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Abstract
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precise. We also show that the preservation property holds for the class of structures of treewidth at most
k, for anyk. In contrast, we show that the property fails for the class ofplanar graphs.
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1 Introduction

The subject of model theory is concerned with the relationship between syntactic and semantic properties
of logic. Among classical results in the subject are preservation theorems which relate syntactic restrictions
on first-order logic with structural properties of the classes of structures defined. A key example is the Łoś-
Tarski Theorem which asserts that a first-order formula is preserved under extensions on all structures if,
and only if, it is logically equivalent to an existential formula (see [13]). One direction of this result is easy,
namely that any formula that is purely existential is preserved under extensions, and this holds on any class
of structures. The other direction, going from the semanticrestriction to the syntactic restriction makes key
use of the compactness of first-order logic and hence of infinite structures.

In the early development of finite-model theory, when it was realized that finite structures are the ones
that are interesting from the point of view of studying computation, it was observed that most classical
preservation theorems from model theory fail when only finite structures are allowed. In particular, the Łoś-
Tarski theorem fails on finite structures [16, 12]. These results suggest that the class of finite structures is
not well-behaved from the point of view of model theory. However, when one considers the computational
structures that arise in practice and are used as interpretations for logical languages (for instance, program
models interpreting specifications or databases interpreting queries), in many cases they are not only finite
but satisfy other structural restrictions as well. This motivates the study, not just of the class of finite
structures, but of well-behaved subclasses of this class. Note that classical model theory, in most of its more
advanced parts, also considers restricted classes of structures such as stable, simple, o-minimal structures or
specific structures that are of interest in other areas of mathematics.

There are certain restrictions on finite structures that have proved especially useful in modern graph
structure theory and also from an algorithmic point of view.For instance, many intractable computational
problems become tractable when restricted to planar graphsor structures of bounded treewidth [4]. This
is also the case in relation to evaluation of logical formulas [9]. A common generalization of classes of
bounded treewidth and planar graphs are classes of structures that exclude a minor which have also been
extensively studied.

A study of preservation properties for such restricted classes of finite structures was initiated in [1].
There, the focus was on the homomorphism preservation theorem, whose status on the class of finite struc-
tures was open. It was shown that this preservation propertyholds on any class of structures of bounded
degree, bounded treewidth or that excludes some minor (and has certain other closure properties). In the
present paper, we investigate the Łoś-Tarski extension preservation property on these classes of finite struc-
tures. Note that the failure of the property on the class of all finite structures does not imply its failure on
subclasses. If one considers the non-trivial direction of the preservation theorem on a classC, it says that
any sentenceϕ that is preserved under extensionson C is equivalenton C to an existential sentence. Thus,
restricting to a subclassC′ of C weakens both the hypothesis and the consequent of the statement.

We show that the extension preservation theorem holds on anyclass of finite structures closed under
substructures and disjoint unions that is alsowidein the sense that any sufficiently large structure in the class
contains a large number of elements that are far apart. This includes, for instance, any class of structures of
bounded degree. While classes of structures of bounded treewidth are not wide, they are nearly so in that they
can be made wide by removing a small number of elements. We usethis property and show that it implies
the extension preservation theorem for the classTk—the class of structures of treewidthk or less (note this
is not as general as saying that the property holds for all classes of bounded treewidth). Finally, although all
classes defined by excluded minors are known to bealmost widein the same sense asTk is, we show that the
construction does not extend to them. We provide a counterexample to the extension preservation property
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for the class of planar graphs, and indeed, even for the classof planar graphs of treewidth at most four. This
contrasts with the results obtained for the homomorphism preservation property in [1] as this property was
shown to hold on all classes excluding a graph minor and closed under substructures and disjoint unions.

The main methodology in establishing the preservation property for a class of structuresC is to show an
upper bound on the size of a minimal model of a first-order sentenceϕ that is preserved under extensions on
C. The way we do this is to show that for any sufficiently large modelA of ϕ, there is a proper substructure
of A and an extension ofA that cannot be distinguished byϕ. In Section 3 we establish this for the
relatively simple case of acyclic structures by means of a Hanf locality argument. Section 4 contains the
main combinatorial argument for wide structures which usesGaifman locality and an iterated construction
of the substructure ofA. In Section 5, the combinatorial argument is adapted to the classesTk. Finally, in
Section 6 we discuss the existence of a counterexample in thecase of planar graphs. We begin in Section 2
with some background and definitions.

2 Preliminaries

We use standard notation and terminology from finite model theory (see [5]). Some particular definitions
and notation are explained in this section.

2.1 Relational structures

A relational vocabularyσ is a finite set ofrelation symbols, each with a specifiedarity. A σ-structureA

consists of auniverseA, or domain, and aninterpretationwhich associates to each relation symbolR ∈ σ
of some arityr, a relationRA ⊆ Ar. A graph is a structureG = (V,E), whereE is a binary relation that
is symmetric and anti-reflexive. Thus, our graphs are undirected, loopless, and without parallel edges.

A σ-structureB is called asubstructureof A if B ⊆ A andRB ⊆ RA for everyR ∈ σ. It is called
an induced substructureif RB = RA ∩ Br for everyR ∈ σ of arity r. Notice the analogy with the graph-
theoretical concept ofsubgraphandinduced subgraph. A substructureB of A is proper ifA 6= B. If A is
an induced substructure ofB, we say thatB is anextensionof A. If A is a proper induced substructure, then
B is a proper extension. IfB is the disjoint union ofA with anotherσ-structure, we say thatB is adisjoint
extensionof A. If S ⊆ A is a subset of the universe ofA, thenA ∩ S denotes theinduced substructure
generated byS; in other words, the universe ofA ∩ S is S, and the interpretation inA ∩ S of the r-ary
relation symbolR isRA ∩ Sr.

TheGaifman graphof aσ-structureA, denoted byG(A), is the (undirected) graph whose set of nodes
is the universe ofA, and whose set of edges consists of all pairs(a, a′) of distinct elements ofA such thata
anda′ appear together in some tuple of a relation inA. Thedegreeof a structure is the degree of its Gaifman
graph, that is, the maximum number of neighbors of nodes of the Gaifman graph.

2.2 Neighborhoods and treewidth

LetG = (V,E) be a graph. Moreover, letu ∈ V be a node and letd ≥ 0 be an integer. Thed-neighborhood
of u in G, denoted byNG

d (u), is defined inductively as follows:

1. NG
0 (u) = {u};

2. NG

d+1(u) = NG

d (u) ∪ {v ∈ V : (v,w) ∈ E for somew ∈ NG

d (u)}.
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If A is aσ-structure,a is a point inA, andG is the Gaifman graph ofA, we letNA

d (a) denote thed-
neighborhood ofa in G. Where it causes no confusion, we also writeNA

d (a) for the substructure ofA
generated by this set.

A tree is an acyclic connected graph. Atree-decompositionof G = (V,E) is a pair(T,L) whereT is a
tree andL : T → ℘(V ) is a labelling of the nodes ofT by sets of vertices ofG such that:

1. for every edge{u, v} ∈ E, there is a nodet of T such that{u, v} ⊆ L(t);

2. for everyu ∈ V , the set{t ∈ T : u ∈ L(t)} forms a connected subtree ofT .

Thewidth of a tree-decomposition(T,L) is maxt∈T |L(t)| − 1. The treewidthof G is the smallestk for
whichG has a tree-decomposition of widthk. Thetreewidthof aσ-structure is the treewidth of its Gaifman
graph. Note that trees have treewidth one.

2.3 First-order logic, monadic second-order logic, and types

Let σ be a relational vocabulary. Theatomic formulasof σ are those of the formR(x1, . . . , xr), where
R ∈ σ is a relation symbol of arityr, andx1, . . . , xr are first-order variables that are not necessarily
distinct. Formulas of the formx = y are also atomic.

The collection offirst-order formulasis obtained by closing the atomic formulas under negation, con-
junction, disjunction, universal and existential first-order quantification. The collection ofexistentialfirst-
order formulas is obtained by closing the atomic formulas and the negated atomic formulas under conjunc-
tion, disjunction, and existential quantification. The semantics of first-order logic is standard.

The collection ofmonadic second-order formulasis obtained by closing the atomic formulas under
negation, conjunction, disjunction, universal and existential first-order quantification, and universal and ex-
istential second-order quantification over sets. The semantics of monadic second-order logic is also standard.

The quantifier rank of a formula, be it first-order or monadic second-order, is the depth of nesting of
quantifiers in the formula.

Let A be aσ-structure, and leta1, . . . , an be points inA. If ϕ(x1, . . . , xn) is a formula with free
variablesx1, . . . , xn, we use the notationA |= ϕ(a1, . . . , an) to denote the fact thatϕ is true inA when
xi is interpreted byai. If m is an integer, the first-orderm-type of a1, . . . , an in A is the collection of
all first-order formulasϕ(x1, . . . , xn) of quantifier rank at mostm, up to logical equivalence, for which
A |= ϕ(a1, . . . , an). The monadic second-orderm-type ofa1, . . . , an in A is the collection of all monadic
second-order formulasϕ(x1, . . . , xn) of quantifier rank at mostm, up to logical equivalence, for which
A |= ϕ(a1, . . . , an). In this definition, by quantifier rank of a monadic second-order formula we mean the
total quantifier rank, which means that we include both first-orderand second-order quantifiers in the count.
We note that some definitions of monadic second-order type inthe literature distinguish between first-order
and second-order quantifier rank [14], but we do not need thisrefinement.

2.4 Preservation under extensions and minimal models

Let C be a class of finiteσ-structures that is closed under induced substructures. Let ϕ be a first-order
sentence. We say thatϕ is preserved under extensionson C if wheneverA andB are structures inC such
thatB is an extension ofA, thenA |= ϕ impliesB |= ϕ. We say thatA is aminimal modelof ϕ if A |= ϕ
and every proper induced substructureA

′ of A is such thatA′ 6|= ϕ. The following Lemma states that the
existential sentences are precisely those that have finitely many minimal models. Its proof is part of folklore:
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Lemma 2.1 Let C be a class of finiteσ-structures that is closed under induced substructures. Let ϕ be a
first-order sentence that is preserved under extensions onC. Then, the following are equivalent:

1. ϕ is equivalent onC to an existential sentence,

2. ϕ has finitely many minimal models inC.

In the rest of the paper, we use several times the implicationfrom 2. to 1. Just for completeness, this is
proved by taking the disjunction of the existential closureof the atomic types of each of the finitely many
minimal models.

3 Acyclic Structures

We begin with the simple case of acyclic structures, by whichwe mean structures whose Gaifman graph is
acyclic. We show that any class of such structures satisfying certain closure properties admits the extension
preservation property. Note, for structures whose Gaifmangraphs are acyclic, there is no loss of generality
in assuming that the vocabularyσ consists of unary and binary relations only.

The proof makes heavy use of a technique known as Hanf locality, for which we provide the necessary
background first.

Let A andB be structures. Ifa ∈ Am,b ∈ Bm arem-tuples, we write(A,a) ≡m (B,b) to denote
that the first-orderm-type ofa in A is the same as the first-orderm-type ofb in B. In particularA ≡m

B

denotes that the structuresA andB are not distinguished by any first-order sentence of quantifier rankm
or less. The equivalence relation≡m is characterized by Ehrenfeucht-Fraı̈ssé games (see, forinstance, [5]).
These can be used to show that the relation is a congruence with respect to disjoint union with a multiplicity
threshold ofm. A precise statement of this useful property is given in the following lemma. We writeA⊕B

to denote the disjoint union of the structuresA andB andnA to denote the disjoint union ofn copies ofA
(see [5, Prop. 2.3.10]).

Lemma 3.1 LetA1, A2, B1, andB2 be structures, and letm, n andn′ be integers.

1. If A1 ≡m
B1 andA2 ≡m

B2 thenA1 ⊕ A2 ≡m
B1 ⊕ B2.

2. If n, n′ ≥ m andA ≡m
B thennA ≡m n′B.

A useful sufficient condition for the≡m equivalence of structures is provided by Hanf locality. TheHanf
typeof radiusr of a structureA is the multiset of isomorphism types ofr-neighborhoods of elements inA.
We say that two structuresA andB areHanf equivalentwith radiusr and thresholdq, writtenA ≃r,q B,
if, for everya ∈ A, either the number of occurrences of the isomorphism type ofNA

r (a) in the Hanf type
of A is the same as that in the Hanf type ofB, or it is at leastq, and conversely for every elementb ∈ B.
This allows us to state the following (for a proof see for instance [14, Theo. 4.24]):

Theorem 3.2 (Hanf Locality) For every vocabularyσ and everym there arer andq such that for any pair
of σ-structuresA andB if A ≃r,q B thenA ≡m

B.

As a first step towards the main result of this section, we establish a useful property of connected, acyclic
structures with degree at most 2. These are structures whoseGaifman graph consists of a simple path. This
is a a very restricted class of structures. In particular, any class of such structures is wide, in the sense of
Theorem 4.3 below. Thus, on any class of such structures, theextension preservation property holds by
virtue of Theorem 4.3. However, the property in Lemma 3.3 provides a useful stepping stone in our proof
for all acyclic structures and also serves as a useful warm-up for the proof in Section 4.
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Lemma 3.3 For every vocabularyσ and everym > 0 there is ap such that ifA is a σ-structure whose
Gaifman graph is connected, acyclic and of degree at most 2 and |A| > p, then there is a disjoint extension
B of A and a proper substructureA′ of A such thatA′ ≡m

B.

Proof: Givenm, let r andq be obtained from Theorem 3.2. We first consider the2r-neighborhoods of
elements ofA, returning later to considerr-neighborhoods when we wish to establish the Hanf types of
the structures we construct. Clearly, the2r-neighborhood type of an element determines itsr-neighborhood
type. Also note that amongσ-structures whose degree is bounded (by 2) there are only finitely many
isomorphism types of2r-neighborhoods. Letn be the number of such types, letl = 2r(n + 1) + 1 and let
p = nl(q + l).

For t the isomorphism type of a2r-neighborhood inA, we say thatt is frequentif there are at least
q+ l elements inA whose type ist. Since there are at mostn types, the number of occurrences of elements
whose type is not frequent is less thann(q + l). Thus, in a path of lengthp there must be a sequence of
l consecutive elements of frequent type. Leta1, . . . , al be such a sequence. Among the2rn + 1 central
elements of the sequencear+1, . . . , a(2n+1)r+1 there must be a pairai, aj which have the same type and
such thatj − i > 2r. Let C be the substructure ofA generated by the elementsai+1, . . . , aj. We defineB
to beA⊕ C andA

′ to be the substructure ofA generated byA \ C.
Our aim is to proveA′ ≡m

B by showing thatA′ ≃r,q B. We do this by considering how the Hanf type
changes in going fromA to A

′ and also how it changes in going fromA to B. So, fort the isomorphism
type of anr-neighborhood inA, we say thatt is rare if there are fewer thanq elements inA whose type ist.
WriteD for the set of elements{ai−r+1, . . . , ai, aj+1, . . . , aj+r}. That is,D consists of ther elements that
occur immediately beforeC and ther elements that occur immediately afterC in the sequencea1, . . . , al.
For any elementa ∈ A that is not inC∪D,NA

r (a) = NA
′

r (a). For any elementa of C∪D, the multiplicity
of the typet of NA

r (a) may decrease in going fromA to A
′. However,t occurs at leastq + l times inA

and this multiplicity cannot decrease by more thanl as|C ∪D| ≤ l. Thus,t is not rare inA′. Clearly the
elements ofD may have types inA′ that are different to their types inA and therefore the multiplicities of
these types may increase.

Similarly, for any elementa ∈ A, NA
r (a) = NB

r (a), thus any typet that occurs inA has at least the
same multiplicity inB. Let C ′ = {a′i+1, . . . , a

′
j} denote the elements in the new disjoint copy ofC. If

a′k ∈ C ′ is such thati + r < k ≤ j − r then ther-neighborhood ofa′k is isomorphic toNA
r (ak). Since

the type ofak is frequent, adding to its multiplicity is not significant. Thus, we only need to consider the
types of the elements inD′ = {a′i+1, . . . , a

′
i+r+1, a

′
j−r+1, . . . , a

′
j}. For these elements, the types of their

r-neighborhoods inB may be new and result in an increase of the multiplicities of these types over their
occurrences inA. Thus, to establish our result thatA

′ ≃r,q B it suffices to show that there is a bijection
f : D → D′ such that for alla ∈ D, NA′

r (a) ∼= NB
r (f(a)). By construction, there is an isomorphism

h : NA
2r(ai) → NA

2r(aj) and therefore in particular, for−r ≤ k ≤ r,NA
r (ai+k) ∼= NA

r (aj+k). We can now
define the desired bijectionf as follows: for1 ≤ k ≤ r, f(ai−k+1) = a′j−k+1 andf(aj+k) = a′i+k. 2

We now use the above lemma to obtain a similar result for connected acyclic structures without a bound
on the degree. This is done by reducing the case of general degree to those with degree at most 2 by means
of an appropriate translation. For the vocabularyσ, there are only finitely many first-orderm-types ofσ-
structures. Letτ1, . . . , τn be an enumeration of the possible types ofa in A, whereA is a connected, acyclic
structure anda ∈ A. We refer toa asthe distinguished elementof (A, a). We define a new vocabularyσ′

which has the same binary relations asσ and a unary relationTi for eachτi.
Let A be aσ′-structure that is connected, acyclic and of degree at most 2with the property that for each

a ∈ A there is a uniquei such thatTi(a). We construct fromA aσ-structureÃ as follows: each element
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a ∈ A with Ti(a) is replaced by a structureTa of typeτi. Moreover, for any binary relationR, (b, c) ∈ RÃ

if, and only if,eitherb andc are in the same structureTa and(b, c) ∈ RTa or b is the distinguished element
of Ta, c is the distinguished element ofTa′ and(a, a′) ∈ RA. The structurẽA is not uniquely determined
by A as there are, in general, many structures of typeτi. However, the following lemma is easily established
along the lines of Lemma 3.1.

Lemma 3.4 LetA andB be structures connected, acyclic structures of degree at most 2 with the property
that for each element there is a uniquei such thatTi holds, and letm be an integer. IfA ≡m

B then
Ã ≡m

B̃.

We will call a structure of the form̃A aσ-companion ofA.

Lemma 3.5 For every vocabularyσ and everym > 0 there is ap such that ifA is a structure whose
Gaifman graph is connected and acyclic and which contains a path with more thanp elements, then there is
a disjoint extensionB of A and a proper substructureA′ of A such thatA′ ≡m

B.

Proof: Let σ′ be the vocabulary, as above, with a unary relation for eachm-type ofσ-structures and letp
be as in Lemma 3.3 for the vocabularyσ′. Let a1, . . . , ap be the path of lengthp in A. For eachi, let Si be
the set of elements that are reachable (in the Gaifman graph of A) from ai without going throughaj for any
j 6= i and letSi be the substructure generated bySi. We define theσ′-structuresA as follows. The universe
of sA is {a1, . . . , ap}; Tk(ai) holds if, and only if,ai has typeτk in Si; and(ai, aj) ∈ RsA if, and only if,
(ai, aj) ∈ RA. Then, it is easily seen thatA is aσ-companion ofsA (which is defined, since the Gaifman
graph ofA is acyclic).

Let sA′ andsB be the structures obtained fromsA by Lemma 3.3. We obtainA′ as aσ-companion
of sA′ by replacing each elementai by the structure(Si, ai). This ensures thatA′ is a substructure of
A. Similarly, we obtainB as aσ-companion ofsB, ensuring thatB is a disjoint extension ofA. Since
sA′ ≡m sB by Lemma 3.3, we also haveA′ ≡m

B by Lemma 3.4. 2

Note that in both Lemmas 3.3 and 3.5B is not only a disjoint extension ofA, it is in fact the disjoint
union ofA with a substructure ofA.

In order to prove the main theorem of this section, we need onefurther composition property of acyclic
structures along the lines of the properties in Lemma 3.1. Inorder to define it, we introduce some further
notation. Given an acyclic structureA and an elementa ∈ A, for every neighborb of a let Sb be the
set of elements inA which are reachable fromb (in the Gaifman graph) without going througha and let
tpa(b) denote the first-orderm-type ofb in Sb. We define thechild-typeof b with respect toa to be the pair
(at(a, b), tpa(b)) whereat(a, b) is the atomic type of the pair(a, b). Finally, we define thechild-typeof
an elementa, written ctA(a), to be the multiset of the child-types of its neighbors with respect toa. Write
(A, a) ∼m (B, b) to denote that every typeeither occurs the same number of times inctA(a) as it does
in ctB(b) or occurs at leastm times in both. The following lemma is now a straightforward application of
games.

Lemma 3.6 If (A, a) ∼m (B, b) then(A, a) ≡m (B, b).

We are now ready for the main theorem of this section.

Theorem 3.7 Let C be a class of acyclic finite structures, closed under substructures and disjoint unions.
Then, onC, every first-order sentence that is preserved under extensions is equivalent to an existential
sentence.
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Proof: Let ϕ be a such a sentence of quantifier rankm. We aim to show that there is anN such that ifA
in C is a model ofϕ with more thanN elements thenA is not minimal. Letp be as in Lemma 3.5,n be the
number of distinct first-orderm-types of connected structures inC andq be the number of distinct types of
the form(at(a, b), tpa(b)) wherea andb are neighbors in a structure inC. LetN = mn(qm)p.

Now, supposeA is a minimal model ofϕ in C with more thanN elements. We consider three cases.
Case 1: A has more thanmn distinct connected components. Then there must be some collection of

more thanm such components that have the same first-orderm-type. Consider the structureA′ obtained by
removing one of these components. By Lemma 3.1A

′ ≡m
A, contradicting the minimality ofA.

If A hasmn or fewer connected components, one of these components musthave at least(qm)p ele-
ments. Call this componentC the large component.

Case 2: The large component ofA has a node of degree greater thanqm. Call this nodea. The type
ctA(a) must contain a type with more thanm occurrences. Letb be a neighbor ofa that has this child-type
with respect toa. LetA′ be the substructure ofA obtained by removing all elements inSb. By Lemma 3.6,
we haveA′ ≡m

A again contradicting the minimality ofA.
Case 3: If C does not contain a node of degree greater thanqm, it must contain a path of lengthp. Thus,

by Lemma 3.5, there is a proper substructureC
′ of C and a disjoint extensionD of C such thatC′ ≡m

D.
Let A′ be the structure obtained fromA by replacingC by C

′ andB be the structure obtained fromA by
replacingC by D. Then, by Lemma 3.1,A′ ≡m

B. Note also thatA′ andB are inC since it is closed under
substructures and disjoint unions. Sinceϕ is preserved under extensions onC, B |= ϕ and henceA′ |= ϕ
again contradicting the minimality ofA. 2

4 Wide Structures

This section will focus on classes of structures that arewide, meaning that large enough structures contain
many points that are pairwise far apart from each other. It was shown in [1] that the homomorphism preser-
vation theorem holds on any wide class of structures. Here weaim to establish the analogous result for the
extension preservation property.

Definition 4.1 A set of elementsB in a σ-structureA is d-scatteredif for every pair of distincta, b ∈ B we
haveNA

d (a) ∩NA

d (b) = ∅.
We say that a class of finiteσ-structuresC is wide if for everyd andm there exists anN such that every

structure inC of size at leastN contains ad-scattered set of sizem.

The canonical example of a wide class of structures is the thecollection of all structures of degree bounded
by a constant. More generally, any class of structures whosemaximum degree is bounded byno(1), where
n is the number of elements of the structure, is wide.

Unfortunately, the techniques and arguments of Section 3 based on Hanf locality will not be enough for
our current purpose. Instead, we will have to resort to Gaifman locality, for which we provide the necessary
background first.

For every integerr ≥ 0, let δ(x, y) ≤ r denote the first-order formula expressing that the distance
betweenx andy in the Gaifman graph is at mostr. Let δ(x, y) > r denote the negation of this formula.
Note that the quanfier rank ofδ(x, y) ≤ r is bounded byr. A basic local sentenceis a sentence of the form

(∃x1) · · · (∃xn)





∧

i6=j

δ(xi, xj) > 2r ∧
∧

i

ψNr(xi)(xi)



 , (4.1)
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whereψ is a first-order formula with one free variable. Here,ψNr(xi)(xi) stands for the relativization ofψ
to Nr(xi); that is, the subformulas ofψ of the form(∃x)(θ) are replaced by(∃x)(δ(x, xi) ≤ r ∧ θ), and
the subformulas of the form(∀x)(θ) are replaced by(∀x)(δ(x, xi) ≤ r → θ). The locality radiusof a
basic local sentence isr. Its width is n. Its local quantifier rankis the quantifier rank ofψ. We will use the
fact that basic local sentences are preserved under disjoint extensions. Note, however, that they may not be
preserved under plain extensions since in that case the neighborhoods can grow.

The main result about basic local sentences is that they forma building block for first-order logic. This
is known as Gaifman’s Theorem (for a proof, see, for example,[5, Theo. 2.5.1]):

Theorem 4.2 (Gaifman Locality) Every first-order sentence is equivalent to a Boolean combination of
basic local sentences.

The following theorem contains the main technical construction of the paper.

Theorem 4.3 Let C be a class of finiteσ-structures that is wide and closed under substructures anddis-
joint unions. Then, onC, every first-order sentence that is preserved under extensions is equivalent to an
existential sentence.

Proof: Let ϕ be a first-order sentence that is preserved under extensionson C. By Gaifman’s Theorem we
may assume thatϕ =

∨

i∈I τi, with

τi =
∧

j∈Ji

θi
j ∧

∧

k∈Ki

¬θi
k, (4.2)

where eachθi
h is a basic local sentence. Now we define a list of parameters that we need in the proof (the

reader may skip this list now and use it to look up the values when they are needed):

• r is the maximum of the locality radii of allθi
h,

• s is the sum of all widths of allθi
h,

• m is the maximum of the local quantifier ranks of allθi
h,

• ℓ is the number of disjuncts inϕ, soℓ = |I|.

• n = (ℓ+ 2)s,

• M = m+ 3r + 3,

• d = 2(r + 1)(ℓ + 1)s + 6r + 2,

• q is the number of monadic second-orderM -types with one free variable,

• N is such that every structure inC of size at leastN contains a(4dq + 2r + 1)-scattered set of size
(n− 1)q + s+ ℓs+ 1.

Our goal is to show that the minimal models ofϕ have size less thanN . Suppose on the contrary thatA is a
minimal model ofϕ of size at leastN . We define thetypeof a pointa ∈ A to be its monadic second-order
M -type inA∩NA

d (a). In other words, the type ofa is the collection of all monadic second-order formulas
ψ(x) of quantifier-rank at mostM , up to logical equivalence, for whichA ∩NA

d (a) |= ψ(a). We say that
a realizes its type. The reason we consider monadic second-order types, instead of first-order types, will
become clear later in the proof. Lett1, . . . , tq be all possible types. We need a couple of definitions. LetC
be a subset ofA andt a type. We say thatt is covered byC if for all realizationsa of twe haveNA

d (a) ⊆ C.
We say thatt is free overC if there are at leastn realizationsa1, . . . , an of t such thatNA

d (ai) andNA

d (aj)
are pairwise disjoint and do not intersectC.

9



Claim 4.4 There exists a radiuse ≤ 2dq and a setD of at most(n− 1)q points inA such that each type is
either covered byNA

e (D) or free overNA
e (D).

Proof: We defineD ande inductively. LetD0 = ∅ ande0 = 0. Suppose now thatDi andei are already
defined. LetC = NA

ei
(Di). If all types are either covered byC or free overC, then letD = Di ande = ei.

Otherwise, letj be minimal such that typetj is neither covered byC nor free overC. We define a setE
inductively as follows. LetE0 = ∅. Suppose now thatEt is already defined. If there is no realization of
tj outsideNA

2d(C ∪ Et), then letE = Et and we are done with the construction ofE. Otherwise, letat+1

be a realization oftj outsideNA

2d(C ∪ Et) and letEt+1 = Et ∪ {at+1}. Note that this iteration cannot
continue beyondn − 1 steps since otherwisetj would be free overC. This means that the iteration stops,
and when it does|E| ≤ n − 1 andtj is covered by any set that containsNA

2d(C ∪ E), and in particular by
NA

ei+2d(Di ∪ E). LetDi+1 = Di ∪ E andei+1 = ei + 2d. The construction stops after at mostq steps
because at each step one new type is covered and remains covered for the rest of the construction. This
shows that|D| ≤ (n− 1)q ande ≤ 2dq, which proves the claim. 2

In the following, we fixe andD according to Claim 4.4. We say that a typet is frequentif it is not covered
byNA

e (D). Otherwise we say thatt is rare.
We shall build a finite sequence of setsS0 ⊆ S1 ⊆ . . . ⊆ Sp ⊆ A, with p ≤ ℓ, so that the last setSp in

the sequence will be such that the substructure ofA induced bySp is a proper substructure ofA that satisfies
ϕ. This will contradict the minimality ofA and will prove the theorem. The sequenceSi is constructed
inductively together with a second sequence of setsC0 ⊆ C1 ⊆ · · · ⊆ Cp ⊆ A called thecenters, and a
sequence of sets of indicesI0 ⊆ I1 ⊆ · · · ⊆ Ip ⊆ I (recall thatϕ is the disjunction of the formulasτi
from (4.2) for i ∈ I). Moreover, the following conditions will be preserved by the inductive construction
for everyi < p.

(a) Si ⊆ NA
r (Ci).

(b) |Ci| ≤ is.

(c) No disjoint extension ofA ∩ Si satisfies
∨

j∈Ii
τj.

(d) NA
e (D) andNA

d (Ci) are disjoint.

(e) |Ii| = i.

Observe that it is a direct consequence of property (d) that the type of eacha ∈ Ci is frequent.
LetS0 = C0 = I0 = ∅, and let us assume thatSi,Ci andIi have already been defined with the properties

above. We constructSi+1, Ci+1, andIi+1. LetB be the disjoint union ofA with a copy ofA ∩ Si.

SinceB is an extension ofA, it satisfiesϕ. (4.3)

Therefore, there exists ani′ ∈ I such thatB satisfiesτi′ . By property (c), since the extension is disjoint, we
know thati′ 6∈ Ii. Let Ii+1 = Ii ∪ {i′}. For the rest of the proof, the indexi′ will be fixed so we drop any
reference to it. For example, we will writeτ instead ofτi′ andθh instead ofθi′

h . Recall that

τ =
∧

j∈J

θj ∧
∧

k∈K

¬θk.

SinceB satisfiesτ , in particular it satisfies the positive requirements:B |=
∧

j∈J θj. Let Wj be a
minimal set of witnesses inB for the outermost existential quantifiers inθj, and letW =

⋃

j∈J Wj. We
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have|W | ≤ s. Some of these witnesses may be inA and some may be in the new copy ofA ∩ Si in B.
LetWA ∪WB = W be such a partition, withWA being the witnesses inA. The following claim shows that
WA can be chosen far fromCi. This will be needed later.

Claim 4.5 There is a setW of witnesses such thatNA
r+1(Ci) ∩N

A
r (WA) = ∅.

Proof: Fix a setW of witnesses so that the number of pointsb in WA for whichNA
r+1(Ci) andNA

r (b) are
not disjoint is minimal. Suppose that this number is not zero, and letb ∈WA with NA

r+1(Ci)∩N
A
r (b) 6= ∅.

Let a ∈ Ci be such thatNA
r+1(a) ∩N

A
r (b) 6= ∅. ThenNA

r (b) ⊆ NA
3r+1(a) ⊆ NA

d (a). By property (d), the
type t of a is frequent. So leta′ be a realization oft such thatNA

r+1(W ∪ Ci) andNA
3r+1(a

′) are disjoint.
Such ana′ exists becauset is frequent and thus, by Claim 4.4, is free overNA

e (D) and thus has

n > (ℓ+ 1)s ≥ |W ∪ Ci|

realizations whosed-neighborhoods are pairwise disjoint and disjoint fromNA
e (D).

The goal now is to find ab′ such thatNA
r (b′) ⊆ NA

3r+1(a
′) ⊆ NA

d (a′) and such thatb andb′ have the
same first-orderm-type onA∩NA

r (b) andA∩NA
r (b′) respectively. If we achieve this, thenb′ can replace

b as a witness inWA, and sinceNA
r+1(W ∪ Ci) andNA

3r+1(a
′) are disjoint, so areNA

r+1(Ci) andNA
r (b′).

This will contradict the minimality ofW .
In order to findb′ as above, letT be the first-orderm-type of b on A ∩ NA

r (b), and letξ(x) be the
following first-order formula:

(∃y)



(∀z)(δ(y, z) ≤ r → δ(x, z) ≤ 3r + 1) ∧
∧

χ∈T

χNr(y)(y)



 .

Note that the conjunction is finite because the first-orderm-typeT contains finitely many formulas up to
logical equivalence, and that the quantifier rank of this formula is bounded by3r + 3 + m ≤ M . Also
NA

d (a) |= ξ(a) becauseb can serve as a witness fory. Therefore, sincea anda′ have the same monadic
second-orderM -type and hence the same first-orderM -type inNA

d (a) andNA

d (a′), alsoNA

d (a′) |= ξ(a′).
Note here that we are not yet using the full power of monadic second-order type, only the fact that it contains
the first-order type as a subset. Letb′ be the witness toy in NA

d (a′) |= ξ(a′), completing the proof. 2

In the following, we fix a setW of witnesses such thatNA
r+1(Ci) ∩ N

A
r (WA) = ∅. We letC be the

substructure ofA induced byNA
e (D)∪NA

r (WA)∪Si. We claim thatC satisfies the positive requirements
of τ :

Claim 4.6 C is a substructure ofA such thatC |=
∧

j∈J θj .

Proof: It is obvious thatC is a substructure ofA. The point, however, is thatC is in fact the disjoint union
of the substructure induced byNA

e (D) ∪ NA
r (WA) and the substructure induced bySi. This is because

Si ⊆ NA
r (Ci) andNA

r+1(Ci) is disjoint fromNA
e (D) by property (d) and also disjoint fromNA

r (WA) by
Claim 4.5. It follows that the witnesses fromB inWB can also be found inC. Obviously, also the witnesses
from B in WA can be found inC. This proves thatC satisfies the positive requirements ofτ . 2

Considerϕ onC. If C is a model ofϕ, letSp = NA
e (D)∪NA

r (WA)∪Si and we are done. Notice thatC

is a proper substructure ofA becauseA contains(n−1)q+s+ℓs+1 points that are(4dq+2r+1)-scattered,
butSp ⊆ NA

2dq+r(D ∪WA ∪ Ci) and

|D ∪WA ∪ Ci| ≤ (n− 1)q + s+ ℓs.
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If C is not a model ofϕ it cannot satisfyτ . However, by Claim 4.6,C satisfies the positive requirements
∧

j∈J θj. Therefore,C does not satisfy
∧

k∈K ¬θk. Let k ∈ K such thatC |= θk. In the next claim we find
a substructure ofA that extendsA ∩ Si and forces all its disjoint extensions to satisfyθk.

Claim 4.7 There existCi+1 ⊇ Ci andSi+1 ⊇ Si as required by conditions (a)–(d).

Proof: Suppose that

θk = (∃x1) . . . (∃xs′)





∧

i6=j

δ(xi, xj) > 2r′ ∧
∧

i

ψN
r′ (xi)(xi)





for somer′ ≤ r, s′ ≤ s, and some formulaψ of quantifier rankm′ ≤ m. Without loss of generality we may
assume thatm′ = m, and in order to simplify the notation, we will assume thatr′ = r ands′ = s. It will
suffice to replacer by r′ ands by s′ in the appropriate places.

We haveC |= θk. Let V = {a1, . . . , as} be a set of witnesses for the outermost existential quantifiers
in θk. ThenNC

r (ai) ∩ N
C
r (aj) = ∅ for all i 6= j andC ∩ NC

r (ai) |= ψNr(xi)(ai) for all i. Necessarily,
the typet of somea ∈ V is frequent. OtherwiseNA

r (V ) ⊆ NA
e (D) ⊆ A, soA |= θk, and thusB |= θk,

becauseB is a disjoint extension ofA. However, this is impossible becauseB |= τ .
So leta ∈ V have frequent typet. LetZ be a set ofs realizations oft such that

(i) NA

d (b) ∩NA

d (b′) = ∅ for every pair of distinctb, b′ ∈ Z,

(ii) NA
e (D) ∩NA

d (Z) = ∅,

(iii) NA
r+1(Ci) ∩N

A
r (Z) = ∅.

Such a setZ exists becauset is frequent,n = (ℓ+ 2)s, and|Ci| ≤ ℓs by property (b).
Now, letF = NC

r (a). Remember thatC ∩ F |= ψNr(x)(a). AsF ⊆ NA
r (a), it follows thatA ∩ F |=

ψNr(x)(a). LetX be a set variable, and letψNr(x)∩X(X,x) denote the simultaneous relativization ofψ(x)
to Nr(x) andX, that is, the formula obtained fromψ by replacing each subformula of the form(∃z)ξ
by (∃z)(δ(x, z) ≤ r ∧ X(z) ∧ ξ), and similarly for universally quantified subformulas. Observe that the
quantifier rank ofψNr(x)∩X(X,x) is at mostm + r ≤ M − 1, where we taker has an upper bound for
the quantifier rank of the formula expressingδ(x, z) ≤ r. Moreover,A |= ψNr(x)∩X(F, a) and hence
A |= ∃XψNr(x)∩X(a).

Next comes the place where we use the full power of monadic second-order types. Since everyb ∈ Z
has the same monadic second-orderM -type asa, we haveA |= ∃XψNr(xi)∩X(b). Thus there is a set
Fb ⊆ NA

r (b) such thatA |= ψNr(xi)∩X(Fb, b). It follows that

A ∩ Fb |= ψNr(x)(b).

DefineCi+1 = Ci ∪ Z and
Si+1 = Si ∪

⋃

b∈Z

Fb.

Let us prove thatCi+1 andSi+1 satisfy the properties (a), (b), (c), and (d). Property (a) is clear since
Fb ⊆ NA

r (b). For property (b) we have|Ci+1| = |Ci| + s ≤ (i+ 1)s. Property (d) is satisfied by (ii) in our
choice ofZ.

Finally, for property (c) we argue as follows. First note that A ∩ Si+1 is a disjoint extension ofA ∩ Si

becauseNA
r+1(Ci) ∩ NA

r (Z) = ∅ by (iii) and Si ⊆ NA
r (Ci) by a. Therefore, no disjoint extension of
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A ∩ Si+1 satisfiesτj for any j ∈ Ii. It remains to show that no disjoint extension ofA ∩ Si+1 satisfies
τ . However, this is clear from the construction because everydisjoint extension ofA ∩ Si+1 contains
witnesses for the outermost existential quantifiers inθk; namely, the elements of the setZ. Suppose that
Z = {b1, . . . , bs}. Note thatbi have pairwise distance> 2r by (i), and we haveA ∩ Si+1 |= ψNr(xi)(bi),
becauseNA∩Si+1(bi) = Fbi

andA ∩ Fbi
|= ψNr(xi)(bi). 2

Note thatIi+1 is constructed to satisfy property (e) as well. This completes the definition of the inductive
construction. All it remains to see is that the constructionstops in at mostℓ steps. Because suppose for
contradiction that we have constructedSℓ, Cℓ, andIℓ satisfying (a)–(e). ThenIℓ = I by (e), and by (c), no
disjoint extension ofA ∩ Sℓ satisfiesϕ =

∨

i∈I τi. However,

the disjoint unionB of A ∩ Sℓ with A is an extension ofA and
hence does satisfyϕ.

(4.4)

This is a contradiction. 2

As a direct application of Theorem 4.3, let us consider the classDr of all finite σ-structures of degree
bounded byr. This class is both wide and closed under substructures and disjoint unions. To see the
wideness, note that when the degree of every node is at mostr, for any elementa,Nd(a) contains at mostrd

elements. Thus, if a structure has size greater thanm(rd), it must contain ad-scattered set ofm elements.

Theorem 4.8 Letr be an integer. Then, onDr, every first-order sentence that is preserved under extensions
is equivalent to an existential sentence.

In the following section we show how the argument of Theorem 4.3 can be extended, in some cases, to
classes of structures that arealmost wide.

5 Bounded Treewidth Structures

The class of structures of bounded degree provide a canonical example of a wide class. On the other hand,
acyclic structures (which we considered in Section 3) are not wide. Indeed, in an arbitrarily large tree of
height 1 all pairs of nodes are at distance at most 2 from each other and there is therefore no larged-scattered
set for anyd > 2, yet the tree may be arbitrarily large. However, in such a structure, the removal of just one
element, the root, creates a large scattered set. This motivates the definition below.

Definition 5.1 A class of finiteσ-structuresC is almost wideif there is ak such that for everyd andm there
exists anN such that every structureA of size at leastN in C contains a setB with at mostk elements such
thatA−B contains ad-scattered set of sizem.

It was shown in [1] that the homomorphism preservation property holds for almost wide classes of structures
which are closed under substructures and disjoint unions. It was also established that any class of graphs
that excludes a minor is almost wide.

It is not the case that the extension preservation property holds for all almost wide classes. This is
shown in the next section, where we show, in particular, thatit fails for the class of planar graphs. It turns
out that the requirement that an almost wide class be closed under substructures and disjoint unions is not
sufficient to guarantee the extension preservation property. Nevertheless, closure under unionsover a set
of bottleneckssuffices, a notion we make more precise later. In this sectionwe show that this yields the
preservation under extensions property for some particularly interesting almost wide classes. To be precise,
we show show that the property holds for the classTk of all finite σ-structures of treewidth less thank. In
other words, we aim to prove the following result:
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Theorem 5.2 Letk be an integer. Then, onTk, every first-order sentence that is preserved under extensions
is equivalent to an existential sentence.

The proof of this result requires three ingredients. The first ingredient is a generalization of the disjoint
union operation on structures by allowing some non-empty intersection. LetA andB beσ-structures, and
let C ⊆ A ∩B be such thatA ∩ C = B ∩ C. Theunion ofA andB throughC, denoted byA ⊕C B is a
newσ-structure defined as follows. The universe ofD = A ⊕C B is A′ ∪ B′ ∪ C, whereA′ is a disjoint
copy ofA − C andB′ is a disjoint copy ofB − C. The relations ofD are defined in the obvious way: If
a1, . . . , ar are points inA anda′1, . . . , a

′
r are the corresponding points inA′ ∪C, then(a′1, . . . , a

′
r) ∈ RD if

and only if(a1, . . . , ar) ∈ RA. Similarly, if b1, . . . , br are points inB andb′1, . . . , b
′
r are the corresponding

points inB′ ∪C, then(b′1, . . . , b
′
r) ∈ RD if and only if (b1, . . . , br) ∈ RB. Observe that this construction is

precisely the disjoint union ofA andB whenC = ∅.
The next lemma is a straightforward generalization of the obvious fact thatTk is closed under dis-

joint unions. The Lemma states, roughly, thatTk is closed under unions throughsubsets of bags of tree-
decompositions.

Lemma 5.3 Let k be an integer. LetA andB be twoσ-structures, letC ⊆ A ∩ B be such thatA ∩ C =
B ∩ C, and let(T,L) and (T ′, L′) be tree-decompositions of widthk of A andB, respectively. Then, if
there exists nodesu ∈ T andu′ ∈ T ′ such thatC ⊆ L(u) ∩ L′(u′), then the union ofA andB throughC
has treewidth at mostk.

Proof: The tree-decomposition of the union is(T ′′, L ∪ L′), whereT ′′ = T ∪ T ′ with a new tree edge
joining u andu′. 2

The second ingredient is the fact that the class of structures of treewidth less thank is almost wide, in
the sense of Definition 5.1 that there exists a small set of vertices whose removal produces a large scattered
set. Such a set is henceforth called abottleneck. This was proved in [1] but here we state the stronger claim
that the bottleneck can be found in a single bag of a tree-decomposition. The proof is the same as in [1] and
is sketched here for completeness.

Lemma 5.4 For everyk, and for everyd andm, there exists anN such that ifA is aσ-structure of size at
leastN and(T,L) is a tree-decomposition ofA of widthk, then there existu ∈ T andK ⊆ L(u) such that
A−K contains ad-scattered set of sizem.

Proof sketch: Let p = (m − 1)(2d + 1) + 1, M = k!(p − 1)k, andN = k(m − 1)M and suppose that
A is a structure with more thanN elements. Let(T,L) be a tree decomposition ofA such thatL(u) has
size at mostk for all u ∈ T . Note thatT has size at leastN/k + 1. Furthermore, supposeT has a nodeu
of degree at leastm. But then it is easy to see that takingK = L(u) gives a graph with at leastm distinct
connected components and therefore a scattered set of sizem. On the other hand, if every node ofT has
degree less thanm, thenT must have a path with length greater thanM . By the Sunflower Lemma of Erdös
and Rado [7], it follows that we can findp distinct nodesu1, . . . , up ∈ T and a setK ⊆ A such that for
i 6= j, L(ui) ∩ L(uj) = K. It can then be shown thatA −K must contain ad-scattered set of sizem. 2

The third ingredient in the proof is a first-order bi-interpretation between an almost wide structure and
a wide structure. From now on we focus on graphs; the construction extends easily to the general case. Let
P1, . . . , Pk, Q1, . . . , Qk be unary relation symbols andσ = {E,P1, . . . , Pk, Q1, . . . , Qk}. For every graph
G = (V,EG) and every tuplea = (a1, . . . , ak) ∈ V k we define aσ-structureA = A(G,a) as follows:
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1. A = V ,

2. EA = EG − {(a, b) ∈ A2 : {a, b} ∩ {a1, . . . , ak} 6= ∅},

3. PA
i = {ai},

4. QA
i = {b ∈ A : (ai, b) ∈ EG}.

Let us call aσ-structureA derived if EA is a symmetric and anti-reflexive binary relation, and thereare
elementsa1, . . . , ak ∈ A such thatPA

i = {ai} for 1 ≤ i ≤ k andai is isolated in the graph underlyingA;
that is, for1 ≤ i ≤ k there is nob such that(ai, b) ∈ EA. Note that for every derived structureA there is a
unique graphG(A) and a uniquek-tuplea(A) of vertices ofG(A) such that

A = A(G(A),a(A)).

The point behind the construction ofA = A(G,a) is that ifK = {a1, . . . , ak} is a bottleneck ofG in the
sense thatG −K contains a large scattered set, thenA itself has a large scattered set and maintains all the
information needed to reconstructG. Indeed,G(A) is first-order interpretable inA, and thus we get the
following lemma:

Lemma 5.5 For every first-order sentenceϕ of vocabulary{E} there is a sentencẽϕ of vocabularyσ such
that for all σ-structuresA we have:

1. If A |= ϕ̃ thenA is derived.

2. If A is derived, thenA |= ϕ̃ if and only ifG(A) |= ϕ.

This follows at once from a standard result on syntactical interpretations (cf., for example, Theo-
rem VIII.2.2 of [6]).

Equipped with these three ingredients we are ready for the main argument.

Proof: [of Theorem 5.2] Letϕ be a first-order sentence that is preserved under extensionsin Tk. It suffices
to show thatϕ has finitely many minimal models. LetG = (V,EG) be a graph inTk that is a minimal
model ofϕ. Suppose for contradiction thatG is very large. Let(T,L) be a tree-decomposition of width
k of G, and letK = {b1, . . . , bk} ⊆ V be a bottleneck; that is, a set such thatG − K contains a large
scattered set. By Lemma 5.4 we may assume thatK ⊆ L(u) for someu ∈ T . Let A = A(G,b), where
b = (b1, . . . , bk). The idea is to work withA and ϕ̃ instead ofG andϕ and proceed as in the proof
of Theorem 4.3. The difference is thatϕ̃ is not preserved under extensions. However, preservation under
extensions is used only twice in the proof of Section 4 (in (4.3) and (4.4)), both times to prove that the
disjoint unionB of the structureA with A ∩ Si is a model ofϕ. Claim 5.6 shows that in both cases,B is a
model ofϕ̃.

Claim 5.6 Let C ⊆ A such that the type of eacha ∈ C is frequent. LetS ⊆ Nr(C) and letB be the
disjoint union ofA with a disjoint copy ofA ∩ S. ThenB is derived,G is an induced subgraph ofG(B),
andG(B) belongs toTk.

Proof: The bottleneck points are not inC as their type is not frequent and therefore not inNr(C) as
they are isolated inA. Thus, Note thatB is derived because the bottleneck points are not inS. Let
H = G(B). Clearly,G is an induced subgraph ofH. Thus all we have to prove is thatH belongs to
Tk. Let A′ = A ∩ (S ∪ K), whereK is the bottleneck ofG. Again, A′ is derived. LetG′ = G(A′).
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Clearly,G′ is an induced subgraph ofG. In particular,G′ is in Tk so it has a tree-decomposition of width
k. More importantly, sinceK ⊆ L(u), we can assume as well thatK is a subset of some bag of the tree-
decomposition ofG′. These two facts together imply that the union ofG andG

′ throughK, which is
preciselyH, is in Tk by Lemma 5.3. 2

This shows then that theB in (4.3) and (4.4) is a model of̃ϕ. The proof proceeds until we construct
a structureC that satisfiesϕ̃ and is a proper substructure ofA. We claim thatC is derived. This is
because all bottleneck points have rare type, so they belongtoD. Let H = G(C). Note now thatH is the
union of two subgraphsG1 andG2 of G through the bottleneckK. AgainK is a subset of a bag of the
tree-decompositions ofG1 andG2, soH belongs toTk by Lemma 5.3. MoreoverH is a proper induced
subgraph ofG andH |= ϕ by Lemma 5.5. This contradicts the minimality ofG, which concludes the
proof. 2

This completes the proof of Theorem 5.2. Note that this does not imply that the existential preservation
theorem holds on all classes of bounded treewidth. Indeed, we show in the next section that it fails, in
particular, for the class of planar graphs of treewidth 4.

6 Counterexample for Planar Graphs

The aim of this section is to show that the preservation underextensions property fails on the class of planar
graphs. Let us focus first on the class of planar graphs whose vertices are colored either black or white.
Later we show how to remove the colors. The vocabulary contains a binary relation symbolE for the edge
relation, and a unary relation symbolP for the color. Letϕ be the following first-order sentence:

ϕ = (∃x)(∃y)
(

x 6= y ∧ P (x) ∧ P (y) ∧ (ϕ1(x, y) → ϕ2(x, y))
)

.

ϕ1(x, y) = (∀z)
(

z 6= x ∧ z 6= y → ¬P (z) ∧ E(x, z) ∧ E(y, z)
)

.

ϕ2(x, y) = (∀u)
(

u 6= x ∧ u 6= y → (∃v)(∃w)
(

v 6= w ∧ ¬P (v) ∧ ¬P (w) ∧E(u, v) ∧ E(u,w)
))

.

We claim thatϕ is preserved under extensions on the class of black/white-colored planar graphs. Before
we prove this we need a technical gadget. For everyn ≥ 3, let Gn be the black/white-colored planar graph
displayed in Figure 1, where the number of black vertices is exactlyn.

It is not hard to see thatGn does not have any planar proper extension in which all other vertices are
adjacent to both white vertices. Let us state this:

Lemma 6.1 Letn ≥ 3, and letH be a black/white-colored planar graph that is a proper extension ofGn.
Then, no vertex inH − Gn is adjacent to both white vertices inGn.

Proof: Let u be a vertex inH − Gn. Suppose thatu is adjacent to both white vertices inGn. Then
H contains aK5 minor by contracting one of the edges connectingu to a white vertex inGn, and by
contracting all but two of the edges inGn that do not have a white endpoint. This contradicts the planarity
of H. 2

Now we are ready to show thatϕ is preserved under extensions on the class of black/white-colored
planar graphs:
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Figure 1:G9

Lemma 6.2 LetG andH be black/white-colored planar graphs such thatH is a proper extension ofG. If
G is a model ofϕ, so isH.

Proof: Suppose thatG is a model ofϕ, so leta andb be two different white vertices inG. If G 6|= ϕ1(a, b),
then clearlyH 6|= ϕ1(a, b) becauseG is an induced substructure ofH. In this case,H is also a model of
ϕ and we are done. Otherwise, sinceG |= ϕ andG |= ϕ1(a, b), we haveG |= ϕ2(a, b). This means that
every vertex inG − {a, b} is adjacent to at least two other black vertices. It follows thatG contains some
Gn as a (not necessarily induced) subgraph witha andb as white vertices. Heren ≥ 3. It follows then by
Lemma 6.1 that some vertex inH−Gn fails to be connected to botha andb. But thenH 6|= ϕ1(a, b) soH

is a model ofϕ again. 2

To complete the argument we need to show thatϕ is not equivalent to an existential sentence on the class
of black/white-colored graphs.

Lemma 6.3 There is no existential sentence equivalent toϕ on all black/white-colored planar graphs.

Proof: By virtue of Lemma 2.1, we only need to show thatϕ has infinitely many minimal models among
planar graphs. It is easily seen that for alln, Gn is a minimal model ofϕ. Indeed, if we remove at least one
of the white vertices fromGn, we would not have witnesses for the two outermost existential quantifiers in
ϕ, and if we remove at least one of the black vertices thenϕ1 remains true whileϕ2 fails. 2

This shows that the preservation-under-extensions property fails for the class of black/white-colored
planar graphs. Removing the colors is easy. It suffices to replace each occurrence ofP (x) by a formula
ϕ3(x) stating thatx is attached to a4 × 4-grid that is otherwise disconnected from the rest of the graph.
One point to note is that a node without such a grid attached ina graphG may have a grid in an extension
of G. However, this would mean thatϕ1 would fail in the extension and thusϕ would necessarily be true.
Thus, the formula is still preserved under extensions. Thisshows then that the preservation-under-extensions
property fails for the class of planar graphs.

Note further that for anyn, the treewidth ofGn is at most4. This implies that the existential preservation
theorem fails, even for the classP of planar graphs of treewidth at most 4. Indeed, the sentenceϕ is
preserved under extensions onP since it is preserved under extensions on all planar graphs.However,ϕ
still has infinitely many minimal models in this class as eachGn is inP.
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7 Conclusions

We have established the extension preservation theorem fora number of interesting classes of finite struc-
tures. These include all wide classes—such as any class of structures of bounded degree—and some almost
wide classes, such asTk, the class of all structures of treewidth less thank. The situation for the exten-
sion preservation theorem is quite different to that established for the homomorphism preservation theorem
in [1]. In particular, the former fails on the class of planarwhile the latter holds on all classes that exclude
a graph minor. Indeed, the methods of proof used here to establish the extension preservation property are
rather different to those used in [1]. It should also be notedthat Rossman [15] has recently established that
the homomorphism preservation theorem holds on the class ofall finite structures, which contrasts with the
known failure of the extension preservation theorem.

A number of recent results in finite model theory [1, 2, 3, 8, 10, 11] indicate that classes of structure
such as trees or structures of bounded treewidth, planar graphs and graphs of bounded genus, graphs with
excluded minors, and graphs of bounded degree are well behaved in various ways related to their first-
order model theory (in a broad sense). So far, no serious attempt has been made to identify general criteria
connecting the different results. The locality of first-order logic always appears to play a crucial role, and
the notion ofwidenessformally introduced here seems to be a good structural counterpart. But there is more
to it than this simple observation; for example, the result of this paper holds on graphs of bounded degree,
but not on planar graphs, whereas for the algorithmic results of [3] it is the other way round. The order
invariance result of [2] has so far eluded all efforts to extend it beyond acyclic structures.
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