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Abstract

For the two-sample location problem we first consider tweasypf tests,
linear rank tests with various scores, but also some tesedlen U-statistics.
For both types we construct adaptive tests as well as maxtggis and in-
vestigate their asymptotic and finite power propertiesuriig out that both
the adaptive tests have larger asymptotic power than thetypaxtests. For
small sample sizes, however, some of the max-type test® qneeter. U-
statistics are convenient if extreme densities may occur.
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1 Introduction

Let X;,...,X,, andYy,....,Y,, be independent random samples from a popu-
lation with absolutely continuous cumulative distributifunctions (cdf.) F'(x)
andF(z — 9), ¥ € R, respectively. In the following we assume tHais twice
continuously differentiable oif—oo, c0) except for a set of Lebesgue measure
zero; f' denotes the derivative of the densjtywhere it exists and it is defined to
be zero, otherwise. We wish to test:

Hy: 9=0 aganst H,: ¢>0.

The most familiar nonparametric test is the Wilcoxon-Maihitney test. This
test was generalized to linear rank tests with various atleeres, such as the
Median test, the normal scores test or the Savage test, geeHjek, Sidak,
and Sen (1999). However, the scores are designed for spgméa of underlying
densities, for example the normal scores test is good famablike densities,
the Median test for the doubleexponential, and the Savagéaiethe Gumbel, or
more generally, for left-skew densities. That is why resitre adaptive tests are
constructed where in a first step the density is classifiadljrathe second step an
appropriate linear rank test is performed, see e.g. Buflif§1). Such tests are
proven to be powerful. The asymptotic power function, urtlersequencé? y }
of local alternativesyy = /v N, N = ny + ny, is easy to compute.

Another idea is to put the various scores statistics togetral to take the
maximum of them. This way we obtain the so-called max-tyststesee e.g.
Neuhauser, Buning and Hothorn (2004). The computatiothefasymptotic



power function is more difficult. In the present paper we tyapproximate it
by utilizing the asymtotic correlation structure of the qmiments.

Other possible generalizations of the Wilcoxon-Mann-\Wéyt statistic are U-
statistics. We consider a special subclass of U-statjstiesose some convenient
representants of it, and construct an adaptive test as wel@ous variants of
max-type tests. Again, by utilizing the asymptotic cortiela structure we are
able to approximate the asymptotic power functions.

We show that the adaptive tests are asymptotically the bestast cases.
But also a simple max-type test based on linear rank stistiay be useful,
especially for smaller sample sizes. U-statistics are eoi@nt for more extreme
densities such as the Cauchy or the exponential.

Linear rank tests are considered in Section 2, tests basédisiatistics in
Section 3, and adaptive tests and max-type tests based wnith8ections 4
and 5, respectively. In Section 6 some asymptotic and firateep functions are
presented and compared. Conclusions are given in Section 7.

All statistics are constructed in such a way that large \safue significant, i.e.
the tests rejectl, in favour of H; if the corresponding statistic is as least as large
as the uppetv-quantile of its (asymptotic) null distribution.

2 Linear rank tests

In this section we recall well-known results for linear raekts for the two-sample
location problem.

Assumption 1 The scores (i) are assumed to satisfy

1

lim (an(14 |[uN]) — ¢(u))*du =0

N—oo 0

with square integrable score functions

P(u,g) = o(u) = ——=——=. (1)

Define

d(f,g) == / (ug) F(F(u))du and I(g) = / ¢ (u, g) du,



where(g) is the Fisher-information of the density functigrdefined by (1).¢/
represents the derivative gfalmost everywhere. Itis assumed t!ﬁémﬁ(u, g)du =
0and0 < I(g) < oc.

We use the notation

C(f.g) :=d(f,q)-I(g)~"/

Let Ry; be the rank ot} in the combinedX - andY -sample and
T =Y an(Ry) 2)
=1

with N = n; + n», be linear rank statistics for the location problem.
Proposition 1 (Hajek, Sidak, and Sen, 1999, Ch.6)Under H, the limiting dis-
tribution of 7'//o is standardnormal, where

2 ning

ot = I(g).

Assumption 2 Let bed > 0 and {0y} a sequence of “near” alternatives with
Oy = N~1/2. 0. Let bemin(ni, ny) — 00, ny /N — A, 0 < X > 1.

Proposition 2 (Hajek, Sidak, and Sen, 1999, Ch.7)Under assumptions 1 and 2
the linear rank statistid” is asymptotically normally distributed with expectation

w and variances?, where
nan

p=0—=—d(f,9g). 3)

Corollary 1 The asymptotic efficacy (AE) of the two-sample linear rasidiased
onT'is given by
AE(T|f) = A1 = NC*(f, 9).

Let 7, and7,, be are two linear rank statistics based on the score gemgrati
functionsg; andg,. Then the asymptotic relative efficiency (ARE) is given by

AE(T,[f)

ARE(Ty,, Ty,|f) = AE(T 1f)

For f = g, we denote

ARE(g1, [) := ARE(Ty,, Ty | f)-
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Next we give some examples of scores. They are used in thessbased max-
type tests as well in the Adaptive te$t.S) (see Section 4).

-1 i E<AH (Gastwirth scores, GA)
anca(k) = 0 if M < g < 3(1\?1)
H 3(N+1
b3 i k> A
anwr(k)= k-2 (Wilcoxon scores, WI)
—1 it k<|Z]+1 (Long tail scores, LT)
an,zr(k) = ;—fl — it |[§]+1<k< L—?’(N4+1)J
H 3(N+1
1 if k> 20
- i k<EH (Hogg-Fisher-Randles
aN,HFR(k) = 1 . N1
3 if k> == scores, HFR)
ansa(k) = Zj-vz Nektl % -1 (Savage scores, SA)

The HFR scores are originally introduced for right-skewsiees. For left-skew
densities we may use scot@s yrr.(k) = —an urr(N — k + 1) and we call the
corresponding test antisymmetric HFR-test, and it is abared by HFL. (The
last L stays folleft, the R in HFR may stay faright). Otherwise, the SA scores
are originally introduced for left-skew densities. Forfriggkew densities we may
use the scoresy sar(k) = —ansa(N —k +1).

The corresponding test statistics are denoted by GA, WIHHR, SA, HFL
and SAR, respectively.

The scores GA, LT and HFR are introduced by Gastwirth (19B5)icello
and Hettmansperger (1976), and Hogg, Fisher and RandI&S)I@spectively.

Various values for the factoiS( f, g) can be found e.g. in Kossler (2006a).

3 U-statistics

Location tests based on U-statistics have good asymptotiepproperties (cf.
Kossler, 2006a, or Kossler and Kumar, 2008). This facegikise to the idea to
include some of them in our study.



Let s be an integer witly < min(n;, ny). We consider the following class of
U-statistics:

1
U= %Wng()(ap'“7X0437Y517"'7Y,Bs)_

where the kernel function is given by

1 it v(Xay, oo, Xo) <0(Ys,...,Ys5)
0 else.

ning

o @

¢<Xa17...7XaS7Y517...7YIBS) = {

The sum in eq. (4) is taken over all possible subsamples efsaf the X -
sample and of thé& -sample, respectively. The fact8g is introduced to have
variances of the same order as that of the linear rank $tati$¥/e use the special
-functions

77bl:l()(l) _ Xl
¢13(X1,X27X3) = mln(X17X27X3)
¢2:3(X1,X27X3) = med X, Xo, X3)
VPP (X1, Xo, X3) = max(X;, Xa, X3)
¢1:5(X1,. ,X5) = Il’liIl(Xl,...,X5)
V(X ., Xs) = medXy,..., X5)

V(X ., Xs) = max(Xy,..., X5),

where med(.) denotes the Median function. The correspgngdifunctions are
denoted by)*¢, and the U-statistics by, with (k : s)=(1:1), (1:3), (2:3), (3:3),
(1:5), (3:5), (5:5), respectively. Note thé&i.; is the Mann-Whitney-Wilcoxon
statistic. Let be

Ss(r) = E¢F (2, X,..., X, Vi,...,Y))
ohily) = E¢(Xy,..., Xy, Y. ., V)
(s = vals(X)
Cé“jf = vargb T(Y).

Then we have

Proposition 3 (Xie and Priebe, 2000)Under H, the U-statisticg/;., are asymp-
totcally normally distributed with expectation zero andigace

var(Uy.,) = %Uam (5)



with

ot = 8°C5 = s°Go
The asymptotic variances may be obtained explicitely bggidie formula of Xie
and Priebe (cf. their Theorem 3, see also Kossler, 2006a(2e86)). Since we

later on also need the asymptotic covariances we prefempate first the vari-
ousgf’s = o5, (5 = (&%, and then the asymptotic variances and covariances.

Let )
S\ i s—i
) =Y () Fa)(1 - Flo)
i=k
be the cdf. of arkth order statistics of a sample of size Define F,., = 1 and

F.. = 0if k > s. Then (Xie and Priebe, 2000, p. 679)

) X1
’fjé(Xl) = / Fr_1.5-1 dFy.s +/ (Fros—1 — Fr—1.5-1) dFp.s.
The asymptotic covariances of the U-statistics are givelichy Puri and Sen,
1971, p. 58)

ning

N

COV(Uk::sa Uk’:s’) -

SS,Tk::s,k’:s’a

where

Tisars = B((015(X) — E¢r (X)) (@75 (X) — Egig” (X))

Givenk, s, k', s', the asymptotic variances, covariances and correlationdef
Hy) can be computed analytically. Some numerical values o€tineelations are
given in Table 5 (see Subsection 5.3).

Proposition 4 (Xie and Priebe, 2000, p.666, see als®Ksler, 2006a, p.37)Jnder
assumption 2 the U-statistic,., is asymptotically normally distributed with ex-
pectationy, . and variance given by (5), where

nino
/’LUk:s = 9 N

: Jks(f)

and

Jslf) = (k) | @ - P )

[e.e]



Table 1: The factorg’y, _ for the various test§;.; and different densitieg.
(k:s) Density
Lo N nGu Gu DE Cau CN Uni Exp

(1:1) .577 .977 .866 .866 .866 .551 .573 3.464 1.732
(1:3) .474 .841 .553 .962 .643 .361 .624 3.980 3.317
(2:3) .569 .934 .819 .819 .913 .618 .549 2.656 1.328
(3:3) .474 841 .962 .553 .643 .361 .363 3.980 0.663
(1:5) .396 .745 .436 .934 .483 .218 .577 4.843 4.359
(3:5) .561 .912 .797 .797 .931 .640 .538 2.469 1.234
(5:5) .396 .745 .934 .436 .483 .218 .303 4.843 0.484

Corollary 2 The asymptotic efficacy of the test based/pn is given by
AE(Us| ) = M1 = N, (f)-

where

O () = Ll

UU/C:S

Some numerical values f@ry, (f) are presented in Table 1 for the following
densitiesf: logistic (Lo), normal (N), Gumbelf(z) = e %e~¢ ", Gu), “nega-
tive” Gumbel (f,.c(x) = fo(—x), nGu), Doubleexponential (DE), Cauchy (Cau),
a contaminated norm&F = ;N(—1,1) + 3N/ (1,2)), CN), uniform (Uni), and
exponential (Exp).

4 Two adaptive tests

Since we also intend to compare the max-type tests with ageapsts we first de-
scribe them briefly. One concept of adaptive tests is prapbgdiogg (1974). It
is based on the independence of rank and order statisticR#ecidles and Wolfe,
1979, p.388). The density is classified by order statistiesn a rank test is ap-
plied. It is quite common to classify the underlying disttlon with respect to
measures of tailweight and skewness.

There exist many measures of integral type or of quantile {gp e.g. Blning,



Table 2: Measures for tailweigltt o5 0.15(F) and skewness, o;(£") for some
distributions.

Symmetric distributions Skew distributions

Density Tailweight Density Tailweight Skewness
Uniform 1.286 Exponential 1.697 0.564
Normal 1.587 Gumbél 1.655 0.280
Logistic 1.697 negGumbel  1.655 -0.280
DoubleExp 1.912 CR 1.592 0.277
Cauchy 3.217

1 Gumbel denotes the extreme value dengifyz) = e %e ¢
2 negGumbel denotes the reflected Gumpigh(x) = fo(—x)
3 CN denotes the contaminated norgal’(1,4) + 1N (—1,1).

1991, Handl 1986, Hogg and Lenth, 1984). We choose the mesasur

F=1(0.95) — F~1(0.05)

F~1(0.85) — F-1(0.15)

F=1(0.95) + F~1(0.05) — 2F~1(0.5)
F~1(0.95) — F~1(0.05)

t0.05015(F) =

80.05(F) =

for tailweight and skewness, respectively. These measan@sntroduced by
Groeneveld and Meeden (1984). Some examples are givenlaZaSome more
examples you may find in Kossler (2006b). The table showisthiese measures
are in accordance with our idea of tailweight and skewness.

Replacing the quantile functioA—!(.) by an estimatef)(.) we obtain estimates
t0.05,0.15 andsy o5 Of tailweight and skewness. To estimate the quantiles we¢hese
“classical” estimate

A Xy -1 -6Xe —Xo) I uw<l/(2-L
Qu) =4 (1—e)- X + ¢ Xiyon) it 1/2-L)<u<(2-L—1)2-L)
Xy +e(Xw) — Xz-1) if w>(2-L-1)/(2-L),

wheree = L-u+1/2—j,j = |L-u+1/2], andX; is thei-th order statistic
of a sample of sizé..



4.1 An adaptive test based on various scores statistics

Itis quite common to use the Gastwirth-scores, Wilcoxomesgand LT-scores for
symmetric densities with short tails, medium tails and Itaitg, respectively. For
skew densities the HFR-scores and HFL-scores are usedgcfBéning (1991)
or Kossler (2006a). Denotg = (t0.05.0.15, S0.05)- We define the Adaptive test by

its test statisticA(S) with the GA, WI, LT and HFR and HFL scores (cf. Figure
1),

;

GA if S e D= {looos < 1.55 5005 < 0.25}
W1 if g € Dy = {155 < 50.0570.15 < 18, 3’0.05 < 025}
A(g> - LT |f g - D3 = {50.0570.15 > 18, 3’0.05 S 025}

HFR if SeDy:= {5005 > 025}
HFL if SeDs:= {500 <—025}.

Remark 1 Note that we also considered the SAR and SA scores insteae of t
HFR and HFL scores, respectively, but the difference in gggtit power is very
small. We also tried to include the Median scores, (k) = sign(k — ££1) in

an adaptive test, however the power becomes worse in alrhasises.

For the one-sided alternative the asymptotic power of tlagptek test is given
by
Ba(t) =1—@(21-a —tANL=NC(f,9:)) i feD;

where D; is the region in which the coupl&g.os0.15, s0.05) falls, cf. Kossler,
20064, p.118).

4.2 An adaptive test based on various U-statistics

Adaptive tests based on U-statistics are proposed by B0gX%)06a) as well as by
Kossler and Kumar (2008). Here we propose another variaithnis based on
some of the statistids;.,, 1 < k£ < s < 5, and on the same measures of tailweight
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Figure 1: Schematic presentation of the Adaptive&(sﬁ)

HFR
0.25
GA Wi LT
—0:25 1.55 1.8 £
HFL

and skewness as for the Adaptive tﬂ$ﬁ). Its statistic is given by (cf. Figure 2)

(U, if Se€FEuy:={5>04}U{s€(-0.25,0.25),7 < 1.5}
U.s if SeFug:={04>5>025)

U, if SeFEu={se(-025025),f€c(1.518)}

Uss if S € Esy:={8€(—025025),1 > 1.8}

Uss if S€FEsyy={-04<35<-025}

Uss if S € Fss:={8<—04}

B(S) =

~

As for the Adaptive testi(S) the regionsEy.; are motivated by the coefficients
Cu,..(f) and by the values for tailweight and skewness for a givenitleffisi.e.
the regiongt, s are defined in such a way that the coefficiefits  (f) are large
for f in that region.

The asymptotic power of the adaptive tﬁiﬁ) is given by

Bp(t) =1 = ®(z1-0 — tA(1 = N)Cy, (f)) if [ € Eps,
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Figure 2: Schematic presentation of the Adaptive t&@)

(1:5)
0.4
(1:3)
0.25
(1:5) (1:1) (3:5)
—0-25 15 1.8 ¢
(3:3)
—-0.4
(5:5)
where

Co(f) = — (k) | @ - PP

OUp.s \S 0o
Some numerical values for the factars,  (f) are presented in Table 1.
5 Max-type tests

5.1 General max-type tests

Another idea in our paper is to use the maximum of a set garious scores
statistics as a test statistic, i.e

where



are the standardized linear rank statistics.

Denote byT* = (17, ..., T}) the vector oft standardized linear rank statistics.

Proposition 5 Let bex = (z4,...,x;)T and letX}. be the asymptotic covariance
matrix of the statisticl'™ which is assumed to be regular. Then, for 0,

det(x:)~1/2 1
Po(Thnax < 7) / / gﬁ o) exq—ixTZ}_lx)dx. (6)

k: times

Corollary 3 Let 1, be the(1 — «)-quantile of the null distribution of},,.
and p, = pp(t) an asymptotic expectation vector®f. The asymptotic power
function of the max-type te#t,.. is given by

/Gmax<t> =1- det(Z})_lﬂ(QW)—(c—l)/Z
Tl—a,T T—a,T 1
/ R / exp—5 (x — pr) B (x = pp)) dx. (7)

~
k times

The componentsr;(t) of the expectation vector are given by ;(t) = ur, (t) =
VAL =A)C(f,9:) - L.

To obtain critical values for the max-type test we have tduera ak-dimensional
normal integral. In previous attempts with this type of sesBonferroni approxi-
mation or a simulation based permutation test is used (aih&eser, Biining, and
Hothorn, 2004).

Our idea is to obtain critical values by using the known asttipcorrelation
structure of the components of the max-type test.

5.2 Max-type tests based on various scores statistics

Denote by an asterics the standardized statistics GA, WIHER, and HFL.

At first, it seems to be useful to consider at least three miffestatistics, one
defined for symmetric densities, one for right-skewed und for left-skewed
densities. Such a max-type test was proposed, in anoth&sxtphy Neuhauser,
et al. (2000),

MAX; =max (WI*, HFR*, HF L"),
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where the index three stays for the number of components. n@ayeargue that
it is useful to have at least two different scores for syminetensities, one for
short tails (GA), and one for long tails (LT). This way we geriat a max-type test
with four components

MAX, = max (GA*,LT*, HFR* HFL").

If we intend to include also the Wilcoxon scores in our magetyest, we would
use
MAX; = max (GA*, WI*,LT*, HFR*, HF L*).

Note that inM/ AX; we have the same five scores statistics as in the adaptive test
A(S).

Remark 2 Dropping out the test/ F'L* designed for left-skew densities we arrive
at
MAX) = max (GA*, WI*,LT*, HFR").

proposed by Newuser, et.al. (2004). Note that the authors used the first Bon
ferroni inequality to obtain the critical valug,,;, , = 2.234 for the testM AXj.
Therefore their test is rather conservative. However, gsiar approach, the crit-
ical value may be boiled down tg,;; = 1.95, and the asymptotic power becomes
considerably larger. To allow also left-skew densitiesightl classification pro-
cedure (based on order statistics) might be placed befaeatiplication of this
test. If the density is classified to be left-skew (for instabys < —0.25) then
the samples may be reflected at zero, and after that\ibeX, test can be ap-
plied. The resulting procedures is also distribution-freéecan be considered as a
combination of an adaptive and a max-type test.

Remark 3 Note that we considered also all variants where the SAR arst8rks

instead of HFR and HFL are used. The differences in asynggtotiver are small,
the variants with the HFR and HFL scores are slightly bet&tcept, of course,
for the Gumbel).

Remark 4 On the other hand it may be an idea to simplify the procedudktan
apply a max-type test with only two substatistics. We chtusenost separate
statistics GA and LTAGA, LT) = 0.75) involved in the test/ AX5. In this
case it is much easier to compute the asymptotic power fumtiThey look very
similar to that of M/ AX 5.
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Table 3: The asymptotic correlations for the tests consuiér the scores based
max-type tests.

Test

Test | GA WI LT HFR HFL SA SAR

GA [1.00 .884 .750 .790 .790 .856 .856
Wi 1.00 .972 .894 .894 .866 .866
LT 1.00 .869 .869 .796 .796
HFR 1.00 .600

HFL 1.00

SA 1.00 .646

SAR 1.00

Denote byT; = (7} ,...,T, ) the vector of the standardized linear rank

statistics, with pairwise different score functions buplgd on the same data.

Proposition 6 The vectorT} is, underH,, asymptotically multivariate normal
with expectation vector zero and covariance makix= (p;;), where the entries

are given by
pij =\ ARE(g9s,9;), 1,5 =1,k

Under the alternative, the components of the expectatictovare given by eq.
(3) whereg is to be replaced by;.

Proof: The asymptotic variances and covariances of the linear statlsticsT},
are (cf. HajekSidak, and Sen, 1999, section 3.3 and chapter 6)

varl,, = n}\?fw 1(9:)
nin
cov(Ty,, Ty,) }VQd(gi,gj).

The rest of the assertion follows from Proposition g.

The asymptotic correlations of the linear rank tests inetlich the max-type tests
are given in Table 3. (For the convenience of the reader theesdor the SA and
SAR scores are included too.)
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Table 4: Asymptotic critical valuesy(= 0.05) of the various max-type tests

MAX; MAX, MAX, MAX5‘MAXU3 MAXU, MAXUs
1.92 1.95 2.01 2.02‘ 1.99 2.01 2.11

To obtain asymptotic critical values for these tests we ietal the multiple
integrals (6) by Monte Carlo methods. To do this we simulbte multivariate
normal distribution (simulation size M=1,000,000) by usthe Cholesky decom-
position of the correlation matrix, cf. Tong (1980, ch. 8)1take the maxima, and
estimate the critical value by the empirical 0.95-quanfiiee simulation is done
by using the SAS-package. Values obtained are collectedbte®, together with
that for the max-type tests based on U-statistics (see nbsestion).

In a similar way the asymptotic power functions are estimhatdultivariate
normally distributed random variables are simulated, tienasymptotic expec-
tations are added (cf. Propositions 1 and 2) and maxima kestalhe power
is estimated by the relative number of rejections, i.e. lgyrédative number of
cases Withl,,.x > . Simulation size is M=100,000, and we restrict to the case
of equal sample sizes. Eight densities are considered,dimeat, logistic, dou-
bleexponential, Cauchy, Gumbel, CN (cf. Table 2), uniformd ¢he exponential.
They represent symmetric densities with short, mediung kEmd very long tails
as well as skew densities. The factan the formula for the asymptotic power
function is multiplied by the standard deviatief of the underlying density if it
exists, except for the exponential where weset= 0.5. (For the Cauchy we set
O = 0can = F71(®(1)) = 1.8373.) This way we have similar power values for
the various densities. The results are analysed in Section 6

5.3 Max-type tests based on various U-statistics

Let U;., be the standardized U-statistics. Some ideas of max-tyte based on
U-statistics are

MAXUG = maX(Uf:D Uf:37 Uik:57 U§:57 U§:37 U5*:5)
MAXU4 = maX(Ule, Uf;?,a Uik:57 U;:B)
MAXU3 = maX(Ufz& U§:37 U§:5)

where, again, the index stays for the number of components.
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Table 5: Asymptotic correlations between sobe,-statistics

(kis) | (1:1) (1:3) (2:3) (8:3) (1:5) (85) (55
(1:1) | 1.000 .8207 .9857 .8207 .6863 .9718 .6863
(1:3) 1.000 .7741 .4343 .9638 .7501 .3206
(2:3) 1.000 .7741 .6149 .9973 .6149
(3:3) 1.000 .3206 .7501 .9638
(1:5) 1.000 .5849 .2345
(3:5) 1.000 .5849

All these ideas have certain motivations. MAX Uy all the considered U-
statistics are included, except ., which has extremely high correlation withs ..
The substatistics are the same as that in the Adaptive3gs}. The other two
max-type statistics are included since it may be convemdemdve a smaller num-
ber of components. 13/ AXU; we have two U-statistics for short to medium
tails (Uy; andUs;), and one for long tails{(};). Also for right-skew (left-skew)
densities the component§’; (U;;) may be useful. ImM/ AXU, we have added
the Mann-Whitney statistit’;.;. Note that we also considered some other variants
but they are found to be asymptotically (slightly) worse.

Proposition 5 and the corollary can also be applied to thgsestof tests. To
obtain asymptotic critical values, again multiple intdgraave to be evaluated.
This can be done in the same way as in the previous sections.a3ymptotic
correlations of the U-statistics included in the max-tygss are given in Table 5.

Asymptotic critical values are given in Table 4.

The asymptotic power functions are given by eq. (7), whesddhtorC'( f, g;)
is to replace by the factary, (f). For a closer investigation we use the same
densities as in the previous section. The results are athlpsSection 6.

6 Comparison and discussion of the various ideas

Let us compare the various ideas concerning asymptotic ane fiower. In Table
6 we ranked the asymptotic power, at the paint 4.0 (for the exponential at
0 = 2.0), of the nine considered tests, for all eight consideredsities. The
worst test gets rank one, the best rank nine. Average raekslen in the case of
ties, i.e. if the asymptotic powers are equal up to two decpumnts.
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Table 6: Ranks of the asymptotic power functions of the ada@nd max-type
tests for various densities

Test Lo N Gu DE Cau CN Uni Exp Sum| Place
MAX; [50 3.0 1.0 20 15 45 1.0 1.p19.0

MAX, |50 55 25 40 45 45 50 35275

MAX, |50 7.0 65 60 6.0 7.0 6.0 5.0485| 3
MAX; |50 55 45 40 45 45 40 2.0340| 5
MAXU; |50 30 25 70 7.0 20 20 6.5350| 4
MAXU, |20 30 65 40 30 45 30 65325 6
MAXUs |10 1.0 45 1.0 15 1.0 90 85275

A(S) |85 85 80 80 85 90 75 35615 2
B(S) |85 85 90 9.0 85 80 75 85675 1

Clearly, the two adptive tests are, asymptotically, and @lledensities, the
best, where the adaptive test based on U-statistics idtlgligétter.

On the third place there is the testA X, which is a combination of an adap-
tive and max-type test.

Among the max-type tests the te&tAX U; is slightly better than the tests
MAX5; and M AXU,. The other max-type tests are worse. By the way we see
that the inclusion of more different components (four or fivetead of three for
M AXUs;) does not necessarily improve the asymptotic power.

In Figure 3 we present the curves of the asymptotic powertioms of the
asymptotically best tests, the two adaptive tests, togetiik that of the asymp-
totically best max-type score test A X5 and that of one of the asymtotically best
max-type U-statistics test/ AX Us.

For moderate densities (not too skew, not too heavy or ligig)tthe test
M AXUs is, asymptotically, almost as good as the adaptive tests.méoe ex-
treme densities (Cauchy, uniform) the adaptive tests aarlgl better. For the
exponential the tests based on U-statistics are the best.

In order to assess whether the asymptotic theory can alspdea for mod-
erate to small sample sizes a simulation study (10,000ca&pins each) is per-
formed. We use the same distributions as for the asymptasie and consider the
four asymptotically best test$(S), B(S), MAX; and M AXUs (the same as in
Figure 3). Sample sizes of = n, = 20, 40 and alternative8y = N~'/20o are
considered. For moderate densities (normal, logistic, B&nbel, CN) and for
ny = ny = 40 the simulated power values for all the four tests are veryiainin
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Figure 3: The asymtotic power functions of the ted(s) (red, continuous line),
B(S) (magenta, dash-dot line)d AX; (blue, long-dashed line), ant! AX Us
(green, dotted line) for various densities.
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Figure 4: The estimated power functions of the tetS) (red, continuous line),
B(S) (magenta, dash-dot line)d AX5 (blue, long-dashed line), ant! AX Us
(green, dotted line) for various densities.

.

o

Normal, n1=n2=40 Cauchy, n1=n2=40

Uniform, n1=n2=40

Exponential, n1=n2=40

Figure 4 estimated power functions foy = n, = 40 are presented only for the
normal, Cauchy, uniform, and exponential.

For sample sizes; = n, = 20 all tests are slightly anticonservative (level
from 0.05 to 0.055 for the scores type tests, and from 0.05@63for the U-
statistics based tests), except for the fest X Uz which satisfies the level.

7 Conclusions

In the present paper we considered the two-sample locatadyigm and investi-
gated various combinations of adaptive tests and max-ggis with linear rank
tests and tests based on U-statistics. We established ythetic correlations
of various linear rank statistics as well as of various Uistias and obtained
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asymptotic critical values for the max-type tests. Morepvee approximated
their asymptotic power functions.

When constructing adaptive tests or max-type tests we fing to determine
the number of selected substatistics. A large number vellltéen high asymptotic
power for the adaptive test. However, for finite sample sitesmisclassification
probabilities will increase with a rising number of substtads. On the other hand,
increasing the number of components in the max-type testvalsincrease the
critical values and, therefore, may result in reduced (gqegtic) power.

The second point to consider in constructing adaptive testshave, for each
density, a suitable test statistic (or a suitable represgnin the set of chosen
test statistics. We think, that the substatistics basecerstores GA, WI, LT,
HFR, and HFL as well as the U-statisti€s.,, U;.3, Uy.5, Us.3, Us.5, andUs.5 are
good representants. The scores GA, WI, and LT are good fat,shedium, and
long tails, respectively. The scores HFR and HFL are goodiffnt-skew and
for left-skew densities, respectively. Among the U-staiss U,.; and Us.; are
good for short tails, whered$§.; andUs.5 are good for nearly symmetric densities
with medium and long tails, respectively. For very righftjlakew densities the
testU;.5 (Us.5), and for moderately skew densities the st (Us.3) are suitable.
This way we have two sets of convenient substatistics of fingt six elements,
respectively, from which we may choose some to constructadaptive test or
max-type test.

We have shown that the adaptive tests are asymptoticallypéisé in most
cases. But also a simple max-type test based on linear ratiktists or on U-
statistics may be useful. The test6AX5; and M AXUs are the best among all
considered max-type tests. Max-type tests based on ling#rstatistics and such
based on U-statistics are of same value.

It should be noted that we also considered sum tests but welfthat they
behave slightly worse (cf. also Neuhauser, et.al. (2004))

Summarizing, for the case of an unknown density, all of the feariants,
adaptive tests and max-type tests based on linear rankoresitsU-statistics, are
justified. The adaptive tests are asymptotically best, &g aire proposed for
larger sample sizes (about > 40). For smaller sample sizes (aboyt< 20) the
max-type tests are to prefer. Linear rank statistics aresrsionple but U-statistics
may better smooth the effect of extreme densities.
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