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Abstract
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1 Introduction

The subject of model theory is concerned with the relatignbletween syntactic and semantic properties
of logic. Among classical results in the subject are prest@a theorems which relate syntactic restrictions
on first-order logic with structural properties of the cksef structures defined. A key example is the Los-
Tarski Theorem which asserts that a first-order formula és@rved under extensions on all structures fif,
and only if, it is logically equivalent to an existential foula (see [13]). One direction of this result is easy,
namely that any formula that is purely existential is presdrunder extensions, and this holds on any class
of structures. The other direction, going from the semanatstriction to the syntactic restriction makes key
use of the compactness of first-order logic and hence of iafgiructures.

In the early development of finite-model theory, when it wealized that finite structures are the ones
that are interesting from the point of view of studying corgon, it was observed that most classical
preservation theorems from model theory fail when onlydistructures are allowed. In particular, the Los-
Tarski theorem fails on finite structures [16, 12]. Theselltessuggest that the class of finite structures is
not well-behaved from the point of view of model theory. He&e when one considers the computational
structures that arise in practice and are used as intetipretefor logical languages (for instance, program
models interpreting specifications or databases intengrejueries), in many cases they are not only finite
but satisfy other structural restrictions as well. This ivaies the study, not just of the class of finite
structures, but of well-behaved subclasses of this claste tHat classical model theory, in most of its more
advanced parts, also considers restricted classes ofis#ssuch as stable, simple, o-minimal structures or
specific structures that are of interest in other areas dienaatics.

There are certain restrictions on finite structures thath@eved especially useful in modern graph
structure theory and also from an algorithmic point of viéwar instance, many intractable computational
problems become tractable when restricted to planar grapksuctures of bounded treewidth [4]. This
is also the case in relation to evaluation of logical forrsuld]. A common generalization of classes of
bounded treewidth and planar graphs are classes of seadiuat exclude a minor which have also been
extensively studied.

A study of preservation properties for such restricted se#asof finite structures was initiated in [1].
There, the focus was on the homomorphism preservationgdhgeavhose status on the class of finite struc-
tures was open. It was shown that this preservation propertys on any class of structures of bounded
degree, bounded treewidth or that excludes some minor (asddrtain other closure properties). In the
present paper, we investigate the Los-Tarski extensiesgpvation property on these classes of finite struc-
tures. Note that the failure of the property on the class Idirdte structures does not imply its failure on
subclasses. If one considers the non-trivial directiorhefgreservation theorem on a classt says that
any sentence that is preserved under extensiansC is equivalenton C to an existential sentence. Thus,
restricting to a subclag® of C weakens both the hypothesis and the consequent of the statem

We show that the extension preservation theorem holds orclasg of finite structures closed under
substructures and disjoint unions that is al8dein the sense that any sufficiently large structure in thesclas
contains a large number of elements that are far apart. mthsdes, for instance, any class of structures of
bounded degree. While classes of structures of boundedsitiseare not wide, they are nearly so in that they
can be made wide by removing a small number of elements. Whissproperty and show that it implies
the extension preservation theorem for the clgss-the class of structures of treewidtior less (note this
is not as general as saying that the property holds for akelof bounded treewidth). Finally, although all
classes defined by excluded minors are known talimost widdn the same sense dg is, we show that the
construction does not extend to them. We provide a courderple to the extension preservation property



for the class of planar graphs, and indeed, even for the ofgdanar graphs of treewidth at most four. This
contrasts with the results obtained for the homomorphisesgmvation property in [1] as this property was
shown to hold on all classes excluding a graph minor and dlaséer substructures and disjoint unions.

The main methodology in establishing the preservationgntgdor a class of structurésis to show an
upper bound on the size of a minimal model of a first-ordereserdp that is preserved under extensions on
C. The way we do this is to show that for any sufficiently largedelcA of ¢, there is a proper substructure
of A and an extension oA that cannot be distinguished lyy. In Section 3 we establish this for the
relatively simple case of acyclic structures by means of afttacality argument. Section 4 contains the
main combinatorial argument for wide structures which Usagman locality and an iterated construction
of the substructure oA. In Section 5, the combinatorial argument is adapted to ldeses7,.. Finally, in
Section 6 we discuss the existence of a counterexample rag®of planar graphs. We begin in Section 2
with some background and definitions.

2 Preliminaries

We use standard notation and terminology from finite modebi (see [5]). Some particular definitions
and notation are explained in this section.

2.1 Relational structures

A relational vocabularys is a finite set ofrelation symbolseach with a specifiedrity. A o-structure A
consists of ainiverseA, or domain and aninterpretationwhich associates to each relation symBoE o
of some arityr, a relationR* C A". A graphis a structureG = (V, E), whereE is a binary relation that
is symmetric and anti-reflexive. Thus, our graphs are unt#ite loopless, and without parallel edges.

A o-structureB is called asubstructureof A if B C A and RB C RA for everyR € o. ltis called
aninduced substructuréd RB = R4 N B” for everyR € ¢ of arity r. Notice the analogy with the graph-
theoretical concept dfubgraphandinduced subgraphA substructureB of A is proper ifA # B. If Ais
an induced substructure B, we say thaB is anextensiorof A. If A is a proper induced substructure, then
B is a proper extension. B is the disjoint union ofA. with anothero-structure, we say thd is adisjoint
extensiomof A. If S C A is a subset of the universe &, then A N S denotes thénduced substructure
generated bys; in other words, the universe & N S is S, and the interpretation ith N S of the r-ary
relation symbolR is RA N S”.

The Gaifman graphof a o-structureA, denoted byG(A), is the (undirected) graph whose set of nodes
is the universe ofA, and whose set of edges consists of all pgirs’) of distinct elements oft such that
anda’ appear together in some tuple of a relatiodinThedegreeof a structure is the degree of its Gaifman
graph, that is, the maximum number of neighbors of nodeseo3aifman graph.

2.2 Neighborhoods and treewidth

LetG = (V, E) be agraph. Moreover, let € V be a node and let > 0 be an integer. Thé-neighborhood
of uin G, denoted byV¥ (u), is defined inductively as follows:

1. NOG(u) = {u};
2. NE, (u) =N (u)U{v eV : (v,w) € E for somew € NF (u)}.



If A is ao-structure,a is a point inA, and G is the Gaifman graph oA, we Ieth(a) denote thei-
neighborhood of: in G. Where it causes no confusion, we also wiké* (a) for the substructure oA
generated by this set.

A treeis an acyclic connected graph.tiee-decompositionf G = (V, E) is a pair(T, L) whereT is a
tree andL : T — p(V) is a labelling of the nodes @f by sets of vertices ofx such that:

1. for every edgdu,v} € E, there is a nodeof T such tha{u, v} C L(t);
2. foreveryu € V, the set{t € T': u € L(t)} forms a connected subtree Bf

The width of a tree-decompositioil’, L) is max.e7 |L(t)| — 1. Thetreewidthof G is the smallest: for
which G has a tree-decomposition of widkh Thetreewidthof aco-structure is the treewidth of its Gaifman
graph. Note that trees have treewidth one.

2.3 First-order logic, monadic second-order logic, and typs

Let o be a relational vocabulary. Tre&omic formulasof o are those of the fornR(x4,...,x,), where
R € o is a relation symbol of arity, and x4, ...,x, are first-order variables that are not necessarily
distinct. Formulas of the form = y are also atomic.

The collection offirst-order formulasis obtained by closing the atomic formulas under negation; c
junction, disjunction, universal and existential firstter quantification. The collection ekistentialfirst-
order formulas is obtained by closing the atomic formulad e negated atomic formulas under conjunc-
tion, disjunction, and existential quantification. The s@ics of first-order logic is standard.

The collection ofmonadic second-order formulds obtained by closing the atomic formulas under
negation, conjunction, disjunction, universal and exis# first-order quantification, and universal and ex-
istential second-order quantification over sets. The séogaof monadic second-order logic is also standard.

The quantifier rank of a formula, be it first-order or monadicand-order, is the depth of nesting of
guantifiers in the formula.

Let A be ao-structure, and let,...,a, be points inA. If p(z1,...,z,) is a formula with free
variableszy, . .., z,, we use the notatioA = ¢(aq,...,a,) to denote the fact thap is true in A when
x; is interpreted byu;. If m is an integer, the first-orden-type ofaq,...,a, in A is the collection of
all first-order formulasp(z1, ..., z,) of quantifier rank at most:, up to logical equivalence, for which
A E ¢(aq,...,a,). The monadic second-ordet-type ofaq, ..., a, in A is the collection of all monadic
second-order formulag(zy, ..., x,) of quantifier rank at most:, up to logical equivalence, for which
A E ¢(ay,...,ay). In this definition, by quantifier rank of a monadic secondesrformula we mean the
total quantifier rank, which means that we include both first-oedet second-order quantifiers in the count.
We note that some definitions of monadic second-order typlesititerature distinguish between first-order
and second-order quantifier rank [14], but we do not needgfilsement.

2.4 Preservation under extensions and minimal models

Let C be a class of finiter-structures that is closed under induced substructures.plt®e a first-order
sentence. We say thatis preserved under extensioos C if wheneverA andB are structures i@ such
thatB is an extension oA\, thenA = ¢ impliesB | ¢. We say thafA is aminimal modebf ¢ if A = ¢
and every proper induced substructuéof A is such thatA’ }~ ¢. The following Lemma states that the
existential sentences are precisely those that have fimitahy minimal models. Its proof is part of folklore:



Lemma 2.1 LetC be a class of finiter-structures that is closed under induced substructureg. lee a
first-order sentence that is preserved under extensior dinen, the following are equivalent:

1. ¢ is equivalent orf to an existential sentence,
2.  has finitely many minimal models ¢h

In the rest of the paper, we use several times the implicdtam 2. to 1. Just for completeness, this is
proved by taking the disjunction of the existential closafehe atomic types of each of the finitely many
minimal models.

3 Acyclic Structures

We begin with the simple case of acyclic structures, by whiehmean structures whose Gaifman graph is
acyclic. We show that any class of such structures satigfy@antain closure properties admits the extension
preservation property. Note, for structures whose Gaifgraphs are acyclic, there is no loss of generality
in assuming that the vocabulasyconsists of unary and binary relations only.

The proof makes heavy use of a technique known as Hanf lpclitwhich we provide the necessary
background first.

Let A andB be structures. |& € A™, b € B™ arem-tuples, we write{A,a) =" (B, b) to denote
that the first-ordern-type ofa in A is the same as the first-order-type ofb in B. In particularA =™ B
denotes that the structuréds and B are not distinguished by any first-order sentence of quantiéinkm
or less. The equivalence relatiesi” is characterized by Ehrenfeucht-Fraissé games (sestance, [5]).
These can be used to show that the relation is a congruenteesjiect to disjoint union with a multiplicity
threshold ofn. A precise statement of this useful property is given in tilwiving lemma. We writeA & B
to denote the disjoint union of the structurdsandB andn A to denote the disjoint union ef copies ofA
(see [5, Prop. 2.3.10)).

Lemma 3.1 Let A4, Ay, By, andBs be structures, and let:, n andn’ be integers.
1. IfA; =" By and Ay =™ By thenA; @ A; =™ By @ B.s.
2. Ifn,n’ > mandA =™ B thennA =" n/B.

A useful sufficient condition for thee" equivalence of structures is provided by Hanf locality. Haaf
typeof radiusr of a structureA is the multiset of isomorphism types ofheighborhoods of elements .
We say that two structureA andB areHanf equivalentvith radiusr and thresholdy, written A ~,. . B,
if, for everya € A, eitherthe number of occurrences of the isomorphism typ&'df(a) in the Hanf type
of A is the same as that in the Hanf typeBf or it is at leasty, and conversely for every elemént B.
This allows us to state the following (for a proof see for amste [14, Theo. 4.24)):

Theorem 3.2 (Hanf Locality) For every vocabulary and everym there arer andq such that for any pair
of o-structuresA andB if A ~, , B thenA =™ B.

As a first step towards the main result of this section, webistaa useful property of connected, acyclic
structures with degree at most 2. These are structures v@migman graph consists of a simple path. This
is a a very restricted class of structures. In particulay, @ass of such structures is wide, in the sense of
Theorem 4.3 below. Thus, on any class of such structuresgxtension preservation property holds by
virtue of Theorem 4.3. However, the property in Lemma 3.3/jgles a useful stepping stone in our proof
for all acyclic structures and also serves as a useful warrioithe proof in Section 4.
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Lemma 3.3 For every vocabulary: and everym > 0 there is ap such that ifA is a o-structure whose
Gaifman graph is connected, acyclic and of degree at most2.aAh> p, then there is a disjoint extension
B of A and a proper substructurd’ of A such thatA’ =™ B.

Proof: Givenm, letr andq be obtained from Theorem 3.2. We first consider 2heneighborhoods of
elements ofA, returning later to consider-neighborhoods when we wish to establish the Hanf types of
the structures we construct. Clearly, treneighborhood type of an element determines-teighborhood
type. Also note that among-structures whose degree is bounded (by 2) there are ontglfinhany
isomorphism types dir-neighborhoods. Let be the number of such types, let 2r(n + 1) + 1 and let
p=mnl(g+1).

For t the isomorphism type of &--neighborhood inA, we say that is frequentif there are at least
q + | elements inA whose type ig. Since there are at mosttypes, the number of occurrences of elements
whose type is not frequent is less thafy + ). Thus, in a path of lengtlh there must be a sequence of
I consecutive elements of frequent type. kef...,q; be such a sequence. Among the: + 1 central
elements of the sequeneg, i, ..., a@n41),+1 there must be a pair;, a; which have the same type and
such thatj — 7 > 2r. Let C be the substructure ok generated by the elements, 1, ..., a;. We defineB
to be A & C and A’ to be the substructure & generated by \ C.

Our aim is to proveA’ =" B by showing thatA’ ~,. , B. We do this by considering how the Hanf type
changes in going frorA to A’ and also how it changes in going frofto B. So, fort the isomorphism
type of anr-neighborhood iMA, we say that is rare if there are fewer than elements inA whose type is.
Write D for the set of elementfa;—,11,...,a;,a11,...,aj4,}. Thatis,D consists of the elements that
occur immediately beforé’ and ther elements that occur immediately aftérin the sequence,, ..., q;.
For any element € A thatis notinCUD, NA(a) = NA'(a). For any elemeni of C'U D, the multiplicity
of the typet of N (a) may decrease in going fro to A’. However,t occurs at leasg + [ times in A
and this multiplicity cannot decrease by more thas|C U D| < . Thus,t is not rare inA’. Clearly the
elements ofD may have types i\’ that are different to their types iA and therefore the multiplicities of
these types may increase.

Similarly, for any element. € A, N2 (a) = NB(a), thus any type that occurs inA has at least the
same multiplicity inB. LetC’ = {a},,...,a’} denote the elements in the new disjoint copyCaf If
a, € C'is such that + r < k < j — r then ther-neighborhood of:}, is isomorphic toNA (a). Since
the type ofa; is frequent, adding to its multiplicity is not significanthds, we only need to consider the
types of the elements iV’ = {a},,...,a},, 1,0} ,,1,...,a;}. Forthese elements, the types of their
r-neighborhoods iB may be new and result in an increase of the multiplicitiesheke types over their
occurrences inA. Thus, to establish our result that ~, , B it suffices to show that there is a bijection
f: D — D'such that for ala € D, NA'(a) = NB(f(a)). By construction, there is an isomorphism
h: N4r(a;) — N4x(a;) and therefore in particular, forr < k <7, NA(a;1x) = N2 (a;1r). We can now
define the desired bijectiofias follows: forl <k <, f(ai—k+1) = a}_,, andf(aj4x) = aj . O

We now use the above lemma to obtain a similar result for caedeacyclic structures without a bound
on the degree. This is done by reducing the case of generaalegthose with degree at most 2 by means
of an appropriate translation. For the vocabularythere are only finitely many first-orden-types ofo-
structures. Lety, ..., 7, be an enumeration of the possible types of A, whereA is a connected, acyclic
structure andi € A. We refer toa asthe distinguished element (A, a). We define a new vocabulap/
which has the same binary relationsscaand a unary relatioff; for eachr;.

Let A be ao’-structure that is connected, acyclic and of degree at maiththe property that for each
a € A there is a unique such thatl}(a). We construct fromA a o-structureA as follows: each element
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a € A with T;(a) is replaced by a structuf®, of type ;. Moreover, for any binary relatioR, (b, c) € R*

if, and only if, eitherb andc are in the same structuf®, and(b, c) € R« or b is the distinguished element
of T,, c is the distinguished element @, and(a,a’) € R*. The structureA is not uniquely determined
by A as there are, in general, many structures of typélowever, the following lemma is easily established
along the lines of Lemma 3.1.

Lemma 3.4 Let A andB be structures connected, acyclic structures of degree at wwith the property
that for each element there is a uniquesuch that; holds, and letn be an integer. IfA =™ B then
A =" B.

We will call a structure of the fornA a o-companion ofA..

Lemma 3.5 For every vocabularys and everym > 0 there is ap such that ifA is a structure whose
Gaifman graph is connected and acyclic and which containath piith more tharp elements, then there is
a disjoint extensioB of A and a proper substructurd’ of A such thatA’ =™ B.

Proof: Let ¢’ be the vocabulary, as above, with a unary relation for eadigpe of o-structures and let
be as in Lemma 3.3 for the vocabulary. Letay, ..., a, be the path of length in A. For each, let.S; be
the set of elements that are reachable (in the Gaifman gifapl) fstom a; without going through; for any
j # 1 and letS; be the substructure generated$)y We define the’-structures A as follows. The universe
of sAis{ai,...,a,}; Tx(a;) holds if, and only if,a; has typer; in S;; and(a;, a;) € R*A if, and only if,
(ai,a;) € RA. Then, itis easily seen that is ac-companion ok A (which is defined, since the Gaifman
graph ofA is acyclic).

Let sA’ and sB be the structures obtained frosh by Lemma 3.3. We obtaiA’ as ac-companion
of sA’ by replacing each element by the structurgS;,a;). This ensures thad’ is a substructure of
A. Similarly, we obtainB as ac-companion ofsB, ensuring thaB is a disjoint extension oA. Since
sA’ =™ sB by Lemma 3.3, we also hawt’ = B by Lemma 3.4. O

Note that in both Lemmas 3.3 and 3%bis not only a disjoint extension a4, it is in fact the disjoint
union of A with a substructure oA.

In order to prove the main theorem of this section, we needuntieer composition property of acyclic
structures along the lines of the properties in Lemma 3.Jordler to define it, we introduce some further
notation. Given an acyclic structurd and an element € A, for every neighbob of a let S, be the
set of elements iM which are reachable from (in the Gaifman graph) without going throughand let
tp,(b) denote the first-orden-type ofb in S,. We define thehild-typeof b with respect ta: to be the pair
(at(a,b),tp, (b)) Whereat(a,b) is the atomic type of the paifa, b). Finally, we define thehild-type of
an element, written ct® (), to be the multiset of the child-types of its neighbors witspect taz. Write
(A,a) ~,, (B,b) to denote that every typeither occurs the same number of timesdit* (a) as it does
in ctB(b) or occurs at least» times in both. The following lemma is now a straightforwaggplication of
games.

Lemma 3.6 If (A, a) ~,, (B,b) then(A,a) =, (B,b).
We are now ready for the main theorem of this section.

Theorem 3.7 LetC be a class of acyclic finite structures, closed under subsiras and disjoint unions.
Then, onC, every first-order sentence that is preserved under exigpgasis equivalent to an existential
sentence.



Proof: Let ¢ be a such a sentence of quantifier rank We aim to show that there is av such that ifA
in C is a model ofp with more thanV elements ther is not minimal. Letp be as in Lemma 3.5 be the
number of distinct first-ordet-types of connected structures@randg be the number of distinct types of
the form(at(a, b), tp, (b)) wherea andb are neighbors in a structure h Let N = mn(gm)P.

Now, supposeA is a minimal model ofp in C with more thanVelements. We consider three cases.

Case 1 A has more thamnn distinct connected components. Then there must be sonectofi of
more thanm such components that have the same first-onadéype. Consider the structusk’ obtained by
removing one of these components. By Lemma&.E=™ A, contradicting the minimality ofA..

If A hasmn or fewer connected components, one of these componentshenesiat leastgm)? ele-
ments. Call this componef the large component.

Case 2 The large component ch has a node of degree greater thign. Call this nodex. The type
ct (a) must contain a type with more tham occurrences. Létbe a neighbor of; that has this child-type
with respect ta. Let A’ be the substructure @ obtained by removing all elements $j. By Lemma 3.6,
we haveA’ =" A again contradicting the minimality ok.

Case 3If C does not contain a node of degree greater thanit must contain a path of lenggh Thus,
by Lemma 3.5, there is a proper substructGfeof C and a disjoint extensio® of C such thatC’ =™ D.
Let A’ be the structure obtained from by replacingC by C’ andB be the structure obtained fromk by
replacingC by D. Then, by Lemma 3.1A’ =™ B. Note also thaA’ andB are inC since it is closed under
substructures and disjoint unions. Singés preserved under extensions©nB = ¢ and hence\’ = ¢
again contradicting the minimality ok. O

4 \Wide Structures

This section will focus on classes of structures thatveie, meaning that large enough structures contain
many points that are pairwise far apart from each other. s stewn in [1] that the homomorphism preser-
vation theorem holds on any wide class of structures. Heraimdo establish the analogous result for the
extension preservation property.

Definition 4.1 A set of elementB in a o-structure A is d-scatteredf for every pair of distinciu, b € B we
have N2 (a) N N2 (b) = 0.

We say that a class of finite-structuresC is wide if for everyd andm there exists ariV such that every
structure inC of size at leastV contains ad-scattered set of size.

The canonical example of a wide class of structures is thedhection of all structures of degree bounded
by a constant. More generally, any class of structures wh@seémum degree is bounded b§(!), where
n is the number of elements of the structure, is wide.

Unfortunately, the technigues and arguments of Sectiors8dan Hanf locality will not be enough for
our current purpose. Instead, we will have to resort to Gaifiocality, for which we provide the necessary
background first.

For every integerr > 0, let 6(x,y) < r denote the first-order formula expressing that the distance
betweenx andy in the Gaifman graph is at most Let§(z,y) > r denote the negation of this formula.
Note that the quanfier rank é{z, y) < r is bounded by-. A basic local sentencis a sentence of the form

(Fz1) -+ (Fzp) /\ Oxi, xj) > 2r A /\wN"(xi)(xi) , (4.1)
i#j i



whereq) is a first-order formula with one free variable. Hege!(*:)(z;) stands for the relativization af
to N, (x;); that is, the subformulas af of the form (3z)(#) are replaced by3z)(é(z, z;) < r A 6), and
the subformulas of the forrfvz)(6) are replaced byvz)(é(x,z;) < r — 6). Thelocality radiusof a
basic local sentence is Its widthis n. Its local quantifier rankis the quantifier rank ofy. We will use the
fact that basic local sentences are preserved under disxtensions. Note, however, that they may not be
preserved under plain extensions since in that case thiabwigpods can grow.

The main result about basic local sentences is that they #domilding block for first-order logic. This
is known as Gaifman’s Theorem (for a proof, see, for exanjplefheo. 2.5.1]):

Theorem 4.2 (Gaifman Locality) Every first-order sentence is equivalent to a Boolean coatlauin of
basic local sentences.

The following theorem contains the main technical constoacof the paper.

Theorem 4.3 Let C be a class of finiter-structures that is wide and closed under substructures disd
joint unions. Then, o, every first-order sentence that is preserved under exieass equivalent to an
existential sentence.

Proof: Let ¢ be a first-order sentence that is preserved under extensimfisBy Gaifman’s Theorem we
may assume that = \/,_; 7;, with
= NG~ N -0 (4.2)
JjeJ; keK,;
where eacl¥ is a basic local sentence. Now we define a list of parametatsata need in the proof (the
reader may skip this list now and use it to look up the valuesmthey are needed):

e 1 is the maximum of the locality radii of afl: ,

s is the sum of all widths of a#!

m is the maximum of the local quantifier ranks of ],

¢ is the number of disjuncts ip, so¢ = |I|.

n={+2)s,

M=m+3r+3,

d=2(r+1)({ +1)s+6r+ 2,

q is the number of monadic second-ordértypes with one free variable,

N is such that every structure thof size at leastV contains a4dq + 2r + 1)-scattered set of size
(n—1)g+s+¥s+ 1.

Our goal is to show that the minimal models@have size less thalV. Suppose on the contrary thAtis a
minimal model ofy of size at leasiV. We define theéypeof a pointa € A to be its monadic second-order
M-type inA N Nf(a)- In other words, the type af is the collection of all monadic second-order formulas
¥ (x) of quantifier-rank at most/, up to logical equivalence, for which N N (a) = ¥(a). We say that

a realizes its type. The reason we consider monadic secaled-types, instead of first-order types, will
become clear later in the proof. Lt .. ., t, be all possible types. We need a couple of definitions.( et
be a subset afl andt a type. We say thatis covered by if for all realizationsa of t we haveN j(a) ccC.
We say that is free overC if there are at least realizationsay, . . ., a,, of t such thatV* (a;) and N2 (a;)

are pairwise disjoint and do not interséct



Claim 4.4 There exists a radius < 2dg and a setD of at most(n — 1)q points in A such that each type is
either covered byW2 (D) or free overNA (D).

Proof: We defineD ande inductively. LetDy = () andeg = 0. Suppose now thab; ande; are already
defined. LetC = Nefj(Di). If all types are either covered ldy or free overC, then letD = D; ande = e;.
Otherwise, letj be minimal such that typg; is neither covered by’ nor free overC'. We define a sely
inductively as follows. LetF, = (). Suppose now thakl; is already defined. If there is no realization of
t; outsideNﬁ’}l(C U E}), then letEl = E; and we are done with the constructionfof Otherwise, leti; 1

be a realization of; outsideNﬁ(C U Fy) and letEy 1 = E; U {as11}. Note that this iteration cannot
continue beyona: — 1 steps since otherwisg would be free over’. This means that the iteration stops,
and when it doe$E| < n — 1 andt; is covered by any set that containg(C' U E), and in particular by
N£+2d(Dz UFE). LetD;41 = D; U E ande; 11 = e; + 2d. The construction stops after at massteps
because at each step one new type is covered and remaingatdoethe rest of the construction. This
shows thatD| < (n — 1)q ande < 2dgq, which proves the claim. O

In the following, we fixe and D according to Claim 4.4. We say that a typis frequentif it is not covered
by NA(D). Otherwise we say thatis rare.

We shall build a finite sequence of s&igC S; C ... € 5, C A, with p </, so that the last s&f, in
the sequence will be such that the substructut& ofduced bysS,, is a proper substructure &f that satisfies
. This will contradict the minimality ofA and will prove the theorem. The sequeneis constructed
inductively together with a second sequence of ggts_ C; C --- C C, C A called thecenters and a
sequence of sets of indicds C I C --- C I, C I (recall thaty is the disjunction of the formulas;
from (4.2) fori € I). Moreover, the following conditions will be preserved Imetinductive construction
for everyi < p.

(@) Si € NA(Cy).

(b) |C;| < is.

(c) No disjoint extension oA N S; satisfies\/jeli ;.

(d) NA(D) andN#(C;) are disjoint.

(e) L] =i.

Observe that it is a direct consequence of property (d) Heatyipe of eacla € C; is frequent.

LetSy = Cy = Iy = (), and let us assume thé, C; andI; have already been defined with the properties
above. We construd§; 1, C;+1, andl;; 1. Let B be the disjoint union oA with a copy ofA N S;.

SinceB is an extension oA\, it satisfiesp. (4.3)

Therefore, there exists ahe I such thafB satisfiesr;,. By property (c), since the extension is disjoint, we
know thati’ ¢ I,. Let I;;1 = I; U {¢'}. For the rest of the proof, the indékwill be fixed so we drop any
reference to it. For example, we will writeinstead ofr;; and#;, instead oﬁ9;':. Recall that

T=Nbr N bk
jed keK
Since B satisfiesr, in particular it satisfies the positive requiremenB: = /\;.;0;. Let W; be a
minimal set of witnesses iB for the outermost existential quantifiersdn and letW” = (J,., W;. We
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have|IWV| < s. Some of these witnesses may beAirand some may be in the new copy Afn S; in B.
LetW4UWp = W be such a partition, with’4 being the witnesses iA. The following claim shows that
W 4 can be chosen far frofy;. This will be needed later.

Claim 4.5 There is a setV’ of witnesses such thaf2 , (C;) N NA(Wa) = 0.

Proof: Fix a set of witnesses so that the number of poibis W4 for which NA | (C;) and NA(b) are
not disjoint is minimal. Suppose that this number is not zarl leth € W4 with N2, (C;) N N2 (b) # 0.
Leta € C; be such thatVA | (a) N N2A(b) # 0. ThenNA(b) C N3T+1(a) C N#(a). By property (d), the
typet of a is frequent. So let’ be a realization of such thatNrH(W U C;) and N4y, (') are disjoint.
Such and’ exists becauseis frequent and thus, by Claim 4.4, is free ovéf* (D) and thus has

n>(+1)s>[Wuc

realizations whosé-neighborhoods are pairwise disjoint and disjoint frafft (D

The goal now is to find & such thatVA (V') C N4, (a') € N2 (d') and such thab andd’ have the
same first-ordem-type onA N N2 (b) andA N NA (V') respectively. If we achieve this, théhcan replace
b as a witness iV 4, and sinceVA , (W U C;) and N4>, (a') are disjoint, so ar&V/2 , (C;) and NA ().
This will contradict the minimality of//.

In order to findy’ as above, lef” be the first-ordem-type of b on A N N2 (b), and let¢(z) be the
following first-order formula:

(Fy) ((Vz)(é(y, 2) <r—o(x,z) <3r+1) /\ XN W (y ) .

x€T

Note that the conjunction is finite because the first-ordetype T' contains finitely many formulas up to
logical equivalence, and that the quantifier rank of thisriola is bounded bgr + 3 + m < M. Also
N2 (a) = &(a) because can serve as a witness for Therefore, since anda’ have the same monadic
second-ordei/-type and hence the same first-ordértype in N* (a) and N} ('), alsoN (a') = €(a').
Note here that we are not yet using the full power of monadiosé-order type, only the fact that it contains
the first-order type as a subset. lbébe the witness tg in N2 (a’) = £(a’), completing the proof. O

In the following, we fix a set¥’ of witnesses such thatA , (C;) N NA(W4) = 0. We letC be the
substructure oA induced byNA (D) U NA(W4) U S;. We claim thatC satisfies the positive requirements
of 7:

Claim 4.6 Cis a substructure oA such thatC |= /. ; 0;.

Proof: It is obvious thaiC is a substructure oA. The point, however, is tha® is in fact the disjoint union
of the substructure induced by (D) U NA(W4) and the substructure induced By. This is because
S; € NA(C;) andNA, (C;) s disjoint from NA (D) by property (d) and also disjoint frodv,* (W) by
Claim 4.5. It follows that the witnesses fraBiin W can also be found i©. Obviously, also the witnesses
from B in W4 can be found irC. This proves thaC satisfies the positive requirementsrof O

Considerp onC. If Cis a model ofp, letS, = NA(D)UNA (W 4)US; and we are done. Notice th@t
is a proper substructure &f because\ contains(n—1)g+s+¢s+1 points that ar¢4dg+2r+1)-scattered,
but S, € Ngy, (D UW4UC;) and

IDUWAUC;| < (n—1)g+s+Us.
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If C is not a model ofp it cannot satisfyr. However, by Claim 4.6C satisfies the positive requirements
N\jes 0j- Therefore C does not satisfy\, ;- —0y. Letk € K such thaiC = 6;. In the next claim we find
a substructure oA that extendsA N S; and forces all its disjoint extensions to satigfy

Claim 4.7 There existC;11 2 C; andS;1 2 S; as required by conditions (a)—(d).

Proof: Suppose that

0, = (3z1) ... (3zy) (/\ (i, xy) > 21 A /\wa’(xl)(wl))
1#£] %
for somer’ < r, s’ < s, and some formula of quantifier rankn’ < m. Without loss of generality we may
assume thatn’ = m, and in order to simplify the notation, we will assume that r ands’ = s. It will
suffice to replace by r’ ands by s’ in the appropriate places.

We haveC = 6. LetV = {a4,...,as} be a set of withesses for the outermost existential quanstifie
in 0. ThenNC(a;) N NC(a;) = D foralli # j andC N NC(a;) = V(@) (q;) for all i. Necessarily,
the typet of somea € V is frequent. Otherwis&/A (V) C NA(D) C A, soA = 6, and thusB |= 6,
becauséB is a disjoint extension aA. However, this is impossible becauBe= .

So leta € V have frequent typé. Let Z be a set of realizations ot such that

(i) NA(b) N NA (V) = 0 for every pair of distinch, V' € Z,
(i) NA(D)NNA(Z) =0,
(i) NA (Ci)n NA(Z) = 0.

Such a se¥ exists becauseis frequent,, = (¢ + 2)s, and|C;| < ¢s by property (b).

Now, let F = NC(a). Remember tha€ N F |= 4N"(®)(a). AsF C NA(a), it follows thatA N F =
YN (#)(q). Let X be a set variable, and lét"~(*)7X (X z) denote the simultaneous relativizationyefz)
to N,(z) and X, that is, the formula obtained from by replacing each subformula of the forfdz)¢{
by (32)(6(x,2) < r A X(z) AE), and similarly for universally quantified subformulas. ®he& that the
quantifier rank ofy)N~(@)"X (X z) is at mostm + r < M — 1, where we take- has an upper bound for
the quantifier rank of the formula expressifige, z) < r. Moreover,A = ¢N"@"X(F ) and hence
A |= 3X N @NX (@),

Next comes the place where we use the full power of monadinskorder types. Since evebye Z
has the same monadic second-ordértype asa, we haveA = 3X¢N(#)NX(p). Thus there is a set
F, € NA(b) such thatA |= @)X (F b). It follows that

ANF, ™ (0).

DefineC;,1 = C; U Z and
Siv1=5; U U F,.
beZ

Let us prove that’;,, and S;,, satisfy the properties (a), (b), (c), and (d). Property éaglear since
F, C NA(b). For property (b) we haveC; 1| = |C;| + s < (i + 1)s. Property (d) is satisfied by (ii) in our
choice ofZ.

Finally, for property (c) we argue as follows. First notettan S; ; is a disjoint extension oA N S;
becauseVA , (C;) N NA(Z) = 0 by (iii) and S; € N2(C;) by a. Therefore, no disjoint extension of
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A N S;1; satisfiesr; for any j € I;. It remains to show that no disjoint extension &fn S;; satisfies
7. However, this is clear from the construction because ed&ijpint extension ofA N S;,; contains
witnesses for the outermost existential quantifier§gnnamely, the elements of the s&t Suppose that
Z = {by,...,bs}. Note thath; have pairwise distance 2r by (i), and we haveA N S; 1, = ™) (b,),
becauseVANi+1 (b)) = F, andA N Fy, = N (@) (b;). m

Note that/; , ; is constructed to satisfy property (e) as well. This congdehe definition of the inductive
construction. All it remains to see is that the construcstops in at most steps. Because suppose for
contradiction that we have constructéd C,, and, satisfying (a)—(e). Thef, = I by (e), and by (c), no
disjoint extension ofA N S, satisfiesp = \/,.; 7;. However,

the disjoint unionB of A N S, with A is an extension oA and (4.4)
hence does satisfy.

This is a contradiction. O

As a direct application of Theorem 4.3, let us consider tlags®d, of all finite o-structures of degree
bounded byr. This class is both wide and closed under substructures sjwnd unions. To see the
wideness, note that when the degree of every node is atmiostany element, Ny(a) contains at most?
elements. Thus, if a structure has size greaterméml), it must contain al-scattered set of: elements.

Theorem 4.8 Letr be an integer. Then, oR,., every first-order sentence that is preserved under exiessi
is equivalent to an existential sentence.

In the following section we show how the argument of Theore&cén be extended, in some cases, to
classes of structures that aenost wide

5 Bounded Treewidth Structures

The class of structures of bounded degree provide a can@xample of a wide class. On the other hand,
acyclic structures (which we considered in Section 3) atewide. Indeed, in an arbitrarily large tree of
height 1 all pairs of nodes are at distance at most 2 from etheh and there is therefore no largscattered
set for anyd > 2, yet the tree may be arbitrarily large. However, in such acstire, the removal of just one
element, the root, creates a large scattered set. Thisategithe definition below.

Definition 5.1 A class of finiter-structure<C is almost widef there is ak such that for every andm there
exists anV such that every structurA of size at leasfV in C contains a seB with at most: elements such
that A — B contains ad-scattered set of size.

It was shown in [1] that the homomorphism preservation prtyd®lds for almost wide classes of structures
which are closed under substructures and disjoint unianaas also established that any class of graphs
that excludes a minor is almost wide.

It is not the case that the extension preservation propeyshfor all almost wide classes. This is
shown in the next section, where we show, in particular, ithfails for the class of planar graphs. It turns
out that the requirement that an almost wide class be closddrisubstructures and disjoint unions is not
sufficient to guarantee the extension preservation prppétévertheless, closure under unionger a set
of bottleneckssuffices, a notion we make more precise later. In this sesti@ershow that this yields the
preservation under extensions property for some partigulateresting almost wide classes. To be precise,
we show show that the property holds for the cl@g®f all finite o-structures of treewidth less than In
other words, we aim to prove the following result:
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Theorem 5.2 Letk be an integer. Then, di,, every first-order sentence that is preserved under exiessi
is equivalent to an existential sentence.

The proof of this result requires three ingredients. The iimgredient is a generalization of the disjoint
union operation on structures by allowing some non-empgrsection. LetA andB be o-structures, and
let C C AN B be suchthalh N C' = BN C. Theunion of A andB throughC, denoted byA &¢- B is a
new o-structure defined as follows. The universeldf= A ©- B is A’ U B’ U C, whereA’ is a disjoint
copy of A — C and B’ is a disjoint copy ofB — C'. The relations oD are defined in the obvious way: If
ai,...,a, are points ind anda/, . . ., a. are the corresponding points i U C, then(a}, ..., a.) € RP if
and only if (a1, . ..,a,) € RA. Similarly, if b1, ..., b, are points inB andb}, ..., b, are the corresponding
points inB’ U C, then(d}, ..., b.) € RP ifand only if (b1, ..., b,) € RB. Observe that this construction is
precisely the disjoint union oA andB whenC' = (.

The next lemma is a straightforward generalization of theiais fact that7, is closed under dis-
joint unions. The Lemma states, roughly, thatis closed under unions througiubsets of bags of tree-
decompositions

Lemma 5.3 Letk be an integer. LeA and B be twoo-structures, lelC’ C AN B be suchthaA N C =
BN C, and let(T,L) and (T’, L") be tree-decompositions of widthof A and B, respectively. Then, if
there exists nodes € 7" andu’ € 7" such thatC' C L(u) N L'(v’), then the union oA and B throughC'
has treewidth at mogi.

Proof: The tree-decomposition of the union(i&”, L U L), whereT” = T U T’ with a new tree edge
joining v andw/. O

The second ingredient is the fact that the class of strustoféreewidth less thah is almost wide, in
the sense of Definition 5.1 that there exists a small set dicesrwhose removal produces a large scattered
set. Such a set is henceforth calledadtleneck This was proved in [1] but here we state the stronger claim
that the bottleneck can be found in a single bag of a treerdposition. The proof is the same as in [1] and
is sketched here for completeness.

Lemma 5.4 For everyk, and for everyl andm, there exists aV such that ifA is a o-structure of size at
leastN and (T, L) is a tree-decomposition & of widthk, then there exist € 7"and K’ C L(u) such that
A — K contains ad-scattered set of siz@.

Proof sketch Letp = (m — 1)(2d + 1) +1, M = k!(p — 1)*, andN = k(m — 1)M and suppose that
A is a structure with more thaiV elements. Let7’, L) be a tree decomposition & such that(u) has
size at mosk for all w € T'. Note thatT” has size at leasV/k + 1. Furthermore, supposE has a node:
of degree at least:. But then it is easy to see that takifg = L(u) gives a graph with at least distinct
connected components and therefore a scattered set afisizen the other hand, if every node @fhas
degree less tham, thenT" must have a path with length greater than By the Sunflower Lemma of Erdos
and Rado [7], it follows that we can fingdistinct nodesu,, ..., u, € T and a set’ C A such that for
i # j, L(u;) N L(u;) = K. It can then be shown th& — K must contain a-scattered set of size. O

The third ingredient in the proof is a first-order bi-intextation between an almost wide structure and
a wide structure. From now on we focus on graphs; the congiruextends easily to the general case. Let
Py, ..., P, Q,...,Qk be unary relation symbols and= {E, Py, ..., Py, Q1,...,Q}. For every graph
G = (V, ES) and every tuple = (ay, ..., a;) € V¥ we define ar-structureA = A (G, a) as follows:
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1. A=V,

2. EA =EC — {(a,b) € A% : {a,b} N {ay,...,ax} # 0},
3. PA = {aih

4. QA ={be A: (a;,b) € ECY}.

Let us call as-structureA derivedif E4 is a symmetric and anti-reflexive binary relation, and thane
elementsiy, ..., a; € A such thatP® = {a;} for 1 <i < k anda; is isolated in the graph underlying;
that is, forl < i < k there is nd such thata;,b) € EA. Note that for every derived structutethere is a
unique graphG(A) and a uniqué-tuplea(A) of vertices ofG (A ) such that

A = A(G(A),a(A)).

The point behind the construction &f = A(G, a) is that if K = {ay,...,a;} is a bottleneck ofz in the
sense thaG — K contains a large scattered set, theritself has a large scattered set and maintains all the
information needed to reconstru@. Indeed,G(A) is first-order interpretable i\, and thus we get the
following lemma:

Lemma 5.5 For every first-order sentencge of vocabulary{ E'} there is a sentencg of vocabularyo such
that for all o-structuresA we have:

1. If A = ¢ thenA is derived.
2. If A'is derived, themA = ¢ ifand only ifG(A) E ¢.

This follows at once from a standard result on syntactic&rpretations (cf., for example, Theo-
rem VIII.2.2 of [6]).
Equipped with these three ingredients we are ready for thie argument.

Proof: [of Theorem 5.2] Lety be a first-order sentence that is preserved under exterisidis It suffices

to show thaty has finitely many minimal models. L&k = (V, EG) be a graph ir7;, that is a minimal
model of p. Suppose for contradiction thét is very large. Let(T, L) be a tree-decomposition of width

k of G, and letK = {by,...,br} C V be a bottleneck; that is, a set such tat- K contains a large
scattered set. By Lemma 5.4 we may assume khat L(u) for someu € T. Let A = A(G,b), where

b = (b1,...,br). The idea is to work withA and ¢ instead ofG and ¢ and proceed as in the proof

of Theorem 4.3. The difference is thatis not preserved under extensions. However, preservation under
extensions is used only twice in the proof of Section 4 (ir84nd (4.4)), both times to prove that the
disjoint unionB of the structureA with A NS, is a model ofp. Claim 5.6 shows that in both cas&s a
model of 2.

Claim 5.6 Let C C A such that the type of each € C is frequent. LetS C N, (C) and letB be the
disjoint union ofA with a disjoint copy ofA N S. ThenB is derived,G is an induced subgraph @& (B),
and G(B) belongs to7Z;.

Proof: The bottleneck points are not ifi’ as their type is not frequent and therefore notNp(C') as
they are isolated iMA. Thus, Note thaB is derived because the bottleneck points are nof.inLet
H = G(B). Clearly, G is an induced subgraph &. Thus all we have to prove is th# belongs to
T,. Let A’ = AN (SUK), whereK is the bottleneck ofs. Again, A’ is derived. LetG' = G(A’).
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Clearly, G’ is an induced subgraph @. In particular,G’ is in 7, so it has a tree-decomposition of width
k. More importantly, sinceX C L(u), we can assume as well thAt is a subset of some bag of the tree-
decomposition ofG’. These two facts together imply that the union@fand G’ through K, which is
preciselyH, is in 7, by Lemma 5.3. O

This shows then that thB in (4.3) and (4.4) is a model @f. The proof proceeds until we construct
a structureC that satisfiesp and is a proper substructure &f. We claim thatC is derived. This is
because all bottleneck points have rare type, so they beétohg Let H = G(C). Note now thatH is the
union of two subgraph€&x; and G- of G through the bottleneclkl. Again K is a subset of a bag of the
tree-decompositions d&; and G,, soH belongs to7; by Lemma 5.3. MoreoveH is a proper induced
subgraph ofG andH = ¢ by Lemma 5.5. This contradicts the minimality Gf, which concludes the
proof. O

This completes the proof of Theorem 5.2. Note that this do¢smply that the existential preservation
theorem holds on all classes of bounded treewidth. Indeedshew in the next section that it fails, in
particular, for the class of planar graphs of treewidth 4.

6 Counterexample for Planar Graphs

The aim of this section is to show that the preservation uegtemsions property fails on the class of planar
graphs. Let us focus first on the class of planar graphs whediEes are colored either black or white.
Later we show how to remove the colors. The vocabulary costaibinary relation symbdl for the edge
relation, and a unary relation symhBlfor the color. Letp be the following first-order sentence:

# = G2)E) (z # y A P() A P) A (er(e,y) = pale,y) ).
v1(x,y) = (Vz2) <z #FxNz#y— P(z)NE(x,z) N E(y, z))
wa(x,y) = (Vu) (u #xAu#y— (Fv)(Jw) (v # w A —P(v) AN =P(w) A E(u,v) A E(u,w)))

We claim thaty is preserved under extensions on the class of black/wbltaed planar graphs. Before
we prove this we need a technical gadget. For eweky 3, let G,, be the black/white-colored planar graph
displayed in Figure 1, where the number of black verticexacty n.

It is not hard to see thak,, does not have any planar proper extension in which all otedices are
adjacent to both white vertices. Let us state this:

Lemma6.1 Letn > 3, and letH be a black/white-colored planar graph that is a proper esien ofG,,.
Then, no vertex i — G, is adjacent to both white vertices &,,.

Proof: Let u be a vertex inH — G,,. Suppose that: is adjacent to both white vertices {@,,. Then
H contains aK; minor by contracting one of the edges connectingp a white vertex inG,,, and by
contracting all but two of the edges (&,, that do not have a white endpoint. This contradicts the pigna
of H. O

Now we are ready to show that is preserved under extensions on the class of black/wblteed
planar graphs:
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Figure 1:Gg

Lemma 6.2 Let G andH be black/white-colored planar graphs such tittis a proper extension d&. If
G is a model ofp, so isH.

Proof: Suppose tha is a model ofp, so leta andb be two different white vertices it. If G = 1 (a,b),
then clearlyH (= ¢;(a,b) becausda is an induced substructure ®E. In this caseH is also a model of
© and we are done. Otherwise, sinGe= ¢ andG = ¢1(a,b), we haveG |= p2(a,b). This means that
every vertex inG — {a, b} is adjacent to at least two other black vertices. It follohat{ contains some
G, as a (not necessarily induced) subgraph wigmdb as white vertices. Here > 3. It follows then by
Lemma 6.1 that some vertex i — G,, fails to be connected to bothandb. But thenH [~ ¢4 (a,b) SOH
is a model ofp again. O

To complete the argument we need to show thatnot equivalent to an existential sentence on the class
of black/white-colored graphs.

Lemma 6.3 There is no existential sentence equivalenpton all black/white-colored planar graphs.

Proof: By virtue of Lemma 2.1, we only need to show thahas infinitely many minimal models among
planar graphs. Itis easily seen that forallz,, is a minimal model ofp. Indeed, if we remove at least one
of the white vertices front,,, we would not have witnesses for the two outermost existeqtiantifiers in
, and if we remove at least one of the black vertices theremains true whilep fails. O

This shows that the preservation-under-extensions projb@its for the class of black/white-colored
planar graphs. Removing the colors is easy. It suffices tmecepeach occurrence &f(x) by a formula
3(x) stating thatr is attached to @ x 4-grid that is otherwise disconnected from the rest of thelgra
One point to note is that a node without such a grid attachedgraphG may have a grid in an extension
of G. However, this would mean that; would fail in the extension and thyswould necessarily be true.
Thus, the formula is still preserved under extensions. 3iisvs then that the preservation-under-extensions
property fails for the class of planar graphs.

Note further that for any, the treewidth of.,, is at mostd. This implies that the existential preservation
theorem fails, even for the clag® of planar graphs of treewidth at most 4. Indeed, the sentente
preserved under extensions Bnsince it is preserved under extensions on all planar gragiosvever, o
still has infinitely many minimal models in this class as e@this in P.
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7 Conclusions

We have established the extension preservation theoremriamber of interesting classes of finite struc-
tures. These include all wide classes—such as any classuofises of bounded degree—and some almost
wide classes, such &g, the class of all structures of treewidth less thkanThe situation for the exten-
sion preservation theorem is quite different to that ehbt for the homomorphism preservation theorem
in [1]. In particular, the former fails on the class of plamdrile the latter holds on all classes that exclude
a graph minor. Indeed, the methods of proof used here tolisstdbe extension preservation property are
rather different to those used in [1]. It should also be nded Rossman [15] has recently established that
the homomorphism preservation theorem holds on the claai fofite structures, which contrasts with the
known failure of the extension preservation theorem.

A number of recent results in finite model theory [1, 2, 3, 8, 1T indicate that classes of structure
such as trees or structures of bounded treewidth, planphgrand graphs of bounded genus, graphs with
excluded minors, and graphs of bounded degree are well béhiawarious ways related to their first-
order model theory (in a broad sense). So far, no serioumptteas been made to identify general criteria
connecting the different results. The locality of first-erdogic always appears to play a crucial role, and
the notion ofwidenesgormally introduced here seems to be a good structural eppatt. But there is more
to it than this simple observation; for example, the restiths paper holds on graphs of bounded degree,
but not on planar graphs, whereas for the algorithmic rexfl{3] it is the other way round. The order
invariance result of [2] has so far eluded all efforts to agté beyond acyclic structures.

References

[1] A. Atserias, A. Dawar, and Ph. G. Kolaitis. On presematunder homomorphisms and unions of
conjunctive queriesJournal of the ACM53:208-237, 2006.

[2] M. Benedikt and L. Segoufin. Towards a characterizatiborder-invariant queries over tame structures.
In C.-H.L. Ong, editor,Proceedings of the 19th International Workshop on Comp8t@ence Logic
volume 3634 ol ecture Notes in Computer Scienpages 276-291. Springer-Verlag, 2005.

[3] A. Dawar, M. Grohe, S. Kreutzer, and N. Schweikardt. Appmation schemes for first-order definable
optimisation problems. IRroc. 21st IEEE Symp. on Logic in Computer Sciepeges 411-420, 2006..

[4] R.G. Downey and M.R. FellowsParametrized Complexityspringer-Verlag, 1999.
[5] H-D. Ebbinghaus and J. Flunkinite Model Theory Springer, 2nd edition, 1999.
[6] H-D. Ebbinghaus, J. Flum, and W. Thomagathematical Logic Springer, 2nd edition, 1994.

[7] P. Erdos and R. Rado. Intersection theorems for systhsets. J. London Mathematical Socigty
35:85-90, 1960.

[8] J. Flum and M. Grohe. Fixed-parameter tractability, wiafility, and model checkingsIAM Journal on
Computing 31(1):113-145, 2001.

[9] J. Flum, M Frick, and M. Grohe. Query evaluation via tidezompositions. Journal of the ACM
49:716-752, 2002.

18



[10] M. Frick and M. Grohe. Deciding first-order propertiddaxally tree-decomposable structurdsur-
nal of the ACM 48:1184-1206, 2001.

[11] M. Grohe and Gy. Turan. Learnability and definability trees and similar structuresTheory of
Computing System87(1):193—-220, 2004.

[12] Yu. Gurevich. Toward logic tailored for computationedmplexity. In M. Richter et al., editors,
Computation and Proof Thegrpages 175-216. Springer Lecture Notes in Mathematicg}.198

[13] W. Hodges.Model Theory Cambridge University Press, 1993.
[14] L. Libkin. Elements of Finite Model Theargpringer, 2004.

[15] B. Rossman. Existential positive types and presemmatinder homomorphisisms. &9th IEEE Sym-
posium on Logic in Computer Sciengmages 467-476, 2005.

[16] W. W. Tait. A counterexample to a conjecture of Scott Sugpes.Journal of Symbolic Logi24:15—
16, 1959.

19



