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Abstract

Conjunctive query (CQ) evaluation on relational databases is NP-complete in general.
Several restrictions, like bounded tree-width and bounded hypertree-width, allow polynomial
time evaluations. We extend the framework in the presence of functional dependencies. Our
extended CQ evaluation problem has a concise equivalent formulation in terms of the homo-
morphism problem (HOM) for non-relational structures. We introduce the notions of closure
tree-width and hyperclosure tree-width for arbitrary structures, and we prove that HOM (and
hence CQ) restricted to bounded (hyper)closure tree-width becomes tractable. There are
classes of structures with bounded closure tree-width but unbounded tree-width. Similar
statements hold for hyperclosure tree-width and hypertree-width, and for hyperclosure tree-
width and closure tree-width.

It follows from a result by Gottlob, Miklós, and Schwentick that for fixed k ≥ 3, deciding
whether a given structure has hyperclosure tree-width at most k, is NP-complete. We prove
an analogous statement for closure tree-width. Nevertheless, for given k we can approximate
k-bounded closure tree-width in polynomial time.

1 Introduction
Conjunctive query (CQ) evaluation on relational databases is NP-complete in general. By a
well-known result of M. Yannakakis [15] it becomes tractable when restricted to the class of
acyclic queries. CQ evaluation is essentially the same as conjunctive query containment [3] and as
constraint satisfaction, an important problem from artificial intelligence. By [3, 9], these problems
can all be formulated in terms of the homomorphism problem for relational structures, which is
the viewpoint we adopt later on in this paper.

Since Yannakakis’ result, many other classes of tractable instances of CQ evaluation have been
identified [4, 10, 6, 11, 13]. Let us mention two (parametrised) classes: Several researchers proved
independently that conjunctive queries of bounded tree-width can be evaluated in polynomial time
[4, 10]. More recently, G. Gottlob, N. Leone and F. Scarcello introduced the notion of hypertree-
width [11], which generalises the notion of hypergraph acyclicity. They proved that conjunctive
queries of bounded hypertree-width can be evaluated in polynomial time. There are classes of CQs
(where the relations have unbounded arity) which have bounded hypertree-width but unbounded
tree-width.

In this paper we introduce the notions of closure tree-width and hyperclosure tree-width. These
notions extend the notions of tree-width and hypertree-width by exploiting the fact that functional
dependencies in databases allow quick computation of the value of a (partial) function. For
example, consider the following CQ:

Example 1.1

' 1 := 9x1x2x3x4x5
(
R(x1; x2; x3) ^ S(x3; x4; x5) ^ P(x1; x2) ^ P(x2; x4) ^ P(x4; x5) ^ Q(x1; x4)

)
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Suppose we want to evaluate ' 1 on a database where R satisfies the functional dependencies
1; 2 ! 3 and P satisfies 1 ! 2. Introducing partial function symbols f R and f P , respectively, we
add the additional information to ' 1, obtaining an equivalent query ' 2. (This query will be our
running example.)

Example 1.2

' 2 := 9x1x2x3x4x5
(
R(x1; x2; x3) ^ S(x3; x4; x5) ^ P(x1; x2) ^ P(x2; x4) ^ P(x4; x5) ^ Q(x1; x4)

^ f R(x1; x2) = x3 ^ f P (x1) = x2 ^ f P (x2) = x4 ^ f P (x4) = x5
)

From this notation it is obvious that it suffices to iterate through the columns for the attributes
x1 and x2. This is basically the reason for the query having closure tree-width 2, as we will see
below. Actually, it even suffices to iterate through the table for R. This accounts for the query
having hyperclosure tree-width 1.

Restricting the inputs to classes of bounded (hyper)closure tree-width, we obtain larger classes
of polynomial time solvable instances of the CQ evaluation problem. Note that for this we need a
tree-decomposition of small (hyper)closure-width to come with the input.

Moreover, we show that recognising bounded (hyper)closure tree-width is NP-complete. More
precisely, for fixed k � 3, deciding whether a given instance has (hyper)closure tree-width at most
k is NP-complete. In the case of closure tree-width, we can circumvent this unfavourable property:
we give a polynomial time approximation for this problem. As a consequence, we do not need
a tree decomposition of small closure tree-width to come with the input for the CQ evaluation
problem on bounded closure tree-width to become tractable.

Easy examples show that there are classes of CQs having bounded closure tree-width but
unbounded tree-width. Similar statements hold for hyperclosure tree-width and hypertree-width,
and for hyperclosure tree-width and closure tree-width.

For a concise framework, we begin in Section 2 by reformulating the CQ evaluation problem as
homomorphism problem for non-relational structures. (Hence a background in conjunctive query
evaluation is not necessary for reading this paper.)

In Section 3 we define the notion of f -tree-width for a width function f , allowing us to introduce
closure tree-width and hyperclosure tree-width as special cases.

In Section 4 we show that the homomorphism problem (and hence also CQ evaluation) becomes
solvable in polynomial time when restricted to instances of bounded (hyper)closure tree-width,
provided that the input comes equipped whith a tree-decomposition of small (hyper)closure-width.

Finally, in Section 5 we show that we show that recognising bounded (hyper)closure tree-width
is NP-complete, and we give a polynomial time approximation for recognising bounded closure
tree-width.

2 Functional dependencies and non-relational structures
In this section we define the homomorphism problem (HOM) for structures possibly containing
partial functions. Actually, we focus on Boolean CQs, and we show that HOM is polynomial time
equivalent to the problem of evaluating Boolean CQs on databases with functional dependencies,
and vice versa. This allows us to interpret databases with functional dependencies as model theo-
retic structures, a well understood framework that embodies both the relations and the functional
dependencies. We slightly generalise the basic notions of logic and model theory [8]. This gen-
eralisation is in the spirit of ‘partial algebras’ as occasionally examined in universal algebra (see,
e. g., Chapter 2 of [14].)

A signature � = f R1; : : : ; Rn; p1; : : : ; pmg is a finite set of relation symbols Ri, 1 � i � n,
and partial function symbols pj , 1 � j � m. As usual, every symbol s 2 � has an associated
arity ar(s). A � -structure is a tuple M = (M; R M

1 ; : : : ; RM
n ; pM

1 ; : : : ; pM
m ) where M is a set, the

universe of M , and RM
i � M ar( Ri) for 1 � i � n, and finally pM

j � M ar( pj ) � M for 1 � j � m.
Hence every pM

j is a partial function on the universe. Allowing partial function symbols, as e. g.
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in [14], is slightly non-standard. In order to avoid making non-obvious decisions concerning the
semantics, we only allow unnested terms of the form p(x̄) = y. In the above definition, the only
difference to the case of general (non-relational) signatures as they are usually considered in model
theory is that we have partial functions rather than total functions.

We only consider finite structures. Abusing notation, by ā we may denote the tuple as well as
the set of its elements. Given a � -structure M we distinguish between the cardinality jM j of the
universe M of M and the size kMk of M , given by kMk = j� j + jM j +

∑
s∈σ

∣∣sM
∣∣ � ar(s):

Any � -structure M can be viewed as a relational structure M rel by replacing every partial
function symbol p 2 � by an (ar(p) + 1)-ary relation symbol Rp with the obvious interpretation.
Then we can regard M rel as a database DMrel in the usual way. Remembering which relation
symbols come from partial function symbols, we obtain the corresponding functional dependencies.
Conversely, suppose D = f RD

1 ; : : : ; RD
s g is a relational database and F is the set of functional

dependencies satisfied by D. Let � be the signature containing R1; : : : ; Rs and for every functional
dependency X ! Y 2 F let � contain jY j-many new partial function symbols. Then the database
D gives rise to a � -structure M D in the obvious way. Note that kM Dk is in O(kD + Fk2).

We say that a � -formula ' is a (non-relational) Boolean conjunctive query if ' is a conjunction
of positive � -atoms, i. e. ' is of the form

' = 9ū
(
R1(x̄1) ^ : : : ^ Rr(x̄r) ^ p(ȳ1) = z1 ^ : : : ^ p(ȳs) = zs

)
;

where ū lists all elements of the tuples x̄1; : : : ; x̄r, ȳ1; : : : ; ys and z1; : : : ; zs, and moreover jx̄ij =
ar(Ri), and jȳj j = ar(pj). Note that we do not allow nesting of partial function symbols. The
model checking problem for Boolean conjunctive queries is the following problem:

CQ-MC

Input: A (non-relational) structure N and a Boolean conjunctive query '
Question: N j= ' ?

Here N is the ‘database’ (possibly with functional dependencies). This problem is NP-complete
(obviously it is in NP, and we can code graph 3-colorability as a homomorphism problem by
choosing N to be a triangle).

A homomorphism from a � -structure M to a � -structure N is a mapping h : M ! N such
that for all relation symbols R 2 � and all tuples ā 2 RM we have h(ā) 2 RN , and for all partial
function symbols p 2 � and all tuples āb in M satisfying pM(ā) = b we have pN (h(ā)) = h(b). We
write M hom�! N to indicate that there exists a homomorphism h : M ! N . The homomorphism
problem HOM (for non-relational structures) is the following problem.

HOM

Input: (Non-relational) structures M , N
Question: Is there a homomorphism h : M ! N ?

We say that a tuple ā = a1; : : : ; an of elements of M is guarded, if there exists a relation symbol
R 2 � such that ā 2 RM or a partial function symbol p 2 � with pM(a1; : : : ; an−1) = an.

The translation from HOM to CQ-MC is the same as in the purely relational case: We have
M hom�! N () N j = ' M where

' M = 9b̄
∧

R∈σ
M|= R�a

Rā;

and b̄ lists all elements of M that are contained in some guarded tuple. For translating CQ-MC to
HOM we have to take care of a slight subtlety concerning equalities implied by the functionality:
For a conjunctive query ' and a structure N we have N j= ' () M ϕ

hom�! N ; where M ϕ =
var(' )= � is the set of variables of ' up to the equivalence relation � , with x � y if ' j= (x = y),
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Figure 1: The underlying hypergraph of the structure M of Example 2.2 (and of Query ' 2). Here
the two element hyperedges are depicted as graph edges.

and RMx̄ holds if ' j= Rx̄, and pMx̄ = y holds if ' j= (px̄ = y): It is easy to see that given M we
can compute ' M in time polynomial in kMk , and given ' we can compute M ϕ in time polynomial
in the length of ' . Hence, generalising the results for relational structures of [3, 9], we have shown:

Lemma 2.1 HOM and CQ-MC are PTIME equivalent (even in the non-relational setting). �

Example 2.2 Let � = f P; Q; R; S; f R; f P g, where P and Q are binary relation symbols, R and S
are ternary relation symbols, f P is a unary and f R a binary partial function symbol. Define the
� -structure M by M = f x1; x2; x3; x4; x5g; PM := f (x1; x2); (x2; x4); (x4; x5)g; QM := f (x1; x4)g;
RM := f (x1; x2; x3)g; SM := f (x3; x4; x5)g; f M

R := f (x1; x2; x3)g; f M
P := f (x1; x2); (x2; x4); (x4; x5)g:

Then ' M is the query ' 2 of Example 1.2, and M = M ϕ2 :

From now on we will tacitly identify queries with structures. Hence our running example ' 2

is now represented by the structure M of Example 2.2.

3 Tree decompositions and width functions
A graph is a pair G = (V; E) = (V (G); E (G)), consisting of a set V of vertices and a set E of
two-element subsets of V , the edges of G. We only consider finite graphs. A hypergraph is a pair
H = (V; E) = (V (H ); E (H )), consisting of a set V of vertices, and a set E � 2V of subsets of
V , the hyperedges (or just edges) of H . Hence graphs are precisely the hypergraphs where all
hyperedges contain exactly two vertices. All graphs and hypergraphs are finite.

A structure M has a natural underlying hypergraph HM = (M; E ), where

E =
{

f a1; : : : ; arg
∣∣ a1; : : : ; ar is a guarded tuple of M

}
:

Figure 1 shows the underlying hypergraph of the structure M of Example 2.2.
A tree is a connected acyclic graph. We call the vertices V (T ) the nodes of T , and we write

t 2 T instead of t 2 V (T ), where this is clear from the context. A tree decomposition for a
hypergraph H = (V; E) is a pair (T; B), consisting of a tree T and a family B = (B t)t∈T of subsets
of V , the pieces of T , satisfying:

(TD1) For each v 2 V there exists a node t 2 T , such that v 2 B t. (The node t covers v.)

(TD2) For each hyperedge e 2 E there exists a node t 2 T , such that e � B t. (t covers e.)

(TD3) For each v 2 V the set f t 2 T j v 2 B tg is connected in T .

The width of (T; B) is defined as width(T; B) := max
{

jB tj � 1
∣∣ t 2 T

}
: The tree-width of H is

defined as
tw(H ) := min

{
width(T; B)

∣∣ (T; B) is a tree decomposition of H
}

:

Obviously, if H has no isolated vertices (i.e. every vertex v 2 V is contained in some edge of
H ), then (TD2) implies (TD1). For a graph G it is easy to see that tw(G) � 1 iff G is acyclic.
The following Lemma is not hard to verify (see e.g. [7] for a proof).
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Lemma 3.1 Let G be a graph and let K � V (G) be the vertex set of a complete subgraph of G.
Then every tree decomposition (T; B) of G has a piece B t such that K � B t. �

Every hypergraph H = (V; E) has an underlying graph (also known as primal graph)

H =
(
V;ff u; vg � V j u 6= v and there is a hyperedge e 2 E with f u; vg � eg

)
:

Intuitively, every hyperedge in H is replaced by a complete graph. By Lemma 3.1, (T; B) is a tree
decomposition for H if, and only if, (T; B) is a tree decomposition for H , and tw(H ) = tw(H ).

We say that (T; B) is a tree decomposition for a structure M if (T; B) is a tree decomposition
for HM, and we let tw(M ) := tw(HM). Using Lemma 3.1 it is easy to see that the structure M
of Example 2.2 satisfies tw(M ) = 3.

We now introduce the notion of f -tree-width of a hypergraph, a general framework for handling
hypergraph invariants that are based on tree decompositions. A width function on a hypergraph
H = (V; E) is a function f : 2V ! [0; 1 ] � R [ f1g : For a tree decomposition (T; B) of
G, the f -width of (T; B) is f - width(T; B) = maxf f (B t) j t 2 Tg: The f -tree-width of H is
f - tw(H ) = min

{
f - width(T; B) j (T; B) a tree decomposition of H

}
: Note that f - tw(H ) is well

defined, because H is finite and hence there are at most
∣∣2V

∣∣ different pieces.

Remark 3.2 Let k 2 [0; 1 ), let f be a width function on the hypergraph H , and let f - tw(H ) � k.
Then H has a tree decomposition (T; B) of f -width at most k satisfying jV (T )j � j V (H )j.

Proof. Let (T; B) be a tree decomposition of f -width(T; B) � k for some hypergraph H . We may
assume that for all s; t 2 T with t 6= s we have B t 6= Bs. Then jV (T )j � j V (H )j. �

If f is a width function on the underlying hypergraph HM of a structure M , we let f - tw(M ) :=
f - tw(HM). We say that a class C of structures has bounded f -tree-width, if there is a number k
such that f - tw(M ) � k for all M 2 C . Otherwise C has unbounded f -tree-width. For example,
the cardinality function card : 2V ! [0; 1 ], given by card(X ) = jX j, is a width function on a
hypergraph H , and card - tw(H ) = tw(H ) + 1:

As a second example, for a hypergraph H = (V; E) consider the width function coverH : 2V !
[0; 1 ], given by coverH(X ) = min

{
jY j

∣∣ Y � E; X �
⋃

Y
}

: We call coverH(X ) the cover number
of X . Note that coverH(X ) = 1 if, and only if, X contains an isolated vertex. We omit the
index of ‘coverH ’ where it is clear from the context. In particular, we write cover- tw(H ) instead
of coverH - tw(H ). We say that cover- tw(H ) is the cover tree-with of H (almost following [5]).
Actually, cover- tw(H ) equals the generalised hypertree-width of H as defined in [11]. Note that
cover- tw(H ) = 1 if, and only if, H contains isolated vertices. Otherwise, cover- tw(H ) � j E (H )j
witnessed by the trivial (one node) tree decomposition. If H = HM is the underlying hypergraph
of a structure M , then for a subset X of the universe M , coverHM(X ) is the minimum number
of guarded tuples of M that cover X . Using Lemma 3.1 it is easy to see that the structure M of
Example 2.2 satisfies cover-tw(M ) = 2.

We now introduce a width function on the underlying hypergraph HM = (M; E ) of a structure
M . For a subset X � M let the closure of X be the smallest superset hX i � M of X which
is closed under partial functions, i. e. if ā � h X i and pM(ā) = b then b 2 hX i . Obviously,
any two sets X; Y � M satisfy hX i [ h Y i � h X [ Y i : Let hclM : 2M ! [0; 1 ] be given by
hclM(X ) = min

{
jY j

∣∣ Y � E; X � h
⋃

Y i
}

: Omitting the index, we write hcl-tw(M ) for hclM-
tw(M ), and we say that hcl-tw(M ) is the hyperclosure tree-width of M . For example, if M is
a relational � -structure, i. e. if � p = ; , then hcl- tw(M ) = cover- tw(M ). It is easy to see that
the structure M of Example 2.2 satisfies hcl-tw(M ) = 1. Recall that M rel denotes the relational
structure obtained from M . We have hcl- tw(M ) � cover- tw(M rel ).

Example 3.3 Let � = f E; pg where E is a binary relation symbol and p is a binary partial
function symbol. For every even integer n > 1, let M n be the � -structure with universe f 1; : : : ; ng.
Let E M = f (i; j ) j 1 � i; j � ng, and pM = f (i; i + 1) j 1 � i < n g. It is straightforward to verify
that hcl-tw(M n) = 1, tw(M n) = n � 1, and cover-tw(M n) = p n

2 q.
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Hence the class C = fM n j n > 1g has hyperclosure tree-width at most 1, while tree-width
and cover tree-width are unbounded.

Remark 3.4 For fixed integer k � 3, recognising k-bounded hyperclosure tree-width is NP-complete,
i. e. it is NP-complete to decide whether a given structure M satisfies hcl-tw(M ) � k.

Proof. With Remark 3.2 it is easy to see that the problem is in NP. Gottlob, Miklós and Schwentick
proved in [12] that recognising k-bounded cover tree-width is NP-complete. Since for relational
structures M we have hcl- tw(M ) = cover- tw(M ), the remark follows by coding hypergraphs as
relational structures. �

The above remark motivates search for a polynomial time approximation of the hcl-tw recog-
nition problem. In Section 5 we show that we can approximate a slightly weaker invariant which
we introduce now. For a subset X � M let the unary closure of X be the smallest superset
hX i u � M of X which is closed under unary partial functions, i. e. if a 2 hX i u and pM(a) = b
then b 2 hX i u. Obviously, hX i u � h X i . The following remark is easy to see.

Remark 3.5 Any two sets X; Y � M satisfy hX i u [ h Y i u = hX [ Y i u: �

For a structure M define the width function clM : 2M ! [0; 1 ] by clM(X ) = min
{

jY j
∣∣ Y �

M; X � h
⋃

Yi u
}

: Omitting the index, we write cl-tw(M ) for clM-tw(M ), and we say that
cl-tw(M ) is the closure tree-width of M . Obviously, if M is a relational structure, then cl-tw(M ) =
tw(M ). Using Lemma 3.1 it is easy to see that the structure M of Example 2.2 satisfies
cl-tw(M ) = 3. Altogether we have:

Lemma 3.6 The structure M of Example 2.2 satisfies tw(M ) = 3, cl-tw(M ) = cover-tw(M ) =
2, and hcl-tw(M ) = 1. �

Finally, it is easy to see that for each integer n > 1 the structure M n of Example 3.3 satisfies
cl-tw(M n) = 1. The reader is invited to find a class of structures with bounded hcl-tw and
unbounded cl-tw.

The next Lemma shows that we can always close the pieces of a tree decomposition (T; B) of M
under unary partial functions without increasing the cl-width of (T; B). We need it in Section 5.
See Appendix A for the proof.

Lemma 3.7 Let k � 0 be an integer, let M be a structure, and let (T; B) be a tree decomposition
of M satisfying cl- width(T; B) � k: Then (T; hB i u) is also a tree decomposition of M satisfying
cl- width(T; hB i u) � k, where hB i u = (hB ti u)t∈T : �

4 HOM on bounded (hyper)closure tree-width

A substructure of a � -structure M is a � -structure N such that RN = RM \ N ar( R) for every
relation symbol R 2 � , and pN = pM \ N ar( p)+1 for every partial function symbol p 2 � . We say
that a � -structure N is a closed substructure of a � -structure M if it satisfies N = hN i � M . A
� -structure N is a u-closed substructure of a � -structure M if it satisfies N = hN i u � M . For a
subset X � M we write M ↾ X for the substructure with universe X . The proofs of the following
Lemma and of Theorem 4.2 and a proof sketch of Theorem 4.3 can be found in Appendix A.

Lemma 4.1 Let k > 0 be an integer.

1. Let M be a structure. There is a polynomial time algorithm that enumerates all closed
(u-closed) substructures M 0 of M with hclM0 (M 0) � k (clM0 (M 0) � k).

2. There is a polynomial time algorithm that, given structures M 0, N with hclM0(M 0) � k
(clM0 (M 0) � k), enumerates all homomorphims from M 0 to N . �
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Lemma 4.1 provides sufficient conditions for the homomorphism problem on bounded (hy-
per)closure tree-width to become tractable:

Theorem 4.2 Let k > 0 be an integer. Then there is a polynomial time algorithm that, given
two structures M and N and a tree decomposition of M of hclM-width (clM-width) at most k,
decides whether M hom�! N holds (and computes a homomorphism if it exists). �

Extending ideas of Dalmau, Kolaitis, and Vardi [6], it is possible to obtain a strengthening of
Theorem 4.2, which we only sketch briefly. We say that two structures M and N are homomor-
phically equivalent, if there is a homomorphism from M to N and a homomorphism from N to M .
For an integer k > 0 we say that a structure M has k-bounded f -tree-width modulo homomorphic
equivalence, if M is homomorphically equivalent to a structure M ′ with f -tw(M ′) � k.

Theorem 4.3 For an integer k > 0, let C be a class of structures of k-bounded hyperclosure tree-
width modulo homomorphic equivalence. Then there is a polynomial time algorithm that, given
two structures M 2 C and N , decides whether M hom�! N holds. �

Note that here we do not need the decomposition to be given with the input.

5 Approximating closure tree-width
Recognising bounded cover tree-width (i. e. generalised hypertree-width) is NP-complete:

Theorem 5.1 ([12]) For a fixed integer k � 3 and input a hypergraph H , deciding whether
cover-tw(H ) � k, is NP-complete.

By Remark 3.4, recognising bounded hyperclosure tree-width is NP-complete. We now show
that recognising closure tree-width is NP-complete. Then we give a polynomial time approximation
algorithm for the problem. For a proof of the following theorem see Appendix A.

Theorem 5.2 For fixed integer k � 3 and input a structure M deciding whether cl-tw(M ) � k
is NP-complete. �

We now show that there is a polynomial time approximation for the cl-tw recognition problem
up to a factor of 3 + " . In [11], Gottlob, Leone, and Scarcello proved that for fixed k, hypergraphs
of k-bounded hypertree-width are recognisable in polynomial time. More precisely:

Theorem 5.3 ([11]) Let k > 0 be an integer. There is a polynomial time algorithm that, given
a hypergraph H , decides whether hw(H ) � k. If hw(H ) � k the algorithm computes a hypertree
decomposition (T; B) for H of hypertree-width at most k.

Moreover, cover tree-width and hypertree-width are within a constant factor of each other:

Theorem 5.4 ([2]) For any hypergraph H , cover- tw(H ) � hw(H ) � 3 � cover- tw(H ) + 1:

A proof sketch of the following corollary can be found in Appendix A.

Corollary 5.5 For a fixed integer k > 0 there is a polynomial time algorithm that, with input a
hypergraph H , correctly returns

� cover-tw(H ) > k , or

� cover-tw(H ) � 3k + 1, together with a tree decomposition (T; B) for H of cover-width at
most 3k + 1. �
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For the proof of Theorem 5.6 we introduce an extension of the notion of cover tree-width
to pairs of hypergraphs: A hypergraph pair (G; H ) is a pair of hypergraphs G and H on the
same vertex set V = V (G) = V (H ). For any hypergraph pair (G; H ), the function coverH is a
width function on G. (Of course, in this case the index H of coverH is important.) We say that
coverH - tw(G) is the cover tree-with of (G; H ). Obviously, if G = H , then the cover tree-with of
(G; H ) is the cover tree-with of H .

Theorem 5.6 For a fixed integer k > 0 there is a polynomial time algorithm that, with input a
structure M , correctly returns

� cl-tw(M ) > k , or

� cl-tw(M ) � 3k + 1, together with a tree decomposition (T; B) for M of cl-width at most
3k + 1.

For a proof of Theorem 5.6, we translate the structure M into a hypergraph JM such that

1. cover-tw(JM) = cl-tw(M ).

2. The hypergraph JM can be computed in time polynomial in the size of M .

3. Any tree decomposition (T; B) of JM of cover width l � 3(cover-tw(JM)) + 1 can be trans-
formed into a tree decomposition for M of closure width at most l in time polynomial in
the size of (T; B).

Towars this, we proceed in two steps. In a first step, instead of translating M directly into a
hypergraph JM we translate M into a hypergraph pair (G; H ) = (G(M ); H (M )) with properties
similar to 1, 2 and 3. See Appendix A for the proof of the first step. In a second step we translate
the hypergraph pair (G; H ) into a hypergraph J (G; H ). This is the none-trivial part. It is done
in Theorem 5.7 below.

Theorem 5.7 Let (G; H ) be a hypergraph pair such that the underlying hypergraphs satisfy H �
G. Then there is a hypergraph J = J (G; H ) such that

1. coverH- tw(G) = cover-tw(J ).

2. The hypergraph J can be computed in time polynomial in kGk + kH k.

3. Any tree decomposition (T; B) of J of cover width l � 3(cover-tw(J )) + 1 can be transformed
into a tree decomposition for G of coverH-width at most l in time polynomial in the size of
(T; B).

Proof. If H contains isolated vertices then coverH- tw(G) = 1 and we can take an isolated
vertex for J . From now on we assume that H contains no isolated vertices. If H = G, then
we can take J := H and there is nothing to show. Hence we assume H $ G. This implies
coverH - tw(G) � 2: Take an edge e 2 E (G) n E (H ) and a tree decomposition (T; B) for G. Then
e � B t for some t 2 T and we need at least two hyperedges of E (H ) to cover B t. Thus coverH -
width(T; B) � 2. Let n > 3(coverH - tw(G)) + 1. Define the hypergraph J = J (G; H ) by letting
V (J ) = V (G) [ f (e;1); : : : ; (e; n) j e 2 E (G) n E (H )g, and
E (J ) = E (H ) [

{
f v; (e; i)g

∣∣ e 2 E (G) n E (H ); 1 � i � n; v 2 e
}

:
See Figure 2 for an example.

1: We first show that coverH - tw(G) � cover-tw(J ): Let (T; B) be a tree decomposition for G
of coverH -width at most k: Since we assume H $ G, it follows that k � 2. For every vertex (e; i)
with e 2 E (G) nE (H ) and i � n we choose a tree node t 2 T with e � B t. Add n new neighbours
te,1; : : : te,n to t with pieces B te,i := e[ f (e; i)g, for i = 1 : : : ; n. It is easy to see that the resulting
decomposition (T ′; B ′) is a tree decomposition for J . Moreover, any piece B te,i is covered by two
edges: f u; (e; i)g and f v; (e; i)g for e = f u; vg. Hence adding these new pieces does not increase
the width, and (T ′; B ′) witnesses cover-tw(J ) � k:
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Figure 2: A hypergraph pair (G; H ) with its implementation as a hypergraph J (G; H ). The
two element hyperedges are depicted as graph edges. Here the edge f b; cg 2 E (G) n E (H ) is
implemented by seven parallel paths of length two, which is enough since coverH - tw(G) � 2.

Now we show that coverH - tw(G) � cover-tw(J ): Let (T; B) be a tree decomposition for J
witnessing cover-tw(J ) � l: We assume that l � 3(cover-tw(J )) + 1.

Claim. For every edge e 2 E (G) n E (H ) there is a piece B te with e � B te .

Proof of the Claim. For v 2 V (J ) let Tv denote the subtree of T induced by the nodes f t 2
T j v 2 B tg. Towards a contradiction, suppose that there is an edge e = f u; vg 2 E (G) n E (H )
with e * B t for all t 2 V (T ). Then the subtrees Tu and Tv are nonempty and have no nodes in
common. By (TD2) the n edges f u; (e; i)g are covered somwhere in Tu and the n edges f v; (e; i)g
are covered somwhere in Tv (for 1 � i � n). By connectivity (TD3) any node t 2 T on the path
from Tu to Tv contains all the vertices (e; i) for 1 � i � n. But a minimal cover for B t consists
of at least n hyperedges of E (J ), and thus 3(cover-tw(J )) + 1 � cover- width(T; B) � n: But by
the first direction, coverH - tw(G) � cover-tw(J ), and thus 3(coverH - tw(G)) + 1 � n: This is a
contradiction to the choice of n. Thus the claim holds.

With the claim it follows that we obtain a tree decomposition (T ′; B ′) for G by restricting
(T; B) to the vertices of V (G):

(TD1): Every vertex of V (G) is covered in (T ′; B ′) since V (G) is covered in (T; B).
(TD2): Let e 2 E (G). If e 2 E (H ), then e 2 E (J ) by definition and thus by assumption

e is covered in some piece of (T; B), and hence e is covered in (T ′; B ′) as well. Otherwise e 2
E (G) n E (H ) and from the claim is follows that e is covered in some piece of (T; B), and hence e
is covered in (T ′; B ′) as well.

(TD3): Connectivity of (T ′; B ′) follows from connectivity of (T; B).
Moreover, coverH-width(T ′; B ′) � l : Choose Y � E (J ) satisfying jY j � l and B ′

t � B t �
⋃

Y .
Then replace every edge f v; (e; i)g 2 Y by a hyperedge e 2 E (H ) containing v (which exists since
H has no isolated vertices), thus obtaining a cover of B ′

t of at most l hyperedges of H .
2. We can choose n := 4(jE (H )j) + 1. With this, the hypergraph J (G; H ) is computable in

time polynomial in kGk + kH k.
3. It follows from the proof of 1 that we only have to restrict a tree decomposition (T; B) for

J to the vertices V (G). �

Note that the assumption H � G in Theorem 5.7 is necessary: For n > 1 let K n be the
complete graph with vertices f 1; : : : ; ng and let Pn be a path on the same vertices 1; : : : ; n. Then
Jn := J (Pn; K n) = K n and hence cover-tw(Jn) = p n

2 q, while coverHn - tw(Pn) = 1.1

For a class Cof structures, let HOM(C) denote the restriction of HOM to inputs M and N with
M 2 C , and let CQ-MC(C) denote the restriction of CQ-MC to inputs M and ' with M ϕ 2 C.
For an integer k > 0 let cl-TWk be the class of all structures with closure tree-width at most k.

Corollary 5.8 Let k > 0 be an integer. Then HOM(cl-TWk) and CQ-MC(cl-TWk) are solvable
in polynomial time.

1Actually, hypergraph pairs behave quite di�erently from hy pergraphs. By Theorem 5.4 cover-tw( H) and hw( H)
are within a constant factor of each other. In [1] the hypertr ee-width of a hypergraph pair ( G, H) is de�ned in a
natural way, and it is shown in Theorem 3.3.18 that the di�ere nce between coverH - tw( G) and the hypertree-width
of (G, H) cannot be bounded by a function.
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Proof. By Theorem 5.6, given structures M and N with cl-tw(M ) � k, we can compute a tree
decomposition witnessing that cl-tw(M ) � 3k + 1 in polynomial time. By Theorem 4.2, we can
decide whether there is a homomorphism from M to N in polynomial time. By Lemma 2.1 this
carries over to CQ-MC(cl-TWk). �

6 Conclusion
We extended the problem conjunctive query evaluation on relational databases to databases with
functional dependencies. We gave a concise formulation of this extended problem in terms of the
homomorphism problem of structures that may contain partial functions. Via the general notion
of f -tree-width, we introduced two new notions, namely closure tree-width and hyperclosure tree-
width, extending the notions of tree-width and hypertree-width, respectively, to structures with
partial functions, in a way that allows us to obtain larger classes of tractable instances of the homo-
morphism problem. We showed that for fixed k � 3, recognising k-bounded (hyper)closure tree-
width is NP-complete, and we gave a polynomial time approximation for recognising k-bounded
closure tree-width. Finding a polynomial time approximation for recognising k-bounded hyper-
closure tree-width is still an open problem (stated in [1]). Actually, there are even larger classes
of tractable instances of the homomorphism problem: One can extend fractional hypertree-width,
as defined by Grohe and Marx in [13], to structures with partial functions.
The author thanks Nicole Schweikardt for helpful suggestions on this paper.
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A Proofs
Proof of Lemma 3.7. Proof. We first show that (T; hB i u) is a tree decomposition of M . Obviously,
every vertex and every edge of HM is covered in (T; hB i u), since this is the case in (T; B). Therefore
(TD1) and (TD2) hold. Suppose pM(a) = b for some unary partial function p. Both a and b
induce connected subtrees Ta and Tb in T . Since f a; bg 2 E (HM), by (TD2) the edge f a; bg
is covered somewhere in Ta \ Tb. Therefore, adding the vertex b to every piece containing the
vertex a preserves connectedness of the pieces containing b. Using induction, it follows that the
connectedness condition (TD3) holds. Thus, (T; hB i u) is a tree decomposition of M . It remains
to show that the cl-width does not increase: For t 2 T choose X � V (HM) with jX j � k and
B t � h X i u. Then hB ti u � hh X i ui u = hX i u. �

Proof of Lemma 4.1. 1: Given M , for every set X of at most k guarded tuples of M compute
h
⋃

X i , and then compute M ↾ h
⋃

X i .
2: We informally describe how to enumerate the homomorphisms from M 0 to N : Since

hclM0 (M 0) � k, we can find a set X of at most k guarded tuples of M 0 such that hX i = M 0

in time O(kM 0kk). The set X contains k tuples, each of which occurs in some relation RM0 of
M 0, or in some partial function pM0 . Under a homomorphism every such tuple must be mapped
to a tuple of RN , or pN , respectively. Enumerate all ways of mapping the k tuples in this way.
Remove those mappings which are not homomorphisms. It is not hard to see that all this can be
achieved in time (kM 0k + kN k)O( k) . �

Proof of Theorem 4.2 We only prove the theorem for the case of hcl-tw(M ) � k. The case of
cl-tw(M ) � k is proved analogously.

Given a tree decomposition (T; B) of M of hcl-width at most k, for every node t 2 T we
compute a closed substructure M t of M with B t � M t and hclMt(M t) � k. Such a substructure
M t exists, because hcl- width(T; B) � k. With Lemma 4.1, 1, it follows that this can be done in
polynomial time.

We choose a root r 2 T . For a node t 2 T , let Tt denote the subtree of T with root t, induced
by all tree nodes s 2 T such that t is on the path from r to s. Let Vt :=

⋃
s∈Tt

Bs. For each t 2 T ,
our algorithm computes the list L t of homomorphisms from M ↾ B t to N that can be exended to
homomorphisms from M ↾ Vt to N . Clearly, there is a homomorphism from M to N iff L r 6= ; .

The algorithm proceeds in a bottom-up manner: When constructing the list L t, we assume
that for every child s of t the list L s is already available. If t is a leaf, then Vt = B t and L t is
simply the list of all homomorphisms from M ↾ B t to N . Since hclMt(M t) � k, by Lemma 4.1, 2,
we can compute all homomorphisms from M t to N in polynomial time. We then obtain the list
L t by restricting these homomorphisms to B t � M t.

Assume that t has children s1; : : : ; sl. A homomorphism h : M ↾ B t ! N can be extended to a
homomorphism h′ : M ↾ Vt ! M iff for each 1 � i � l there is a homomorphism hi : M ↾ L si ! N
that is compatible with h (on the intersection B t \ Vsi ). Therefore, L t can be determined by first
enumerating all homomorphisms from h : M t ! N using the algorithm of Lemma 4.1, 2, then
restricting the homomorphisms to B t � M t, and finally for every i , going through the list L si

and checking whether it contains a homomorphism compatible with h ↾ B t. Since the number
of homomorphisms M t ! N and the size of each L t are polynomial (for fixed k), the algorithm
spends polynomial time at each tree node. Hence the total runnng time is polynomial. Using
standard bookkeeping techniques, it is not difficult to extend the algorithm such that it actually
returns a solution if exists. �

Proof of Theorem 4.3. See [1], Theorem 2.3.13. The proof extends the idea of Dalmau, Kolaitis,
and Vardi, who proved an analogous statement for bounded tree-width modulo homomorphic
equivalence. Their proof uses the notion of a core of a structure, and a two player pebble game.
They show that it is sufficient to determine the winner of the game. This can be done in polynomial
time. The proof of Theorem 4.3 relies on a modification of the pebble game: Player I no longer
chooses subsets of M containing at most k elements: He chooses closed substructures M 0 of M
satisfying hcl(M 0) � k. Again, it suffices to determine the winner. With Lemma 4.1 it is then
easy to see that this can be done in polynomial time. �
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Proof of Theorem 5.2. With Remark 3.2 it is easy to see that the problem is in NP. Using Theorem
5.1 We give a polynomial time reduction of the recognition problem for cover tree-width to the
recognition problem for closure tree-width: Given a hypergraph H , let r := maxfj ej j e 2 E (H )g.
Let � H := f d1 : : : ; drg, where the di are unary partial function symbols. We define a � H -structure
M H having as universe the disjoint union of V (H ) and E (H ), M H = V (H ) [̇ E (H ). For every
hyperedge e 2 E (H ) choose an enumeration of the elements of e. For 1 � i � r let

dMH
i = f (e; v) j e 2 E (H ) and v is the ith element of eg:

Obviously, M H is computable in time polynomial in the size of H . We may assume that H has
no isolated vertices.

We claim that cover-tw(H ) = cl-tw(M H): If H is the empty hypergraph, then the claim is
satisfied. Thus may assume that H is non-empty.

First we show that cover-tw(H ) � cl-tw(M H): Let (T; B) be a tree decomposition for H
satisfying cover-width(T; B) � k. Since H is non-empty, we have k � 1. We may assume that for
every e 2 E (H ) there exists a leaf te 2 T with B te = e. (Otherwise choose a node t 2 T with
e � B t. Then add a new neighbour te to t. Obviously, any set Y of hyperedges covering B t, i. e.
B t �

⋃
Y , also covers B te � B t �

⋃
Y . Hence the cover-width of (T; B) does not increase.) For

t 2 T define

B ′
t :=

{
B t if t =2 f te j e 2 E (H )g
B t [ f eg if t = te for some edge e 2 E (H ):

We now show that (T; B ′) is a tree decomposition of M H satisfying cl-width(T; B) � k.
For (TD1) note that every v 2 M H \ V (H ) is covered by some B t � B ′

t, and every e 2 M H \
E (H ) is covered in B ′

te
. (TD2) holds because every edge f e; vg 2 E (HMH ) satisfies f e; vg � B te .

(TD3) obviously holds.
It remains to show that every piece B ′

t can be covered by the unary closure of at most k
vertices of V (HMH ) = M H . If t =2 f te j e 2 E (H )g, then B ′

t = B t �
⋃

Y for some set of
hyperedges Y � E (H ) with jY j � k by assumption. By the definition of M , we have Y � M H
and

⋃
Y = hY i u. Thus B ′

t = B t �
⋃

Y = hY i u. If t = te for some e 2 E (H ), then B ′
t is covered

by the unary closure of e 2 M H . Since k � 1 it follows that cl-width(T; B) � k.
Conversely, we show that cover-tw(H ) � cl-tw(M H): Let (T; B) be a tree decomposition

for M H satisfying cl-width(T; B) � k. By Lemma 3.7 we may assume that B t = hB ti u for all
t 2 T . For t 2 T let B ′

t := B t \ V (H ). We claim that (T; B ′) is a tree decomposition for H
satisfying cover-width(T; B ′) � k. It follows from the definition of (T; B ′) that (TD1) and (TD3)
are satisfied. For (TD2), let e 2 E (H ). Then e 2 M H = V (HMH ) and hence there exists a node
t 2 T such that e 2 B t. Then

e = f v 2 V (H ) j (e; v) 2 dMH
i for some 1 � i � r g � h B ti u = B t:

Hence (T; B ′) is a tree decomposition for H . For showing that cover-width(T; B) � k, let t 2 T
and Y � M H = V (H )[̇ E (H ) with B t � h Y i u and jY j � k. We may assume that Y � E (H ):
Otherwise choose for every v 2 Y \ V (H ) an edge e 2 E (H ) with v 2 e (and hence v 2 hei u).
Such an edge e exists since by assumption H has no isolated vertices. In this way we obtain a set
Y ′ � E (H ) with jY ′j � j Y j � k and

B ′
t � B t � h Y i u � h Y ′i u =

⋃
Y ′;

as required. �

Proof sketch of Corollary 5.5. Use the polynomial time algorithm of Theorem 5.3 for deciding
whether hw(H ) � 3k + 1. If not, then by Theorem 5.4 we have cover- tw(H ) > k , otherwise, again
by Theorem 5.3, the algorithm returns a hypertree decomposition of width at most 3k + 1 of H ,
satisfying jV (T )j � j V (H )j. This hypertree decomposition basically is a tree decomposition of H
witnessing that cover- tw(H ) � k. �

Proof of Theorem 5.6. We translate the structure M into a hypergraph JM such that

12



1. cover-tw(JM) = cl-tw(M ).

2. The hypergraph JM can be computed in time polynomial in the size of M .

3. Any tree decomposition (T; B) of JM of cover width l � 3(cover-tw(JM)) + 1 can be trans-
formed into a tree decomposition for M of closure width at most l in time polynomial in
the size of (T; B).

Altogether, 1 - 3 prove the Theorem: 1 and 2 allow us to use the approximation of Corollary 5.5
for cover-tw(JM). By 3 we even get a tree decomposition for M of closure-width at most 3k + 1
in polynomial time in the case that cl-tw(M ) � 3k + 1.

Actually, we proceed in two steps. In a first step, instead of translating M directly into a
hypergraph JM we translate M into a hypergraph pair (G; H ) = (G(M ); H (M )) satisfying

(i) coverH - tw(G) = cl-tw(M ).

(ii) (G; H ) can be computed in time polynomial in kMk .

(iii) Any tree decomposition for G of coverH width at most l actually is a tree decomposition for
M of closure width at most l .

In a second step we translate the hypergraph pair (G; H ) into a hypergraph J (G; H ). This is
done in Theorem 5.7. The proof of this theorem then follows for JM := J (G; H ).

For the first step, define (G; H ) from M by letting V (G) = V (H ) = M , E (G) = E (HM) [
fhvi u j v 2 M g, and E (H ) = fhvi u j v 2 M g. We claim that (G; H ) satisfies (i) - (iii).
(i): First we prove that coverH - tw(G) � cl-tw(M ): Let (T; B) be a tree decomposition for G of
coverH-width(T; B) � l . Note that HM � G, and V (HM) = M = V (G), and thus (T; B) is also
a tree decomposition of M . We show that cl-width(T; B) � l : For t 2 T choose a set Y � E (H )
with jY j � l and B t �

⋃
Y . Using Remark 3.5 we have

B t �
⋃

Y =
⋃

〈v〉u∈Y

hvi u = hfv j hvi u 2 Ygiu;

so B t is covered by the closure of f v j hvi u 2 Yg and jf v j hvi u 2 Y gj = jY j � l , proving the
claim.2

Conversely, let (T; B) be a tree decomposition of M of cl-width at most l . By Lemma 3.7 we
may assume that B t = hB ti u for all t 2 T . We claim that (T; B) is a tree decomposition for G
satisfying coverH-width(T; B) � l . Obviously, (T; B) covers all vertices of G and (T; B) satisfies
connectivity. Hence (TD1) and (TD3) are satisfied. For (TD2), let e 2 E (G). If e 2 E (HM) then
e � B t for some t 2 T because (T; B) is a tree decompsition of M . Otherwise e = hvi u for some
v 2 M . By (TD1) we have v 2 B t for some t 2 T and hence e = hvi u � h B ti u = B t. Thus (T; B)
is a tree decomposition for G. For t 2 T choose X � M = V (G) with jX j � l and B t � h X i u. By
Remark 3.5, hX i u =

⋃
fhvi u j v 2 X g. Thus the union of fhvi u j v 2 X g � E (H ) covers B t and

jfhvi u j v 2 X gj = jX j � l , so the claim holds.
For (ii) note that fot v 2 M we can compute hvi u in time polynomial in the size of M . (iii)

follows from the proof of (i). �

2Note that Remark 3.5 fails if we replace the closure under una ry partial functions by the closure under arbitrary
partial functions. This is the reason why our proof does not c arry over to hcl-tw.
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