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Abstract. Concurrent runs reveal more insight into distributed aystéhan interleaved runs. This
is shown by help of Dijkstra’s paradigm of five philosophers.

1. Theproblem

Antoni Mazurkiewicz' seminal work on traces boosted theeptance of Carl Adam Petri’s idea to
conceive a single run (behaviour) of a distributed systemasca sequence of global states and steps,
totally ordered in time, but as a set of local state and admmurrences, partially ordered by the cause -
effect relation. This paper is an exercise in this kind ofsiuralledconcurrent rundn the sequel. This
exercise is based on Dijkstra’s paradigndafing philosopherss first introduced in [1]. Dijkstra never
appreciated concurrent runs nor Petri Nets. But his pamadigvertheless has interesting aspects to be
nicely discussed in the framework of distributed runs antii Rets.

As the reader probably remembers, the dining philosopharadgm is about processes that share
resources, with “philosophers” and “forks” to represemigasses and resources, respectively. Dijkstra
describes the philosophers system in [1] as follows:

“Five philosophers, numbered frofrto 4, are living in a house where the table is laid for them, each
philosopher having his own place at the table. Their onlofem — besides those of philosophy —is that
the dish served is a very difficult kind of spaghetti, that ttabe eaten with two forks. There are two
forks next to each plate, so that presents no difficulty, aseguence, however, no neighbors may be
eating simultaneously.”
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Figure 1. The five dining philosophers

Our first goal is a representation of the philosophers systemPetri Net. The runs of the net are to
describe the potential behaviors of the philosophers duheir lifetime. Figure 1 shows this Petri Net.
For convenience, the philosophers are denoted ., E. Indicesp,r,t, e stand for “picks up forks”,
“returns forks”, “thinking” and “eating”, respectively.dfi = 0, ..., 4, conditiona; denotes that fork
is available for its users.

The initial markingM,, enables each philosophers’ “pick up forks” transition, ampetition with
his neighbor’s “pick up forks” transitions. So, this PettNs nondeterministic, i.e. has many different
(in fact, infinitely many different) runs.

A prefix of a typical, sequential, interleaved run of the pedphers system in Fig. 1 is

A C, B D
IMO = My " M, CT’ IMB AT’ M, " 1-M5 e fu6 BT’

B D E E B
M; =% Mg =5 Mg =2 My =% My —= M

with markingsM, M- ... obvious from context. Philosophd? eats twice in this piece of a run and
every other philosopher just once.

Turning now to concurrent runs, it is convenient to intragliecshorthand for pieces of runs. For
philosopherA, call an occurrence aofl,,, eventually followed byA,, aneating cycleof A. As usual for
concurrent runs, this eating cycle would be representedtigseribed occurrence net, shown in Fig. 2.
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Figure 2. An eating cycle ofl, represented as a concurrent run

As a shorthand we represent this eating cycle by

T,
TN )

The upper ingoing and outgoing arrows represent the avi#tijadif fork 0. The lower arrows likewise
represent fork. “Thinking” is not explicitly represented in (2).

Eating cycles of the other philosophers are analogouslyeatdied. Composition of instances of
eating cycles yield a concurrent run. Figure 3 shows an elantis arrow sequences represent causal

A —————— ™ B

e
T

SN

el

e el

Figure 3. A concurrentrun of Fig. 1

!

dependencies. For exampld, occurs beforeB and E/, and B occurs concurrently t@ and E. B
occurs twice, with no neighbord or E in between. Any total extension of the partial order of Fig. 3
yields a sequential, interleaved run. One of them is (1).iQisly, the philosophers system of Fig. 1 has
infinitely many, infinitely long concurrent runs.

A particularly decentkind of runs will be considered in the sequel:

A run of the Petri Net in Fig. 1 isecentiff
neighbored philosophers alternatingly use their shargd fo

®3)

The sequential run of (1) as well as the concurrent run of3mpth are apparently not deceit:eats
twice, without A andC' eating in between. Figure 4 shows a decent e, For the sake of graphical
clarity, each occurrence db is represented twice. In the upper line as well as in the Idimer The
reader must identify (“glue”) the corresponding occuresas indicated.

We are now prepared to state the problem of this paper:
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Figure 4. A decent concurrent run Rf Fig. 1

What can be said about the decent runs of the philosophers
system in Fig. 1? How many are there? (4)
How characterize the set of all decent runs?

2. Thesolution

To keep matters as simple as possible, we stigkaximalruns,i.e. runs that are not proper prefixes of
other runs.

The reader may try to tackle the problem with interleavedueatial runs. But he or she will almost
certainly end up in a maze of technicalities, rarely revephny insight into the problem. Much better
is the approach based on concurrent runs. First of all, iaéy ¢o realize that a decent concurrent run
is fully determined by the forks’ first use: After each forkshiaeen used once, the rest of the run is
absolutely fixed! Still, to each — infinite — concurrent ruen exist infinitely many total extensions of
its partial order. Hence, there are infinitely many decetdrieaved runs, but apparently only finitely
many decent concurrent runs. We try to characterize alleyhth

Some decent runs can be derived form the Rynin Fig. 4, by skipping the first (i.e. the leftmost)
occurrence of a subséf of eating cycles. In fact)/ may be one of the se{A}, { D}, {A, B}, {A, D},
{A,B,D},{A,B,C,D} or{A,B, D, E}.

Figure 5 shows the case 8f = {A, B}. This way, Ry of Fig. 4 yields 9 different decent runs.
A further — and last — such run is gained by skipping the fisgt occurrences ofl, as well as the first
occurrences oB, D, andFE (but no occurrence of C), as Fig. 6 shows.

There are more decent runs of Fig. 1. Though fairly similatheodecent rur?; of Fig. 4, the run
R, of Fig. 7 is substantially different, as the patterns of Bighow. The difference can be described by
the relationship between occurrences of a philosophetingeaycle and the concurrent occurrences of
eating cycles of the two non-neighbored philosophers: Toeyr clockwise inR; and anticlockwise in
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Figure 5. Concurrent run derived from Fig. 4 by skipphbg- { A, B}.

Ry. As an example, iRy, to each eating cycle o there exist concurrent occurrences of cycle€of
and D with C beforeD. Hence inR; the left pattern of Fig. 8 occurs and Ry, the right pattern.

As in case ofRy, another 10 decent runs can be derived frBgn by skipping a prefix ofz,.

Are there more than those 20 decent runs conceived so fan2 @heindeed. Due to an “unlucky”
choice of the first users of the forks, there exist two furthess concurrent runs.

Figure 9 shows one of thenR3. Another 4 decent runs can be derived fréx again by skipping
subsetsV/ of leftmost eating cycles, with/ = {C}, {C, D}, {C,D,E} and{C,D,E, A}. R3 has a
counterpartk, (the construction of which we leave to the reader) with aaothderived runs. This sums
up to10 + 10 + 5 + 5 = 30 decent runs.

As we have seen, the set of 30 decent runs has some inteutlst:: It is the union of four classes
of “similar” decent runs. Intuitively formulated, two datteruns are similar if they differ only in their
initial part, i.e. are identical at long sight. In technitatms: Two runsk and R’ arepostfix equivalent
iff there are finite runs) and@’ such thatR = QP and R’ = Q'P for some common postfi¥. For
example, the runs in Fig. 4, Fig. 5 and Fig. 6 are pairwisefpastjuivalent.

It remains to be proven that the system in Fig. 1 in fact hase®@ut runs, and 4 postfix equivalence
classes. We do so in the more general context piilosophers, in the next section.

3. Thecaseof n philosophers

The generalization of the system of Fig. 1 to the case dihing philosophers is canonical and obvious.
We will show two properties of those systems:

Proposition 3.1. The system of: dining philosophers has

a) 2" — 2 decent concurrent runs
b) n — 1 postfix equivalence classes
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Figure 6. Concurrent run derived from Fig. 4 by skipping thetfiwo occurrences ofl, as well as the first
occurrence o3, of D and of £ (but no occurrence af’).
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Figure 7. Concurrent rundof Fig. 7
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Proof:
We showa) in 6 steps

1. Each philosopher eats eventually (proof: assume a pipites that never eats in a run. If none
of its neighbors ever eats, the forks are available and hiel aart (maximality). If one or both
neighbors eats, this philosopher eats only once and theatgpfork will be and remains available
afterwards (again maximality)).

2. Each fork is used eventually (immediate consequence).

3. Each fork behaveeft right left right ... orright left right left. .. (see above, and the definition of
“decency”).

4. Whenever each fork was used once, the total behavior ésrdigtistic (choices are only possible
initially).

5. ltis not possible that each fork stalt or that each fork startsght (proof: at least one philoso-
pher eats the first time before his neighbors eat the first time of his forks startkeft, the other
oneright).

6. All other combinations of left- and right-starting forlase possible:

We only have to show, that for each surjective mappging : forks — {left,right} there is a
run where each fork is used (at least once) starting its titregvith init (fork).

Otherwise there is a decent run that can be extended buttchamxtended according to our rule
that each fork starts withmit (fork). Clearly all forks are on the table after this run, becaussyev
run ending with an eating philosopher can be extended.

This situation is only possible if a philosophel and one of his neighbors2 did not eat in this
run, p1 could start, but the init mapping directs the fork towapds

Assume w.l.0.g. that the problem is caused by the right fioek, the right fork initially points to
the right neighbor, and this j.

Now consider the situation that the right neighp8rof p2 occurs in the run. Then the run could
be extended by2, because this extension would fulfil both decency andrifiemap. Since this
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Figure 9. Concurrent runR

contradicts our assumptiop3 does not occur as well, and the fork betwgenandp3 initially
points right, toward®3. But this means that2 is in the very same situation ag. By induction,
we see that none of the philosophers started to eat yet andltiarks initially point in the same
direction — a contradiction to our assumption.

There ar&™ — 2 such combinations (trivial).

Propertyb) is the consequence of an invariant property of decent rumfacit, this invariant property
characterizeghe decent run& of the n-philosophers system.

Each marking\/ of a decent rurk defines an orientation functiamient, : forks — {left,right}
on the forks, whererienty;(f) = right if the next user off in R is the right user off. An example for
such a function is thénit function as discussed in 6. of the above proof of a partinit = orientyy,
for the initial markingM.

Let theright numberof a function f : forks — {left,right} be a the number of forkg with
f(g) = right.x

For all reachable markings/ of R, the right number obrient,,; are identical. This proposition is
obvious, because each occurrence of an eating cycle jupssa orientation of two neighbored forks,
as Fig. 10 outlines. So, the right number of the initial magkdf a decent rurR characterizes each
reachable marking aR, it furthermore characterizes the postfix equivalencesels®fR itself.

The right number of a surjective functigh: forks — {left,right} with n forks varies between
andn — 1. Hence there are — 1 postfix equivalence classes. O
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Figure 10. Orientation of forks in a concurrent run
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