is mucheeakéscribed on a machine that can guess
the numbers representing the vertices of a graph at onéerrédtan guessing their bits. In any case, we
believe that our results justify our choice of model. ForwHar discussion of this issue we refer the reader
to Remark 9.

Definition 4. A program for an NRAM is an nfptprogram if there is a computable functiofiand a
polynomialp such that for every inputz, k) with || = n the progran® on every run

(1) performs at mosf(k) - p(n) steps;

(2) performs at mosf (k) nondeterministic steps;

(3) uses at most the firgt(k) - p(n) registers;

(4) contains numbers f(k) - p(n) in all registers at every point of the computation.

By standard arguments one gets:

Lemma 5. Let@ be a parameterized problem. The following are equivalent:
(1) There is amfpt-program for anNRAM deciding@.

(2) There is a nondeterministic Turing machiié deciding such thatM on input(z, k) performs at
mostg (k) - g(n) steps and at mogt(k) - log » nondeterministic steps (for some computable function
g and polynomialy; recall thatn denotes the lengthx| of ).

(3) There is a nondeterministic Turing machifé acceptingl). Moreover, every accepting run af
on input(z, k) has length at mos§(k) - ¢(n) and has the nondeterministic steps among the first
g(k) - log n ones (for some computable functigand polynomia).

Theorem 6. Let Q be a parameterized problem. Théhe WI[P] if and only if there is amfpt-program
for anNRAM deciding@.

Proof: Assume first that) € W[P]. Then, by the definition of W[P]pQ <™ p-WSATCIRCUIT. Hence
there are computable functiorfsandg, a polynomialp, and an algorithn#\ assigning to everyz, k), in
time < f(k) - p(n), a circuitC,  and a natural numbéf = k'(z, k) < g(k) such that

Qzk <= (. has asatisfying assignment of weigfit

Thus, we can assume that the nodes of the cirCuijt are (labelled by) natural numbess f (k) - p(n).
The claimed nfpt-progra on input(z, k) proceeds as follows:

1. Itcompute<, , andk’;
2. It guesses thé' (labels of) input nodes to be settauE;
3. It evaluates the circui, , and acceptér, k) if the circuit outputsTRUE.

(When carrying out line 1P simulates the algorithm step by step and after each step increases a fixed
register, say registep by “1". Line 2 can be realized by’ times copying the content of registgrinto
the accumulator, invoking the instruction GUESS, and stpthe guesses appropriately.) Clearly, the



number of steps thd@ performs can be bounded byk) - ¢(n) (for some computable functidnand some
polynomialg) and the number of nondeterministic step&'i$< g(k)).

For the converse direction suppose thais decided by an nfpt-prografh By the previous lemma,
there is a computable functiofy a polynomialp, and a nondeterministic Turing machiié accepting
@ such that for(z, k) € @ every run of M acceptyz, k) in at mostf (k) - p(n) steps and such that the
nondeterministic steps are among fH&)-log n first ones. Without loss of generality, we may suppose that
on every input}M first carries out the nondeterministic steps and that thegather consist in appending
to the input(z, k) a 0-1 string of length at mogtk) - log n.

The deterministic part of the computationfaf can be simulated by a circuit, . in the standard way
(e.g., compare the proof of Theorem 8.1 in [14]) such that

M acceptgz, k) <= C,  has a satisfying assignment. Q)

Cs 1 has size< g(k) - ¢(n) for some computable functiopand some polynomia). It hasf(k) - log n
input nodes corresponding to the 0—1 string chosen in thdeterministic part of the computation 61
(if more bits are required by the deterministic part of thenpaitation ofA/, the circuitC, , will not accept
the corresponding assignment).

We think of thef (k) - log n input nodes of’, ;. as being arranged ifi(k) blocks of logn nodes. Let
us obtain the circuiD,, ;, by addingf (k) blocks ofn new input nodes t6, ; and by ensuring that at most
one input node of each block can be setruE (in a satisfying assignment @, ;). Moreover, we wire
the new input nodes with the old input nodes (i.e., the inmatas ofC, ;) in such a way that if thgth
input node of theth block of D, ;. is set toTRUE, then exactly those old input nodes of ttle block of
Cz .k, Which correspond to positions of the binary represemadig carrying a 1, are set toRUE. Then

C. 1 has a satisfying assignment<—=- D, ; has a satisfying assignment of weighi).

Altogether, we have shown thé <™t p-WSATCIRCUIT, i.e.Q € WI[P]. O

Remark 7. Some of the arguments in the second half of the previous piaaf been used by Downey and
Fellows [6] in a similar context. Specifically, the arguneleiading to (1) and hence, to the equivalence

(z,k) e @ <= C(,  hasasatisfying assignment

show that) <™ SHORT CIRCUIT SATISFIABILITY (cf. [6]). The transition fronC, ;. to D, ; duplicates
the proof of [6] showing that W[P] containsi®RT CIRCUIT SATISFIABILITY ; there, the method is called
thek - log n trick.

By Lemma 5 and Theorem 6 we can strengthen Theorem 3 by:

Corollary 8. Let(@ be a parameterized problem. Th@ne W[P] if and only if there is a nondeterministic
Turing machineV/ deciding@ such thatM on input(z, k) performs at mosg(k) - ¢(n) steps and at most
g(k) - log n nondeterministic steps (for some computable fungjiand some polynomia).

Remark 9. The previous corollary shows that if we define nondeterni;iRAMs by allowing the ma-
chines to guess only one bit per nondeterministic step adsté an arbitrary number, then Theorem 6
remains true if we allow an fpt-program to perforftk) - log n» nondeterministic steps (cf. clause (2) in
Definition 4).

The reason that we chose our non-standard definition of nemdimistic RAMs is that it also gives us
a nice machine description of the clas§ly\\(see Theorem 15).

As a further corollary, we establish a connection betweendbllapse of W[P] with FPT and the
existence of subexponential time algorithm of NP problenith Wwounded binary nondeterminism. The
reader should compare our result with Corollary 17.3 in Y8 could not verify the claim of this corollary,
in fact there seems to be a gap in the proof.

We denote by NF f (k)] the class of problem@ C ¥£* x N such that)zk is solvable by a nondeter-
ministic polynomial time (inz| + &) algorithm that uses at mogtk) bits of nondeterminism.



Similarly, SUBEXPTIME[f (k)] denotes the class of probleif}sC ¥* x N such thatyzk is solvable
by a deterministic algorithm in timg(|z| + k) - 29(%) for some polynomiap and computable function
g € o®f(f). Here,g € 0°™(f) means thay € o(f) holds effectively, that is, there is a computable function
h such that for alt > 1 andm > h({), we haveg(m)/f(m) < 1/¢.

Corollary 10. The following are equivalent:
(1) W[P] = FPT.
(2) For everyPTIME-functionf: NP*[f (k)] C SUBEXPTIME"[f(k)].
(3) NP*[id(k)] C SUBEXPTIME[id(k)] (whereid denotes the identity function o%).

Proof: (3) = (1): Assume (3). It suffices to show thatWSATCIRCUIT € FPT. Define the following
classical problend:

Q
Input: A circuit C andk € N.

Problem: Decide ifC is W-satisﬁable.

Here, ||C|| denotes the length of a string encoding the circuih a reasonable way. Clearly, we have
@ € NP*[id(k)] and hence by assumption (3), ¢ SUBEXPTIME'[id(k)]. Moreover, for any instance
(C, k) of p-WSATCIRCUIT,

(C, k) € p-WSATCIRCUIT <<= (C,k-log||C|) € Q.
Therefore, for some polynomiatsandg, p-WSATCIRCUIT can be decided in time
g(|[Cl| + k) + p(lIC|| + - log [|C]]) - 2¢(+ oo €D

for some computablg € o*"(id). This implies thap-WSAT CIRCUIT eventually is in PTIME and hence,
p-WSATCIRCUIT € FPT.

The implication(2) = (3) being trivial, we turn to a proof ofl) = (2): Assume that W[P} FPT. Let
@ C ¥* x N be a problem in NA f (k)] for some PTIME-functiorf. Choose an algorithm witnessing
@ € NP*[f(k)]. We consider the following parameterizatiQyp of Q:

@p

Input: m € Nin unary and an instande, k) of Q).
Parameter: /e N.
Problem: Decide if f(k) < £-logm and(z, k) € Q.

The following nfpt-program for an NRAM decid&$,. The program
(1) checks whethef(k) < ¢-logm,;

(2) guesses natural numbers, ..., m;, < m;

3

(3) calculates the binary expansion of every, altogether obtaining- log m (> f(k)) bits;

(4) using the firsif (k) bits in the nondeterministic steps, simulates the comjuutaff A on input(z, k)
and outputs the corresponding answer.

By our assumption W[P} FPT, we have), € FPT. Therefore, there is an algorithdn that decides
Qpmaxklin time g(¢) - (m + |z| + k)° for some computablg andc € N. By an argument, standard in
complexity theory, we can assume tlgas monotone and that ! is computable in polynomial time.

We present an algoritht, witnessing that) € SUBEXPTIME'[f(k)]. Given(z, k), this algorithm
first computes

(:=g (k) and m :=2/®/¢



in polynomial time and in time°"' (/(¥) respectively. Thenf (k) < ¢-log m. Now, A, uses the algorithm
A, to decide, ifQ,mxkf and hence, it)xk. This requires time

g0 (m+ |z + B < g()-mC- (2l + B)°
k-2l f(k)/e, (|| + k)°
(|2 + k)™ .90 (£ (k)

AN

IN

Altogether, we ge) € SUBEXPTIME'[f(k)]. O

4. The class W1]

In this section we present a machine characterization o€lgmes W1] (= A[l]). Similar to W[P], the
classes W], WJ[2], . .. of the W-hierarchy were also defined by weighted satisfigiplioblems for classes
of circuits or propositional formulas. In particular, theeighted satisfiability problem for formulas in
3CNF is W1]-complete. We will introduce the classes of the W-hieraroiymeans of model-checking
problems for fragments of first-order logic, since they ameerappropriate for a discussion of the machine
characterizations of the classe$lyW]3], ... that we present in Section 7.

4.1. First-Order Logic and Model-Checking Problems. A relational vocabularyr is a finite set of
relation symbols. Each relation symbol hasaaity. The arity ofr is the maximum of the arities of the
symbols inr. A structure A of vocabularyr, or r-structure, consists of a set called theuniverse an
interpretation?* C A" of eachr-ary relation symboR € 7. We synonymously writa € R or R*a to
denote that the tuple € A2™(F) belongs to the relatioR. We only consider structures whose universe
is finite. Thesizeof a r-structureA is the number

Al = 7]+ Al + ) arity(R) - [R4,
ReT
which is the size of thést representatiorof .4 (cf. [10]).
Example 11. We view adirected graphas a structur¢ = (G, E9), whose vocabulary consists of one

binary relation symbokF. G is an (undirectedyraph if EY is irreflexive and symmetric. GRAPH denotes
the class of all graphs.

The class of all first-order formulas is denoted by FO. Theylarilt up from atomic formulas using
the usual boolean connectives and existential and univgusatification. Recall thaatomic formulasare
formulas of the formz = y or Rz ... xz,, wherex,y, z1, ..., z, are variables an® is anr-ary relation
symbol. Fort > 1, ¥; denotes the class of all first-order formulas of the form

3.7711 e Hmlklvmgl .. .Vﬂ?gkz PN Q."I)ﬂ e Q-Ttkt 1/],

where@ =V if ¢ is even and) = 3 otherwise, and wherg is quantifier-free.

If Ais a structureq, ..., a,, are elements of the univergeof A, andy(x1,...,zy) is a first-order
formula whose free variables are among. . ., z,,,, then we write4 |= ¢(ay, ..., an) to denote thad
satisfiesp if the variablesr,, . .., z,, are interpreted by, ..., a.,, respectively. lfp is asentencgi.e., a

formula without free variables, then we write = ¢ to denote thaid satisfiesp.

If ® is a class of formulas, thed[r] denotes the class of all formulas of vocabularyn ® and®[r],
forr € N, the class of all formulas i® whose vocabulary has arity r.

For a classD of structures and a clags of formulas, whose membership is PTIME-decidable, the
model-checking problem fdF on D, denoted by-MC(D, ®), is the problem of deciding whether a given
structured € D satisfies a given sentengec ® parameterized by the length of denoted by,

p-MC(D, ®)
Input: A4 € D, asentence € ®.
Parameter: |¢g|.
Problem: Decide ifA |= ¢.




If D is the class of all finite structures, we also wgtd1C(®) for p-MC(D, ®).

Example 12. Note that a graply has a clique of sizé if and only if

G E Fzy...3xy /\ Ez;z;.
1<i<j<k

Thereforep-CLIQUE <P' p-MC(GRAPH, ;) <P p-MC(%,).

The following definition of W1] is the most appropriate for our purposes (its equivalenttestoriginal
definition was shown in [11]).

Definition 13.
W] = [p-MC(Xy)]P.
Itis known thatp-CLIQUE is complete for W], so the following results are immediate by Example 12.

Theorem 14 (Downey, Fellows, Regan [7], Flum, Grohe [10, 111]
(1) W[1] = [p-MC(GRAPH 3,)]"".
(2) For every relational vocabulary of arity > 2,
W[ = [p-MC(Z,[r])]™.
The machine characterization of the clasfl \eads as follows:

Theorem 15. Let@ be a parameterized problem. Th@ne W[1] if and only if there is a computable func-
tion h and annfpt-program[P for an NRAM deciding@ such that for every run o, all nondeterministic
steps are among the lastk) steps of the computation, whetres the parameter.

To express properties in first-order logic in a more readtshbion, it is sometimes advantageous to
enlarge the vocabularies by constant symbols. Recall thatgiven structured, a constant symbal is
interpreted by an elemerit' € A. We will tacitly make use of the following lemma in the nexopf:

Lemma 16. There is a polynomial time algorithm that, giverrsstructure A and ar-sentencer € ¥,
where the vocabulary may contain constant symbols, computes a structlirand a sentence’ € ¥,
such that

—AEp = A=Y,
— the vocabulary ofd’ and ' is obtained fromr by replacing each constant symbol by a new unary
relation symbol;

— ' only depends omp.
Proof of Theorem 15First assume thad € W[1]. By Theorem 14,
Q <™ p-MC(GRAPH ;).

Hence, there is an fpt-algorithm assigning to every insdmck) of () a graphG = G, ;. and a sentence
Y = pak € Xy, SAY,

¢ = dxp...Jzp,
with |¢| < g(k) for a computable functiop, and with a quantifier-fre¢), such that
Qrk <<= GEo.

Without loss of generality, the univerégof G is an initial segment of the natural numbers.
The following nfpt-program decides whether, k) € @ :



1. It computes the grapf and stores thadjacency matriof G, i.e., foru,v € G a certain register
(whose address is easily calculable franv) contains the information whether there is an edge
between: andv.

2. It computesp.
3. Itchecks whetheg |= .

To carry out point 3, the program, guesses the values of thetidied variables:y, ...,z . Then, it
checks if the quantifier-free pagt is satisfied by this assignment. Since we stored the adjgaaatrix
of G, the number of steps needed for point 3 can be boundéd byfor some computablg. Hence, all
nondeterministic steps are among the lgdt) steps of the computation.

Assume now that the nfpt-prograbth = (7, ..., ,) for an NRAM decides) and that for some
computable functiorh, on every run off on input(z, k) the nondeterministic steps are among the last
h(k) ones. Choose a computable functipand a polynomiap for P according to the definition of nfpt-
program. The set afstruction numbersf P is {1,...,m}, more preciselys. is the instruction of with
instruction numbet.

We show that) <P p-MC(X,). That is to say, for any instande;, k) of @, we will construct a
structure4 = A, ; and aX;-sentence» = ¢, ; such that

Qzk <= P acceptgz, k)
= AR

Let 7 := {<,Ry,R_,Rqy,Reqg0,1,...,m,di,...,ds} with relation symbols< (binary), Ry, R_

(ternary), Rqiv, Reg (binary), and with the constant symbold,...,m,d,,...,ds;. The r-structureA
has universe

A = {0,1,..., f(k) - p(n)}.
(Without loss of generality, we assunfiék) - p(n) > max{m,dy, ..., ds}.) Furthermore

<A is the natural ordering oA;

R4, RA, and Ry, are the relations representing addition, subtraction, dividion by two,
respectively; for example, far, , a2, a3 € A, we have Rfa] asa3 < aj + ax = as);

for a,b € A, Reglab <= b is the value of theith register immediately before the first
nondeterministic step is carried out;

04 =0,14=1,...,m* = m; andd{, ..., d{ are the natural numbers occurring in the
programP either as operands or as instruction numbers.

Clearly,.A can be computed in the time allowed by an fpt-reduction.

Note thatP (as any program for an NRAM) in each step of its computatiangfes the value of at most
one register. In order to have a uniform terminology, we &ay tegister 0 is changed to its actual value, if
no register is updated.

Let v be the sequence of variablesy: zi ... 5 ) Yn(r) 2nr).- FOré = 0,...,h(k) we introduce
formulas

@e(vg, we1)  and Py(ve,y, 2)
with oy = 219121 - . . 2oyez¢ and with the meaning inl:

If on the nondeterministic part (the part beginning with finst nondeterministic step) of its
run on instancéz, k), the progranP, so far, has carried out the instructions with numbers
x1, ...,z thereby changing the content of regiserto z1, .. ., the content of registey, to

z¢, then the next instruction numberig, 1,

and



if on the nondeterministic part of its run on instar{eek), the progran®, so far, has carried
out the instructions with numbets, . . ., z, thereby changing the content of regisjeito 21,
..., the content of registey, to z;, then the content of registgris z,

respectively. Let; be the instruction number of the first nondeterministic &tp on (z, k), ande¢ the
instruction number of the STOP instruction (without losgyeherality, we assume that there is only one
STOP instruction ifP). Recalling thaf® accepts its input, if the value of register 0 is 0 when stogpive
see that

P acceptgz, k)

= A3 \/ ($j+1:(30/\1/)j(77j7070)/\ A W(W,WH)),
0<j<h(k) 0<t<j

which gives the desired reduction fraghto p-MC(%,).
The formulag), andy, are defined by induction on

Yo(y,z) = Regyz,
Vo1 (041, Y,2) 1= (Y = Yep1 = 2= 2041) A (Y 7# Yer1 = Ye(0e, Y, 2)),
“if the registery is updated in thé/ + 1)th step, then its content is 1,
otherwise it is the same as after ttih step”

We turn to the definition of,:

wo(x1) = I =,
ford > 1 @i(vr,zit1) = Vicoam(@e = cN@i(Ve, Te41)),

where eacly$ depends on the instruction. Sayr, = READ 1 u (i.e., “store the number in registetin
register0, wherev is the content of theth register”). Letd be a constant symbol wiif* = u. Then, we
set

i (g, x41) = Fz(h—1(ve—1,d,2) Nbg_1(Ve—1,2,2¢) Nye = 0) AN Rpxg Lagy.
If 7. = JZERO( (i.e.,n. = “if the content of register 0 is 0, then jump to the instruntig.”), then

0p(Ve, 1) = ye=0Ape1(Ve-1,0,2)
AN(ze=0—=>zp01=)AN (20 #0 > Ryzg1m41)).

The definition for the remaining standard instructions s$thidse clear now.
For the GUESS instruction, i.er, = GUESS, we set

©i (v, xer1) = Fz(hio1(Ve-1,0,2) AN zi < zAYye=0) ARyxplxpyq.

5. The classes of the A-hierarchy

In [10], the classes of the A-hierarchy were introduced. Bij]the following definition is equivalent.
Definition 17. Fort > 1,
Alf] = [p-MC(S0))™

Note that W1] = A[1] by Definition 13. Again model-checking problems on somerieted classes
are already complete for the clas§A

Theorem 18 (Flum, Grohe [10]). For t > 1,

10



(1) Aft] = [p-MC(GRAPH, %]
(2) For every relational vocabulary of arity > 2,

Alt] = [p-MC(Z[])]™.

To capture the classes of the A-hierarchy, we need alteigatindom access machines. So in addi-
tion to the “GUESS” instruction, aalternatingRAM, or ARAM, also has a “FORALL”" instruction. To
emphasize the duality, we call the “GUESS” instruction “BXIS” from now on. Steps of a computa-
tion of an ARAM in which EXISTS or FORALL instructions are exged are calle@xistential stepsr
universal stepsrespectively. They are theondeterministic stepsill other steps are calledketerministic
steps Acceptance is defined as usual for alternating machingsaiFRAM we generalize the notion of
nfpt-program in the obvious way:

Definition 19. A programP for an ARAM is an afptprogram if there is a computable functiohand a
polynomialp such that for every inputz, k) with |z| = n the progran® on every run

(1) performs at mosf(k) - p(n) steps;

(2) performs at mosf (k) nondeterministic steps, i.e., existential or universaon
(3) uses at most the firgt(k) - p(n) registers;

(4) contains numbers f(k) - p(n) in all registers at every point of the computation.

The sequence of existential and universals steps in @ fran ARAM can be described by a word
q(p) € {3,V}*. Lete be a regular expression over the alphafgty}. A programP for an ARAM is
e-alternating if for every input and every rup of P on this input, the word(p) belongs to the language
of e. For example, a program for an NRAM corresponds t@'&alternating program for an ARAM.

Definition 20. Lett > 1 and@ = Fif tis odd and) = V if ¢ is even. A program that is

I*V* ... Q" -alternating
~——
t blocks

is also called-alternating

Analogously to Theorem 15, but insteadf now usingX,, one can prove the following:

Theorem 21. Let ) be a parameterized problem and> 1. Then,@ is in Aft] if and only if there is a
computable functioh and at-alternatingafpt-programP for an ARAM deciding( such that for every run
of IP all nondeterministic steps are among the |agt) steps of the computation, whekés the parameter.

Proof: For Q € AJt], we have) <P »-MC(GRAPH X,) by Theorem 18. The required afpt-progr@m
proceeds similarly as the nfpt-program we presented in tbefmf Theorem 15: after computing a graph
G and a sentencg € Y, the progran? checks whethe§ = ¢, thereby using EXISTS instructions for
existential quantifiers and FORALL instructions for unsa&rquantifiers.

Conversely, assum@ is a parameterized problem decided hyaternating afpt-prograf = (71, ..., 7m)
as in the claim of the theorem. It suffices to show Rat™ p-MC(%;). We fix an instancéz, k) of Q.
The structured is defined as in the proof of Theorem 15. We shall define a seateg %; such that

P acceptgz, k) <= A= .

Again, in order to have a uniform terminology, we say thaisteg O is changed to its actual value, if no
register is updated. Since in contrast to Theorem 15, thgranolP is an alternating program, we have to
formalize the acceptance condition in a bottom up fashiam./F< h(k), 1 < j < t,1 < ¢ < m, we
introduce formulas

weje(we) and  P(we,y,2),

wherew, = y1, 21, . - -, ye, z¢ With the meaning in4:

11



If on the nondeterministic part (the part beginning with flist EXISTS instruction) of its
run on instancéz, k), the prograni, so far has performeéi steps of the computation, has
changed the content of registgrto z; ,..., the content of registey to z; (in this order) and
the actual value of the program countetjand if the run is in thgth alternation block, then
there is an accepting continuation of this run

and
if on the nondeterministic part of its run on instarieek), the progran®, so far has performed
¢ steps of the computation, has changed the content of registe z; ,..., the content of
registery, to z¢, then the content of registeris z,

respectively.

Let ¢, be the instruction number of the first existential stepi@h input(z, k)). Then, we see that
Pacceptfz, k) <= A= o1.c-
We first define the quantifier-free formulgg(wy, y, z) by induction or¢:

Yo(y,2) = Regyz,
Yop1(Weg1,Y,2) = (Y =Yer1 = 2= 2e31) N (Y 7# Y1 = Ye(We, Y, 2)).

Now we definey, ; .(w,) by induction on the lengtld, starting with maximal, i.e,¢ = h(k) — 1. If
¢=h(k) -1, we set

() = (g, 0,0), if 7. = STOP (i.e.z. is the STOP instruction)
Ploj.e\We) == 0#0, otherwise

Let¢ < h(k) — 1. If 7, = STOP, thenpy ; .(w,) := 1¢(w,,0,0). Supposer. = STORE? u (i.e., 7, =
“store the number in register 0 in registewheres is the content of thath register”). Letd be a constant
symbol withd* = u. Then, we let

(@) = y32(e(we, d,y) A be(we, 0,2) A ey jer1(We,y, 2)), if j is odd
QOZLLC ¢ o Vyvz((w/(’mf/ d: y) A wf(ﬁ)lv 07 2)) - (10(+1,j,r:+1(ﬁ)(7 Y, Z))7 If 7 iS even

If 7. = JZEROc' andj is odd, then
e je(We) = 3z (Tﬁg(?f)(, 0,2) A ((z =0 = pry1,,0(We,0,2)) A (m2 =0 = @ry1,j,e41(We, 0, z))))

and ifj is even, then

@quvf(ﬁ)f) = Vz (W(Wa 0, Z) - ((Z =0- Pe+1,j5,¢ (77)(7 0, 2)) A (_‘Z =0- (,0(_;_17]‘1(;4_1(717)(, 0, 2)))) ’

The other standard instructions are treated similarly. We the definition for nondeterministic instruc-
tions. So, letr, = EXISTS. Then, we set

31/32(1/1((“7(7 07 y) Az S Yy A Pe4+1,5,c+1 (7Df7 07 Z))7 if 7 iS Odd
0r4,e(0) = AyIz(Ye(0r,0,y) Az <y A @et jt1,041(W0,0,2)), If j <tandjiseven
0+#0, otherwise

Similarly, if 7. = FORALL, we set

VZ/VZ((TM(?T% 07 y) Az S y) - (10(+1,j,r:+1(7i)(7 07 2))/ if 7 is even
Yrje(0) = VyVz((Ye(we, 0,y) Az < y) = @eg1,j1,e41 (¢, 0, 2)), if jis odd
0+#£0, otherwise

The machine characterizations derived so far, yield tHewahg implication (cf. Figure 1):
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Corollary 22. If FPT= W[P]thenFPT=A[l]=A[2]=....

Proof: Assume FPT= WI[P]. By induction ont > 1, we show that FPE A[t]. This is clear fort = 1,
since FPTC A[l1] = W[1] € W[P] = FPT. Now, letQ) be a parameterized problem irjtA+ 1] and let
P be an afpt-program for an ARAM according to Theorem 21 dagdl). Choosef andp according to
Definition 19. We show tha® is in W[P] and hence, in FPT.

Fix an instancdz, k) of Q). We stop the prograrf, on input(z, k), after the existential steps of the
first existential block have been performed. Code the castarthe firstf (k) - p(n) registers and the value
of the program counter by a stringwith [y| < O((f(k) - p(n))?). Consider a prografd’ that on input
(y, k), first decodeg, stores the numbers in the corresponding registers, asdhee{program counter
accordingly, and then continues the computatioft ,offhere we stopped it. ThuB; is a

V*3* ... Q" -alternating
N——_———
t blocks

afpt-program for an ARAM such that for some computable fiomch, all existential and universal steps
are among the lagt(k) steps of the computation. Therefofédecides a problem whose complementis in
Alt] and hence, in FPT by the induction hypothesjg A= FPT. Thus, we can replad® by an equivalent
deterministic afpt-prograr@”. And by replacing the lagtblocks of alternations dP by P’ appropriately,
we get an nfpt-program for an NRAM decididgy By Theorem 6() € W[P]. ]

5.1. The class AW[P]. We can define the alternating versionefVSATCIRCUIT as the parameterized
problemp-AWSATCIRCUIT:

p-AWSATCIRCUIT
Input: Acircuit C, k € N, a partition of the input variables @f into
setsly, ..., I}.
Parameter: k € N.

Problem: Decide if there is a sizé subset/; of I; such that for every size
k subset/]; of I there exists ...such that the truth assignment
setting all variables i/, U. . .U.J, to TRUE and all other variables
to FALSE satisfie<.

AWI[P] is the class of all parameterized problems that aredgticible top-AWSATCIRCUIT, that is,
AW[P] := [p-AWSATCIRCUIT]™.

Generalizing the proof of Theorem 6 to the alternating case,obtains the following machine characteri-
zation of AW[P]:

Theorem 23. Let Q be a parameterized problem. Thep,is in AW[P] if and only ifQ is decided by an
afptprogram for anARAM.

6. The classes of the W"-hierarchy

Lett,u > 1. Afirst-order formulap is ¥, ,,, if itis ¥; and all quantifier blocks after the leading existential
block have length< u. For example

EZ‘] c H:rkVyEz] HZQ’L/),

wherey is quantifier-free, is irE; » (for anyk > 1). In addition, note thak, ,, = ¥, for anyu.
Now, the classes of the W-hierarchy can be defined as follows:

Definition 24. Fort > 1,

Wit = [p-MC(S,1)]™

13



There are several fpt-equivalent variantpefiC(%; ;) as shown by:

Theorem 25 (Downey, Fellows, Regan [7], Flum, Grohe [10, I1]Fix ¢ > 1.
(1) W[t] = [p-MC(GRAPH 5 )]
(2) For every relational vocabulary of arity > 2, W[t] = [p-MC(X; 1 [7])]™*.
(3) Foreveryu > 1, W[t] = [p-MC(Z;,,,)]™.

Comparing the characterizations oftAby model-checking problems fat; in Definition 17 and by
programs for alternating machines in Theorem 21, we see @ognbetween the blocks of quantifiers on
the one hand and the blocks of nondeterministic steps wititernation on the other hand (in fact, this is
more than a pure analogy, as it is already known from clalssaraplexity theory). So, the definition of
WI[¢] suggests to considét, 1)-alternating, where:

Definition 26. Lett > 1 and@ = 3 if tis odd and) = V if ¢ is even. A program that is

3F*V3...(Q -alternating
N——_——
t blocks

is also calledt, 1)-alternating

One would conjecture that the parameterized problems [if} ¥dincide with those decidable on an
alternating RAM by(¢, 1)-alternating afpt-programs having the nondeterminidéps in the last part of
the computation. In fact, any problem in[t)can be decided by such a program; this can be easily seen
by slightly modifying the first part of the proof of Theorem @dnd by using Theorem 25). The converse
direction of that proof does not seem to go through: Thereyseel quantifiers in the corresponding formula
also for the deterministic steps of the last part of the caiajian, so that the length of the quantifier blocks
cannot be bounded in advance. For the deterministic steps the depea of the quantified variables
is functional, hence we could do without additional quaetfj if we allow vocabularies with function
symbols.

Thus, we now consider model-checking problems on strustofarbitrary vocabularies, that is, vo-
cabularies that may contain function and constant symbols.

6.1. Arbitrary Vocabularies and Structures. A vocabularyr is a finite set of relation symbols, function
symbols and constant symbols (also called constants). ésetlation symbols, every function symbol
f € 7 has an arity, denoted by arity)). The arity ofr is the maximum of the arities of all relation and
function symbols inr. Clearly, in ar-structure4 anr-ary function symbolf € 7 is interpreted by a
functionf4 : A" — A. The size of4 is the number

JAI o= e+ A+ Y arity(R)-[RA+ Y (AP
a relaﬁoénrsymbol afunc{igr; symbol
The atomic formulas of first-order logic are of the forms- s’ or Rs; ... s,, wheres, s', s1,..., s, are
termsandR € 7 is anr-ary relation symbol. Terms are either constants,afr variables, or of the form
f(s1,...,s.), wheresy, ..., s, are again terms anfl € 7 is anr-ary function symbol. Fot,« > 1, let
yiune and Z‘}j{}c be defined analogously a§ and%; ,, but now the formulas may also contain function
and constant symbols. Clearl}}; C %"® and Yiu C e |t js not hard to see that far > 1,

t,u

[p-MC(Zfuney]fPt — [p-MC ()]t = A[t]. Unfortunately, we do not know the answer to the following:
Question:ls p-MC(X¢) <Pt p-MC(X; 1) for t > 2?

We define a new hierarchy of parameterized classes:
Definition 27. Fort > 1,

W] = [p-MO(SEE)

14



Clearly, W'"°[t] C A[t] and consequently, Y] = W"°[1] = A[1]. Fort > 2, we only know that
W[t] € WU[¢] C A[t], and any strict inclusion will yield PTIMEZ NP. In particular, our question is
equivalent to “W'"[t] = W[¢]?”

We aim at a characterization of the clas§"t] by means of¢, 1)-alternating afpt programs. For this
purpose, for arbitrary vocabularies, we first derive resaiftalogous to those of Theorem 25:

Theorem 28. Fix t,u > 1.
(1) For abinary function symbof, we havew™"[t] = [p-MC(Ene[{ £}])].
(2) For every vocabulary containing a function symbol of arity 2, W""[¢] = [p-MC(X{n¢[7])] .
(3) WH[t] = [p-MC(xne)]Pt.
We prove Theorem 28 in several steps. In a first step we shawiftiee bound the arities of the
vocabularies of the input structures, then we can reducadukl-checking problem to a single vocabulary.

For this purpose we just code all functions and relation imgle function (recall that bEiszc[r] we denote
the class of2'"°-formulas in vocabularies of aritg r):

t,u

Lemma 29. For r > 1, there is a vocabulary such that

p-MC(SHe[r]) <Pt p-MC(SHe[r)).

Proof: Letr > 1. We setr := {f,¢,0, 1}, wheref is (r + 1)-ary,g unary and wheré and1 are constants.
Let. A be a structure in an arbitraryary vocabularyr. Without loss of generality, we can assume that
contains no constant symbols, that its function symlpgls. ., f,, and its relation symbol&,,,+1, ..., Rs
are allr-ary, and finally tha{0, 1, ...,s} C A.
The r-structure3 has the same universe ak i.e., B := A. The symbols inr are interpreted as
follows:

— The functionf® : B"+' — Bis defined by

A, .0b,), f1<b<m,
fB(by,...,b,,0) = 1 if m+1<b<sandRiby,...,b,,
0, otherwise

— The functiony® : B — B is defined by

B = b+1, ifbe{0,1,....m—1},
0, otherwise
- 08 =0and1? = 1.
Fori € {1,...,m} define a term
li == g(...9(g(0)...);
—_——
i times

clearly the interpretatioff’ of /; in B is the element.
Now, given anyy € X[s], let ¢ be the formula obtained from by first replacing every term
recursively by

s, if sis a variable

5T { f('évlv"wg;ali% if S:fi(slv"'7sT)

and then by replacing atomic subformulas= s, by §7 = s, and atomic subformulag;s; ... s, by
f(s1,...,8:,1) = 1. ltiseasy to see thdtd = ¢ <= B |= @), clearly,¢ has the same quantifier
structure as. O

In a second step we show that we can replace an arbitrary wtacgloy a binary one.
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Lemma 30. For any vocabularyr, there is a binary vocabulary’ such that
pMC(S[r]) <P p-MC(SEr)).
Moreover, we can require that contains no relation symbols and at most one binary funationbol.
Proof: Let A be ar-structure. We define a vocabularyof the required form and depending oronly,
and ar’'-structureA’. The universed’ is the union
— of 4,

— for each relation symba® € 7 of arity r, of the set

{(ay,...,a;) |2 <s<r andforsome,,...,a, € A (ay,..., a5 a541,...,a,) € R},
i.e., the set of all “partial” tuples that can be extendedaims tuple inR*

(note that the size of this set is bounded(by- 1) - |[R4)),

— for each function symbaf € 7 of arity r, of the set
U
2<s<r
(the size of this set is bounded py|" "', thereby we assume that| > 2)
— of {_L}, wherel is an element distinct from all those introduced previously
Altogether,|A’| < ||A]|* + 1. Now we define the vocabulary and ther'-structured’ in parallel:

— 7' contains all constants af they keep their interpretation.

7' contains a (new) constantvhich is interpreted by an arbitrary elementbf

7' contains a unary function symbhbland we set

A _ c |fb€A,
W) = {L, otherwise

For everyr-ary relation symboR € 7, the vocabulary’ contains a unary function symbb}; and
we set

MAm) = € if b= (air,...,a,) andR4a, ...a,
/ B 1, otherwise

For everyr-ary function symbol € , the vocabulary’ contains a unary function symbg} € '
and we defingf;*" by

ai,...,a,;), ifb=(a,...,a,),?

g
4, otherwise

;) = {

' contains a binary function symbei the “tupleextending function’=4’ is defined by

eA,(b M) = (a1,...,as,b"), ifb:(91,...,a5)and(a],...,as,b’)6A’,
’ 1, otherwise

2We identify (a1) with a;.
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Now, for any sentence € Ef“”C[ ], we construct a senten¢eequivalent to an”“C[ 'l-sentence such
that
Ay = AEo ()
For this purpose, we first defigefor every terms by induction: Ifs is a variable or a constant, then= s.
If sisthe composed termg(s1, ..., s,), then

s = fele((...e(e(51,52),83)...),5r))-

For formulaspy we definep by induction as follows:

— ~ ~
S1 = S9 = 81 = 89,
—

Rsy...s, = hg(e((...e(e(s1,52),83)...),87)) =c.

If ¢ = (41 V 1), thend := (¢ V 1), and similarly for formulagey; A 42) and—e. If ¢ = 324 or
v = Vzip we define
Z:=3u(h(z) = cAY) or §:=Va(h(z)=c— 1),

respectively. Now it is straightforward to verify the eqaience (2); clearly, ifp € Ef“”C[ ] theng is

tu

equivalent to a formula ix{"7[']. i

t,u
The preceding proof yields:
Corollary 31. Fort,u > 1,
p-MC(EL) <Pt p-MC(Z7[2)).
In the last step we show:
Lemma 32. For t,u > 1 and every vocabulary,
p-MC(S[r]) <P p-MC(SRI{f}])

wheref is a binary function symbol.

Proof: Let  be a vocabulary. By Lemma 30, we may assumettatly contains constants, unary function
symbols, and a single binary function symbol. Since for theppse of our claim we can replace constants
by unary function symbols, it suffices to show that

p-MC(SMC{g1,92}]) <P p-MC(SMI{ £},

whereg; is unary andj, is binary.

So we have to merg@ andg. into f. One could add an elementto the universe and s¢{(z, 1) =
g1(z) and f(z,y) = g2(z,y) for z,y # L. But, in general,L will not be definable by a quantifier-free
formula, so that we get problems, for example when relatigizjuantifiers to the old universe (at least for
t = 1). So, we have to define a more involved reduction.

Let A be a{g1, g» }-structure. We lefd’ be the{ f }-structure with universe

A= AU{L}U(Ax{L})
and definef4’ by

(L a) = g¢gi(a) fora € A4;
A ((a, L ) (1) = galab) fora,be A
Aa, 1) = (a,1) forae 4;
fA'(a b) := L, otherwise.
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Note that.L is the only element of A’ with f4' (a,a) = a. Finally, for every{g;, g-}-formulay we
define af f}-formulag such thatf{ A = ¢ <= A’ |= ¢). For this purpose let be a new variable. We
first defines for terms by

s, if s is a variable
s = {f(uévl) if s=g1(s1)
f(f(év]u)7f((§vzu))7 ifs:g?(ShSQ)'

To obtaing we replace atomic subformulas = s, by s1 = s> and subformulas of the formzy or
of the formVa1) by 3z(=f(u,z) = u A ¢) and byVaz(=f(u,z) = u — ¢), respectively. Then, if
¢ is axincformula, theny’ := Ju(f(u,u) = u A1) is equivalent to aui'i°-formula and we have
AEp = A EY). O
Proof of Theorem 28For¢, u > 1, combining previous results, we obtain the following chafireductions:

p-MC(fUney <Pt -MC(2M[2])  (by Corollary 31

t,u t,u

<Pt p-MC(=M"[7]) for some vocabulary  (by Lemma 29

t,u

<fet p-MC(Zg‘ﬂc[{f}]) for every binary function symbgf  (by Lemma 32.

Sincep-MC(x¢) <P p-MC(XIM) has been shown as Proposition 8.5 in [10], we obtain all @dim
reductions. O

Now we give the machine characterizations of the classeseofi""-hierarchy.

Theorem 33. Let ) be a parameterized problem and> 1. Then,Q is in Wf“”C[t] if and only if there is
a computable functioh and a(¢, 1)-alternatingafptprogramP for an ARAM deciding@) such that for
every run ofP all nondeterministic steps are among the |aék) steps of the computation, whektds the
parameter.

For the proof of this theorem we need the following lemma.

Lemma 34. For an arbitrary vocabularyr, letp; (%), . . ., om (Z) andy (%, §), - . ., ¥m (T, §) be formulas

in FO[7], wherez = z; ...z, andy = y; ...y, are sequences of variables that have no variable in
common. Assum@i,...,Qs € {V,3}. If Ais ar-structure withA = VZ-(p; A ;) for i # j and

a € A", then

AE Npi = Quyr .- Quusti)(@) = Al Quyi - Quys \ (i = ¢i)(a).

i=1 i=1
We omit the straightforward proof.

Proof of Theorem 33Let () be a parameterized problem. Assume first that, for a binargtion symbol

£,
Q <P p-MC(EMC{f}]).

So we have an fpt-algorithm assigning to every instafacé:) of @ a {f}-structureA = A, ; and a
sentencey = ¢, 1 € 3 1[{f}], say,

Y = Hm”...H:n]k]VyQEyg...Py“/),

(whereP = 3if tis odd, andP = V otherwise) withp| < g(k) for some computable functign and with
a quantifier-free) such that

Qrk = Ao

We present &¢, 1)-alternating afpt-prograr for an ARAM deciding@. For any input(z, k),
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1. it computes the structurd, say, with A an initial segment of the natural numbers, and stores the
array representatiomf f4, i.e., fora;, a; € A a certain register (whose address is easily calculable
froma,, a») containsf(a;, a);

2. it computesy;
3. it checks whetheA |= ¢.

To carry out point 3, the prograi®, using the EXISTS- and FORALL-instructions guesses vahid¢he
guantified variables. Then, it checks if the quantifier-fpeet ¢ is satisfied by this assignment. Since
we stored the array representationgfthe number of steps needed for point 3 can be boundéd by
for some computablé. Hence, all existential and universal steps are among 8té:{&) steps of the
computation, and the form of the quantifier prefixofuarantees that the progrdhis (¢, 1)-alternating.

Now letP = (m,...,m) be a(t, 1)-alternating afpt-program decidin@ such that, for some com-
putable functiong andh and some polynomial, the prograni on every run on an instance @fperforms
at mostf (k) - p(n) steps and the nondeterministic ones are among thé (asssteps.

Fix an instance(r, k). We aim at a structurel = A, ; and aX"">-sentencep = ¢, ;. of some
vocabularyr, such that '

Qzk <= P acceptgz, k)
= AR

This will give the desired reduction fro to p-MC(x7¢).

Let 7 := {<,+,—.div,r, f,0,ds,...,d,} with binary relation symbok, with function symbols
+, -, — (binary), div, r (unary), andf (4ary), and with the constant symbdlsd,, .. ., d,. The structured
has universet := {0,1,..., f(k) - p(n)}, and moreover

<“ is the natural ordering oH;

+4, —4 and div! are addition, subtraction, and division by two, respetfivestricted toAd
appropriately;

fora € A, r4(a) is the value of theth register immediately before the first nondeterministic
step is carried out;

f# corresponds to the “if ...then ...else ...” function, ifer,a, b, c,d € A,

A B ¢, fa=h,
f ((L, b: C, d) - { d7 |f a 7é b
04 = 0;d{, ..., dA are the natural numbers occurring in the progfaas operands.
For1<j <t 1<c<m,andtermsy,sy,...,is s, With £ < h(k), we introduce a formula

@j,c,il,sl,...,ip,w
with the meaning ind (again we say that register 0 is changed to its actual vdlne,riegister is updated):

If on the nondeterministic part of its run on instan@e k), the prograni”, so far, has per-
formed/ steps of the computation, has changed the content of regigtes, . .., the content
of registeri, to s, (in this order) and the actual value of the program countey &nd if the
run is in thejth block without alternation, then there is an acceptingiooation of this run

Hence, ifc; is the instruction number of the first existential step, then
Pacceptfz, k) <= AEopi.

Soitremains to defin@; . i, s, ,....i,,s,. We introduce an abbreviation: For a tefiand a sequence of terms
5=11,81,...,10s, 8¢, leta(i, 5) be aterm denoting thactual value of theth register that is, it is (i), if ¢
differs from alli; and otherwise, it is;, wherej, is the largest index with i = i;; we set

a(i,5) = f(iie, s, fli 1,801, F(.. f(iyir,51,7(i))...)))
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We defineyp; . s with § = i1, s1,. .., 1, s, by induction on the length, starting with¢ = h(k) — 1. For
¢ = h(k) — 1, we set (recall that, by definition, a run accepts its indidt,is the content of the Oth register
when stopping)

{ a(0,5) =0, if 7. =STOR
Pic,5

0+#0, otherwise

Let? < h(k) — 1. If 7, = STOP, then agaip; . s := a(0,5) = 0. Supposer. = ADD u (i.e.,m, =
“Add the numbers stored in the Oth anth registers and store the result in register 0”). d &t a constant
symbol withd* = u. Then, we let

Pje.s = Pjc+1,5,0,a(0,5)+a(d,5) -
If 7. = JZEROC', then

Pies = (G(O, §) =0- @j,c’j,[),n,((]j)) A (a(oa §) 7é 0— @j,c+1,§,0,a(0,§))- (3)

The definition for the other standard instructions is similgor nondeterministic instructions, say =
EXISTS, set

EZ‘(CL' < a(07 5) A 90.7=C+1=§70=w)7 if Jj=1,
Yjes = Jz(z < a(0,8) A pjt1,c+1,502), If1<j<tandjiseven
0+#£0, otherwise

Similarly, if 7. = FORALL, we set

o Yoz <a(0,5) = ¢jtie1500), if 5 <tandjisodd
Vi, 0#0, otherwise

Now, it is easy (using Lemma 34 for subformulas of the forn) (8)verify thaty, ., is equivalent to a
sic-sentence. O

6.2. The class AWx]. Fort > 1, the class AVlt] is the alternating version of W. It turns out, however,
that AW[¢t] = AW([1] for all # > 1 (cf. [8]). For that reason, the class AW is usually denoted by AVM¥].
Using the equalities (cf. [9, 10])

AW([x] = [p-MC(FO)]™ = [p-MC(GRAPH, FO)]™,

along the lines of the of the proof of the preceding theoreme, @btains a machine characterization of the
class AWx]:

Theorem 35. Let ) be a parameterized problem. Thépijs in AW[«] if and only if there is a computable
functionh and anafpt-programIP for an ARAM deciding@ such that for every run of all nondetermin-
istic steps are among the laktk) steps of the computation.

7. The classes of the W-hierarchy

In the preceding section, we saw that restricting the progridat characterize the clasgin the obvious
way in order to obtain programs suitable fofA}ywe got a characterization of the clasd'/¢], which,
for all we know, may be different from Y. It turns out that for V{t] we have to restrict not only the
programs, but also the capabilities of the ARAMSs.

An analysis of the proof of the previous theorem revealsweanheed function symbols to keep track
of the actual values of the registers. Of course, for a detéstit program, at any time of the computation
these values only depend on the sequence of instructioriec¢c@ut (and on the original values of the
registers). But, in the presence of nondeterministic stdpsvalue ofany register may depend on the
guessed numbers. Looking at the first part of the proof of teeipus theorem, we see that the guessed
numbers represent certain elements of a structusnd that, in the corresponding program, we did not
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need any properties of the guessed numbers but we only wamtetbw, if the guessed elements have a
given property (say, if the elemenis, .. ., a, are in the relatio?“). Therefore, the type of RAM, we
are going to introduce, will store the guessed numbers iniapeegisters, called guess registers, and will
only have access to the properties of the elements denotitelguessed numbers. In this way, as in the
deterministic case, the values of thandardregisters only will depend on the sequence of instructions
carried out and therefore, function symbols will not be ssegy in order to code a run bya ; -formula.

We turn to the precise definition of these random access meshhat we call WRAMs. A WRAM
has

— thestandard register§, 1, . . ., their content is denoted by, 1, . . ., respectively.
— theguess register8, 1, . . ., their contents is denoted lgy, g1, . . ., respectively.

Often we denote,,, i.e., the contents of the guess register whose index isahtnt of theith standard
register, byg(r;).

For the standard registers a WRAM has all the instructiorss sthndard deterministic random access
machine. Moreover, it has four additional instructions:

Instruction Semantics

EXISTS? j existentiallyguess a natural numbetrry; store it in ther;th guess register
FORALL 15 | universallyguess a natural numberrg; store it in ther;th guess register
JGEQUAL: j c | if g(r;) = g(r;), then jump to the instruction with label
JGZERGi j ¢ | if rig(r;).9(r;)y = 0, then jump to the instruction with label

Here,(, ) : N x N — N is any simple coding of ordered pairs of natural numbers lyrahnumbers
such that(i, j) < (1 + max{i,j})? and(0,0) = 0. EXISTS instructions and FORALL instructions are
the existential and universal instructions, respectjalythe other instructions are said to be deterministic.
JGEQUAL instructions and JGZERO instructions are the jungtructions involving guessed numbers.

The following lemma, whose proof is immediate, shows that ¢bntents of the standard registers
depend only on the sequence of executed instructions. Wadmpointed out in the introduction to this
section that this property is crucial for the main theorem.

Lemma 36. Assume that, for a given input, we have two (partial) comiaia on awWRAM. If the same
sequence of instructions is carried out in both computajsimen the contents of the standard registers will
be the same.

It should be clear what we mean by(ia1)-alternating afpt-program for a WRAM (cf. Definitions 19
and 26). The promised machine characterization @f Véads as follows:

Theorem 37. Let Q be a parameterized problem amd> 1. Then,@ is in W[¢] if and only if there is
a computable functioh and a(¢, 1)-alternatingafpt-programP for a WRAM deciding@ such that for
every run ofP all nondeterministic steps are among the |aék) steps of the computation, whekds the
parameter.

Proof: Let ) be a parameterized problem. First assume ¢hat W[t]. We show that) is decided by an
afpt-program with the claimed properties. The proof is Emio the corresponding part in the proof of
Theorem 33. By Theorem 25, we know that

Q <™ p-MC(GRAPH X, ).

Hence, there is an fpt-algorithm that assigns to everyimstér, k) of () a graphg = G, ;, and a sentence
Y = @2k € Xt,1, SAY,

Y = H:UH...Hm]k1Vy23y3...Pyt1/),
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(whereP = 3Jif ¢ is odd, andP = V otherwise) withp| < g(k) for some computable functignand with
a quantifier-free), such that

Qzk = Gl
The claimed(t, 1)-alternating afpt-prograrf for a WRAM, on input(x, k), proceeds as follows:

1. Itcomputes the grapi = (G, EY), say, withG an initial segment of the natural numbers, and stores
its adjacency matrix in the standard registers as follows:

rag =0 << EYj.
2. It computesp.

3. It checks whethe§ |= ¢.

To carry out point 3, the prograi®, using the EXISTS- and FORALL-instructions guesses thaaesabf
the quantified variables. Then, it checks the quantifies-frart: JGEQUAL- and JGZERO-instructions are
used to check atomic subformulas of the farne= y and of the formEzy, respectively. The number of
steps needed for point 3 can be boundediby) for some computable functioln Hence, all existential
and universal steps are among the lggt) steps of the computation.

Now assume thaP is a (t, 1)-alternating afpt-program for a WRAM deciding such that for every
instance(z, k), the programP performs< f(k) - p(n) steps with all nondeterministic steps among the
lasth(k) ones (for some computable functiofigndh and polynomiap). We claim that)) € W[t]. By
Theorem 25, it suffices to show th@t<® p-MC(%, ).

LetP = (my,...,mn). We denote instruction numbers by, ... and finite sequences of instruction
numbers bye. ¢(c) denotes the last instruction number of the sequenemd|c) the sequence obtained
from ¢ by omitting its last member. Fix an instange k) of Q. Let

c:= [J {1,...om}" and N:={0,1,...,f(k) p(n)}.

0<r<h(k)
We look for a structured and aX; ,-sentencep such that
Pacceptfz, k) << Ao

Let ¢; be the sequence of instruction numbers of the determirpstit of the run ofP on input(z, k)
ending with the instruction number of the next instructith first existential instruction to be carried out.
As universeA of A we takeA := C' U N. Moreover, inA there is the binary relatioa#, the natural
ordering on\V, and ternary relation®* and7* defined by:

RAGij <= ¢eC,i,je N,andifP, oninput(z, k), carries out
the sequence of instructiofig ¢), thenr; = j;

TA¢ij <= @ceC, i j (i,j) € N,andifP, oninput(z, k), carries out
the sequence of instructiofis ¢), thenr; ; = 0.

Moreover, we have constant symbols, denotedbly .. ., h(k) — 1, for the element§, 1, ..., h(k) — 1
(so we make use of the analogon of Lemma 165gy,). This finishes the definition afl, which can be
constructed within the time allowed by an fpt-reduction.

We turn to the definition ofp. First, we fixé € C: Leti = i(¢) be the number of blocks of the
sequence of instructions determined[by¢). If i < ¢ and if each block determined lay besides the first
one, contains exactly one nondeterministic step, we iniced formula

0e(Z, Th(k)ys1s - Thk)+i—1)s (4)

wherez := x1,. ..,z With the intuitive meaning in4
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if a partial run ofP hasé, ¢ as sequence of instructions numbers and ififet j < h(k), the
variablez; is the value of thgth guess of the first block (ang does not occur iy, if there
was no such guess) and if for< j < t, the variablery ), ; is the value of the guess of the
jth bounded block, then there is an accepting continuatighisfun.

Then, for the empty sequen@®f instruction numbers and := g4, we have
P acceptz, k) < AE .
Forc € C of maximal length, thatig¢| = h(k) — 1, we set

o 0=0, if mye = STOP andR4c00,
Ye = 0 #0, otherwise

If ¢ € C and|¢| < h(k) — 1, we assume that= has already been defined for allwith |¢| < |¢'|. The
definition depends on the type of the instructiorPofith instruction numbef(c).
If 74z = STOP, then again

o 0=0, if R*00
pe = 0 #0, otherwise

The definition ofp: is simple for the standard instructions, e.g7if;) = STORE? u (thatis, “ryz) =
rr, 1=10"), then

Pe = Peie)+1-

We give the definitions for the new instructions: Assumg, = EXISTS? v. Again, leti = i(c) be
the number of blocks of the sequence of instructions detexchby|c;¢); if i = 1, letj = j(¢) be the
number of guesses in this block. We set

3z Y(ReOy Azjrr < YA Page41), ifi =1,
Yz = 3z (k) +iY(RE0Y A py4i S YN Qapey41), i1 <i<tandiiseven
0 #0, otherwise

The definition is similar for instructions of the type FORAULwv, even easier: define= i(¢) as before
and set

. Vo +iVY((RE0Y A zhey4i <Y) = $eie+1), If i <tandiisodd
ve T 0#0, otherwise

Assumern ;) is the instruction JGEQUAL w c. We needg(r,) andg(r,,). We determine the actual
contentsy, andw, of thewth and thewth standard registers, that is, andw, with R“Aévuy and RAzwwy.
Consider the last instructions irof the form FORALL® z or EXISTS? z such that at that time, = vy,
so we can determine the indgf the variable in (4) associated with this guess. Similddiyz; be the
variable corresponding to the last instruction of the for®RALL 1 z or EXISTS? z such that at that
timer. = wy (the case that such instructions do not exist is treateceimtivious way). Then, we set

e = (Tj=zj = pee) N(Tj # Tjp = Par@e)+1)-
Assumer; = JGZEROu v c. As in the preceding case, le} andz; denote the actual values of the
r,th and ther, th guess registers, respectively. Then, we set

pe = (Texjrj — pee) N (—Texjzy — @E((5)+1)-
As already mentioned above, we get= 5. Using Lemmad4, one easily verifies that is equivalent to
aX; »-formula. Clearly, the length @ can be bounded in terms b{k) and

Qry <= Pacceptyz,y)
= A=
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This gives the desired reduction fraghto p-MC(X; 5). O

Of course, we could also have used random access machirtesestticted access to the guessed
numbers, that is, WRAMSs, in the preceding sections. Fitistéfasy to see that for every regular expression
e over{V, 3}, everye-alternating afpt-prograr for a WRAM can be simulated by analternating afpt-
programP’ for an ARAM. The progran®’ first computes the values of the pairing functiagn) for inputs
< f(k) - p(n); then for some constant every step oP is simulated by< ¢ steps ofP’ .

However, to simulate programs for ARAMs by programs for WR&Mve may need polynomially
many steps to figure out what number has been guessed in anTEXiStruction or an FORALL in-
struction (recall that ARAMs have direct access to the gebssimbers). We sketch such a procedure
for a WRAM,; it existentially guesses a number and finally stoit in the standard register 0. For some
polynomialp it takesp(rg) steps (wherey is the content of théth standard register).

1. r :=0.
2. EXISTS1 1 (guess a number < rq and sely,, (= go) := ).

3. We use a loop onfrom 0 to rq. In theith iteration step we make sure that
riq =0 and forall0 <j <rgwithj # il ry; #0
and with the instruction JGZEROL ¢ we will test whether

T(Gry290) = T(g0,90) = 0,

that is, whethes = i. In the positive case, we saf := i and stop.

Using these simulations one can formulate all machine cleniaations of the preceding sections in
terms of WRAMSs; for example, Theorem 21 would read

Theorem 38. Lett > 1 and let@ be a parameterized problem. The&pjs in A[t] if and only if there is a
computable functioh and at-alternatingafpt-programP for a WRAM deciding@ such that for every run
of P all nondeterministic steps are among the lagt) steps of the computation, whektés the parameter.

7.1. The Wr-hierarchy. In [9] the W*-hierarchy was introduced. It is known thaf W= W*[1] (cf. [9]),
WI2] = W*[2] (cf. [5]), W[t] C W™[t] and that

W*t] = [p-MC(Z] )] = [p-MC(Z; ;) [2]P*

(cf. [11], where also the class of formulas ; was introduced). Using this last result, one can extend
the WRAMs to W RAMs appropriately in order to get machine characterizegtiof the classes of the
W*-hierarchy. We leave the details to the reader and only rethat two changes are necessary:

— W'RAM are able to existentially and universally guess numbkerk (the parameter) and to store
them in standard registers;

— for somef € N, instead of the instruction JGZERQx;, the W RAMSs contain instructions J@ ijc
for m < £ with the semantic: it 4(r,)) = ™, then jump to the instruction with label

8. Conclusions

By giving machine characterizations of many complexityssks of parameterized problems, we feel that
we have gained a much clearer understanding of these cl&$®asve have a fairly comprehensive picture
of the machine side of parameterized complexity theory. drilg important classes not yet integrated into
this picture are the classes[BAT] and AWSAT].

The machine characterization of W[P] is very simple and ra@nd provides a precise connection
between parameterized complexity theory and limited nterd@nism. When trying to generalize the
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machine characterization for the classes of the A-hiegsatethe W-hierarchy, we actually ended up with a
new hierarchy, the Wrc-hierarchy. We characterizei[t] in terms of the parameterized model-checking
problem for¥, ;-sentences in vocabularies with function symbols. Of ositrgzould simplify the world

of parameterized intractability, if W'°[¢] = W[¢], but at the moment, we even cannot show th&f't¢] C
WISAT] for ¢t > 2, while W[t] C W[SAT].

Our machine characterizations also enable us to investg@ne structural issues in parameterized
complexity. In particular, we showed that if W[} FPT, then the whole A-hierarchy collapses, which
can be viewed as a parameterized analogon of the classfdt teat if PTIME = NP, then the whole
Polynomial Hierarchycollapses.
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