On Gurevich’s Theorem for Sequential ASM

W. Reisig

Abstract. Abstract-State Machines have been introduced as “a com-
putation model that is more powerful and more universal than stan-
dard computation models”, by Yuri Gurevich in 1985 ([Gur85]).
ASM gained much attention as a specification method, in particular
for the description of the semantics of programming languages, com-
munication protocols, distributed algorithms, etc. Gurevich proved
recently that a sequential algorithm must only meet a few, liberal
requirements, to be representable as an ASM.

We re-formulate Gurevich’s requirements for sequential algorithms,
as well as the semantics of ASM-programs and the proof of his main
theorem. A couple of examples support and explain intuition and
motivation of ASM.

1 Introduction

We illustrate the decisive aspect of Gurevich’s “Abstract-State Ma-
chines” (ASM) formalism by a simplistic program P that computes
the square root of the value of the variable x and assigns it to y:

P : begin y := sqr(x) end. (1)

In the conventional setting, this program is applicable to a state.
Technically, a state of (1) is a mapping

S twvar — wal (2)

with a finite set var of variables (or registers) including = and y, and a
set val of values. Values are assumed to be symbolically represented,
and sqr is assumed to be effectively, mechanically executable on the
symbolic representation of values.

This of course does not hold if sqr is conceived as the mathematical
square root function, \/~ : There exist values v such that /v is not
finitely representable. An implementation of (1) on a concrete hard-
ware must approximate \/v. Details are usually left to the compiler
and the operating system.

Conceived as an ASM program, P is treated quite differently: A state



S for P not only provides a values zg for x, but also a function sqrg
for sqr. A reasonable such state is e.g. S7, where xg, = 2, yg, is any
value and sqrg, is the mathematical square root, \/ , approximated
to two decimals in the mantissa. Application of P to 57 yields a state
S1 with xg =2, ygr = 1.41 and sqrg;, = sqrg, .

Likewise reasonable is a state So where g, = 2, yg, is any value, and
sqrsg, is the mathematical square root function, ,/~ . Application of
P to Sy yields a state S} with Ys, = V2. The value v/2, and hence
the entire state S5, is not finitely representable in the decimal repre-
sentation for real numbers. S5 is nevertheless treated as a first class
citizen in the world of ASM-states.

Here a further state, S3 where xg, = 2, yg, is any value, and sqrg,
is the successor function for integers. Application of P to S3 yields a
state S5 with Ys, = 3. This example is to emphasize that sqr is just
a symbol, not connected to any specific function.

The final example is the state Sy, with sqrg, defined as follows: For a
Universal Turing Machine M, let sqrg, (v) = 0 if the Turing Machine
encoded by v terminates for at least one initial tape inscription, and
sqrs,(v) = 1 if v encodes an always terminating Turing Machine.
Hence the program P “solves” the Halting Problem for Turing Ma-
chines.

In general, the above ASM program P is applicable to any state S
that provides values xg for & and yg for y, and a function sqrg for
sqr. It is not required that xg or yg be finitely representable, or that
sqrs be computable.

More general, an ASM program P is constructed from variables and
function symbols of any arity. A P-state assigns to each variable in P
a constant, and to each function symbol of arity n a function of arity
n. Constants and functions are not required to be “constructive” in
any sense. An ASM-program P can be applied to a P-state, yielding
again a P-state. Starting at a P-state S, iterated application of P
yields a sequence SS’'S” ... of P-states, called a computation of P
with initial state S. Together with a set init of P-states, P defines a
set of computations. This set of computations can be represented by
help of an initialized transition system, i.e. a set S of states, a next
state function 7 : S — S, and a subset init C S of initial states.

In this paper we consider ASM programs that describe deterministic,
non-reactive, sequential algorithms.

This is an intuitive notion; the above examples showed that such
algorithms differ substantially from means to generate computable
functions.

Nevertheless, an algorithm characterizes a set of behaviors that can



be represented by an initialized transition system. For the sake of
a better intuitive understanding of algorithms we search for typical
properties of “algorithmic” transition systems. More concretely, we
compile a list of four properties and motivate in detail that with-
out any reasonable doubt, each deterministic, non-reactive, sequen-
tial algorithm meets these properties. Three of these properties are of
merely technical nature: Essentially, they require states and steps be
closed under isomorphism. The decisive fourth property only requires
that an algorithm must be representable in finite terms.

Gurevich’s fundamental Theorem states a surprising fact: Every ini-
tialized transition system that meets the above mentioned four prop-
erties can be generated by an ASM program.

This implies that ASM programs are a most general formalism to
define algorithms.

The rest of the paper is organized as follows: Three examples of algo-
rithms are discussed in Chapter 2. Each algorithm refers to a specific
aspect of the ASM formalism.

Chapter 3 starts with initialized transition systems, a common frame-
work for any kind of operational models of sequential behaviour, and
poses the central question of this paper: Which transition systems
are “algorithmic”? We discuss four requirements for “algorithmic”
transition systems.

Chapter 4 describes the operational model of sequential, determinis-
tic, non-reactive ASM programs.

Chapter 5 reformulates Gurevich’s fundamental Theorem: The four
necessary requirements for algorithmic transition systems are suffi-
cient for algorithms: To each transition system A that meets the
requirements, there exists an ASM program M such that the runs of
A and M coincide.

Chapter 6 will finally relate the constructs of this paper to the con-
ventional theory of computing.

We will not discuss the impressive collection of industrial projects
based on ASM. For this issue we refer to survey [Bo02] and Gure-
vich’s website http://research.microsoft.com/foundations/.

2 Examples
2.1 The tangent algorithm

The reader certainly remembers this algorithm from school: Given a
circle C' with center p, and a point ¢ outside C'. Wanted: a tangent



of C through ¢ (cf. Fig. 1).
The well-known solution: Construct the half-way point, r, of p and

C

Fig. 1 The problem of the tangent algorithm

g. Construct a circle, D, with center r and p (as well as ¢) on its
surface. C' and D intersect in two points. Choose one of them, s. The
wanted tangent is uniquely determined by ¢ and s. (cf. Fig. 2).

Fig. 2 The solution to the tangent algorithm

This algorithm doesn’t fix representations for points, circles and
lines. A concrete behavior may do with any representation. Here a
choice of representations:

- analytical geometry: A point is a pair (x,y) of real numbers; a circle
and a line is the set of all solutions of equations formed ((y + yo) —
(x4 10))% = ¢, and y = ax + b, respectively.

- computing: A point is a pair (z,y) of integers with min < z,y <
max; solutions of the above equations for circles and lines must be
approximated to integers.

- school: A point is a black dot on white paper; a circle and a line
consists of grains of lead, derived from a pencil by help of rulers.

- axiomatic geometry: Axioms characterize points, circle and lines are
characterized as sets of points that meet specific properties.

This example shows that the data of an algorithm are not necessarily
uniquely or formally represented. Operations and algorithms using
these data can nevertheless be specified in a unique, symbolic way.



For the tangent algorithm, we start out with symbols p,q,r,s for
points, M for sets of point, C' and D for circles, and [ for lines. We
furthermore employ symbols for functions such as outside, halfway,
circle, intersect, pick and makeline. The semantics of symbols is obvi-
ous in the representation of the tangent algorithm as given in Fig. 3.
This algorithm operates on initial states, Sy, where the values of p, ¢

input(p,C.q);
if q outside C then
r := halfway(p.q);

D := circle(r,p);

M := intersect(C,D);
(M =2}

s := pick(M);

| := makeline(q,s);
output(l);

Fig. 3 The tangent algorithm

and q are the input values. The other variables’ values are initially
irrelevant. Sy may include any number of additional variables, with
any initial value. The program of Fig. 3 then yields a state where
the value of [ is the wanted tangent. This succeeds for each of the
above representations of points, circles and lines. The algorithm in
Fig. 3 does not follow the syntax of ASM. The algorithm nevertheless
exemplifies the decisive aspect of ASM, outlined in the introduction
already: A liberal notion of state is combined with a formal, opera-
tional, symbol manipulating notion of algorithm. The next chapter
gives the details.

2.2 A Data Base

In an abstract setting, a state of a database can be described as a
function f : var — wval, as suggested in the introduction already. An
examples is the function

salary : employees — IN (3)

that assigns a salary to each employee of a company. The company
may run a policy to increase a salary by 1000 for extraordinary
achievements, such as authoring a paper. The function

increase : IN — IN (4)



with increase(n) = n + 1000 will be used for this purpose.

The company may store an author in a variable, author. A variable
can be conceived as the special case of a 0-ary function.

The algorithm to increase the recent author’s salary then reads

salary(author) := increase(salary(author)). (5)

In a general setting, to update a state means to update a function at
a specific position.

A couple of extensions to (5) will serve as a running example through-
out this paper.

2.8 Graph reachability

Let G be a directed graph, and let root be a node of G. Here an
algorithm that computes a unary predicate R to discriminates the
nodes reachable from the root:

Initially R(x) if and only if x = root. Iterate the following step: For
all arcs © — y with R(z) and —R(y), extend R by y.

The amount of work executed in one step is unbounded: The number
of arcs x — y in G with R(x) and —R(y) depends on the graph G.
Thus, the number of locations affected in one step is not bounded.
The algorithm therefore does not belong to the most elementary class
of Abstract-State Machines.

3 Some Basics of Sequential, Deterministic, Non-Reactive
Algorithms

8.1 Transition Systems

A sequential, deterministic, non-reactive algorithm is abstractly given
by three constituents, states, init and 7, where states is a set of admis-
sible states, init is a subset of initial states and 7 : states — states is
a function that assigns each state S its successor state 7(.5). Neither
states nor init are required to be finite. One may wonder about ter-
minal states. A state S intended to be terminal may be characterized
by 7(S) = S; i.e. we apply a “trick” well known from UNITY, TLA,
and other formalisms: A terminal state is iterated infinitely often.
The three components constitute what is usually called a transition
system:

Definition 1. Let states be a set, init C states, and 7 : states —
states. Then A = (states, init, 7) is an initialized transition system.



A transition system A can be conceived as a graph. Its nodes are the
states; its directed arcs are defined by 7. Each node is the source of
exactly one arc. Paths in this graph describe runs of A:

Definition 2. Let A = (states, init, 7) be an initialized transition sys-
tem. Let w = 505152 ... be an infinite sequence of states S; € states,
with Sy € init and S;y1 = 7(S;) for i =0,1,2,.... Then w is a run
of A.

Not each initialized transition system .4 constitutes an algorithm.
A first idea to discriminate algorithms is to require a finite, sym-
bolic representation of A. We require less: To describe, in finite and
symbolic terms, how a state S can operationally, effectively be trans-
formed into its successor state, 7(S). To this end, we assume states be
mathematical objects in a most general form, and the sets of states
and initial states be closed under isomorphism.

3.2 States

The database example 2.2 has shown already that a state of a database
can be described by a set of mappings fi,..., fr. Each f; is of the
form

fi s var; — val; (6)

where var; is a set of variables or registers, and val; is a set of values.
For the sake of simplicity we assume a common universe, U, to cover
all domains and ranges of all f;. We will be specific on the arity n;
for each f;, i.e. the numbers of components of each argument: f; is of
the form

fi: U™ —=U. (7)

Each f; of shape (6) can easily be brought into shape (7), provided U
is chosen sufficiently large and includes an undefined symbol, serving
as the value of f;(u1,...,uy,) in (7), whenever in (6), (ui,...,up,) is
not in the domain of f;.

Summing up, a state S will be conceived as a homogeneous algebra

S=, f1,--, fr), (8)

where each function f; has a specific arity, n;.

We could have employed heterogeneous algebras instead, where each
fi has its own domain and range. This would come along with some
amount of technical overhead, but without conceptual benefit.



For reasons to be explained later, every state S contains the proposi-
tional constants true and false, as well as the above mentioned con-
stant undefined. The usual propositional combinators, such as NOT
and AND are unary and binary combinators of S, respectively (with
NOT(u) = AND(u,v) = undef for u,v ¢ {true, false}) . We denote
such states as ASM-algebras:

Definition 3. An algebra of the form

S = (U U {true, false,undefined},
true, false,undefined, NOT,AND, f1,..., fn)

is an ASM-algebra. As a shorthand we write S = (U, f1,..., fn)ASM-

As a running example, we extend the database of Chapter 2.1: Let
me, the author of this paper, and you, its reader, be elements of a
universe U, together with the natural numbers IN.

Let salary be a function that assigns to me and you an integer:

salary(me) = salaray(you) = 5000.

For technical reasons, let salary(u) = wundefined for all
u € U\{me,you}. Furthermore, let increase be a function that in-
creases every integer n by 1000, i.e. increase(n) = n + 1000. For

technical reasons, let increase(u) =undefined for all u € U\IN. Then
the ASM-algebra

So = ({me,you} UIN, me, you, salary, increase) o5y (9)

is a state.

The Tangent Algorithm of Chapter 2.1 may be applied to various

different initial states. Each initial state fixes a circle C, the points p
and ¢, as well as the operations outside, hal fway, circle, intersect,
pick and makeline. All these items remain untouched during a run.
In addition, variables for the points r, s, the set of points M, and the
line [ are being updated during a run.
Different initial states may represent and initialize all mentioned
items differently, as explained in Chapter 2 already. But each con-
stant and operation symbol addresses the same kind of items in each
initial state. In technical terms, the initial states are all algebras with
the same signature.



3.8 Signatures

As explained above, each state contains the values true, false and un-
defined as constants. Hence each corresponding signature must con-
tain corresponding symbols.

Definition 4. A signature of the form
XY = (tt, ffyundef,—, A, feti, ..., fcte,0,0,0,1,2,nq,... 1)

is called an ASM-signature. As a shorthand we write X = (fctq, ...,
fCtk‘v ny,... 7nk‘)ASM-

In our running example, consider the signature
Yo = (author,reader, fcty, fcta,0,0,1,1) asns- (10)

The above algebra Sy (as in (9)) is a Xp-algebra. We construct a differ-
ent Yp-algebra, including two other persons: my-boss and your-boss.
Additionally, take the function boss-salary, with boss-salary(my-
boss) = boss-salary(your-boss) = 7000 as boss-salary(u) =
undefined for all u € U\{my-boss, your-boss}. Additionally, we em-
ploy the increase-function of Sy. Then

S1 = ({my-boss, your-boss} U N,

my-boss, your-boss, boss-salary, increase) aspr  (11)

is a Yg-algebra, too. Hence both Sy and S can serve as initial states
of the same algorithm.

3.4 The First Requirement: A state is an algebra

In all above examples, the next state function 7 updates functions
f at some argument locations (uq,...,uy). But 7 does not produce
new functions, nor does 7 delete existing functions. (Recursive algo-
rithms, which very well may produce or delete existing functions, will
be considered elsewhere).

This observation is generalized to the class of algorithms considered
here, and we assume each state S and its successor state 7(S) have the
same signature. Consequently, all states of a run have the same sig-
nature. Together with (4), this implies that all reachable states have
the same signature. Each signature is an ASM-signature, of course.
For a transition system A = (states,init,T) to be an algorithm, we
do not require the set states to contain the reachable states only:
It is frequently simpler to start out with a more comprehensive set
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of states that can be characterized more easily. But we require the
signature of each state to be equal to the signature of the reachable
states. This is a technicality that does not exclude any reasonable
algorithm.

In our running examples, Sy and S1 may be initial states of an algo-
rithm with signature 3.

As a variant, one may wish to extend Sy and S7 by an additional
person, e.g. the journal manager. This would result in states that are
J/1-algebras, where

X1 = (author, reader, manager, fcty, fcta,0,0,0,1,1) asnr.  (12)

X -states and Yy-states can not occur in runs of the same algorithm,
however.

As a conclusion, all states S of an algorithmic transition system
should be algebras with the same signature:

Definition 5. Let A = (states,init,7) be an initialized transition
system. A is a said to be ASM-algebraic iff there exists an ASM-
signature X such that each S € states is a X'-algebra. X' is the signa-
ture of A.

First Requirement: An algorithmic transition system is ASM-
algebraic.

3.5 The Second Requirement: A run has a universe

As we have seen above already, the signature of a state S is pre-
served by 7(.5). Now we will motivate why 7 should even more retain
the universe. This is quite obvious for the tangent algorithm (2.1):
This algorithm updates the variables r, s, D, M and [. Objects and
operations either follow the requirements of analytical or axiomatic
geometry, or employ rounding algorithms, or are just symbolic. We
even considered black dots and lines on white paper. Initially chosen,
the kind of objects and operations remains fixed during a run. As
an example, a run SpS; ... where Sy represents points as pairs of re-
als should not continue with S7, characterizing points axiomatically.
Nevertheless, one run may represent points as pairs of reals, whereas
an other run represents points as terms over a fixed alphabet.
Summing up, all states of a run employ the same domain, the domain
of the run. Different runs may employ different domains. Hence we
require the next-state function 7 to be domain preserving:

Definition 6. Let X be a signature, let states be a set of X -algebras,
and let T : states — states. Then 7 is domain preserving iff for each
S € states S and 7(S) have the same domain.
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Second requirement: The next-state function 7 of an ASM-algebraic
algorithmic transition system A = (states, init, 7) is domain preserv-
ing.

For our running example, the successor state 7(Sg) of Sy cannot be
the state Sp, because the function 7 can not produce my-boss and
your-boss. However, 7 may increase my salary by the help of the
program

fcti(author) := fcty(fct; (author)). (13)

The resulting state, Ss, is
Sy = ({me,you} UIN, me, you, salary’, increase) asy (14)

with salary’(me) = 6000 and, salary’(u) = salary(u) for all u €
U\{me}. Sz is a Xy asnm - algebra. Its carrier is identical to the
carrier of S7. The successor S3 := 7(S2) of Sz may declare you the
author and me the reader (of an other paper, say). This is achieved
by the program

(author,reader) := (reader,author). (15)

and yields the state
S5 = ({me,you} UIN, you, me, salary’, increase) as . (16)

Notice that Sy and S3 differ only in the order of the constants me and
you. We may now apply program (13) to Ss. This yields the state

Sy = ({me,you} UIN, you, me, salary” increase) Asy (17)

with salary” (you) = 6000 and salary”(u) = salary’(u) for all u €

U\{me}.
As the underlying signature X is an ASM-signature, we may formu-
late conditional assignment statements such as

if f1(author) = f;(reader) then
f1(author) := fa(f1(author)). (18)

Summing up, in our running example let statesy = {So,..., 54}, let
70(S3) = 70(S1) = S4. Then

Ay = (states, inito, 7o) (19)
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is an initialized transition system. It has two runs, 5157... and
505953545, .... It fulfills the first requirement because each state
S € states is a Yy-algebra. Inspection of all states reveals that Ag
fulfills also the second requirement, because the domains of Sy, S9,
S3 and Sy are all the same.

3.6 The Third Requirement: The transition system is closed under
1somorphism

Remember our ultimate goal: The discrimination of ”algorithmic”
transition systems A = (state,init,7), where the next-state func-
tion 7 should be representable by finitely many X-terms (with X' the
signature of A4). Y-terms cannot discriminate isomorphic X-algebras.
Hence, A would fail to be algorithmic in case the set of states includes
an algebra, R, but not an algebra S isomorphic to R. Furthermore,
the next-state function 7 cannot discriminate isomorphic states. This
is the third requirement:

Definition 7. Let A = (states, init,7) be an ASM-algebraic transi-
tion system with signature X, where for all pairs R, S of isomorphic
X -algebras holds:

1. R € states iff S € states and R € init iff S € init.

2.If h : R — S is an isomorphism, then h : 7(R) — 7(5) is an
isomorphism, too.

Then A is isomorphism closed.

As an example, in A of (19) extend statesy and inity by all states
isomorphic to the given states, and extend 7y canonically to the new
states. The resulting transition system is isomorphism closed.

Third Requirement: An algorithmic transition system is isomor-
phism closed.

3.7 Updates and Update sets

This is the decisive requirement of the ASM approach: Finitely many
X)-terms suffice to characterize the runs of an algorithm A. Notice
that we do not require finitely many terms to characterize A itself,
i.e. the set of states, the subset of initial states, and the next-state
function, 7. We require less, instead: A state S and its successor
state 7(S) are identical up to a “small” number of functions f and
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values f(u1,...,u,). An algorithm characterizes these positions to-
gether with the updated values.

The ASM formalism employs variable functions: For a function f and
a value u, the value f(u) may differ from state to state, just like the
value of a conventional variable. In our running example, the value of
the term salary(author) evaluates to 5000 in state Sp, and to 6000
in states Sy and S4. But observe the fundamental difference between
Sy and Sy: The argument variable, author, evaluates to me in Sy and
to you in Sy!

Hence, an update of a state .S is given by three parameters: a function
symbol, f, an n-tuple u of arguments for f, and the new value, v, for

f(u).

Definition 8. Let X' be a signature, let f be a function symbol in X
with arity n, let U be a universe, letu € U™ andv € U. Then (f,u,v)
1s a X-update over U.

For example, the initialized transition system (19) yields YXp-updates
over {me, you} UIN: The update (salary, (me),6000) fixes my salary
at 6000. The update (reader, (), me) turns me into a reader.
The next-state function 7 usually updates more than one position:
The step from a state S to 7(5) is defined by an update set:

Definition 9. Let A = (states,init, 7) be an initialized, ASM - al-
gebraic transition system with signature X and let S € states with
universe U.

1. A XY-update (f,u,v) over U is a 7T-update of S iff fg(u) #
fr(s)(u) = 0.
2. Let A(t,S) denote the set of all T-updates of S.

For example, in the transition system (19),

f1, (me), 6000)},
author, (), you), (reader, (), me)},

n

N

[\

Il
e e M)
N TN TN

Here some technical examples, to be re-considered later: Let Y =
(const, fct,0,1) be a signature with a constant symbol, const, and a
unary function symbol, fct. For each n € IN, let S,, = (IN, n, suc) be
a Y-algebra, with suc: IN — IN the successor function (i.e. suc(i) :=
i+ 1). Let state = {So, S1,...}, init = {Sp}, and 7T : state — state
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with 7(S,,) = Sp41, for all n € IN. Then A = (state,init,7) is an
initialized transition symbol, and for each n € IN holds:

A(1,Sp) = {(const, (),n+1)}.

As a second example, let X' = (const, fcti, fcte,0,1,1) be a signature
with one constant and two unary function symbols. For each n € IN,
let:

gn i IN — IN
t—i4+1ifi<n
t—0 ifi>n

and let S,, = (IN, n, suc, g,,). Let states = {Sp, S1,...}, init = {Sp}
and 7(Sy,) = Sp4+1. Then A = (states, init, T) is an initialized transi-
tion system, and for each n € IN holds:

A(1,Sp) = {(const, (),n+ 1), (fcte, (n+1),n+ 2)}.

3.8 The Update Lemma

The following Lemma characterizes the functions f; (g in terms of fg
and A(r,S):

Lemma 1 (Update Lemma). Let A = (states, init, 7) be an initial-
ized transition system, let X be a signature, let f be a unary function
symbol, and let S € states be a X-algebra with carrier U.

Then fr(s) is given by

frsy: UM = U
ue oL (fuw) € AT, S)

u +— fs(u), otherwise.

This Lemma follows directly from the definition of A(7,S) K.

3.9 The A-Isomorphism Lemma

Isomorphic states have isomorphic update sets. More precisely: An
isomorphism h between two states R and S expands to the successor
states of R and S (cf. the fourth requirement) if and only if h defines
a bijection on the update sets of R and S. As technicality we define
the homomorphic image of an update:
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Definition 10. Let U, V be sets, letu = (u1,...,u,) € U, letv e U
and leth : U — V.

1. Let h(u) =gef (R(u1),. .., h(uy)).
2. For an update 6 = (f,u,v), let h(0) =qcr (f, h(u), h(v)).

Lemma 2 (A-Isomorphism Lemma). Let A = (states, init, 7) be
an initialized transition system with signature X, let R, S € states
and let h : R — S be an isomorphism. Then § € A(t, R) iff h(d) €
A(T,S).

Proof. 6 = (f,u,v) € A(7, R) iff fr(a) # fr(r)(u) = viff fs(h(u)) #
fr(s)(h(a)) = h(v) iff (f:h(u).h(v)) € AT 5) iff h(9) € A(7, 5).
1st equivalence: Def A(T, R), 3.8.

2nd equivalence: h is an isomorphy, by the Lemma’s assumption.
3rd equivalence: Def A(7,S5). 3.8

4th equivalence: Def h(d), above. B

3.10 The Fourth Requirement: Finitely many terms suffice

An initialized transition system A = (states,init, ) with signature
X is algorithmic only if there exists a finite set T of X-terms such
that for all S € states, the step from S to 7(S) can be described by
A(T,S). So, we may choose T to describe A(T,S), for all S € states.
By no means we want to restrict how 7" would represent A(7, S): Here
a necessary requirement: If two states R and .S have different sets of
T-updates (i.e. A(t, R) # A(r,S)), then R and S interpret at least
one term t € T differently, i.e. tg # tg:

Definition 11. Let A = (states, init, 7) be an initialized ASM - alge-
braic transition system with signature Y. Let T C Tx such that for
all R, S € states: If for all t € T the equation tgp = tg holds, then
A(1,R) = A(7,S). In this case, T is called characteristic for T.

7 is bounded exploration if there exists a finite characteristic set T
of terms.

Fourth Requirement: An ASM-algebraic algorithmic transition
system A = (states, init, 7) with signature X' is bounded exploration.

The isomorphic closure (Ag) asar of our running example 4y does not
meet the fourth requirement. We prove this by help of the following
J)p-algebra,

S5 = ({me, you} UIN\{O0,...,999}, (20)

N -
you, me, salary” increase) asy
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where salary” has been defined for (17) already. The function h with
h(me) := you, h(you) := me, and h(n) := n + 1000 (21)

defines an isomorphism

h:Sy— Ss. (22)
Hence S5 is a state of Ap, according to the third requirement. Fur-
thermore, 0 = (fct1, (me),6000) € A(T,Sy). Hence,

h(8) € A(r, S5) (23)

by the third requirement, and the A-isomorphism lemma, 3.9.

Now we relate S5 and S4: For each term ¢ € T's; holds: tg, = tg,. The
fourth requirement requires A(7, S5) = A(7, S4). But A(7,S4) =0 #
A(r, S5) with (23).

Consequently, the behavior described by A, i.e. the set of two runs
S1S57 ... and 5059535454 ... is not algorithmic. This comes up as a
surprise: Intuitively, one expects this - finite - behavior to be algo-
rithmic, of course.

The problem is due to the limited expressiveness of the signature Xg:
Terms of Yy cannot distinguish S4 and some isomorphic images of Sy,
e.g. S5. The states Sy and S5 differ wrt the salary of the authors and
readers. But the signature X offers no symbols to express salaries.
This defect can be repaired with the help of an additional symbol,
basic, in the signature, denoting the basic salary:

X\ = (author, reader, basic, fcty, fcta,0,0,0,1,1). (24)
We extend the algebras Sp,...,Ss of (19) correspondingly, gaining
states S, ..., S}, with basics, = ... = basicg, = 5000. For example,
Sy = ({me,you} U N, me, you, 5000, salary, increase) asar,
Sy = ({me,you} U N, you, me, 5000, salary”, increase) a5 .
These states in turn yield the transition system
o = (statesy, init(, 7). (25)

The state Sg with basicg, = 5000 is not isomorphic to S and hence
is no state of (A'o) asy. We may choose basz'csé = 6000, in which
case Sf is isomorphic to S| and hence a state of (Af)) asas. But then
basicg; = 6000 # 5000 = basicg;, hence a characteristic set 1" exists
with basic € T. In fact,

T = {basic, salary(author), salary(reader)}

is characteristic for 7(: For all R, S € {S],...,S;} and all R" ~ R
and S’ ~ S there exists a term t € T such that tp # tg,. Hence T is
characteristic for 79. Consequently, (A{)) asas is bounded exploration.
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3.11 Algorithmic Transition Systems

We are now prepared to define the central notion of this paper: algo-
rithmic transition systems. A transition system is algorithmic if and
only if it meets the above four requirements:

Definition 12. Let A = (states, init, 7) be an initialized, ASM - al-
gebraic, isomorphism closed transition system . Furthermore let T be
domain preserving and bounded exploration. Then A is algorithmic.

4 Abstract-State Machines

Here we aim at the programming language to represent algorithmic
transition systems: Elementary operations on symbolic representa-
tions are sought, together with controlled consecutive execution of
operations.

As we have seen above, an algorithmic transition system A comes
together with a signature, 2. We will employ X-terms to construct
a program that describes (the next-step function 7 of) .A. This kind
of programs are abstract state machines (ASM).

To start with, we re-consider updates as defined in Section 3.7. Ap-
plied to a state .S, an update 6(f,u,v) updates the value of the loca-
tion fg(u) by v. With X-terms ¢y, ..., t; such that u = (t1g,...,tks)
and v = tpg, this update can syntactically be represented by the
assignment

f(tl, ce ,tn) = t().

An algorithmic transition system A consists of infinitely many states
S and steps S — 7(S). It will turn out that finitely many assignments
suffice to describe the next-state function 7 of A. Assignments r will
be guarded in general, i.e. are formed

if 5 thenr. (26)

An ASM program is just a set of guarded assignments. In a step, all
guards are evaluated. Assignments with true guard are executed in
parallel.

4.1 Assignments

We give a formal definition of assignments. A set of assignments is
consistent or inconsistent in a state S:



18

Definition 13. Let X' be a signature.

1. Let t,ty € T, with t shapedt = f(t1,...,tx). Then f(t1,...,tg) :=
to is a X -assignment.

2. Let S be a X-algebra. Two X-assignments f(t1,...,tg) =ty and
f(th, ... t) = t6 are consistent at S iff (t1s,...,tks) =
(thg -, thg) implies tos = t{g.

3. A set of X-assignments is consistent at S iff its elements are pair-
wise consistent at S.

4.2 ASM programs
We are now prepared to define the central syntactical items: sequen-
tial, bounded ASM-programs:
Definition 14. Let X' be an ASM-signature.
1. Letr be a X-assignment and let 3 be a Boolean term over X. Then
if 8 thenr

1s o guarded X-assignment.

2. Let q1,...,qm be guarded X -assignments. Then
par qi,...,q, endpar
s a sequential, bounded, ASM-program over X .

Notation We frequently write v for the guarded assignment if true
then r.

4.8 Semantics of assignments
Each set Z of (unconditional) assignments defines for each state S a
set of updates, provided Z is consistent at .S:

Definition 15. Let X' be a signature, let S be a X-algebra with uni-
verse U, and let Z be a set of X -assignments, consistent at S.

1. For a k-ary symbol f € X, let
75 Uk —u
(tis, .- tes) = tos iff f(tr,... te) =to € Z

u+— fs(u), otherwise

2. Let R =gc5 semz(S) be the X-algebra with universe U, defined for
each symbol f € X by fr = f%5.
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4.4 Semantics of ASM-programs

The semantics of an ASM-program M is now reduced to the seman-
tics of assignments: To apply M in a state .S, first evaluate the guards
of M at S, and then execute all assignments with true guards:

Definition 16. Let X' be an ASM-signature and let
M: par if 5, then r;

if B, then r,,
endpar

be an ASM-program over X. Then the semantic function
sempg : Algs; — Algs is defined as follows:

For S € Algy, let Z := {r; | Bis = true,1 <i < m}. Then
| semyz(S), if Z is consistent on S,
semm(S) = {S, otherwise .

Notice that an ASM-program M consists only of XY-terms and key-
words :=, if, then, par, endpar. This is pure syntax. M is applied to a
semantical construct, a X-algebra S, that cannot necessarily be rep-
resented in finite, symbolic terms.

Iteration of semq now yields the runs of an ASM-program M:

Definition 17. Let X' be an ASM-signature and let

M :par if §; then ry, ..., if 8, then r,, endpar
be an ASM-program over X. Let w = 5051 ... be a sequence of Y-
algebras with Si+1 = semaq(S;) for i =0,1,.... Then w is a run of
M.

This completes syntax and semantics of ASM-programs. It is almost
trivial to observe that each ASM-program M defines an algorith-
mic transition system .4 such that the runs of M and A coincide.
The reverse property, i.e. each algorithmic transition system defines
a corresponding program, is to be shown next.

5 Gurevich’s sequential ASM-Theorem

5.1 What is to be shown

Theorem. Let A = (states,init, 7) be an algorithmic transition sys-
tem. Then there exists an ASM-program M with T = sempg.
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Assumptions For the entire rest of this chapter we assume an algo-
rithmic transition system

A = (states,init, T)
with signature X' and a finite set T' of characteristic terms for 7.
Notation For each state S of Alet Ts =45 {ts | t € T'}.

Definition 18. An ASM-program M is characteristic for A iff all
terms occurring in M are in T

5.2 Updates of ASM-programs

Each ASM-program assigns to each state a set of updates. Isomor-
phic states yield isomorphic update sets. States that cannot be dis-
tinguished by characteristic terms yield equal update sets for charac-
teristic programs.

First we construct an update for each assignment and each state of

A:

Definition 19. Let q =4e¢ f(t1,...,tn) = to be a X-assignment,
and let S be a X -algebra. Then we define the X -update qg by

as =def (f, (t1s,-- -, tns),to)-
Fach ASM-program yields a set of updates for each state:

Definition 20. Let M be an ASM-program over a signature X, let
S € states and let S" = sempm(S). Let delta(M,S) =g {(f,u,v)]
(f,u,v) is a X-update with fs(u) # for(u) = v}.

The delta-Isomorphy-Lemma shows that isomorphic states yield iso-
morphic updates:

Lemma 3 (delta-Isomorphy-Lemma). Let M be an ASM-program
over X, let R, S € states and let h : R — S be an isomorphism.
Then § € delta(M, R) iff h(d) € delta(M, S).

Proof. Let 6 = (f,u,v), R =gy sempy(R) and S =45 semaq(S).
Then 6 € delta(M, R) iff ¢ is a Y-update with fr(u) # fr(u) =v
iff there exists an assignment formed f(t1,...,t,) := to in M with
(tir, .. thr) = w and tor = v and fr(u) # fr/(u)

iff there exists an assignment formed f(t1,...,t,) := to in M with
(t15, ... tns) = h(u) and tos = h(v) and fr(h(u)) # ( (u))

iff h(9) is a X-update with fs(h(u)) # fs/(h(u)) = h(v )

iff h(9) € delta(M, S).
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1st equivalence: Def. delta(M, R), above.

2nd equivalence: Def. semantics of M, 4.4.

3rd equivalence: Term Homomorphy Lemma, A4.
4th equivalence: Def. semantics of M, 4.4.

5th equivalence: Def. delta(M, S). R

The delta-Coincidence-Lemma relates updates to the characteristic
terms: Two states generate the same updates if they interpret the
characteristic term equally:

Lemma 4 (delta-Coincidence-Lemma). Let M be a characteris-
tic program over X and let R, S € states with tgp =tg for allt € T.
Then delta(M, R) = delta(M, S).

Proof. in analogy to the proof of the delta-Isomorphy-Lemma:
Let 0 = (f,u,v), let R =gy sempa(R) and S" =gef sempq(S). Then
d € delta(M, R) iff § is a X-update with fr(u) # fr(u) =v

iff there exists an assignment formed f(¢i,...,t,) := to in M with
(tig,---,tar) = w and top = v and fr(u) # fr(u)
iff there exists an assignment formed f(¢1,...,t,) := to in M with

(t1s,- -, tns) = u and tog = v and fs(u) # fs(u)

iff § is a Y-update with fg(u) # fo(u) = v iff § € delta(M, S).

The 3rd equivalence holds because M is characteristic, hence tg, ..., t, €
T. t;r = t;s then follows from the Lemma’s assumption. All other
equivalences follow as in the proof of the above delta-Isomorphy-
Lemma.

5.8 A program for the next state

Each state S of the algorithmic transition system A gives rise to a
characteristic program S. This program consists of consistent assign-
ments only. It properly computes 7(S5).

We start with the characteristic elements Lemma: The values occur-
ring in updates of the transition system A can be represented by
characteristic terms:

Lemma 5 (characteristic elements Lemma). Let S be a
Y-algebra with universe U, and let (f,(u1,...,un),up) € A(T,S).
Then ug,...,uy € Tg.

Proof. Assume by contradiction there exists an index k with uy, ¢ T.
Let v ¢ U, and replace in S each occurrence of ug by v. This yields
a Y-algebra, R, with domain U’ = U\{uy} U {v}. Obviously, R ~ S,
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hence R € state.

Firstly, uy ¢ Ts, implies tp = tg for all t € T. This implies 7(R) =
7(.5), because 7 is bounded exploration with the characteristic set T'.
Hence (f, (u1,...,un),up) is an update of R, too.

Secondly, uj ¢ U’ implies uy is not in the domain of 7(R), because
7 is domain preserving. Hence (f, (u1,...,uy), ug) is no update of R.
Contradiction! H

Here comes the definition of the program S. This definition is sensible
due to the above characteristic elements lemma:

Definition 21. Let S be a state.

1. Let 6 = (f,(u1,...,upn),ug) € A(7,S). Fori =0,...,nlet t; €
T with tis = wu; (t; exists according to the above characteristic
elements Lemma,).

Then f(t1,...,tn) :=to is a characteristic assignment of 4.
2. Let A(1,S) = {01,...,0m} and let r; be a characteristic assign-
ment of 0; (i = 1,...,m). Then S = par ry,...,r,, endpar is a

characteristic S-program.

The following S-consistence Lemma shows that the assignments in S
are consistent:

Lemma 6 (S-consistence Lemma). Let S € states and let S =
parry,...,r, endpar be a characteristic S-program. Then {ri, ... tm}
is consistent in S.

Proof. Assume by contradiction two indices 4,5 with r; =
f(ti,...,tn) :==to and rj = f(t1,...,t,) =t with tog # t(g. Then
(f, (t1s,---,tns),tos) and (f, (t1s,...,tns), tE)S) are both in A(r,S5).
Then fr(s) = tos and fr(g) = tg, hence Jr(s) was no function. B

Applied to S, the program S yields 7(5), due to the following semg(.S)-
Lemma:

Lemma 7 (semg(S)-Lemma). Let S € states, let " =405 sems(S),
let f be an n-ary symbol, and let u € U". Then fs(u) = fr(s) ().

Proof. With S = par rqy,... 1, endpar, let Z =g.r {ri,...,rpy}.

Ist case: (f,u,v) € A(7,S), for some v € U. Then there exists an
index @ with r; = f(t1,...,tn) := to, u = (t15,...,tns) and v = tyg.
Then fS’(u) = fsems(S)(u) - fsemZ(S)<u) - fZ“S(u) =tps = v =
fris)(0).
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1st equation: Definition of 5.

2nd equation: semantics of ASM-programs, 4.4, and the above
S-consistence Lemma.

3rd equation: semantics of assignment sets, 4.3.

4th equation: semantics of an assignment, 4.3.

5th equation: construction of r;.

6th equation: (f,u,v) € A(r,S).

2nd case: There exists no v € U with (f,u,v) € A(7,S). Then
f51 (W) = Foemg(s)(W) = foemy(s)(0) = f25(0) = fs(u) = fr5) ().
The first four equations are as in the 1st case, the 5th equation holds
by construction of A(7,S). B

5.4 Updates of characteristic programs

Given a state S of A, we construct ASM programs M such that
delta(M, S) = A(r,S). We start with characteristic programs M =
S, and generalize to M = R, where R is a state that cannot be
distinguished from S by characteristic terms.

We start with the delta(S, S)-Lemma: Each characteristic program
S, as defined in 5.3, yields a set delta(S,.S) of updates that is equal
to A(r,S):

Lemma 8 (delta(S, S)-Lemma). Let S € states. Then delta(S, S) =
A(T,S).

Proof. Let S" =qcr semg(S). Then (f,u,v) € delta(S, S) iff (f,u,v)
is a Y-update with fs(u) # fs/(u) = v iff fs(u) # fr(s)(n) = v iff
(f? u’ v) e A(7_7 S)'

1st equivalence: Def. delta(S, S), 5.2.

2nd equivalence: semg-Lemma, 5.3.
3rd equivalence: Def. A(7,S), 3.7. &

The following delta-A-Coincidence- Lemma generalizes the delta(S, S)-
Lemma: The program S may be replaced by any program R, provided
R and S interpret the characteristic terms equally:

Lemma 9 (delta- A-Coincidence-Lemma). Let R, S € states. For
each t € T let tgr =tg. Then delta(R,S) = A(r,5).
Proof. delta(R,S) = delta(R, R) = A(1, R) = A(T, S).

1st equation: delta-Coincidence Lemma, 5.2.
2nd equation: delta(S, S)-Lemma, 5.4.
3rd equation: Def. characteristic set of terms, 3.10. B
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The QRS-lemma shows that the equation delta(R,S) = delta(r, S).
is retained by isomorphic state:

Lemma 10 (QRS-Lemma). Let Q, R, S € states, let delta(R, Q) =
A(T,Q), let Q ~ S. Then delta(R, S) = A(r,5).

Proof. Let h : S — @ be an isomorphism. Then § € delta(R,S)
iff h(d) € delta(R, Q) iff h(§) € A(r,Q) iff h=1(h(5)) € A(r,S) iff
§ € A, S).

1st equivalence: delta-Isomorphy Lemma, 5.2.
2nd equivalence: the Lemma’s assumption.
3rd equivalence: A-Isomorphism Lemma, 3.9.
4th equivalence: h is an isomorphism. ll

5.5 An ASM for equivalent states

Given a state S of A, we construct ASM programs M such that
sempaqg(S) = 7(S). First we show that delta(M, S) = A(r,S) is suf-
ficient for this property. Then we specialize M to R, with states R
that are equivalent, in a very sophisticated sense, to S.

First the A-7-Lemma; a necessary requirement for sem(S) = 7(95):

Lemma 11 (A-7-Lemma). Let M be an ASM-program, let S €
states with delta(M,S) = A(r,S). Then sempa(S) = 7(5).

Proof. Let S" = semaq(S), let U be the universe of S, let f be an n-
ary symbol in X and let u € U™. We have to show: fg/(u) = f-(s)(u).
1st case: fs(u) = fgr(u). Then there exists no v € U with (f,u,v) €
delta(M, S). Then there exists no v € U with (f,u,v) € A(7,95).

Then fr(s)(u) = fg(u).

1st implication: Def. of delta(M, S), 5.2.
2nd implication: delta(S, S)-Lemma, 5.4.
3rd implication: Def. A(7,S), 3.7.

2nd case: fg(u) # fsr(u) = v. Then (f,u,v) € delta(M,S). Then
(f,u,v) € A(7,S). Then fr(5)(u) = v.

Justification of all three implications follows the arguments of the
first case. B

Every state S defines an equivalence ~ on the characteristic term set
T. These equivalences, in turn, define an equivalence ~ on states:

Definition 22. 1. Fach S € states defines an equivalence, ~g, on
T, defined for t,t' € T byt ~gt' iff ts =ty.
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2. The equivalence =~ on states is defined for R, S € states by R~ S

As a first, obvious observation, the equivalence Lemma on equivalent
states: Equivalent states cannot discriminate characteristic terms.
And isomorphic states are equivalent:

Lemma 12 (equivalence Lemma). Let R, S € states.
1. If R~ S then for all t,t' € T: tg =t iff ts = t§.
2.If R~ S then R~ S.

The semantic lemma characterizes 7(S) of equivalent states:

Lemma 13 (semantic lemma). Let R,S € states, R ~ S. Then
semg(S) = 7(9).

Proof. With the above A-7-Lemma suffices to show: delta(R,S) =
A(T, S).

With the QRS-Lemma in 5.4 it suffices to construct a state Q ~ S
such that delta(R,Q) = A(7,Q). We distinguish two cases for the
construction of Q:

1st case: The universes Ur and Ug of R and S are disjoint. Then for
each characteristic term ¢ € T, replace in Ug the value tg by tg. This
is well defined as to part 1 of the above equivalence Lemma. Let Q)
denote the new state. Obviously, t{g = tg for each ¢ € T'. Then the
delta-A-Coincidence Lemma in 5.4 implies delta(R, Q) = A(, ).
2nd case: The universes of Ur and Ug are not disjoint. Then replace
each element of Ur N Ug by some new element in Ug. The resulting
state, @, is isomorphic to S and has a universe disjoint to Ur. The
second part of the above equivalence lemma implies () =~ S. This
reduces the 2nd case to the 1st case. B

5.6 Guards and the final proof

Each state S defines a boolean expression [[S] that is true exactly in
all states R equivalent to S. We first define the expression [3[S]:

Definition 23. Let S be a Y'-algebra.

1. For two terms t,t' € T, the boolean term t =t is an S-guard in
case tg =ty t #t' is an S-guard in case tg # tl.

2. Let B[S] denote the conjunction of all S-guards with terms t,t" €
T.
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The Guard-Lemma shows that the conjunction of all S-guards char-
acterizes the equivalence = :

Lemma 14 (Guard-Lemma). Let R,S € states. Then [[S|gr =
true iff R~ S.

Proof follows immediately from the first part of the equivalence Lemma.
[ |

Lemma 15 (S*-Lemma). Let S be X-algebra, and let S* =gy if
B[S] then S. Then holds for each R € states: semg+(R) = semg(R)
if R~ S, and semg~(R) = R, otherwise.

Proof follows immediately from the semantic of guarded X-assignments,
as in 4.3. W

We are now prepared to show the Theorem. Based on the general
assumptions as given in 5.1, it reads:

Theorem. There exists an ASM, M, such that for each S € states
holds: sema(S) = 7(5).

Proof. ~ has finitely many equivalence classes. Let Si,...,S, be
representants of these classes. Let M = par S}, ..., S; endpar.
Each state s € S has an index 7 with S ~ S;. Then sem(S) =
semg:(S) = semsg,(S) = 7(9).

1st equation: guard lemma in 5.6, and semantics of M in 4.4.
2nd equation: S*-Lemma in 5.6.
3rd equation: semantic-Lemma in 5.5. B

6 Further aspects of ASM

We discussed the most elementary version of ASM in a particular
syntactical representation. There are many variants and extensions of
the formalism introduced here. Section 6.1 gives some details. Section
6.3 expands on the role of ASM as a model of computation. Section
6.4 glances ASM as a specification technique.

6.1 Variants of ASM

The term “Abstract-State Machine” refers to the fundamental idea
that a state is a mathematical structure, not necessarily fixed by a
symbolic, effective representation.

The next-state function 7 must meet a couple of requirements dis-
cussed in Chapter 3. There is even a syntactical representation for
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next-state functions, given in Chapter 4.

But the syntax of ASM is fragile: many other versions are likewise
reasonable. For example homogeneous algebras may be replaced by
heterogeneous algebras.

There are substantial extensions, too. The deterministic next-state
function 7 may be replaced by a non-deterministic next-state rela-
tion. Reactive behaviour may be modelled by steps 5;5;11 which are
not conducted by the corresponding ASM program, but by the out-
side world (a similar idea has also been suggested in the FOCUS
formalism [BSO01]). Bounded exploration may be skipped, using V-
quantified formulas in ASM programs.

Gurevich suggested these variants and extensions in his Lipar: Guide
[Gur95]. A distributed version of ASM has likewise been advocated,
where a single run consists of a partial order of actions, in the line of
Petri, Lamport and Pratt. This version of “Multi Agent ASM” also
captures recursion.

6.2 Special Classes of ASM

Let A = (states,init, 7) be an algorithmic transition system. Accord-
ing to Definition 13, any X-algebra cam serve as a state. One may
expect states to be confined to “reasonable” algebras. Here three such
proposals:

Call an algebra finitary iff its carrier U is finite. As a variant, U may
be infinite, but each n-ary function f may have only finitely many
arguments u € U™ with f(u) # undef. The class of finitary algebras
is closed under isomorphism. If S € states is finitary, then 7(95) is
finitary, too. Hence all reachable states are finitary if the initial states
are finitary.

Let X be the signature of A. A state S € states is generated if to
each element u of its carrier there exists a term t € T, with tg = u.
The class of generated algebras is closed under isomorphism. But for
a generated state S, the successor 7(5) is not necessarily generated.
Finally, call an algebra S computable iff its carrier is countable and all
its functions are computable (in the classical framework). The class of
computable algebras is closed under isomorphism. If S is computable,
so is 7(.5).

The above classes of algebras give rise to the definition of finitary,
generated and computable ASM. These versions of ASM are imple-
mentable (the latter ones up to finitary limitations of hardware). But
the ASM formalism does not support any particularly interesting



28

properties, e.g. analysis techniques, for those classes.

6.3 ASM in the context of the Theory of computing

ASM have been introduced as “a computation model that is more
powerful and more universal than standard computation models for
theoretical computer science” [Gur99]. They are “improving on Tur-
ing’s Thesis” [Gur88] with a “new thesis” [Gur85], contrasting the
“old” Church-Turing Thesis.

The central argument: An algorithmic idea is not bound to a syntac-
tical representation. Chapter 2.1 gave an example: Elementary items
are points, circles, and lines. Elementary operations construct the
halfway point of two pints, the circle from its center and a point on
its surface, the intersection of two circles, and the line through two
points. The idea to employ algebras as states has occasionally been
suggested, e.g. in [FJ92]. An early source of similar ideas is [Pai80].
But ASM is the only formalism to ask for a more general version of
steps on top of those states.

The representation free (though mathematically unique) notion of
states is combined with a likewise mathematically unique charac-
terization of “algorithmic” next-state functions. We characterized
them by help of five requirements; re-shuffling three requirements
of [Gur00]. The Theorem of Chapter 5 provides a syntactical version
for each next-state function. A corresponding syntactical version of
states cannot exist: not all reachable states are necessarily syntacti-
cally representable, as discussed in the introduction.

The first of the five requirements, i.e. “each state is an algebra” can be
reversed: “Each algebra can serve as a state”. The third requirement
implies: All states of an algorithm are X'-algebras. This provides the
key for the central idea of ASM: Describe the algorithm syntactically,
as a program, by X-terms. The semantics of an ASM program is a
mathematical structure, not bothering with symbolic representation.
The relationship between Y-terms and X'-algebras, including the ex-
pressive power of finite sets of terms, has extensively been studied in
Logics and Model Theory. It has been adapted to the needs of com-
puting, under the headline of “Algebraic Specifications”, since the
mid 1970ies.

The step from algorithms to programs is then not trivial: An algo-
rithm’s states must be implemented. It is here, but not before, where
symbolically represented Data Structures enter the scene.

The Abstract-State Machine formalism is not the first one to ques-
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tion the role of the Church-Turing Thesis in the foundations of com-
puter science and to suggest computation not necessarily based on the
fixed set of objects and operations. The first ones include C.A Petri,
who in his seminal thesis [Pet62] showed that asynchronous mod-
els describe “The Implementable” more faithfully than synchronous
models. Friedman in [Fri71] suggests a theory of computation over
relational structures, where the operations and relations of the struc-
ture are taken as basic computational operations. The huge field of
program schemata (cf. [LPP70]) considers computation on a symbolic
level, over the terms of a signature. [Gan80] suggests four principles
which every computation mechanism is required to meet.

The above mentioned papers, as well as many others, are essentially
bound to the manipulation of symbols. ASM provides a semanti-
cal framework for the notion of “algorithm”. It must be syntactically
underpinned, of course, when it comes to the representation and tool-
based manipulation of Abstract-State Machines.

6.4 ASM as a specification language

Formal specification methods usually suggest a set of elementary
“constructive” data items. For example the Z method is based on the
set of integers. Complex data structures are inductively constructed
from simpler ones. This approach guarantees that every specification
is implementable.

ASM starts out from any objects and operations.

[Bo99] emphasizes “The ability to simulate arbitrary algorithms on
their natural level of abstraction, without implementing them, makes
ASM appropriate for high-level system design and analysis”.

In fact, the liberal requirement for states and steps adapt easily and
perfectly to any kind of algorithm.

Assuming a proper intuition of what an “algorithmic idea” might
be, the ASM formalism is intended to capture each algorithmic idea
“faithfully and unambiguously”. This requires

- to represent each elementary item of the algorithmic idea as an
elementary formal object,

- to represent each elementary operation of the algorithmic idea
as an elementary formal operation,

- to map states and steps of the algorithmic idea bijectively to
states and steps of the corresponding formal model.

It comes without surprise that ASM have been particulary success-
ful in describing the semantics of programming languages: Semantics
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deals with a rich variety of involved mathematical structures that
don’t require a syntactical representation. This, exactly, is what ASM
provides.

The idea to employ mathematical structures as components of states
has been advocated in [CH78] already: Data spaces such as stacks,
trees and all forms of data structures from Algol, Lisp and Fortran, to-
gether with corresponding operations, define virtual machines. ASM
generalizes this to any kind of data spaces, via algebras; [CH78] stick
to structures that are implementable in a canonical way.

[Gan81] suggests to define the state of a program P as X-algebras,
exactly as done in ASM. Ganzinger formally defines the semantics of
‘P to be a free construct, i.e. a mapping from a set of X-algebras to a
s et of Y-algebras. [Gan83] expands on this idea; it may be likewise
applied to ASM.

The “state-as-algebra” paradigm [Gan83] has been a basis for various
lines of research. Categorial constructs, as employed in [Gan81] al-
ready, are likewise used in [Zuc96]. In [GZ00], the authors show that
the “state-as-algebra” paradigm is useful to describe the semantics
of specification languages such as VDM, Z and B. They advocate the
combination of algebraic and imperative specifications, of which ASM
is an example. A further example is the “Algebraic Specification with
Implicit state” approach of [DG93].

Modern specification techniques such as Z, TLA and FOCUS
[Lam00,BS01] follow logic based guidelines, such as “a specification
is a (huge) logical expression”, “implementation (refinement) is im-
plication”, or “composition is conjunction”. The ASM formalism has
not been designed along these guidelines, nor does it contradict them.
It might be useful to integrate those guidelines into ASM.

Conclusion

The idea that every algebra may serve as a system state is a funda-
mental feature if ASM. It is accompanied by a notion of “algorithmic”
next-state functions. Without any reasonable doubt, the four require-
ments of chapter 3 are necessary for algorithmic next-state functions.
That they are sufficient, is a very beautiful result. It witnesses that
the approach may in fact be a reasonable starting point for a new
theory of algorithms.

The liberal notions of states and next-state functions of ASM allows
to incorporate any kind of analysis methods that have been developed
for various specification techniques. But no specific analysis methods
have been designed for ASM so far.
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The extension of ASM, outlined in Chapter 6.1, may be accompanied
by restrictions with sufficient expressive power for particular classes
of algorithms, and equipped with analysis methods that would ex-
ploit particular properties of those algorithms.

All this and much more, including a number of tools, can be found in
the survey paper [Bo02], and the ASM web page
http://www.eecs.umich.edu/gasm.
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Appendix: Elementary Notions of General Algebra

We employ General Algebra in its most simple form, sticking to ho-
mogeneous algebras with total functions. We introduce corresponding
signatures and state some elementary relations between signatures
and algebras.

A.1 Algebras and Isomorphisms

An algebra consists of a set and a choice of functions:

Definition 1. Let U be a set.
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1. Let f:U X ...xU — U be a function. Then n is its arity.
—_———
n—fold

2. The case of arity n = 0 yields a constant, i.e. an element f() € U,
written f.

3. Let ny,...,np € IN. Fori = 1,...,k let f; be a function over
U with arity n;. Then S = (U, f1,..., fx) is an algebra. U is its
carrier; (ni,...,ny) is its type.

Isomorphic algebras correspond bijectively:

Definition 2. Let R = (U, f1,..., fxr) and S = (V,¢1,...,9x) be two
algebras, both with type (n1,...,ng).

1. Let h : U — V such that fori = 1,....k and uy,...,u,, € U

holds: h(fi(u1,...,un,)) = gi(h(u1),...,h(un,;)). Then h is a ho-
momorphism from R to S, written h: R — S.

2. Let h : R — S be a bijective homomorphism. Then h is an iso-
morphism.

3. R and S are isomorphic, written R ~ S, if there exists an isomor-
phism h: R — S.

A.2 Signature and Terms

A signature provides names for the functions of algebras:

Definition 3. Let f1,..., fr be symbols and let nqy,...,ny € IN.

1.5 = (fi,-., fxsn1,...,ng) is a signature. For 1 < i < ny, the
number n; is the arity of fi; (n1,...,nx) is the arity of X.

2. f; is a constant symbol if n; = 0. f; is a function symbol other-
wise.

Ground terms compose symbols according to their arity:

Definition 4. Let X be a signature. The set T, of Y-ground terms
1s inductively defined as follows:

- each constant symbol is a ground term

-if f is a function symbol with arity n, and if t1,...,t, are ground
terms, then f(ti,...,t,) is a ground term, too.
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A.3 X -Algebras

Each signature characterizes a set of algebras:

Definition 5. Let X = (f1,..., fx,n1,...,n) be a signature. Each
algebra S = (U,q1,...,95) with arity (n1,...,ng) is called a X-
algebra. S is often called an interpretation of X'; g; is frequently writ-
ten fis and denoted as the interpretation of f; in S.

Notation For a signature X, let Algs, denote the set of all X-
algebras.

Each ground term denotes in each interpretation a unique element:

Definition 6. Let X' = (f1,..., fx,n1,...,n%) be a signature and let
S be a X-algebra with carrier U. Each ground term t € Tx, denotes
an element t; € U, inductively defined by

t:fiS fo t:fi and TZZZO
t=fis(tis, - tes) i t= filt,.. ).

While a signature X' defines a set Alg(X) of algebras, an algebra has
a unique signature (up to renaming):

Lemma 1. Let S be an algebra. Up to renaming, there exists a unique
signature X such that S is a X-algebra. X is called the signature of
S.

A.4 Two basic Lemmata

First we show the Term Homomorphy Lemma: A homomorphism
extends uniquely to ground terms.

Lemma 2. Let X be a signature, let R and S be two X'-algebras and
let h: R — S be a homomorphism. Then holds for all termst € Ty :

h(tg) =ts.

This is easily proven by induction on the structure of T's;.

Terms cannot discriminate isomorphic algebras, as the following In-
distinguishability Lemma shows:

Lemma 3. Let X be a signature, let R and S be two isomorphic X -
algebras. Then for all t,u € Tx; holds: tr = ur iff ts = ug.

This is easily proven by help of the above Term Homomorphy Lemma.



