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Abstract

We study the notion of hypertree width of hypergraphs. Wev@rthat, up to a constant factor,
hypertree width is the same as a number of other hypergraglniamts that resemble graph invariants
such as bramble number, branch width, linkedness, and thienonin number of cops required to win
Seymour and Thomas’s robber and cops game.

1 Introduction

Tree width of graphs is a well studied notion, which playsrapaértant role in structural graph theory and
has many algorithmic applications. Various other graplaiiants are known to be the same or within a
constant factor of tree width, for example, tamble numbeor tangle numbenof a graph [12, 13], the
branch width[13], thelinkednes$12], and the number of cops required to win theber and copgame
on the graph [14]. Several of these notions may be viewed @sunes for the global connectivity of a
graph. The various equivalent characterizations of trefhwgshow that it is a natural and robust notion.

Formally, let us call two graph or hypergraph invariangdJ equivalentif they are within a constant
factor of each other, that is, if there are constants> 0 such that for all graphs or hypergraghsve have
c-1(G) <J(G) <d-1(G).

Tree decompositions and tree width can be generalized terbygphs in a straightforward manner; the
tree width of a hypergraph is equal to the tree width of iteyaligraph. Motivated by algorithmic problems
from database theory and artificial intelligence, Gottlodpne, and Scarcello [6] introduced thgpertree
width of a hypergraph. Hypertree width is based on the same tremgmasitions as tree width, but the
width is measured differently. Essentially, the hypertnadth is the minimum number of hyperedges
needed to cover all bags of a tree decomposition. Fdgsof a tree decompositioiT, (Bt )iy (r)) of a
hypergrapiH = (V,E) are the set8; C V for the tree nodes and a bad; is coveredoy the hyperedges
el,...,& € E if every vertex inB; is contained in at least one of the edgesHypertree width is always
bounded by one plus the tree width [1], but the tree width oaie bounded in terms of the hypertree
width (see Example 2).

Unfortunately, we have not yet given the full definition ofgdgytree width; the notion we have defined
so far is calledyeneralized hypertree widttHypertree width is defined by adding a technical condition,
the so-calledspecial conditionthat restricts the way bags can be covered by hyperedgds/pértree
decompositiortonsists of a tree decomposition together with an apprigpcaver of the bags by edges.
We will give the full technical definition in Section 3.3. Tlpecial condition is needed to prove that for
fixedk, hypergraphs of hypertree widititan be recognized and hypertree decompaositions of widém be
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computed in polynomial time. As an application, Gottlobphe, and Scarcello [6] showed that constraint
satisfaction problems whose instances have an underlyipgrgraph of bounded hypertree width can
be solved in polynomial time. Similarly, conjunctive daaak queries whose underlying hypergraph has
bounded hypertree width can be evaluated in polynomial.tif@ more information on the algorithmic
aspects of hypertree width, we refer the reader to the inttmly survey [4].

Despite the technical special condition, hypertree widtlnss to be a quite natural notion. In [7],
Gottlob, Leone, and Scarcello characterize hypertredwidterms of a game that is defined like Seymour
and Thomas's robber and cops game on graphs, except theddnst cops occupying vertices, the robber
now has to escapmarshalsoccupying hyperedges. Unfortunately, this charactedmalso has a small
technical defect: The marshals are required to play momedaty, that is, they have to shrink the escape
space of the robberin each move. It can be shown that thehypezgraphs where this reduces the strength
of the marshals, that ik, marshals have a winning strategy, but no monotone winnnadesty [1].

In this paper, we prove that the invariants hypertree widimeralized hypertree width, minimum
number of marshals with a monotone winning strategy, andmmim number of marshals with a winning
strategy are all equivalent. More precisely, they are dlhimia constant factor d3+ €) from one another.
Furthermore, we introduce invariants for measuring théallaonnectivity of a hypergraph that resemble
bramble number, tangle number, branch width, and linkezloka graph and prove them all to be equiva-
lent to hypertree width. Our results show that hypertrediwisia similarly robust hypergraph invariant as
tree width is for graphs. Furthermore, they imply that trgoathmic applications of hypertree width can
be extended to generalized hypertree width.

The basic technical ideas underlying our results go back2p]3], where similar results are proved for
various graph invariants. However, in places the situatiohypergraphs differs considerably from that on
graphs, and graph invariants that coincide differ in thgjpdrgraph version. We provide many examples
of hypergraphs showing this unexpected behaviour.

2 Preliminaries and definitions

A hypergraphis a pairH = (V(H),E(H)), consisting of a nonempty s&{H) of vertices and a seE(H)
of subsets 0¥/ (H), thehyperedgesf H. We only consider finite hypergraphSraphsare hypergraphsin
which all hyperedges have two elements.igmlated vertexn a hypergraph is a vertex that is not contained
in any hyperedge.

For technical convenience, throughout this paper we makéoitowing assumptions:

Proviso 1. Hypergraphs have at least one vertex and no isolated vertice

For a hypergraphl and a seX C V(H), thesubhypergraph induced by X the hypergraphl [X] =
(X,{enX|ecE(H)}). We letH \ X :=H[V(H)\ X]. Theprimal graphof a hypergrapi is the graph

H=(V(H),{{vw} | v#w, there exists ar € E(H) such that{v,w} C e}).
A hypergraphH is connectedf H is connected. A se€ C V(H) is connected (in H)f the induced
subhypergrapli [C] is connected, and eonnected componenf H is a maximal connected subset of
V(H). A sequence of nodes ¥f(H) is apathof H if it is a path ofH.

Tree Decompositions and Hypertree Decompositions

In the following, letH be a hypergraph. #Aree decompositionf H is a tuple(T,B), whereT is a tree and
B = (Bt)iev () @ family of subsets 0¥ (H) such that for eack € E(H) there is a node < V(T) such that
eC By, and for eaclve V(H) the set{t € V(T) | ve Bt} is connected ifT. The set$; are called théags
of the decomposition. Theidth of the decompositioiT,B) is maxX|B;| |t € T} — 1, and thetree width
of H, denoted by tyH ), is the minimum of the widths of all tree decomposition$fof

It will be convenient for us to view the trees in tree deconifgmss as being rooted and directed from
the root to the leaves. For a nodie a (rooted) tred = (V(T),E(T)), we letT; be the subtree rooted at
that is, the induced subtree Bfwhose vertex set is the set of all vertices reachable from



A generalized hypertree decomposition ofd triple(T,B,C), where(T,B) is a tree decomposition
of H andC = (G )iev (1) is a family of subsets oE (H) such that for every € V(T) we haveB; C UG.
HerelJC denotes the union of the sets (hyperedge§) jthat is, the sefve V(H) | Jec G : vee}. The
setsG; are called thguardsof the decomposition. Theidth of the decompositioliT, B,C) is max|C| |
t € V(T)}. Thegeneralized hypertree widitf H, denoted by ghyH ), is the minimum of the widths of
the generalized hypertree decompositionblof

A hypertree decompositioof H is a generalized hypertree decompositidnB,C) that satisfies the
following special condition (UCt) NUyev () Bu € Bt for allt € V(T). Recall thafT; denotes the subtree
of the T with roott. Thehypertree widthof H, denoted by hH), is the minimum of the widths of all
hypertree decompositions bf.

Observe that ghiH) < hw(H) and ghwH) < tw(H) + 1. Actually, it has been shown in [5, 6] that
the second inequality also holds for hypertree width irgstefageneralized hypertree width. Thus we have

ghw(H) < hw(H) < tw(H) + 1. (1)

The following two examples show that both inequalities ipddn be strict, and Example 4 shows a hyper-
graphH with ghw(H) = hw(H) = tw(H) + 1.

Example 2. LetH be the hypergraph obtained from a comptetertex graph<, by adding one hyperedge
that contains all vertices. Formally,

H= ({1,...,n},{{i,j} | 1§i<j§n}}u{{1,...,n}}).

Then ghwH) = hw(H) = 1, because the one vertex tree with fdg...,n} and guard{{1,...,n}} is a
hypertree decomposition &f of width 1.

However, we have tfH) = n— 1, because every tree decompositioiahust have a bag that contains
the hyperedgél,. .., n}. Let us remark that thimcidence graph tbf H, defined by

H= (V(H)UE(H),{(v,e) |veV(H),ec E(H),ve e})

has tree widtm. The lower bound follows from the fact thet contains a completén + 1)-vertex graph
as a minor.

Example 3([2]). Define
H= ({1,2,3747576,7,8,a7b},{{1,8},{374}}UAU B),

whereA = {{1,2,a},{4,5,a},{6,7,a}}, and B = {{2,3,b},{5,6,b},{7,8,b}} (see Figure 1). Then

Figure 1: The hypergraph of Example 3

ghw(H) = 2 and hwH) = 3. A generalized hypertree decomposition witnessing (hw< 2 consists
of a linear tree with four nodes, ba$,2,7,8,a,b},{2,6,7,a,b},{2,5,6,a,b},{2,3,4,5,a b} and corre-
sponding guard${1,2,a},{7,8,b}},{{2,3,b},{6,7,a} }, {{1,2,a},{5,6,b} },{{2,3,b},{4,5,a} }. The



special condition fails in the second node, so this is notgehyee decomposition. To fix this we can add
vertex 3 to the second and third bags, and hyperd@g& b} to the third guard. The resulting hypertree
decomposition witnesses Iil¥) < 3. The proof that hH) > 3 uses the game characterization of{ hy

by the (monotone) robbers and marshals game (see Theorem 9).

Example 4. Let n > 3, and letH be the graph obtained fromd, by duplicating each edge and then
subdividing all edges once (that is, by replacing each eggevb parallel paths of length 2). Figure 2
shows the grapi for n=3. Then twH) = n—1. Itis not hard to see that gliid) = n, essentially

Figure 2: The graph obtained froiy as described in Example 4

because every tree decompositiortbmust have a bag that contains aNertices of the originaK,. By
Equation (1) it follows that hyH) = n as well.

3 Characterizations of hypertree width

3.1 From separators and hyperlinkedness ...

LetH be a hypergraptyl C E(H) andC C V(H). C is M-big, if it intersects more than half of the edges
of M, that is,
M|
>
Note that ifSC E(H), thenH \ | JShas at most onkl-big connected component.

Letk > 0 be aninteger. A se¥l C E(H) is k-hyperlinkedif for any setSC E(H) with |5 <k, H\US
has arM-big component. Note that M is k-hyperlinked, theM is also(k — 1)-hyperlinked. The largest
k for which H contains &-hyperlinked set is calletlyperlinkedness of Hlink(H). Hyperlinkedness is
an adaptation of the linkedness of a graph [12] to our setting

A setSC E(H) is abalanced separatofor a setM C E(H) if H\ |JS has noM-big connected com-
ponent. Observe that hligK) < k if and only if everyM C E(H) has a balanced separator of size at
mostk.

Example 5. LetH := ({1,2,3,4,5},{{1,2},{1,3,5},{1,4},{2,5},{4,5}}) (cf. Figure 3).

[{eeM|enC#0}| >

e LetM;:=E(H). ThenS:= {{1,3,5}} is a balanced separator of size 1 kdy.
o My :={{1,2},{1,3,5},{2,5}} has no balanced separator of size 1.
e hlink(H) =2.

3.2 ...tobrambles ...

Next, we adapt the bramble number of a graph [12] to our hypelgcontext.

LetH be a hypergraph. Se¥§, X, C V(H) touchif X; N X, # 0 or there exists aa€ E(H) such that
enX; # 0 anden X, # 0. A bramble of His a setB of pairwise touching connected subsets/¢H).
The hyperorder of a bramble Bs the least integek such that there exists a s8tC E(H) with |§ =k
andJSNX # 0 for all X € B. Thehyperbramble numberbramble-ngH) of H is the maximum of the
hyperorders of all brambles &f.



Figure 3: The hypergraph of Example 5

Lemma 6. For every hypergraph H,
hlink(H) < hbramble-ngH).

Proof. Let hlink(H) = k. Everyk-hyperlinked seM generates a bramble of hyperorder at léast
SetB:={C|C theM-big component oH \ | JSfor someSC E(H), |S < k}. Obviously, any two elements
of B touch, and no set of fewer th&rhyperedges intersects every elemenBoHenceB is a bramble of
order at leask. |

We cannot obtain equality here, as the following examplevsho

Example 7. hlink(Ks) < 2 < 3 < hbramble-n¢Ks), whereKs denotes the 5-clique.
To see that 3 hbramble-n¢Ks), note thaB := {{v} | ve V(Ks)} is a bramble of hyperorder 3.
Towards hlinkKs) < 2, letM C E(Ks). For eachy € V(Ks) let S, C E(Ks) be a set of two edges such
thatJS, =V (Ks) \ {v}. Itis sufficient to show that there is a vertex V (Ks) such thatS, is a balanced
separator foM. To prove this, letn, ;= |[{e€ M |ve e}| for ve V(Ks). Then

M=3( S m)

VeV (Ks)

Now suppose none of tHg is a balanced separator figf. Then allv € V(Ks) satisfym, > % Then

(5 m)z26loh="m

M| =
VeV (Ks) 2

NI -

a contradiction. Hence there is a vertex V (Ks) s. .S, is a balanced separator figk.

3.3 ... andvia marshals and hypertree width ...

The next hypergraph invariant we shall consider is based seaach game similar tmbber and cops
game due to Seymour and Thomas [14], which characterizesvicth. TheRobber and Marshals Game
on a hypergrapHhl is played by aobberagainsk marshalqthe marshals act coordinated, so this is a two
player game). The marshals move on the hyperedgHs t¥ing to catch the robber. They are not bound
to move along paths of the hypergraph (we can imagine theheigmpters to move from one hyperedge
to another). The robber moves on the verticell pdnd he can only move along paths (of the primal graph
H). He sees where the marshals intend to move to and quicklytitiescape running arbitrarily fast along
paths ofH, not being allowed to run through a vertex that is occupied byarshal beforand after the
flight. The marshals’ objective is to capture the robber byupying a hyperedge that contains the vertex
where the robber is. The robber tries to elude capture.

Formally, the game RIH, k) (therobber and k marshals game on) ki played by two players, the
robber and themarshals A positionof the game is a paifv,M), wherev € V(H) andM C E(H) with
M| < k. To start a play of the game, the robber picks an arbitvgrand the initial position igvp, 0). In



each round, the players move from the current posifiohl) to a new position(V',M’) as follows: The
marshals seleddl’, and then the robber selecfssuch that there is a path frowto V' in the hypergraph

H\ (UMn{JM).

If a position(v, M) with v € M is reached, the play ends and the marshals win. If the platjrcges forever,
the robber wins.

Winning strategies for the players are defined in the natuagl A winning strategy for the robber is
monotondf in each play following this strategy and each move of tHeypsay, from positior{v,M) to
position(v',M’), the connected componentdfin H\ M’ is a subset of the connected component iof
H \ M. Intuitively, a strategy for the marshals is monotone iféseape space of the robber never increases
during a play.

The marshal widthmw(H) of H is the leask such that the marshals have a winning strategy for the
game RMH, k). Themonotone marshal widtmon-mw(H) of H is the leask such that the marshals have
a monotone winning strategy for the game RMK).

Example 8. The hypergraphl from Example 5 (Figure 3) satisfies nid) = mon-mwH) = 2.
Obviously, for all hypergraphd we have

mw(H) < mon-mwH). 2

It has been shown in [1, Theorem 4.1] that for ev&rthere is a hypergrapH such that myH) <
mon-mw(H) — k. (The proof actually shows that glii#) < mon-mw(H) —k.) The monotone marshal
width turns out to be precisely the hypertree width:

Theorem 9([7]). For every Hypergraph H,
hw(H) = mon-mw(H).

The next lemma relates marshal width to hyperbramble nuieabeéhence hyperlinkedness.

Lemma 10. For every Hypergraph H,
hbramble-n¢H) < mw(H).

Proof. LetB be a bramble itd of hyperordek = hbramble-n@H). We show that the robber has a winning
strategy for the game R,k — 1): Observe first that for every possible positighof k — 1 marshals on
H there is arX € B such thakX N|M = 0. The robber’s strategy is to always be on a vevtexX for some

X € B that does not intersect the hyperedges currently occupi¢ideomarshals.

The robber starts the game on an arbitrary vertex of an arpi¢ € B. Suppose now that the game is
in a position(v,M), wherev € X for someX € B with XN|JM = 0. Suppose that in the next round of the
game the marshals move . Let X’ € B such thalX’ "M’ = 0. Then(XuX')n(UMNUM’) =0,
and since the set$ andX’ are connected and they touch, the robber can move alongegftomX U X’
fromvto a vertex” € X'.

Hence the robber can elude capture forever and thus he vérgatne. |

3.4 ... backto separators
LetH be a hypergraph and C V(H). For every connected componéhof H \ X we let
0C = {ve X |thereis a hyperedgec E(H) with ve eandenC # 0}.

Lemma 11. Let k> 1, H a hypergraph withhlink(H) <k, and MC E(H) with |M| < 2k+ 1.
Then there exists a set N E(H) with M C N and|N| < 3k+ 1 such that for all components’ ©f
H\ (UN) there exists a subset’M. N with |[M’| < 2k anddC’ C UM'.



Proof. Let Sbe a balanced separator fdrwith |S| < k andN :=MUS. ThenM C N and|N| < 3k+1.
LetC’ be a component dfl \ (UN). ThenC’ C C for a component of H\ (US). SinceSis a balanced
separator foM, C is notM-big, that is,

[{eeM|enC#0} < M2| = %H
LetM':=Su{ee M| enC # 0}, thenM’ C N and|M’| < k+ k. Furthermore,
dC' C [ J{feeN|enC#0} C | JSU| J{eeM|enC#0} = (M. i
Lemma 12. For every hypergraph H,
mon-mw(H) < 3-hlink(H) + 1.

Proof. Lethlink(H) = k. We describe a monotone winning strategy for the marsh#eigame RMH, 3k+
1). We claim that from an arbitrary positiqn, M) of the game witHM| < 2k, in two moves the marshals
can force the robber to a positi¢vi, M’) where|M’| < 2k and the connected compon&iof Vv in H\ UM’

is strictly contained in the connected compon€ntf vin H \ (M. Clearly, this implies the existence of
the desired monotone winning strategy, because the ipiisition (v, 0) satisfieg0| < 2k.

To prove the claim, letv,M) be a position of the game witfM| < 2k and letC be the connected
componentof in H\ |JM. Letec E(H) be a hyperedge witbnC # 0. We apply Lemma 11 tM U {e}.
We obtain a sell C E(H). LetC’ be the connected componentah H \ [JN. ThenC' CC\ ecC. Inthe
first move, the marshals move fravhto N. The robber can only move to some verterf C'. In position
(w,N), the marshals move to a &t C N with |[M’| < 2k anddC’ C [JM’. Again, the robber can only
move to some’ in C'. This proves the claim. O

3.5 From brambles to tangles ...

LetH be a hypergraph. Recall that a brambléiris a set of connected subsets{H) any two of which
touch. Atanglein H is a brambleA such that the touching condition holds even for triples ef@nts, that
is, for all X1, X, X3 € A eitherX; N XN X3 = 0 or there exists aac E(H) with enX; £ 0 fori € {1,2,3}.
As for brambles, théyperorder of a tangle As the least integek such that there exists a setC E(H)
with |§ = k andJSN X # 0 for all X € A. The hypertangle numbeof a hypergraptH, denoted by
htangle-n¢H ), is the maximum of the hyperorders of all tangle$iin

Example 13. The triangleKs satisfies 1= htangle-ngK3) < hbramble-n@Ks) = 2.
Lemma 14. For every hypergraph H,

htangle-n¢H) < hbramble-n¢H) < 3- htangle-n¢H).

Proof. The first inequality holds because every tangle is a branfide the second inequality, I& be a
bramble inH of hyperordek = hbramble-n@H). We show thatH has a tanglé\ of hyperorder at least
k/3. LetSC E(H) with |§ < k/3. Then there is aX € B such thal JSN X = 0, and allX’ € B with
USN X’ = 0 are subsets of the same connected compdbeat H \ |JS, because any two elementsi®f
touch. We let

A= {cs‘ SCE(H), |9 < g}

We claim thatA is a tangle of hyperorder g Clearly, all elements oA are connected, and for each
SC E(H) with |S| < k/3 there is a tangle element €5 — that has an empty intersection withS. It
remains to verify the touching condition. L&{,C,,Cs € Aand letS;, S, S; € E(H) such thatS| < k/3
andC =Cg. LetS= S USUS;. Then|§ < k. Thus there exists aX € B such thaX n|JS= 0. Since
each of theC; contains arX; € B and sinceX touchesX;, we must haveX C C;. ThusX CC;NC,NCs. O



3.6 ... and via branch decompositions back to hypertree deagpositions

A treeT is subcubidf every vertex has degree at most 3bfanch decompositioaf a hypergraphi is a
pair (T, 1), whereT is a subcubic tree, ardis a bijection fromE(H) to the set of leaves of. For every
edgef = {t,u} e V(T) we letL¢; andL , be the leaf-sets of the two subtrees into which the tree idelil/
if the edgef is removed. (Obviously, ¢ , is the leaf-set of the subtree that contaiis\We letD+ ¢ be the
set of vertices in edges containedrint(L¢;), that is,

Dy =Jt HLiy) ={vee|ecE(H)with1(e) € Lt}

and defineD¢ , analogously. Théayperorderof f is the minumum number of hyperedges-bheeded to
coverD¢; NDg y, that is,

hyperordeff) = min{|S | SC E(H) such thaD¢ ,NDs; C | JS}-

The hyperwidthof the branch decompositigT, 7) is the maximum of the hyperorders of all eddes
E(T), or if T has no edges, it is 0. Theyperbranch widthof H, denoted by hbranch-widtH ), is the
minimum of the hyperwidths of all branch decompositionsiof

Observe that hbranch-widtH) = O if and only if the edges dfl are pairwise disjoint. To simplify the
following statements, let us call a hypergraph whose edgeparwise disjointrivial.

Lemma 15. For every nontrivial hypergraph H,
htangle-n¢H) < hbranch-widtkH).

Proof. Let (T, 1) be a branch decomposition bif of width k = hbranch-widtiiH) > 1. For every edge
f ={t,u} € E(T), letSs C E(H) such thatS¢| < k andDs N D¢y C USs. LetCsy=Dsy\USt and
Ctt =Dt \USt.

Suppose for contradiction that has a tanglé\ of hyperorder at least+ 1. Then for every edge
f = {t,u} € E(T) there is anX; € A such thatJSf N X; = 0. Then eitheiX; C Cs or Xf C Csy. If
X¢ C Cry, we let f = (t,u); otherwise we letf = (u,t). This orientation off does not depend on the
particular choice of the s&; € A, because all elements Aftouch and hence must be on the same side. We
orient all edged € E(T) in this way. We claim that in the resulting oriented tree, pat@x has outdegree
0. Clearly, this leads to a contradiction and hence provedeinma. To prove the claim, suppose for
contradiction that € V(T) has outdegree 0.

Case 1: tis a leaf. Lee= 171(t), and letf = (u,t) be the edge directed towardsThenX; C e. Since
the hyperorder of the tangkeis at leask+ 1 > 2, there must be ¥ € A such thaly ne= 0. SinceY and
X¢ touch, there is ag € E(H) such that' N X¢ # 0 ande' NY # 0. Sinced € 1-1(L¢ ) andee 171(Lyy),
we haveen€ C |JS; and hencé&; N€ C |JSs. ThusX; NUSt # 0, which is a contradiction.

Case 2: thas degree 2. This case is treated similarly to the more doatetl case 3.
Case 3: thas degree 3. L, = (u,t), f2 = (uz,t), andfs = (u3,t) be the three oriented edges incident
with t. Fori € {1,2,3} let X; = Xy,. SinceAis a tangle ani, X, X3 € A, eitherX; N X N X3 # O or there
is an edges € E(H) such thaenX; # 0 fori € {1,2,3}.
Observe that
Xl - Cfl,t - (sz,UZ V) Df3,U3) \ Usf]_a
X2 - sz,t - (Dfl,ul V) Df3,U3) \ Usfza

X3 CCtat € (Dty,uy UDtyup) \ Ust'

Suppose that € X; N X2 N X3. Thenv is contained in at least two of the s, ,,, D+, u,,Dt,,u, and in
none of the setg) Sy, , U St,,USt,;. Say,v € Dy, ., N Dt,.u,. But now observe that

Dtpuy MDtu, € Dty ND1yt © Usfl'



This contradicts the fact that¢ |JS;,. HenceX;NXoN Xz = 0. Suppose next that there is an edge
e€ E(H) such thaenX; =0 fori € {1,2,3}. Sincely, u, ULt,u, ULy, is the set of all leaves of,
we havert(e) € Ly, for somei € {1,2,3}. Without loss of generality we assume thige) < Ly, . But
thenen X; = 0, which again is a contradiction. Thus there is no eelgeE(H) such thaten X = 0 for
i € {1,2,3}. Overall, we have reached a contradiction. O

Lemma 16. For every hypergraph H,
hbranch-widtfiH) < ghw(H).

Proof. Let(T,B,C) be a generalized hypertree decompositioklof\e first transform this decomposition
into a new decompositiofT’, B’,C’) and define a bijectiom from E(H) to the leaves of’ such that for
everye € E(H) we haveB; g = e andC; g = {e}. To achieve this, for every edgec E(H) we pick a
vertexte € V(T) such that C By,. We define the tre@’ by attaching a new leaf; to t. for every edge
ec E(H). If there are other leaves T than the newly created leavés we delete them, and if the deletion
creates new leaves, we delete them as well, until the le@vae the only leaves of’. For the interior
vertices of T we letB; = B; andC{ = C;. For the leaves, we I&)_= e, C; = {e}. We define the bijection
T by 7(e) = le. Itis easy to see thdfl’,B’,C’) andt have the desired properties.

In a second step, we tuflf into a subcubic treg” that has the same leavesdy repeatedly splitting
nodes of degree greater than 3. For examplehds neighbours;,...,u, wherek > 4, we replacé by
nodegt; andty, connect these two nodes by an edge, and attach. ,ujy/z tot; andujyzj 11, ..., Uk to
to. We defineB” andC” on T” by letting the split vertices keep their bags and guardst iBh# we splitt
intot; andty, we letBy; = B, = B andC; =G =G,.

We obtain a generalized hypertree decompositich B”,C") of H and a bijectiorr fromE(H) to the
leaves ofT” such thafT” is a subcubic tree, and for evegy E(H) we haveB; e = e andCq ) = {€}.
Then(T”, 1) is a branch decomposition éf. We claim that the hyperwidth of this decomposition is at
mostk. To see this, lef = {t,u} be an edge of”. It is a fundamental property of tree decompositions
thatB; N B, separates the vertices in the bags of the two parts of thebrtaéned by removing the edde
Thus in particularD¢y ND¢ , € B:NBy C UG. Hence the hyperorder efis at most{G| < k. O

Lemma 17. For every nontrivial hypergraph H,
ghw(H) < 2-hbranch-widtH).

Proof. Let (T, 1) be a branch decomposition bif of width k = hbranch-widtH). For every edgd =
{t,u} € E(T), letSf C E(H) such thatSf| < kandD¢; "D, C USs. We define a generalized hypertree
decomposition{T,B,C) as follows: For an interior vertexe V (T), lete; = {us,t},e0 = {up,t} € E(T) be
two of the edges incident with We let

Bt = (Deyu; N Deyt) U (Deyu, N Deyt)
G = Sfl U sz'

For aleaf¢ with T-1(¢) = e, we letB, = eandC, = {e}. Let us first argue th4fl, B) is a tree-decomposition
of H: For every edge € E(H) we havee C B, ). For a vertew € V(H), consider the s 1(v)={te
V(T) | ve Bi}. An interior vertext € V(T) belongs to this set, if at least two of the (at most three)
components of \ {t} have a leaf such that € T1(¢). A leaf¢ belongs tdB~1(v) if ve 171(¢). Thus
B~1(v) is the union of all paths connecting leavewith v € 1=1(¢). Clearly, this set is connected. Thus
(T,B) is a tree-decomposition &f.

It follows immediately from the definition of the guar@sthatB; C | JC; forallt € V(T ), thus(T,B,C)
is a generalized hypetree decomposition. Sigge< k for all f € E(T), the width of this decomposition
is at most R. O

The following example shows that the inequalities in thevjmes two lemmas are tight:

Example 18. 1. Forthe triangl&s we have hbranch-widtKs) = 1 and ghwiKs) = 2. Thus ghwKsz) =
2 - hbranch-widtfKs).

2. For the 4-cycl€, we have ghyC,) = hbranch-widtiCs) = 2.



3.7 Putting things together
Theorem 19. Let H be a hypergraph. Then:
1. hlink(H) < hbramble-n@H) < mw(H) < ghw(H) < hw(H) = mon-mwH) < 3-hlink(H) + 1.
2. htangle-n¢H) < hbramble-n@H) < 3- htangle-n¢H).
3. If H is nontrivial (that is, its edges are not pairwise digjt), then
htangle-n¢H) < hbranch-widtkH) < ghw(H) < 2-hbranch-widtfH).
(If H is trivial, thenhbranch-widtkH) = O, and the other invariants take the vallig

In particular, all these hypergraph invariants are equigat.

The various examples we gave show that for almost all of tegualities there are hypergraphs for
which they are strict. Two inequalities that are still comable to be equalities are

hbramble-n¢H) <mw(H) and htangle-n@l) < hbranch-widtiH).

Let us remark that for the corresponding graph invariarat) mequalities are actually equalities. But that
does not mean too much, because it is also the case for seteealinequalities of which we know that
they can be strict for hypergraphs.

But even though for most of the inequalities we know that tbay be strict, in almost no cases we
know whether our bounds are tight. For example, it is an opesiipn whether the inequality lftt) <
3-ghw(H) + 1 can be improved.

4 Concluding remarks

4.1 Branch decompositions and submodularity

Robertson and Seymour [13] and later Oum and Seymour [10laid put a general theory of branch
decompositions of which branch decompositions of grapbgust one instance. For a finite $etand a
functionk : 28 — R that issymmetrigthat is,k (X) = k (E \ X) for all X C E, abranch decompositioaf
(E, k) is defined to be a paiiT, 7), whereT is a subcubic tree armis a bijection fronE to the set of leaves
of T. Again, byL¢; andL¢ , we denote the leaf-sets of the two parts into which the trelvided if the
edgef = {t,u} € E(T) is removed. We define theeightof f to bek (t~1(L¢;)). Note that this is equal
to k(17%(L¢y)), becausat(L¢y) = E\ 17Y(L¢y) andk is symmetric. Thevidth of the decomposition
(T, 1) is the maximum of the weights of all edges, and b@nch widthof (E, k) is the minimum of the
widths of all branch decompositions @&, k).

For the standard branch width of a hypergréptwe letE = E(H) and, forX C E,

K(X) = ‘UXQU(E\X)‘.

Then the branch width afl is the branch width ofE, k). For the hyperbranch width ¢f, we also let
E = E(H), but we define< by letting

K(X)=min{|§| | SC E such that_JXn| J(E\X) C | JS} (3)

(for X C E). Other invariants that can be described as branch decadtiopssare theank width of graphs
and thebranch width of matroids
Branch width is particularly well-behaved if the functiaris submodularthat is, for allX,Y C E,

K(X)+K(Y) > k(XUY)+Kk(XNY).

Using a general minimization algorithm for submodular fiimes [9], Oum and Seymour [11] proved that
if k is submodular and computable in polynomial time, then tliesn algorithm that, givek € N and

10



O
ONONO

Figure 4: The hypergraph of Example 20

an instancéE, k) of branch width at most, computes a branch decomposition(Bf k) of width at most
3k+1intime f (k) - p(n) for some computable functiohand polynomiab. Heren denotes the size of the
instance.

The following example shows that tikefor hyperbranch width is not submodular:

Example 20. LetH be the hypergraph
(1.6} {{2.2}.{2,3}.{1.4}.{2.5}.{3.6}})

(cf. Figure 4). Le : E(H) — Nbe defined asin (3). Thenfar= {{1,2},{2,5} } andY = {{2,3},{2,5} }
we havek (X) =1,k(Y) =1,k(XUY) =2, andk(XNY) = 1. Thus

KX)+K(Y)=2<3=k(XUY)+K(XNY),

and therefore is not submodular.

Thus the general theory developed for branch decompositibsubmodular functions does not apply
to hyperbranch width. It is an interesting open questiontivaethere is an alternative definition of a
functionk that is submodular, but still yields a branch width equinate hypertree width. Conversely, the
fact that ourk for hyperbranch width is not submodular, but still has aeriesting theory, indicates that
the submodularity condition may not be necessary for a redde notion of branch width.

4.2 Fractional hypertree width

The main motivation for the introduction of hypertree widths that several important algorithmic prob-
lems (constraint satisfaction problems from artificiakitigence, conjunctive query containment and con-
junctive query evaluation from database theory) can beesbim polynomial time on instances whose
“underlying hypergraph” has bounded hypertree width. @sults imply that these algorithmic properties
also hold for instances whose hypergraph has bounded digedraypertree width. This was the original
motivation for our work, and when we wrote the first versiontlus paper, classes of instances whose
hypergraph has bounded generalized hypertree width wedarthest known “structurally defined” classes
for which these problems are tractable. We refer the readg] tfor a discussion of structurally defined
tractable constraint satisfaction problems.

In the meantime, even larger structurally defined classtraciable instances have been discovered [8].
They are based on a relaxation of generalized hypertredwaltedfractional hypertree width A frac-
tional hypertree decompositiasf a hypergraph is defined as a hypertree decompositionpekuat the
guards can be divided and distributed over many edges. Hgrradractional hypertree decomposition
of a hypergrapii is a triple(T, B, y), where(T,B) is a tree decomposition aryd= (% )iy (t) is a family
of functions fromE(H) to the nonnegative reals such that for eaehV(T) and eachv € B, we have
Y ecE(H)vee ¥ (€) > 1. The width of the decomposition is max 1) ¥ ece(H) ¥ (€)- It is known that hyper-
tree width and fractional hypertree width are not equivil8f as a matter of fact, there is a family of
hypergraphs of fractional hypertree width 2 and unboungpetiree width.

Nevertheless, our theory also applies to fractional hypervidth. It is not hard to see that most of
the invariants considered here and the results proved ageeeh“fractional version”, which can usually be
proved by the same techniques as those used here.
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