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Abstract

The tree-width of a h yp ergraph H equals one less than the n um b er of

cops necessary to catc h the robb er in the Monotone Robb er and Cops

Game pla y ed on H . Analogously , the h yp ertree-width of a h yp ergraph is

c haracterised b y the Monotone Robb er and Marshals Game.

While the Robb er and Cops Game and its monotone v arian t coincide, Gott-

lob, Leone and Scarcello stated the corresp onding question for the Robb er

and Marshals Game as an op en problem. W e giv e a negativ e answ er.

Concerning the generalized h yp ertree-width, our coun terexamples sho w

that it is neither c haracterised b y the Robb er and Marshals game nor b y

its monotone v arian t. W e conclude b y resuming ho w these h yp ergraph

in v arian ts are related.

1

1 In tro duction

The notions of tree-width and h yp ertree-width are imp ortan t devices for struc-

tural in v estigations of graphs and h yp ergraphs. Man y NP-complete problems

b ecome p olynomially solv able when restricted to h yp ergraphs H with b ounded

tree-width or b ounded h yp ertree-width (see [4],[3]). In [6], Seymour and Thomas

in tro duce the Robb er and Cops Game together with a monotone game v ari-

an t, b oth c haracterising the tree-width of a graph. In [5], Gottlob, Leone and
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Scarcello sho w that the h yp ertree-width of a h yp ergraph is c haracterised b y the

monotone v arian t of the Robb er and Marshals Game. They state as an op en

problem, whether the monotone v arian t can b e replaced b y the non-monotone

v arian t. In section 2 the basic notions are in tro duced. In sections 3 and 4 w e

giv e a negativ e answ er to the op en problem b y constructing a h yp ergraph where

n additional marshals are necessary for catc hing the robb er monotonely . In sec-

tion 5 w e presen t a gr aph on whic h the games are non-equiv alen t. In section 6

w e use this graph to in v estigate the relationship b et w een the game in v arian ts,

h yp ertree-width and gener alize d hyp ertr e e-width (in tro duced in [5]) of a h yp er-

graph. W e express the generalized h yp ertree-width of a h yp ergraph H in terms

of the h yp ertree-width of the simplicializatio n � H of H . This enables us to sho w

that the n um b er of marshals necessary to catc h the robb er is a lo w er b ound for the

generalized h yp ertree-width, and the n um b er of marshals necessary to catc h the

robb er monotonely is an upp er b ound. But our coun terexamples sho w that the

generalized h yp ertree-width is neither c haracterised b y the Robb er and Marshals

Game nor b y its monotone v arian t.

2 Basic De�nitions

F or a set X , P ( X ) denotes the p o w er set of X . P

= k

( X ) denotes the set of all

subsets of X with exactly k elemen ts. An (undir e cte d) gr aph is a pair G =

( V ( G ) ; E ( G )), consisting of a nonempt y set V ( G ) of vertic es and a set E ( G ) �

P

=2

( V ( G )) of e dges . A dir e cte d gr aph is a pair G = ( V ( G ) ; E ( G )), where V ( G )

is a nonempt y set of vertic es and E ( G ) � V ( G ) � V ( G ) is the set of e dges .

All graphs are �nite, unless stated otherwise.

Let G b e a graph, X � V ( G ). The graph G

0

= ( V ( G

0

) ; E ( G

0

)) with V ( G

0

) =

V ( G ) and E ( G

0

) = E ( G ) \ ( P

=2

( X )) is called the sub gr aph (of G ) induc e d by X :

G

0

= h X i . F or an in teger n � 3, an n -cycle is a cycle C with n v ertices.

2

A clique

is a graph G with E ( G ) = P

=2

( V ( G )). A tr e e is a connected, directed graph T

con taining no cycles, whic h satis�es:

1) There is exactly one r 2 V ( T ) without an y predecessors, the r o ot of T .

2) All v ertices t 2 V ( T ) other than the ro ot ha v e exactly one predecessor, denoted

b y pred( t ).

Let T b e a tree and t 2 V ( T ). T

t

denotes the complete subtree of T with ro ot t . A

hyp er gr aph is a pair H = ( V ( H ) ; E ( H )), consisting of a �nite, nonempt y set V ( H )

of vertic es , and a set E ( H ) � P ( V ( H )) of hyp er e dges with

S

E ( H ) = V ( H ) (see

Figure 1 for an example). Note that ev ery graph is a h yp ergraph in a natural w a y ,

pro vided that ev ery v ertex is con tained in an edge. Let H b e a h yp ergraph and

h 2 E ( H ). W e sa y h is an n -e dge , if j h j = n . Let X � V ( H ). The h yp ergraph

H

0

with V ( H

0

) = X and E ( H

0

) = f h \ X j h 2 E ( H ) g is called the subhyp er gr aph

(of H ) induc e d by X . W e denote it b y H

0

= h X i . W e write H n X for h V ( H ) n X i .

2

F or more detailed de�nitions the reader is referred to [2].
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Figure 1: A h yp ergraph H . Here the 2-edges of H are depicted as graph edges.

Let n � 1 b e an in teger. A p ath (fr om v

1

to v

n

) in a h yp ergraph H is a sequence

of v ertices ( v

1

; : : : ; v

n

), s. t. t w o consecutiv e v ertices are con tained in a common

h yp eredge from E ( H ). Th us, the de�nitions of c onne cte dness and c onne cte d

c omp onent can b e transferred from graphs to h yp ergraphs in a natural w a y .

2.1 Games

Let H = ( V ( H ) ; E ( H )) b e a h yp ergraph, k � 0 an in teger. The R obb er and

k Marshals Game on H , Mar( H ; k ), is pla y ed b y t w o pla y ers, I and I I, on the

h yp ergraph H . Pla y er I pla ys k marshals and pla y er I I pla ys the robb er. The

marshals mo v e on the h yp eredges, trying to catc h the robb er. In eac h mo v e,

some of the marshals 
y in helicopters to new h yp eredges. The robb er mo v es on

the v ertices of H . He sees where the marshals will b e landing and quic kly tries

to escap e running arbitrarily fast along paths of H , not b eing allo w ed to run

through a marshal. Pla y er I's ob jectiv e is to land a marshal via helicopter on a

h yp eredge con taining the v ertex o ccupied b y the robb er. Pla y er I I tries to elude

capture. More precisely:

A p osition of Mar( H ; k ) is a pair ( X ; r ) ; where X 2 P

� k

( E ( H )) and r 2 V ( H ).

In the b eginning of the game, pla y er I c ho oses an X 2 P

� k

( E ( H )). Pla y er I I

resp onds b y c ho osing an r 2 V ( H ). In eac h step of the game, sa y in p osition

( X ; r ), pla y er I c ho oses an X

0

2 P

� k

( E ( H )) and the marshals 
y from X to X

0

.

Pla y er I I c ho oses an r

0

2 V ( H ) that is connected to r b y a path in H n [

S

X \

S

X

0

]. Pla y er I wins if a p osition ( X ; r ) with r 2

S

X is reac hed. Suc h a p osition

is called a c aptur e p osition . Pla y er I I wins if a capture p osition is nev er reac hed.

Let H = ( V ( H ) ; E ( H )) b e a h yp ergraph and X � V ( H ). A connected comp o-
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nen t C � V ( H ) of H n X is called an esc ap e sp ac e (w. r. t. X ) .

Lemma 1 L et ( X ; p ) and ( X ; q ) b e game p ositions with p 2 R and q 2 R , wher e

R is an esc ap e sp ac e w. r. t. X . The marshals cho ose, say, the new p osition Y .

L et ( Y ; r ) b e a p osition which the r obb er c an r e ach fr om ( X ; p ) . Then the the

r obb er c an r e ach ( Y ; r ) fr om ( X ; q ) as wel l (and vic e versa).

W e use the previous lemma to represen t a p osition whic h is not a capture p osition

b y ( X ; R ) instead of ( X ; p ). Let H b e a h yp ergraph. F or X ; Y � E ( H ) and

R � V ( H ) let R ( Y ; X ; R ) := f C � V ( H ) j C is a connected comp onen t of

H n

S

Y s. t. there is a path from R to C in H n (

S

X \

S

Y ) g b e the set of

p ossible esc ap e sp ac es w. r. t. Y . So the set of p ossible escap e spaces w. r. t. Y is

a subset of the set of all escap e spaces w. r. t. Y . It con tains exactly those escap e

spaces w. r. t. Y whic h the robb er can in fact reac h from his previous p osition.

In the �rst mo v e, R ( Y ; ; ; V ( H )) = f R j R is escap e space w. r. t. Y g .

Let ( Y ; R ) b e a game p osition and R an escap e space w. r. t. Y . Pla y er I mak es

a monotone move if she c ho oses a Y

0

2 P

� k

( E ( H )) suc h that the robb er's new

escap e space R

0

in ev ery p ossible mo v e of pla y er I I is a prop er subset of the

previous escap e space R : R

0

( R .

The Monotone R obb er and k Marshals Game on H , Mon-Mar( H ; k ), is pla y ed lik e

Mar( H ; k ) with the one di�erence that pla y er I is only allo w ed to mak e monotone

mo v es. If there is a step in whic h pla y er I cannot mak e a monotone mo v e, then

pla y er I I wins.

Let H b e a h yp ergraph. The marshal-width of H is

m w ( H ) := min f k 2 N j pla y er I has a winning strategy in Mar( H ; k ) g :

The monotone marshal-width of H is

mon-m w( H ) := min f k 2 N j pla y er I has a winning strategy in Mon-Mar( H ; k ) g :

F or more con v enience, w e giv e a precise de�nition of a winning strategy:

Let H b e a h yp ergraph. A winning str ate gy in Mar( H ; k ) for the marshals is a

triple ( T ; � ; � ) satisfying:

a) T is a (�nite, directed) tree.

b) � : V ( T ) ! P

� k

( E ( H )).

c) � : V ( T ) ! P ( V ( H )).

d) � ( r ) = V ( H ) where r is the ro ot of T, and � ( s ) 2 R ( � ( t ); �

pred

( t ) ; � ( t )), if

s 6= r and t = pred ( s ).

Here w e used the abbreviation

�

pred

( t ) =

(

; if t is the ro ot of T ;

� (pred( t )) otherwise :
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e) F or eac h t 2 V ( T ) and eac h R 2 R ( � ( t ); �

pred

( t ) ; � ( t )) there is exactly one

successor s 2 V ( T ) with � ( s ) = R .

( T ; � ; � ) is a monotone winning str ate gy , if for all t 2 V ( T ) with t 6= r w e ha v e

� ( t )  � (pred ( t )). Note that the marshals ha v e a (monotone) winning strategy on

a h yp ergraph H i� they ha v e a (monotone) winning strategy on ev ery connected

comp onen t of H .

The R obb er and k Cops Game on a h yp ergraph and its monotone v arian t are

de�ned analogously , with the only di�erence that the cops o ccup y v ertices instead

of h yp eredges

3

and hence are less p o w erful than the marshals: mo dify the previous

de�nitions b y replacing X 2 P

� k

( E ( H )) b y X 2 P

� k

( V ( H )),

S

X b y X , � :

V ( T ) ! P

� k

( E ( H )) b y � : V ( T ) ! P

� k

( V ( H )) and

S

� ( t ) b y � ( t ) .

F or the Robb er and Cops Game on H the c op-width of H is

cw ( H ) := min f k 2 N j k cops ha v e a winning strategy in the Robb er and

Cops Game g :

The monotone c op-width of H is

mon-cw ( H ) := min f k 2 N j k cops ha v e a monotone winning strategy in the

Robb er and Cops Game g :

2.2 Decomp ositions

Let H b e a h yp ergraph. A hyp ertr e e-de c omp osition of H is a triple ( T ; �; � ),

consisting of a �nite tree T and t w o lab elling functions � : V ( T ) ! P ( V ( H ))

and � : V ( T ) ! P ( E ( H )) satisfying:

1. F or eac h h yp eredge h 2 E ( H ) there is a t 2 V ( T ), suc h that h � � ( t )

( t c overs h ).

2. F or eac h v 2 V ( H ) the set f t 2 V ( T ) j v 2 � ( t ) g is connected.

3. Eac h t 2 V ( T ) satis�es � ( t ) �

S

� ( t ).

4. Eac h t 2 V ( T ) satis�es � ( T

t

) \

S

� ( t ) � � ( t ).

The width of a h yp ertree-decomp osition of H is de�ned as

w( T ; �; � ) := max fj � ( t ) j j t 2 V ( T ) g :

The hyp ertr e e-width of H is de�ned as

h t w ( H ) := min f w ( T ; �; � ) j ( T ; �; � ) h yp ertree-decomp osition of H g :

3

See [6]. Note that the de�nition of the Robb er and Cops Game for graphs in [6] can b e

translated literally from graphs to h yp ergraphs b y replacing the w ord 'graph' b y 'h yp ergraph'

and 'edge' b y 'h yp eredge', yielding our notion.
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f 1 ; 7 g

10 ; 11 f 10 ; 11 g

7 ; 8 ; 9 ; 10

10 ; 12 f 10 ; 12 g

12 ; 13 ; 14

13 ; 14 ; 15 ; 16 f 13 ; 15 g ; f 14 ; 16 g

f 12 ; 13 g ; f 12 ; 14 g

f 7 ; 8 ; 9 ; 10 g,1 ; 2 ; 3 ; 5 ; 6 f 1 ; 2 ; 5 ; 6 g ; f 2 ; 3 g

3 ; 4 ; 5 f 1 ; 2 ; 5 ; 6 g ; f 3 ; 4 g

1 ; 7

Figure 2: A width 2 h yp ertree-decomp osition of the h yp ergraph from Figure 1.

Figure 2 sho ws a h yp ertree-decomp osition of width 2 of the h yp ergraph H from

Figure 1. The rectangles are the tree no des. The left part of a rectangle is the

� -lab el and the righ t part is the � -lab el.

A pair ( T ; � ) satisfying 1. and 2. is called a tr e e-de c omp osition of H .

The width of a tree-decomp osition of H is de�ned as

w( T ; � ) := max fj � ( t ) j � 1 j t 2 V ( T ) g :

The tr e e-width of H is de�ned as

t w ( H ) := min f w( T ; � ) j ( T ; � ) tree-decomp osition of H g :

The de�nitions of tr e e-de c omp osition and tr e e-width from [6] can b e translated

literally from graphs to h yp ergraphs, then coinciding with our de�nitions. Note

that the h yp ertree-width (tree-width) of a h yp ergraph H equals the maxim um of

the h yp ertree-widths (tree-widths) of its connected comp onen ts.

No w w e can form ulate the game theoretic c haracterisations as follo ws:

Lemma 2 (Gottlob, Leone and Scarcello [5])

L et H b e a hyp er gr aph. Then mon-m w( H ) = h t w ( H ) .

Lemma 3 (Seymour and Thomas [6])

L et H b e a hyp er gr aph. Then mon-cw ( H ) = t w ( H ) + 1 .

3 Monotonicit y Cost

Theorem 4 (Seymour and Thomas [6]) L et H b e a hyp er gr aph. If k c ops

have a winning str ate gy on H , then k c ops have a monotone winning str ate gy on

H . Thus, mon-cw ( H ) = cw ( H ) .

6
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4

0

3

2

0

1

0

C

b

1
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Figure 3: H

1

: Additionally , ev ery ballo on v ertex is connected to ev ery ground

v ertex b y a 2-edge. These edges are only indicated b y coronas around the ballo on

v ertices.

In this section w e will sho w that this result cannot b e transferred to the Robb er

and Marshals Game. More precisely , w e will construct a h yp ergraph H

1

with

mon-m w( H

1

) = 4 and m w ( H

1

) = 3, i. e. a h yp ergraph with monotonicit y cost

1, where mon-m w( H ) � m w ( H ) are the monotonicity c ost of H . Note that

mon-m w( H ) � m w ( H ) � 0. The follo wing easy remark will b e used tacitly:

Remark 5 A n n -cycle C satis�es mon-m w( C ) = mw ( C ) = 2 .

�

Let H b e a h yp ergraph, v ; w 2 V ( H ), v 6= w . Conne cting v and w with a 2-e dge

means passing from H to the h yp ergraph H

0

with H

0

= ( V ( H ) ; E ( H ) [ ff v ; w gg ).

Example 6 L et H

1

b e the fol lowing hyp er gr aph (se e Figur e 3):

L et B := f g

ij

j i; j 2 f 1 ; 2 gg [ f g

0

ij

j i; j 2 f 1 ; 2 gg ,

V ( H

1

) := B [ f 0 ; 1 ; 2 ; 3 ; 4 ; 0

0

; 1

0

; 2

0

; 3

0

; 4

0

g and

E ( H

1

) := ff p; g g j p 2 V ( H

1

) n B and g 2 B g[f a

1

; a

2

; b

1

; b

2

g[ff 4

0

; 2

0

g ; f 2

0

; 3

0

g ; f 2

0

; 1

0

gg[

ff 1

0

; 0

0

g ; f 3

0

; 0

0

g ; f 0

0

; 0 g ; f 3 ; 0 g ; f 1 ; 0 g ; f 2 ; 1 g ; f 2 ; 3 g ; f 4 ; 2 gg ,

wher e a

1

= f g

11

; g

12

; g

0

11

; g

0

12

g , a

2

= f g

21

; g

22

; g

0

21

; g

0

22

g ,

b

1

= f g

11

; g

21

; g

0

11

; g

0

21

g and b

2

= f g

12

; g

0

12

; g

22

; g

0

22

g .

The vertic es fr om B wil l b e c al le d ballo on v ertices , the others wil l b e c al le d ground

v ertices .

This example is based on the idea of forcing the marshalls to o ccup y a certain

v ertex (4 or 4

0

) to o early . This v ertex will b e added to the robb er's escap e space

again b efore he can b e caugh t.
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a

1

; a

2

; f 2 ; 4 g

4

0

1

1

0

2

4

a

1

; a

2

; f 0 ; 1 g

a

1

; a

2

; f 1 ; 2 g

a

1

; a

2

; f 2 ; 4 g

b

1

; b

2

; f 0

0

; 1

0

g

b

1

; b

2

; f 1

0

; 2

0

g

2

0

a

1

; a

2

; f 0 ; 0

0

g

b

1

; b

2

; f 2

0

; 4

0

g

a

1

; a

2

; f 0

0

; 1

0

g ; f 2

0

; 3

0

g

a

1

; a

2

; f 0 ; 0

0

g

a

1

; a

2

; f 0 ; 1 g

1

1

0

2

4

a

1

; a

2

; f 1 ; 2 g

Figure 4: A monotone winning strategy for 4 marshals (left) and a non-monotone

winning strategy for 3 marshals on H

1

(righ t). Ev ery edge of the strategy tree

represen ts a p ossible escap e space, indicated b y one of its elemen ts. The non-

monotone mo v e is the mo v e where the marshals o ccup y b

1

and b

2

for the �rst

time.

Figure 4 sho ws a monotone winning strategy for 4 marshals and a non-monotone

winning strategy for 3 marshals on H

1

, where ev ery edge (pred ( t ) ; t ) of a strategy-

tree T represen ts a p ossible escap e space � ( t ), indicated b y one of its elemen ts.

Ev ery v ertex t is a p osition � ( t ) of the marshals. It remains to sho w that there

is no monotone winning strategy for less than 4 marshals on H

1

and that there

is no winning strategy for less than 3 marshals on H

1

at all.

Claim 1 L et X 2 P

� 3

( E ( H

1

)) b e a game p osition on H

1

of � 3 marshals.

a) V ( H

1

) n

S

X c ontains at le ast one gr ound vertex.

b) If

S

X avoids a b al lo on vertex, i. e. B *

S

X , then V ( H

1

) n

S

X is c onne cte d.

Pr o of. a) There are ten ground v ertices and four marshals can o ccup y at most

eigh t of them at the same time.

b) Let g 2 B n

S

X . Since g is a ballo on v ertex, g is connected to ev ery ground

v ertex from V ( H

1

) n

S

X . By a), V ( H

1

) n

S

X con tains a ground v ertex v , hence

g is also connected (via v ) to an y remaining v ertices from V ( H

1

) n

S

X . �

Claim 2 L et ( T ; � ; � ) b e a winning str ate gy for H

1

of width � 3 . Supp ose ( T ; � ; � )

is minimal in the sense that no pr op er subtr e e T

t

of T induc es a winning str ate gy

( T

t

; � j

T

t

; � j

T

t

) for H

1

. Then B �

S

� ( t ) holds for al l t 2 V ( T ) . Henc e f a

1

; a

2

g �

� ( t ) or f b

1

; b

2

g � � ( t ) for e ach t 2 V ( T ) .

Pr o of. Supp ose t 2 V ( T ), but there is g 2 B n � ( t ). By Claim 1 V ( H ) n

S

X is

connected, i. e. t has only one successor s , and the subtree T

s

yields a winning

strategy ( T

s

; � j

T

s

; � j

T

s

), a con tradiction. �

Claim 3 If B �

S

X and X 2 P

� 3

( E ( H

1

)) , then f a

1

; a

2

g � X or f b

1

; b

2

g � X .

Pr o of. Supp ose f a

1

; a

2

g * X and f b

1

; b

2

g * X . Then X con tains zero, one or

t w o edges from f a

1

; a

2

; b

1

; b

2

g , and these co v er zero, four or six v ertices from B ,

resp ectivly . Eac h of the remaining three, t w o or one edges co v er at most one

v ertex from B . Th us X co v ers at most sev en v ertices from B , a con tradiction. �
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Claim 4 Ther e is no winning str ate gy of width < 3 for H

1

.

Pr o of. Otherwise there is a minimal winning strategy ( T ; � ; � ) of width 2. By

Claim 2 the t w o marshals o ccup y B in eac h v ertex of the strategy . Hence they

o ccup y a

1

and a

2

or b

1

and b

2

, resp ectiv ely . Mean while, the unmolested robb er

remains comfortably seated on v ertex 1, w atc hing the marshals `win'. �

Claim 5 Ther e is no monotone winning str ate gy of width 3 for H

1

.

Pr o of. Otherwise there is a minimal monotone winning strategy ( T ; � ; � ) of width

3. Claim 2 implies B � � ( t ) for all t 2 V ( T ). By Claim 3, for ev ery t 2 V ( T )

either f a

1

; a

2

g � � ( T ) or f b

1

; b

2

g � � ( T ). W e no w sho w that the robb er can

alw a ys escap e: Let C b e the cycle with v ertices f 0 ; 1 ; 2 ; 3 g and let C

0

b e the

cycle with v ertices f 0

0

; 1

0

; 2

0

; 3

0

g . Let r b e the ro ot of T . Without restriction

f a

1

; a

2

g � � ( r ): Hence pla y er I b egins b y o ccup ying the h yp eredges a

1

and

a

2

with the switch marshals M

1

and M

2

. The third marshal M

3

, the pursuer ,

o ccupies an arbitrary h yp eredge. I I resp onds b y mo ving to a v ertex in the cycle

C

0

. This is p ossible, b ecause at least one v ertex of C

0

is not o ccupied b y M

3

. Since

mon-m w( C

0

) = 2, M

3

alone cannot exp el the robb er from C

0

. The only p ossible

mo v e for I is to place M

1

and M

2

on b

1

and b

2

, whic h con tradicts monotonicit y ,

b ecause the escap e space is extended b y either the v ertex 3 or 4

0

.

�

Putting all things together w e ha v e: mon-m w( H

1

) = 4 and m w ( H

1

) = 3.

4 Higher Monotonicit y Cost

Theorem 7 F or e ach n 2 N ther e exists a hyp er gr aph H

n

with monotonicity c ost

n , i. e. mon-m w( H

n

) = m w ( H

n

) + n .

H

1

from example 6 sho ws this for n = 1. F or arbitrary n 2 N w e will no w

construct an example H

n

, pro ving the theorem. This is done b y appropriately

generalising the construction that forced the marshals to mak e a non-monotone

mo v e in the three-marshal winning strategy on H

1

. On H

1

there w ere exactly

t w o p ossibilities for t w o marshals to o ccup y all the ballo on v ertices: They could

either o ccup y the h yp eredges a

1

and a

2

, or b

1

and b

2

. Th us, in tuitiv ely w e had

exactly t w o `switc h settings'. In one switc h setting, the v ertices 3 and 4

0

had

necessarily to b e o ccupied as w ell, in the other the v ertices 3

0

and 4 had to b e

o ccupied as w ell.

Let n � 0 b e an in teger. A switch gr aph (with n -switch) is a triple ( H ; �� ;

�

� ),

where H is a h yp ergraph, and �� = �

1

; : : : ; �

n

,

�

� = �

1

; : : : ; �

n

are n -tuples from

E ( H ) with �

i

6= �

j

, �

i

6= �

j

for all i 6= j .

The n sp eci�ed h yp eredges �

1

; : : : ; �

n

are called � switch e dges , �

1

; : : : ; �

n

are

called � switch e dges . No w w e de�ne a game and its monotone v arian t suitable for
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switc h graphs. Subsequen tly , w e will construct switc h graphs with monotonicit y

cost n . Theorem 12 sho ws that a switc h graph with monotonicit y cost n for the

switc h games yields a h yp ergraph with monotonicit y cost n for the Robb er and

Marshal games.

Let ( H ; ��;

�

� ) b e a switc h graph with n -switc h, n � k . In the switch game on

( H ; ��;

�

� ) with k marshals, Switc h( H ; �� ;

�

� ; k ), pla y er I pla ys k marshals. In eac h

mo v e, n �xed marshals, the switch marshals , ha v e to b e in p osition � or � , that

is they ha v e to o ccup y either all the � switc h edges or all the � switc h edges.

The other marshals and the robb er act as in the Robb er and Marshals Game. In

the monotone switch game on ( H ; �� ;

�

� ), mon-Switc h( H ; ��;

�

� ; k ), only monotone

mo v es are allo w ed.

Let ( H ; ��;

�

� ) b e a switc h graph with n -switc h.

The marshal-width of the switch gr aph ( H ; ��;

�

� ) is de�ned as

sm w ( H ; �� ;

�

� ) := min f k 2 N j k marshals ha v e a winning strategy in the

switc h game on ( H ; �� ;

�

� ) g :

The monotone marshal-width of the switch gr aph ( H ; ��;

�

� ) is de�ned as

mon-sm w( H ; �� ;

�

� ) := min f k 2 N j k marshals ha v e a monotone winning

strategy in the switc h game on ( H ; �� ;

�

� ) g :

Before constructing the switc h graph with monotonicit y cost n , w e need some

de�nitions and a lemma:

A ( k ; k

0

)- hyp er gr aph is a h yp ergraph H with m w ( H ) = k and mon-m w( H ) = k

0

.

A ( k ; k

0

)- switch gr aph is a switc h graph ( H ; �� ;

�

� ) with sm w ( H ; ��;

�

� ) = k and

mon-sm w ( H ; ��;

�

� ) = k

0

.

Lemma 8 L et H b e a ( k ; k ) -hyp er gr aph. Then H

0

= ( V ( H ) ; E ( H ) [ ff v g j v 2

V ( H ) g ) is a ( k ; k ) -hyp er gr aph as wel l.

Pr o of. Let mon-m w( H ) = m w ( H ) = k . Since H

0

has the same paths as H ,

the connected subsets are iden tical. Hence, ev ery winning strategy ( T ; � ; � ) for

mon-Mar ( H ; k ) is also a winning strategy for mon-Mar ( H

0

; k ), b ecause the p os-

sible escap e spaces are the same. Therefore, m w ( H

0

) � mon-m w( H

0

) � k .

On the other hand m w ( H

0

) � k , since a winning strategy for mon-Mar ( H

0

; k � 1)

w ould b e one for mon-Mar ( H ; k � 1). �

Hence, adding for ev ery v ertex v of a ( k ; k )-h yp ergraph the h yp eredge f v g is no

adv an tage to the marshals.

A punctur e d hyp er gr aph is a h yp ergraph H with ff v g j v 2 V ( H ) g � E ( H ).

Let H b e a h yp ergraph, w =2 V ( H ). The c one with ap ex w over H is the h yp er-

graph H

0

, where V ( H

0

) = V ( H )

_

[f w g and E ( H

0

) = E ( H ) [ ff v ; w g j v 2 V ( H ) g .

10
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1 ; 1
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1 ;n +1

2 e

2 ; 1
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2 ;n +1

.

.

2 1

N

1

Figure 5: The switc h graph ( H ; ��;

�

� ) with monotonicit y cost n .

Note that for ev ery in teger n � 0 there exists a h yp ergraph N with m w ( N ) =

mon-m w( N ) = n : an m � m grid for suitable m , for example. The follo wing

switc h-graph has monotonicit y cost n :

Example 9 L et n � 2 . L et N

1

b e a punctur e d hyp er gr aph with m w ( N

1

) =

mon-m w( N

1

) > n . L et N

2

b e a disjoint c opy of N

1

. By L emma 8 we may

assume that N is punctur e d. Mor e over, let N

1

and N

2

b e two c opies of N ,

V ( N

1

) := f n

1 ;i

j i = 1 ; : : : ; r g ; V ( N

2

) := f n

2 ;i

j i = 1 ; : : : ; r g .

L et ( H ; �� ;

�

� ) b e the switch gr aph with

V ( H ) = V ( N

1

)

_

[ V ( N

2

)

_

[ f e

1 ;i

j i = 1 ; : : : ; n + 1 g

_

[ f e

2 ;i

j i = 1 ; : : : ; n + 1 g

_

[

f m g . The vertic es m; e

1 ; 1

; : : : ; e

1 ;n +1

ar e apic es of c ones over N

1

and the vertic es

m; e

2 ; 1

; : : : ; e

2 ;n +1

ar e apic es of c ones over N

2

. We set

E ( H ) := E ( N

1

)

_

[ E ( N

2

)

_

[ ff e

1 ;i

g j i = 1 ; : : : ; n + 1 g

_

[ ff e

2 ;i

g j i = 1 ; : : : ; n + 1 g

_

[ ff m gg [ ff e

1 ;i

; n

1 ;j

g j i = 1 ; : : : ; n + 1; j = 1 ; : : : ; r g [ ff e

2 ;i

; n

2 ;j

g j i =

1 ; : : : ; n + 1; j = 1 ; : : : ; r g

_

[ ff m; n

l ;j

g j l = 1 ; 2; j = 1 ; : : : ; r g and

�� = f e

1 ; 1

g ; : : : ; f e

1 ;n +1

g ; f m g ; f n

2 ; 1

g ; : : : ; f n

2 ;r

g ,

�

� = f e

2 ; 1

g ; : : : ; f e

2 ;n +1

g ; f m g ; f n

1 ; 1

g ; : : : ; f n

1 ;r

g .

Each 1-e dge fr om N

1

is an � switch e dge and e ach 1-e dge fr om N

2

is a � switch

e dge.

Figure 5 sho ws this switc h graph.

Claim 6 ( H ; �� ;

�

� ) is a ( k ; k

0

) -switch gr aph with monotonicity c ost k

0

� k = n for

the switch games.

Pr o of. Let s := j N

1

j + ( n + 1) + 1 b e the n um b er of switc h marshals, i. e.

s = j �� j = j

�

� j .

Figure 6 sho ws a (non-monotone) winning strategy for the switc h game with s + 1

marshals and Figure 7 sho ws a monotone winning strategy for the switc h game

with s + ( n + 1) marshals. There is no winning strategy for the switc h game with

11



f e

1 ;n +1

g �

1

: : : �

s

...

...

e

2 ;n +1

...

e

1 ; 1

e

1 ;n +1

f e

2 ; 1

g ; �

1

: : : �

s

e

2 ; 1

n

1

2 N

1

�

1

: : : �

s

f e

2 ;n +1

g ; �

1

: : : �

s

�

1

: : : �

s

f e

1 ; 1

g ; �

1

: : : �

s

Figure 6: A non-monotone winning strategy for the switc h game on the switc h

graph from Figure 5 with s + 1 marshals.

�

1

: : : �

s

...

...

e

2 ; 1

e

2 ;n +1

f a

2 ; 1

g ; �

1

: : : �

s

f e

2 ;n +1

g ; �

1

: : : �

s

n

1

2 N

1

f e

1 ; 1

g ; : : : ; f e

1 ;n +1

g ; �

1

; : : : ; �

s

Figure 7: A monotone winning strategy for s + ( n + 1) marshals for the switc h

game on ( H ; �� ;

�

� ) from Figure 5.

s marshals, since the robb er can escap e as follo ws: When the marshals are in

p osition � he sta ys an ywhere in N

1

, and when they are in p osition � , he go es to

e

1 ; 1

. Hence, sm w ( H ; ��;

�

� ) = s + 1.

There is no monotone winning strategy for the switc h game with s + n marshals

either: W e ma y assume that at �rst the switc h marshals are in p osition � . The

robb er can escap e b y mo ving to N

1

. By c hoice of N , n marshals cannot catc h

him there. Since n marshals cannot o ccup y e

1 ; 1

; : : : ; e

1 ;n +1

at the same time, the

marshals cannot switc h to p osition � without making a non-monotone mo v e.

Hence mon-sm w( H ; �� ;

�

� ) = s + n + 1, and mon-sm w( H ; �� ;

�

� ) � sm w ( H ; ��;

�

� ) = n .

�

Implemen ting Switc h Graphs as Hyp ergraphs

No w w e will p oin t out, ho w a ( k ; k

0

)-switc h graph ( H ; �� ;

�

� ) can b e transformed

in to a ( k ; k

0

)-h yp ergraph � ( H ; ��;

�

� ) with the same marshal-widths, b y gluing to

it a suitable h yp ergraph.

Let H b e a ( k ; k

0

)-h yp ergraph. Then Mar( H ; k ) (and mon-Mar ( H ; k

0

) resp ec-

tiv ely) is called minimal safe (monotone) game on H . Let ( H ; �� ;

�

� ) b e a ( k ; k

0

)-

switc h graph. Switc h( H ; �� ;

�

� ; k ) (and mon-Switc h( H ; �� ;

�

� ; k ) resp ectiv ely) is

called minimal safe (monotone) game on ( H ; �� ;

�

� ).

F or eac h winning strategy in the minimal safe (monotone) game Mar( � ( H ; ��;

�

� ) ; k )

(and mon-Mar( � ( H ; �� ;

�

� ) ; k

0

) resp ectiv ely), the o ccupation of either all � switc h

12



edges or all � switc h edges will b e necessary in ev ery mo v e (except in the capture

p ositions). As w e will see, the winning strategies for Switc h(( H ; �� ;

�

� ) ; k ) `are' the

winning strategies for Mar( � ( H ; ��;

�

� ) ; k ) (and the same holds for the monotone

v arian ts).

Let H b e a h yp ergraph. W e call t w o h yp eredges h and h

0

2 E ( H ) anchor e d ,

if there exists a v ertex v 2 V ( H ) (called the eyelet vertex ) satisfying v =2 h;

v =2 h

0

; h [ f v g ; h

0

[ f v g 2 E ( H ). Here w e allo w

4

f v g 2 E ( H ), but apart from

that, the t w o h yp eredges h [ f v g and h

0

[ f v g (called the anchor e dges ) are the

only further h yp eredges from H con taining v . h and h

0

are anchor e d m times

with eyelet vertic es v

1

; : : : ; v

m

(pairwise distinct), if for eac h of the v ertices v

i

;

i = 1 : : : n; h and h

0

are anc hored with ey elet v ertex v

i

. A BOG-hyp er gr aph (of

or der m ) is h yp ergraph H

B O G

together with a partitioning V ( H

B O G

) = G

_

[ O

_

[ B

of V ( H

B O G

), satisfying: F or all g 2 G and b 2 B there are h yp eredges h

g

; h

b

2

E ( H

B O G

), s. t. g 2 h

g

� G , b 2 h

b

� B and h

g

and h

b

are anc hored m times

with ey elet v ertices v

1

; : : : v

m

2 O . W e call the v ertices from G gr ound vertic es ,

the v ertices from B b al lo on vertic es , and the v ertices from O eyelet vertic es . Let

X � V ( H ). The c overing numb er of X is

� ( X ) := min f n 2 N j n marshals co v er all v ertices from X g .

In a game pla y ed on a BOG-h yp ergraph with large order m the marshals either

o ccup y all v ertices from G and pla y on h B i , or the marshals o ccup y all v ertices

from B and pla y on h G i . In b oth cases, the role of the ey elet v ertices is of

little signi�cance: they only mak e sure that a marshal, when o ccup ying a ballo on

v ertex, cannot in terfere in the game pla y ed on the ground v ertices b y o ccup ying

a ground v ertex at the same time. More precisely:

Lemma 10 L et H

B O G

b e a BOG-hyp er gr aph of or der m > mon-m w( h G i ) + � ( B ) .

Mor e over, let � ( G ) > mon-m w( h G i ) + � ( B ) . This implies:

a) m w ( H

B O G

) � m w ( h G i ) + � ( B ) , and mon-m w ( H

B O G

) � mon-m w( h G i ) + � ( B ) .

b) L et ( T ; � ; � ) , b e a winning str ate gy for at most mon-m w( H

B O G

) marshals. Then

G *

S

� ( t ) for al l t 2 V ( T ) .

c) Under the assumptions of b), al l t 2 V ( T ) n f r g , wher e r is the r o ot, satisfy:

If B * � ( pr e d ( t )) and t is not a le af, then B [ G � � ( pr e d ( t )) [ � ( t ) .

d) Ther e is a winning str ate gy ( T ; � ; � ) for the minimal safe game on H

B O G

,

satisfying for al l t 2 V ( T ) : t is a le af or B � � ( t ) .

The same holds for the minimal safe monotone game.

b) states, that the marshals cannot co v er the ground v ertices completely .

c) sho ws: If the marshals cannot co v er the ballo on v ertices completely , then the

robb er is free to mo v e where he lik es in B [ G .

With d) w e ma y assume that in the minimal safe game the marshals co v er the

4

F or the construction it is irrelev an t whether f v g 2 E ( H ) or not. In section 5 w e will pro v e

the existence of simplicial h yp ergraphs with monotonicit y cost. F or that purp ose w e allo w

f v g 2 E ( H ).
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ballo on v ertices completely , un til immediately b efore catc hing the robb er (on an

ey elet v ertex).

Pr o of of the lemma. a) m w ( H

B O G

) � m w ( h G i ) + � ( B ), b ecause � ( B ) marshals

can co v er the ballo on v ertices p ermanen tly , implying that the actual game with

the remaining marshals only tak es place in h O [ G i . F or mon-m w( H

B O G

) �

mon-m w( h G i ) + � ( B ) w e argue similarly .

d) Let ( T ; � ; � ) b e a winning strategy for the minimal safe (monotone) game. W e

ma y assume that for eac h t 2 V ( T ) with � ( t ) = f v g , v 2 O : t is a leaf. Call

a v ertex r 2 V ( T ) quasi r o ot , if B � � ( r ) and G [ B � �

pred

( r ) [ � ( r ). Let

r 2 V ( T ) b e a quasi ro ot, s. t. the subtree T

r

of T con tains no other quasi ro ot.

Then:

( � ) All t 2 V ( T

r

) satisfy: B � � ( t ) or t is a leaf.

Pro of of ( � ). Supp ose t 2 V ( T

r

), B * � ( t ) and t is not a leaf. Then � ( t ) \ ( G [

B ) 6= ; . Moreo v er, ( G [ B ) n � ( t ) is con tained in a connected comp onen t Z of

V ( H

B O G

) n � ( t ). Let t

0

b e the successor of t satisfying � ( t

0

) = Z . It follo ws that

B * � (pred( t

0

)) and c) implies that G [ B � � (pred ( t

0

)) [ � ( t

0

). If t

i

satis�es:

G * � (pred( t

i

)) and G [ B � � (pred ( t

i

)) [ � ( t

i

), then t

i

has exactly one successor

t

i +1

, s. t. G [ B � � (pred ( t

i +1

)) [ � ( t

i +1

). As T is �nite, w e �nally receiv e t

i

0

,

with B � � ( t

i

0

), but then t

i

0

is a quasi ro ot, a con tradiction to our assumption.

With ( � ), the induced strategy T

r

yields a winning strategy , b y adding lea v es to

r for co v ering the p ossible robb er p ositions on ey elet v ertices. �

Let ( H ; ��;

�

� ) b e a switc h graph with n -switc h. The hyp er gr aph with n -me chanics

asso ciated with ( H ; ��;

�

� ) is the follo wing BOG-h yp ergraph H

B O G

: V ( H ) is the

set of ground v ertices of H

B O G

: G := V ( H ), and B := f g

i;j

j i; j = 1 ; : : : n g is the

set of ballo on v ertices con taining n

2

elemen ts. Let m := mon-m w( h G i ) + n + 1

b e the order of H

B O G

and let O := f p

l

( g ; h ) j g 2 B ; h 2 E ( H ) ; l 2 f 1 ; : : : m gg .

Moreo v er, let E

B

:= ff g

i;j

g j i; j = 1 ; : : : n g [ f a

1

; : : : ; a

n

g [ f b

1

; : : : ; b

n

g , with

a

i

:= f g

i; 1

; : : : ; g

i;n

g [ �

i

and b

j

:= f g

1 ;j

; : : : ; g

n;j

g [ �

j

, i; j = 1 ; : : : ; n . Let

E ( H

B O G

) := E

B

[ E ( H ) [

S

g 2 B ;h 2 E ( H ) ;l 2f 1 ;::: m g

ff g g [ f p

l

( g ; h ) g ; f p

l

( g ; h ) g [ h g .

Note that b y de�nition n = � ( B ) and hence m = mon-m w( h G i ) + n + 1 �

mon-m w( h G i ) + � ( B ).

Let H

B O G

b e the BOG-h yp ergraph with n -mec hanics asso ciated with ( H ; �� ;

�

� ).

The marshals op er ate the n -me chanics in (mon-)Mar ( H

B O G

), if in ev ery mo v e

they o ccup y the h yp eredges a

1

; : : : ; a

n

or the h yp eredges b

1

; : : : ; b

n

.

Let ( H ; ��;

�

� ) b e a switc h graph. No w w e will sho w: If ( H ; �� ;

�

� ) is a ( k ; k

0

)-switc h

graph, then the h yp ergraph with n -mec hanics H

B O G

is a ( k ; k

0

)-h yp ergraph (when

con taining enough ground v ertices). W e only admit ( k ; k

0

)-switc h graphs ( H ; �� ;

�

� )

satisfying j �� j < k ,

5

and mon-m w( H ) + j �� j < � ( B ). Let � b e the map:

5

j �� j = k is not allo w ed: As w e will see b elo w, the j �� j + 1. marshal is necessary for co v ering

the ey elet v ertices.

14



� :

8

<

:

( k ; k

0

)-switc h graphs

with witnesses

( T ; � ; � ) and ( T

0

; �

0

; �

0

)

9

=

;

!

8

<

:

( k ; k

0

)-h yp ergraphs with

mec hanics and witnesses

( T ; � ; � ) and ( T

0

; �

0

; �

0

))

9

=

;

( H ; ��;

�

� ) ; ( T ; � ; � ) ; ( T

0

; �

0

; �

0

) 7! � ( H ; ��;

�

� ) ; � ( T ; � ; � ) ; � ( T

0

; �

0

; �

0

),

where � ( H ; ��;

�

� ) = H

B O G

is the h yp ergraph with j �� j -mec hanics asso ciated with

( H ; ��;

�

� ), and � transforms the strategy ( T ; � ; � ) (and the strategy ( T

0

; �

0

; �

0

) as

w ell) as follo ws:

In H

B O G

, the switc h marshals op erate the mec hanics instead of o ccup ying the

h yp eredges a

1

; : : : ; a

n

: In the strategy ( T ; � ; � ) they o ccup y the switc h edges

�

1

; : : : ; �

n

i� in � ( T ; � ; � ) they o ccup y the h yp eredges a

1

; : : : ; a

n

, and equally

for the b

i

and �

i

. Apart from that, the marshals pla y according to the strategy

( T ; � ; � ). Here the escap e spaces ma y con tain additional ey elet v ertices. If the

escap e space con tains other v ertices next to the ey elet v ertices, the marshals mo v e

according to ( T ; � ; � ), as if the ey elet v ertices didn't exist. If the escap e space

consists of a unique ey elet v ertex, the marshals catc h the robb er in their next

mo v e. Since j �� j < k , this is alw a ys p ossible. W e pro ceed equally with ( T

0

; �

0

; �

0

).

F rom Lemma 10 w e deduce:

Remark 11 If H

B O G

= � ( H ; ��;

�

� ) and n = j �� j , then we may assume that the

marshals op er ate the n -me chanics in every winning str ate gy for the minimal safe

game on H

B O G

(exc ept fr om the c aptur e p ositions).

Altogether w e ha v e:

Theorem 12 L et ( H ; �� ;

�

� ) b e a ( k ; k

0

) -switch gr aph with witnesses ( T ; � ; � ) and

( T

0

; �

0

; �

0

) , j �� j = j

�

� j = n . Then the BOG-hyp er gr aph H

B O G

asso ciate d with

( H ; ��;

�

� ) is a ( k ; k

0

) -hyp er gr aph with n -me chanics, witnesse d by � ( T ; � ; � ) and

� ( T

0

; �

0

; �

0

) .

�

Hence, w e obtain a h yp ergraph H

n

with monotonicit y cost n from the switc h

graph ( H ; �� ;

�

� ) from example 9, b y setting H

n

:= H

B O G

, where H

B O G

is the

BOG-h yp ergraph with n -mec hanics asso ciated with ( H ; ��;

�

� ). This completes

the pro of of Theorem 7. �

5 Monotonicit y Cost on Graphs

Since all our previous examples con tain `big' h yp eredges, esp ecially h yp eredges

h with j h j > 2, the question arises, whether these h yp eredges are necessary for

pro ducing monotonicit y cost. The answ er is no. In this section, w e will presen t

a graph with monotonicit y cost 1.
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Recall that the construction of the examples 6 and 9 is based on the idea of

forcing the marshals (via ballo on v ertices) to o ccup y certain v ertices 'to o early'

(e. g. the v ertices 4 and 4

0

in H

1

or the switc h edges of H

n

).

W e call a h yp ergraph H simplicial , if P ( h ) � E ( H ) for all h 2 E ( H ). By � H

w e denote the simplicialise d h yp ergraph, where V (� H ) = V ( H ) and E (� H ) =

E ( H ) [

S

h 2 E ( H )

P ( h ). On � H

1

and on � H

n

the marshals can a v oid o ccup ying

those v ertices to o early . Do simplicial h yp ergraphs ha v e monotonicit y cost 0?

W e will no w see, that the answ er is no.

Remark 13 L et H b e a hyp er gr aph. If � H has monotonicity c ost � 1 , then H

has monotonicity c ost � 1 .

Pr o of. Note that m w ( H ) = m w (� H ) and mon-m w( H ) � mon-m w(� H ). �

In this section w e brie
y presen t a simplicialised graph with monotonicit y cost 1.

Hence, b y Remark 13 w e also obtain a graph with monotonicit y cost � 1. This

graph is also of in terest when considering its gener alize d hyp ertr e ewidth , as w e

will see in section 6.

Example 14 L et H

0

b e the hyp er gr aph with

V ( H

0

) = f a; b

1

; b

2

; c; d

1

; d

2

; e; f

1

; f

2

; g ; h

1

; h

2

; i g and

E ( H

0

) =

S

j =1 ; 2

ff a; i g ; f a; b

j

g ; f b

j

; c g ; f c; d

j

g ; f d

j

; e g ; f e; f

j

g ; f f

j

; g g ; f g ; h

j

g ; f h

j

; i gg .

It is straigh tforw ard to sho w that m w ( H

0

) = mon-m w ( H

0

) = 3.

H

0

helps us to construct the example:

Example 15 The hyp er gr aph G

1

B O G

is the fol lowing hyp er gr aph (cf. Figur e 8):

L et B := f g

1

; g

2

; g

3

; g

4

g b e the set of b al lo on vertic es with B \ V ( H

0

) = ; , wher e

H

0

is the hyp er gr aph fr om example 14. L et G := V ( H

0

) b e the set of gr ound

vertic es, ff g g j g 2 G g � E ( G

1

B O G

) and ff b g j b 2 B g � E ( G

1

B O G

) .

In addition, e ach hyp er e dge f g g , wher e g 2 G , is anchor e d six times with e ach

hyp er e dge f b g , b 2 B . Cal l the set of ne c essary eyelet vertic es O and let ff p g j

p 2 O g � E ( G

1

B O G

) . We set V ( G

1

B O G

) := G

_

[ O

_

[ B and

E ( G

1

B O G

) := E ( H

0

) [ ff a; g

1

g ; f g

1

; g

2

g ; f g

2

; f

1

g ; f d

2

; g

3

g ; f g

3

; g

4

g ; f g

4

; i gg [ ff p g j

p 2 V ( G

1

B O G

) g .

Note that G

1

B O G

is simplicial.

Claim 7 G

1

B O G

satis�es mon-m w ( G

1

B O G

) = 5 and m w ( G

1

B O G

) = 4 .

Pr o of. Figure 9 sho ws a (non-monotone) winning strategy for four marshals. F or

the sak e of clearness, the game mo v es necessary for the ey elet v ertices are left

out. They don't a�ect the n um b er of necessary marshals an yw a y .

A monotone winning strategy for �v e marshals can b e obtained as follo ws: During

the whole game, t w o marshals o ccup y the h yp eredges f g

1

; g

2

g ; f g

3

; g

4

g . Apart

16



g

1

c g

e

g

2

f

1

d

1

b

1

f

2

g

4

h

2

ia

h

1

d

2

b

2

g

3

Figure 8: G

1

B O G

from example 15: F or the sak e of clearness, the ey elet v ertices are

left out. Ev ery h yp eredge from f g

1

g ; : : : ; f g

4

g is anc hored six times with ev ery

h yp eredge f b g , b 2 B .

not monotone mo v e

f i; g

4

g ; f g

1

; g

2

g ; f d

2

; g

3

g ; f c; d

1

g

f i; g

4

g ; f g

1

; g

2

g ; f d

2

; g

3

g ; f d

1

; e g

f a; g

1

g ; f g

2

; f

1

g ; f g

3

; g

4

g ; f e; f

2

g

f a; i g ; f g

1

; g

2

g ; f g

3

; g

4

g ; f e; f

2

g

f a; i g ; f g

1

; g

2

g ; f g

3

; g

4

g ; f b

1

; c g

f a; i g ; f g

1

; g

2

g ; f g

3

; g

4

g ; f b

2

; c g

f a; g

1

g ; f g

2

; f

1

g ; f g

3

; g

4

g ; f f

2

; g g

f a; i g ; f g

1

; g

2

g ; f g

3

; g

4

g ; f g ; h

1

g

f a; i g ; f g

1

; g

2

g ; f g

3

; g

4

g ; f g ; h

2

g

g

e

g

g

h

2

e b

2

i

Figure 9: A (non-monotone) winning strategy for four marshals on G

1

B O G

from

example 15.
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from the ey elet v ertices, the uno ccupied part of the graph is � H

0

. There, the

robb er is easily caugh t b y three further marshals.

There is no winning strategy for three marshals at all: Ob viously , � ( B ) = 2,

where B is the set of ballo on v ertices from G

1

B O G

. Remark 13 implies: m w (� B )=

mon-m w(� B ) = 3. Hence mon-m w( h G i ) = 3 (where G is the set of ballo on

v ertices from G

1

B O G

). Th us, b y Lemma 10 w e ma y assume that the marshals

o ccup y B in ev ery winning strategy for the minimal safe game (except from

the capture p ositions). It is easy to see that, if there is a winning strategy for

three marshals, then there is a winning strategy on h G i for t w o marshals, a

con tradiction.

It remains to pro v e, that there is no monotone winning strategy for four marshals.

This can b e sho wn b y considering all p ossible game ev olutions with four marshals

bac kw ards, i. e. b eginning from the last mo v e in a game and then considering all

p ossible previous p ositions. This is rather elab orate and will b e skipp ed here.

6

�

Let G

1

b e the graph obtained from G

1

B O G

b y remo ving all 1-edges. With Remark

13 it is easy to see that G

1

has monotonicit y cost exactly 1.

6 Generalized Hyp ertree-Width

Dropping condition 4 from the de�nition of h yp ertree-decomp osition, w e obtain

the notion of gener alize d hyp ertr e e-de c omp osition (in tro duced in [5]). Corresp ond-

ingly , w e obtain the gener alize d hyp ertr e e-width of H , gh t w ( H ).

Hence ev ery h yp ertree-decomp osition is a generalized h yp ertree decomp osition.

Lemma 16 L et H b e a hyp er gr aph. Then gh t w ( H ) = h t w (� H ) .

Pr o of. Let ( T ; �; � ) b e a generalized h yp ertree-decomp osition of width k of H .

F or t 2 V ( T ) w e set �

0

( t ) := f h \ � ( t ) j h 2 � ( t ) g . It is easy to see that ( T ; �; �

0

)

is a h yp ertree-decomp osition of width � k of � H . Hence h t w (� H ) � gh t w ( H ).

Con v ersely , let ( T ; �; � ) b e a h yp ertree-decomp osition of width k of H . F or eac h

h yp eredge h from � H let ' ( h ) b e a h yp eredge of � H with h � ' ( h ). F or

t 2 V ( T ) let �

0

( t ) := f ' ( h ) j h 2 � ( t ) g . It follo ws immediately that ( T ; �; �

0

) is

a generalized h yp ertree-decomp osition of width � k of H . �

Do es ev ery generalized h yp ertree-decomp osition of width k induce a h yp ertree-

decomp osition of width k ? As w e will see, the answ er is no.

Claim 8 H

1

fr om example 6 satis�es: h t w ( H

1

) = 4 and gh t w ( H

1

) = 3 .

Pr o of. By 2, h t w ( H

1

) = mon-m w( H

1

) = 4. A generalized h yp ertree-decomp osition

of width 3 can b e constructed easily b y mo difying the winning strategy for three

6

see [1 ] for details.
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marshals on H

1

(see Figure 4). On the other hand, if there w ere a generalized

h yp ertree-decomp osition of width � 2, b y Lemma 16 t w o marshals w ould ha v e a

winning strategy on � H

1

. This is clearly not the case. �

Note that b y lemma 16, gh t w ( H ) = h t w (� H ) = h t w (�� H ) = gh t w (� H ) holds

for all h yp ergraphs H . If H is simplicial, then gh t w ( H ) = h t w ( H ). This sho ws:

Claim 9 G

1

B O G

fr om example 15 satis�es: gh t w ( G

1

B O G

) = 5 and m w ( G

1

B O G

) = 4 .

�

Hence, the (non-monotone) marshal-width di�ers from the generalized h yp ertree-

width in general.

Corollary 17 L et H b e a hyp er gr aph. Then m w ( H ) � gh t w ( H ) .

Pr o of. It is easy to see that m w ( H ) = m w (� H ). Hence m w ( H ) = m w (� H ) �

mon-m w(� H ) = h t w (� H ) = gh t w ( H ). �

Lemma 18 L et H b e a hyp er gr aph and � := max

�

j h j

�

�

h 2 E ( H )

	

. Then:

cw ( H ) � � � m w ( H ) .

Pr o of. Replace eac h of the k marshals b y � cops. �

The clique sho ws that th upp er b ound in Lemma 18 is sharp. On the other hand,

the n -cycle sho ws that the inequalit y cannot b e replaced b y an equalit y . Our

next aim is to b ound marshal-width b y cop-width.

Let ( T ; � ; � ) b e a winning strategy , r the ro ot of T . ( T ; � ; � ) is called we akly

monotone , if for all t 2 V ( T ) n f r g the inclusion � ( t ) � � (pred( t )) holds. Clearly

ev ery monotone winning strategy is w eakly monotone. Con v ersely w e ha v e:

Lemma 19 L et H b e a hyp er gr aph. Every we akly monotone winning str ate gy for

Mar ( H ; k ) gives rise to a monotone winning str ate gy for � k marshals on H .

Pr o of. Let ( T ; � ; � ) b e a w eakly monotone winning strategy for Mar( H ; k ), Call a

v ertex t 2 V ( T ) a stagnation vertex , if � ( t ) = � (pred ( t )). By con tracting ( t; pred t )

for all stagnation v ertices in V ( T ), w e obtain a monotone winning strategy for

� k marshals on H . �

Theorem 20 L et H b e a hyp er gr aph. Then mon-m w( H ) � cw ( H ) .

Pr o of. Let cw ( H ) = k and ( T ; � ; � ) b e a monotone winning strategy for k cops

on H . De�ne a map ' : V ( H ) ! E ( H ) with v 2 ' ( v ) for all v 2 V ( H ). No w

the k marshals can win as follo ws: In the b eginning, they o ccup y the h yp eredges

' ( v ) with v 2 � ( r ), r the ro ot of T . The robb er c ho oses an escap e space �

0

w. r. t. �

0

=

S

v 2 � ( r )

' ( v ). The escap e space is a subset of � ( t ) for exactly one

successor t of r . The marshals resp ond b y o ccup ying the h yp eredges ' ( v ) with

v 2 � ( t ), etc. Th us, w e obtain a winning strategy ( T

0

; �

0

; �

0

) together with a map
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 : V ( T

0

) ! V ( T ), satisfying:

1) F or all t

0

2 V ( T

0

) n f r

0

g (where r

0

is the ro ot of T

0

),  (pred ( t

0

)) = pred (  ( t ))

and  ( r

0

) = r .

2) F or all t

0

2 V ( T

0

), �

0

( t

0

) = f ' ( v ) j v 2 � (  ( t

0

)) g and �

0

( t

0

) � � (  ( t

0

)).

By Lemma 19, it is su�cien t to sho w that this winning strategy is w eakly mono-

tone. Supp ose it is not. Then there exists a t

0

2 V ( T

0

) n f r

0

g suc h that �

0

( t

0

) *

�

0

(pred( t

0

)). Hence, let v 2 �

0

( t

0

) n �

0

(pred ( t

0

)). Note that pred ( t

0

) 6= r

0

, b ecause

otherwise �

0

(pred( t

0

)) = V ( H ). Therefore, pred

2

( t

0

) is de�ned. While the mar-

shals 
y from �

0

(pred

2

( t

0

)) to �

0

(pred ( t

0

)), the escap e spaces �

0

(pred( t

0

)) and �

0

( t

0

)

are connected, i. e. there exists a path W in V ( H ) n

�

�

0

(pred

2

( t

0

)) \ �

0

(pred ( t

0

))

�

from a v ertex w 2 �

0

(pred ( t

0

)) to v . W e ma y assume that w is the last v ertex

in �

0

(pred ( t

0

)) on the path W . Let u b e the v ertex on W immediately after

w . Since u =2 �

0

(pred( t

0

)) and w 2 �

0

(pred ( t

0

)) are neigh b ours, it follo ws that

u 2 �

0

(pred

2

( t

0

)). This implies that u 2 ' ( x ) for an x 2 � (pred

2

( t )), where t =

 ( t

0

). Th us w e ha v e found a non-monotone mo v e in the strategy for the cops: In

V ( H ) n

�

� (pred

2

( t )) \ � (pred ( t ))

�

, x is connected to w 2 �

0

(pred ( t

0

)) � � (pred ( t ))

via W and � ( x ). Since x =2 � (pred( t )), x lies in a p ossible escap e space w. r. t.

� (pred ( t )) in the Robb er and Cops Game. But x 2 � (pred

2

( t )), a con tradiction

to the monotonicit y of ( T ; � ; � ). �

Finding a h yp ergraph G satisfying the equalit y mon-m w ( G ) = cw ( G ) = 3 is left

to the reader as an exercise.

7

Putting things together w e obtain:

Corollary 21 L et H b e a hyp er gr aph with max fj h j j h 2 E ( H ) g = � . Then:

m w ( H ) � gh t w ( H ) = h t w (� H ) � h t w ( H ) = mon-m w( H ) � cw ( H ) = mon-cw ( H )

= t w ( H ) + 1 � � m w ( H ) .

None of the inequalities can b e replaced b y strict inqualities or b y equalities.

7 Conclusions

Ha ving presen ted a h yp ergraph with monotonicit y cost n , a graph and a sym-

plicialised h yp ergraph with monotonicit y cost 1, w e lea v e as an op en problem,

whether there are graphs or symplicialised h yp ergraphs with monotonicit y cost

greater than 1. The question, whether there are structural c haracteristics distin-

guishing h yp ergraphs with monotonicit y cost from others, still is op en.

7

Or see [1] for an example.
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