Can I Find a Partner?
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Abstract. We study open nets as Petri net models of web services,
with a link to the practically relevant language WS-BPEL. For those
nets, we investigate the problem of serviceableness which we consider
as fundamental as the successful notion of soundness for workflow nets,
i.e. Petri net models of business processes and workflows. While we could
give algorithmic solutions to the serviceableness problem for subclasses
of open nets in earlier work, this article shows that the problem is in
general undecidable.
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1 Introduction

Service oriented computing (SOC) and service oriented architectures are about
to become established paradigms for the design of interorganizational workflows
and for the programming-in-the-large. In practice, languages like WS-BPEL [1]
have been developed and are increasingly used. These developments are accom-
panied by considerable efforts to support SOC with formal models.

One purpose of a formal model for a web service is the capability of per-
forming formal analysis. In this article, we study the analysis problem of ser-
viceableness for open nets. Open nets [2] are a special subclass of classical Petri
net models that explicitly model communication with the environment. An open
net is called serviceable if there exists an environment such that the cooperation
of the net and the environment leads to the desired final state.

In our previous work [3,4] we have proposed decision procedures for ser-
viceableness for restricted classes of open nets. In this article, we provide some
evidence that these restrictions are in part essential. We show that serviceable-
ness of open nets is undecidable in the general case. To prove the undecidability



we use a reduction from the language inclusion problem for Petri nets, known
to be undecidable [5].

Related work. The notion of serviceableness is related to two well-known
behavioral notions. First of all, serviceableness has been inspired by the well-
studied notion of soundness for workflow nets, Petri nets used to model workflows
[6]. The adaptation of soundness to the web service case has been discussed in
[7,3,8,4]. Moreover, the studied problem is in fact a control theoretic problem
where the given open net assumes the role of the plant while the partner serves
as controller. Unfortunately, classical control theory [9,10] seems not to provide
a result that is immediately applicable to our specific setting.

Reduction from a well-known undecidable problem is a common approach to
prove undecidability. Reduction from the Petri net language inclusion problem
has been used, e.g., in [11] for showing undecidability of some equivalence prob-
lems in a similar setting involve open nets. However, there is no direct implication
in either direction between the results of [11] and ours.

2 Basic Definitions

In this paper we consider a subclass of Petri nets, called open nets. We recall
basic notions related to Petri nets and then introduce the subclass of interest.

2.1 Petri Nets

IN denotes the set of natural numbers.

Let P be a set. A bag (multiset) m over P is a mapping m : P — IN. We
identify a bag with all elements occurring only once with the set containing the
elements of the bag. The set of all bags over P is denoted by IN". We use +
and — for the sum and the difference of two bags and =, <, >, < and > for the
comparison of bags, which are defined in a standard way. We overload the set
notation, writing () for the empty bag and € for the element inclusion. We write
e.g. m = 2[p] + [g] for a bag m with m(p) = 2, m(q) = 1, and m(z) = 0 for all
x & {p,q}. As usual, |m| and |S] stand for the number of elements in bag m and
in set .S, respectively.

For (finite) sequences of elements over a set P we use the following notation:
The empty sequence is denoted with ¢; a non-empty sequence can be given by
listing its elements.

Next we introduce a number of notions related to Petri nets.

Definition 1 (Petrinet). A Petrinet N over a fized set of labels Act is a tuple
(P,T,F,A), where: (1) P and T are two disjoint non-empty finite sets of places
and transitions respectively; (2) F: (P x T)U (T x P) — IN is a flow relation
mapping pairs of places and transitions to the naturals; (8) A: T — ActU {1}
1s a labeling function that maps transitions of T to action labels from Act or to
the special label T denoting a silent action.



We present nets with the usual graphical notation.

Given a transition t € T, the preset *t and the postset t® of t are the bags
of places where every p € P occurs F(p,t) times in *¢t and F(t,p) times in ¢°.
Analogously we write *p, p® for pre- and postsets of places. We also write % (t)
and (¢)% to explicitly denote the Petri net.

A marking m of N is a bag over P; markings are states (configurations) of a
net. A pair (N, m) is called a marked Petri net. A transition ¢ € T is enabled in
marking m if and only if ®*¢ < m. An enabled transition ¢ may fire. This results

in a new marking m’ defined by m’ < m — *t + t*. In this case we also write

A(t) ’ . o . o ’
m — m'. For a sequence of action names ¢ = ay .. . a, we write m — m’ when
m=m; -5 my... 22 m, =m'. We say that m/ is reachable from m if and
only if there exists ¢ € Act* such that m - m/. The strong language L(N,mg)
of a marked Petri net (N, my) is defined as {¢ | 0 € Act*,Im : my —— m}. We
denote the set of all markings reachable in net N from marking m as Ry (m).
Furthermore, we write m = m/ when m = m’ or m — ... — m/. We also
write m == m’ if m => m; —— my = m’. The week language £ (N, mg) of a

marked Petri net (N, mg) is defined as {o € Act*|3Im : mg == m}.

2.2 Open Nets

Open nets are a special class of Petri nets intended for modelling asynchronously
communicating components. Interface ports are modelled as specially indicated
places. Components can then be connected to each other by merging (some of)
their interface places.

Definition 2 (Open net). An open net N is a tuple (P, T, F, A, P;, P,), where:
(1) (PUP,UP,T,F,A) is a Petri net; (2) P, P; and P, are disjoint, called
internal, input and output places; (3) F(t,p;) = F(po,t) = 0 for any p; € P,
Do € Py, and t € T; (4) for any p; € P; there exists t € T such that F(p;,t) > 1;
(5) for any p, € P, there exists t € T such that F(t,p,) > 1.

The input places P; correspond to channels for outgoing messages, the output
places P,—to channels for the incoming messages.

As an example, Figure 1 shows two online shops modeled as open nets N; and
Ns. A customer of the top shop (a) may login first, followed by an order message.
The customer then has the choice to confirm (finish) the order or to abort. In the
first case, the shop sends the ordered goods to the customer (deliver) and expects
the payment. The bottom shop (b) introduces a check whether the ordered good
is in stock (modeled by transition available) or not (capacity reached). In the first
case, the customer has the choice to place more orders (continue) or to finish
whereas in the second case, he may choose to get all available goods delivered
(rest) or to abort completely. If at least one item was bought, the shop sends the
ordered goods to the customer (deliver) and expects the payment.

Definition 3 (Composition of open nets). Let N = (P,T,F, A, P;, P,) and
N' = (P, T',F',A', P/, P} be two open nets with PN P =0, TNT" = 0,



continue

Fig. 1. Two online shops modeled as open nets N1 (a) and N> (b).



P,NP =0 and P,N P, =, the composition N & N’ is the open net (PUP’, TU
T, F® (P,UP)\ (P, UP)),(P,UP)\ (P, UP))), where F®(x,y) = F(z,y)
if (z,y) € (P xT)U(T x P), F'(z,y) if (z,y) € (P' xT)U(T" x P'), and 0
otherwise.

Note that the composition of an arbitrary number of components (open nets)
is a component (open net) again.

For every component we identify a unique initial marking mg of the in-
ternal places, and a non-empty and possibly infinite set {2 of final markings
of the internal places, which correspond to correct termination states of the
components. The interface places should be empty both at the beginning and
at the end of the process. Given two open nets N = (P,T,F, A, P;, P,) and
N' = (P, T',F', A", P!, P!) with initial markings mq and mg, respectively, the
initial marking mo @ my, of N @ N’ is defined as (mg & my)(p) = mo(p) if p € P,
mo @ mg)(p) = my(p) if p € P and mo & mg)(p) =0 for p € (P,UP,UP/UP)).
The set 2@ 2’ of final markings is defined as the set of the markings that
correspond to the compositions of all pairs of markings from (2 and (2’.

One clearly expects that a component built can operate properly at least in
some environment. By proper operation we mean that the composition can still
reach a final marking at any execution moment. We capture this requirement in
the notion of serviceableness (cf. [4]).

Definition 4 (Serviceableness). An open net N = (P, T, F, A, P;, P,) with the
initial marking mo and the set of final markings §2 is called serviceable if there
exists an open net N' = (P',T' F', A', P,, P;) with the initial marking m{, and
the set of final markings £2' such that for any marking m € Rygn’(mo ® m()
there exists a marking my € 2 & 2" such that my € Rngn/(m). N’ as above is
called a partner of N.

Reconsider two online shops presented at Figure 1. We define the correspond-
ing sets of final markings as 2n, = 2n, = {[pl,p2], [p3]}. It is easy to see that
the open net corresponding to the top shop (a) is serviceable. The internal choice
of the bottom shop (b), however, is not communicated to the customer causing
the net to be non-serviceable: after ordering the first item, the customer had to
guess whether to send continue/finish or to send abort/rest.

3 Undecidability of Serviceableness

In this section we present the main result: undecidability of serviceableness for
open nets. To this end we start by recalling the well-known undecidability of
Petri net language inclusion.

Theorem 1 (Theorem 10.2 from [5]). Language inclusion for Petri nets is
undecidable both for strong and weak languages.

Therefore, to establish undecidability of the serviceableness we assume ad
absurdum that it is decidable and show that language inclusion for Petri nets
should be decidable as well, contradicting Theorem 1.



Theorem 2. Serviceableness is undecidable.

Proof. We prove undecidability by providing a construction for an open net
N = (P,T,F, A, P;, P,) based on two given Petri nets Ny = (P, Ty, Fy, A1) and
Ny = (P2, Ty, Fy, Ag) with the initial markings m; and ms respectively, such that
N is serviceable if and only if the strong language of (N1,m;) is not included
in the strong language of (N2, m2). In other words, a partner, if exists, should
“provide” N with a word in £(N1,m1) and not in £(Na, ma).

interface Ny N, T, discriminator
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Fig. 2. Visualization of the construction.

Construction We build an auxiliary net Ny = (P{, T}, Fy, A}) by substituting
every transition ¢ € 17 by a sequence of the start-transition tg and the finish-
transition ¢y connected via the place pg, such that % {(ts) =%, (1), (tf);\,{ = ()%,
and (ts);\,{ =N (tf) = [pr). Furthermore, we introduce an additional place s such
that *s = {tg|t € T1} and s* = {t5 | t € T1}. We further define A (ts) = A1(t),
A (tp) = 7 and mj = mq + [s]. Clearly, £(N1,m1) = £7(N{, m}). Further, note
that s enforces the alternation of start- and finish-transitions.

Next we connect Ni and N in such a way that the firing of a transition ¢ in
Nj can only directly follow the firing of a transition tg in N; with A] (ts) = Ax(¢).
For this purpose we add place p,, where a € Act, that has all transitions of N;
labelled with a as input transitions and all transitions of Ny labelled with a
as output transitions, namely *p, = {t € T1|4}(t) = a} and {t € Tz|Ax(t) =
a} C ps. The firings of transitions in Ny move the token from a p, place to the
ack place. The token on the ack place allows N/ to proceed with a firing of the
corresponding ¢ transition.

Further we add a set of transitions Ty where every transition t, corresponds
to alabel a from Ay (T}). The firing of ¢, can substitute the firing of a correspond-



ingly labelled transition in Ny, independently of the ability of N to imitate the
step of N{. Similarly to the firings of transitions of Ny, a transition ¢, of Ty
moves a token from the p, place to the ack place.

Now we add a discriminator construction (see Figure 2) whose functioning
will result either in a token on place trap not belonging to any final marking,
or in a token on place final that belongs to every final marking of N. The token
on trap is reached only if net N2 has repeated all the steps of Nj. Initially the
discriminator contains a token on place ok while the nok place is empty, i.e.
the firings of transitions of Ny are not restricted, while the firings of transitions
from Ty are forbidden. In case Ny is not able to repeat a step of Nj, the only
way to proceed is to move the token from ok to nok, thus enabling the firings
of transitions from T4 and disabling the firing of transitions of Ny forever. In
this case we cannot reach the [trap] marking anymore but can reach the [finall
marking. Note that the reject transition can also be taken when N5 would be
able to mimic the step of Nj. For any reachable marking m of N, m(ok) +
m(nok) + m(final) + m(trap) = 1.

Finally, we extend our net with the interface places: for each transition ¢ in
T1 one input place pq, a special input place ready and a special output place ack.
By placing tokens in p; a partner “agrees” to a firing of ¢ if it is enabled in NVy.
By placing a token in ready the partner indicates that the input is terminated
and the discriminator may move a token to the final or trap places. The ack
place serves for sending a confirmation from Nj that a step has been taken.

The initial marking of N is m} 4+ mg + [0k]. The set {2 of final markings is
defined as the set of all markings of N that contain a token on the final place.
Note that for every a € A;(T}) and any reachable marking m, m(p,) +m(ack) +
m(s) + m(final) + m(trap) = 1.

Correctness proof (=:) First we show that £(N1,m1) € £(Na, me) implies
that N is serviceable. Since £(Ny,m1) € £(Na,m2), there exists a firing sequence
o = tity...t, € Ty corresponding to a word w € £(Ny,mq) \ £(N2,ma). Take
the partner net NP = (PP, TP FP AP PP PP) (see Figure 3) with the initial
marking [p1] and the set of final markings {[g,+1]} where

- PP = {p17' .- apn+1} U {ql; .- -aQnJrl};

= TP ={up,. . Upp1f U{vr, .. o0 ),

— PP ={ack}, P? = {py, | t; € 0} U{ready}",

= tu;=1pjl,i=1,...,n+Luj =[g;,pyl, 5 =1,...,n; up g = [gn+1, readyl,
— *vj =[gj,ack], j=1,...,n;08 = [pjy1], i =1,...,m,

— AP(x) = 7 for any x € TP.

Since w € £(N1,mq) \ £(Na,m2), every execution sequence will contain the
firing of the reject transition, and thus will lead to final and not to trap, implying
that N is serviceable.

(«<=:) Now suppose that £(N1,m1) C £(Nz, ms2). Then Ny can mimic any firing
sequence of N; and the discriminator can avoid the firing of the reject transition.

4 Note that if ¢; coincides with t; for some 1 < ¢ < j < n, the corresponding output
places pi; and pt; coincide as well.



P u; q; Vi P2 Pne1 Unir Gne

partner

interface

Fig. 3. Partner of the open net in Figure 2.

Note that any final marking of IV contains a token on the place final, which can
only be reached after the token on ready has appeared. However whenever a
token on ready appears N is free to choose the firing of the transition eq leading
to a non-final terminal marking. O

4 Conclusions

We proved undecidability of the serviceableness problem for general open nets.
We argued with a reduction from the language inclusion problem for Petri nets
which is known to be undecidable.

Given the undecidability result stated in Theorem 2, to achieve decidabil-
ity of serviceableness one has to restrict classes of open nets. In our previous
work [3, 4] we have identified such classes and proposed decision procedures for
them. In [4], we proposed an algorithm for deciding servicableness in the case
of acyclic open nets, based on the construction of a most permissive partner
net. [3] proposes a construction of a most permissive partner for open nets with
three restrictions: First, it assumes an open net with finitely many inner mark-
ings (inner markings abstract from tokens on interface places). Second, we only
study deadlock freedom of the composed system which is weaker than service-
ableness. Third, existential quantification is restricted to those partners where
communication does never put more then k tokens on an interface place, for
some given k. Despite the second restriction, we believe that serviceableness as
such is decidable under the first and third restriction.

As the future work we consider investigating decidability of serviceableness
for the following two classes of open nets. First of all, we plan to consider open
nets with finitely many inner markings and partners that never put more then
a certain number of tokens on an interface place. Unlike the class studied in [3]
the value of k is not given. Second, we would like to investigate open nets with
finitely many inner markings and partners that are not restricted in the number
of tokens they put on interface places.
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