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Abstract. We show that the number of labeled cubic planar graphs on n vertices with n
even is asymptotically om*7/2p7"n!7 where p~!' = 3.13259 and « are analytic constants.
We show also that the chromatic number of a random cubic planar graph that is chosen
uniformly at random among all the labeled cubic planar graphs on n vertices is three with
probability tending to L 0.999568, and is four with probability tending to 1 — e=Pt /4
as n — oo with n even. The proof given combines generating function techniques with
probabilistic arguments.
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1 Introduction

Random planar maps are well-studied objects in combinatorics [2,4, 34, 35]. In contrast, random
planar graphs did not receive much attention until recently. For planar graphs, we do not distin-
guish between different embeddings of the same graph. We are interested in the asymptotic number
of labeled planar graphs (or subclasses of labeled planar graphs), and the properties of a graph
chosen uniformly at random from the set of all labeled planar graphs on n vertices, for large n. To
study properties of random planar structures mainly three approaches have been applied: the first
is the probabilistic method [7,8,15,22-24,30, 32]; the second is based on connectivity decompo-
sition and generating functions [1,3,5,7,9-12,25,29]; the third is the matrix integral method [6,
13,14,16,17,27].

In this paper we combine the first two approaches to determine the asymptotic number of
labeled cubic planar graphs (i.e., labeled planar graphs where every vertex has degree three) and
to study typical properties of a random cubic planar graph (i.e., a graph that is chosen uniformly
at random among all the labeled cubic planar graphs), such as connectedness, components, con-
tainment of a triangle, and the chromatic number. Note that cubic planar maps were enumerated
only recently by Gao and Wormald [21].

We first apply well-known connectivity decomposition techniques [28], which specialize nicely
in the case of cubic graphs. From that, we derive a system of algebraic equations that describe the
exponential generating function for the number of labeled connected cubic planar graphs. Using
the singularity analysis method discussed in [19] we then derive the asymptotic number of labeled
connected cubic planar graphs. From the relation between labeled connected graphs and labeled
graphs we also derive the asymptotic number of labeled cubic planar graphs.

Using the asymptotic numbers obtained and probabilistic arguments we investigate the asymp-
totic probability of connectedness of a random cubic planar graph, the limiting distribution of the
number of components isomorphic to a given graph (for example K4) in a random cubic planar
graph, and the asymptotic probability of the containment of a triangle in a random cubic planar
graph. Having these, we determine the chromatic number of a random cubic planar graph.

Based on the connectivity decomposition exact counting formulas and a deterministic polyno-
mial time sampling procedure then follow from general principles [19, 20, 31].
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2 Rooted Cubic Graphs

To count labeled cubic planar (simple) graphs, we introduce ‘labeled rooted cubic planar graphs’.
We will present a decomposition scheme for such graphs, which can then be used to count (un-
rooted) labeled cubic planar (simple) graphs.

From now on, except in part of Section 5, we will consider only labeled graphs and thus leave
out the term “labeled” unless explicitly stated otherwise.

A rooted cubic graph G = (V, E, st) consists of a connected cubic multigraph G = (V, E) and
an ordered pair of adjacent vertices s and ¢ such that the underlying graph G~ obtained by deleting
an edge between s and ¢ is simple. Thus in G, if s and ¢ are distinct there may be either one or
two edges between them, and if s = ¢ there is a loop at this vertex, and otherwise there are no
loops or parallel edges. The oriented edge st is called the root of GG, and s and ¢ the poles. Thus
G~ is obtained from G by deleting the root edge. Note that a rooted cubic graph must have at
least 4 vertices: we may not have a ‘triple edge’.

The following lemma is easily checked. Note that G'\ {s,t} denotes the graph G less the vertices
s and t.

Lemma 1. A rooted cubic graph G = (V, E, st) has ezxactly one of the following types.

— b: the root is a self-loop.

— d: G~ is disconnected.

— s: G~ is connected but there is a cut edge in G~ that separates s and t.

— p: G~ is connected, there is no cut edge in G~ separating s and t, and either st is an edge of
G~ or G\ {s,t} is disconnected.

— h: G~ is connected, there is no cut-edge in G~ separating s and t, G is simple and G\ {s,t}
is connected.

b-graph d-graph s-graph p-graph h-graph

Fig. 1. The five types of rooted cubic graphs in Lemma 1

We will make use of a replacement operation for rooted cubic graphs. We are often interested
in rooted cubic graphs which are not d-graphs, i.e., b-, s-, p- or h-graphs: let us call these c-graphs.
Let G = (Vg, Eg, sata) be a rooted cubic graph, let ugvg be obtained by orienting an edge
in G7, and let H = (Vi, Eg, sptn) be a c-graph. The rooted cubic graph G’ obtained from G
by the replacement of ugvg by H has vertex set the disjoint union of Viz and Vy, edge set the
disjoint union of Fg \ {ugvg} and Ey \ {sutm} together with the edges ugsy and vgty, and the
same root as G. When we perform a replacement by H we always insist that H is a c-graph. The
following result may be compared with network decomposition results of Trakhtenbrot [33, 36].

Theorem 1. (a) Let H be a 3-connected simple rooted cubic graph, let F be a set of oriented
edges of H—, and for each uv € F let Hy, be a c-graph. Let G be obtained by replacing the edges
uv € F by Hy,. Then G is an h-graph. Further, if H is planar and each H,, is planar then so is
G.



(b) Let G = (V, E, st) be an h-graph. Then there is a unique 3-connected rooted cubic graph
H (called the core of G) such that we can obtain G by replacing some oriented edges e of H~ by
c-graphs H.. Further H is simple, and if G is planar then so is H and each H.,.

Proof. (a) Note that H is an h-graph; and if G’ is an h-graph and we replace an oriented edge by
a c-graph then we obtain another h-graph (which is planar if both the initial and the replacing
graph are). Thus part (a) follows by induction on the number of edges replaced.

(b) The main step is to identify the core H. Let W be the set of vertices v € V' \ {s,t} such
that there is a set of three pairwise internally vertex-disjoint (or equivalently, edge-disjoint) paths
between v and {s,t}. Then W is non-empty. For, let P; and P5 be internally vertex-disjoint paths
between s and ¢ in G~. There must be a path @ between an internal vertex of P; and an internal
vertex of P, (since neither P; nor P is just a single edge, and G'\ {s, ¢} is connected), and we can
insist that @ be internally vertex-disjoint from P; and P,. Now the terminal vertices of Q must
both be in W.

Let H be the graph with vertex set Vg = W U {s, t}, where for distinct vertices v and v in Vi
we join v and v in H if there is a u — v path in G using no other vertices in V. Thus in particular
if vertices u,v € V are adjacent in G then they are adjacent also in H.

It is easy to check that H is 3-connected, and thus also is simple.

Let X be the set of vertices of G not in H. If X = () then G = H and we are done: suppose
then that X is non-empty. Consider a component C' of the subgraph of G induced by X. We claim
that there are distinct vertices u and v in Vg which are adjacent in H but not in G, vertices x
and y in C' (possibly x = y) and edges uz and vy in G which are the only edges between C' and
V. Let Hy, be the rooted cubic graph obtained from C by adding the root edge xy. Now it is
clear that we may obtain G by starting with H and replacing any edge uv of H not in GG by the
corresponding Ho,,.

We have now seen that the rooted cubic graph H is simple and 3-connected, and we may obtain
G by starting with H and replacing some edges e of H~ by c-graphs H,.. Finally it is easy to see
that H is unique. For if H’ also has these properties, then we immediately see that Vg = Vg,
and it follows easily that the graphs are the same. O

We are interested here only in planar graphs. However, all results in Sections 2 and 3 can
be formulated more generally for subclasses of connected cubic graphs that are closed under
replacements.

3 Decomposing Rooted Graphs

In this section we decompose rooted graphs into b-, d-, s-, p-, and h-graphs. The decomposition can
be formulated with algebraic equations for the corresponding exponential generating functions.

Exponential generating functions. Let b,, d,., Sn, Pn, hn, and ¢, be the number of b-
, d-, s-, p-, h-, and c-graphs on n vertices, respectively. Thus ¢, = b, + s, + pn + hn. Let
B(z),D(x),S(z), P(x), H(x), and C(x) be the corresponding exponential generating functions.
For instance, B(z) is defined by

B(x) = Z %:17"

n>0

Note that b, = d, = s, = pn = hsy, = ¢, = 0 for all odd n, due to cubicity, also for n = 0 by
convention, and for n = 2. Thus, for instance, B(x) is of the form ) -, %x%.

b-graphs. The structure of a b-graph is restricted by 3-regularity, and the shaded area in Figure 2
below together with an oriented edge between u and v is a d-, s-, p-, or h-graph. Therefore,
B(x) = 2%/2 (D(x) + S(z) + P(z) + H(x)), where the factor 1/2 is due to the orientation of the
edge between u and v. This can be rewritten as B(x) = z? (D(z) + C(z) — B(x)) / 2.



1- 15

Fig. 3. Decomposing a d-graph

Fig. 2. Decomposing a b-graph

d-graphs. A d-graph can be decomposed uniquely into two b-graphs as shown in Figure 3. We
therefore have D(z) = B(x)? /22

s-graphs. For a given s-graph G, the graph G~ has a cut-edge that separates s and ¢ and that
is closest to s as in Figure 4. (Note that the cut edge could be a second copy of st.) We obtain
S(x) = (S(z) + P(z) + H(z) + B(x)) (P(z) + H(z) + B(z)) = C(x)* — C(x)S(x).

Fig. 4. Decomposing an s-graph

p-graphs. For a given p-graph, we distinguish whether or not s and ¢ are adjacent in G~. Both
situations are depicted in Figure 5. We obtain P(x) = z? (S(z)+P(x)+H (z)+B(z))+2?/2 (S(z)+
P(z) + H(z) + B(z))? = 22C(z) + 2°C(x)? / 2, where the factor 1/2 in the latter term is there
because two c-graphs are not ordered.
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Fig. 5. Decomposing two types of a p-graph

h-graphs. From Theorem 1 we know that an h-graph is built from a rooted three-connected
cubic planar graph by replacing some edges, except the root edge, by b-, s-, p-, or h-graphs, i.e.,
c-graphs, see Figure 6. Let m,,; be the number of rooted 3-connected cubic planar graphs on n
vertices and [ edges and let M(z,y) := >, 5, Tt 2" y! be its exponential generating function.




Clearly m,,; = 0 for odd n, n = 0,2 or [ # 3n/2 since a cubic planar graph on n vertices has 3n/2
edges. Hence
M2n.3n _2n 3n
M =
(2,y) ; o &V

which we will determine in Section 5 (see Equation (5)).

Note that the variable y in M (z, y) marks the edges in rooted 3-connected cubic planar graphs.
Thus in order to derive the exponential generating function for h-graphs, we replace the variable y
in M(x,y) by C(z)+1 (where the constant term 1 is there because an edge need not be replaced)
and divide this by C'(z) + 1, because we do not replace the root edge. Thus we get

_ M(z,(C(2) +1))
A& = =G+ @

<

Fig. 6. Decomposing an h-graph

4 Cubic Planar Graphs

For £ =0,1,2,3 let g,(lk) be the number of k-vertex-connected cubic planar (simple) graphs on n

vertices and G(*) () be the corresponding exponential generating functions. Note that g,(zk) =0
for odd n and also for n = 0,2 except that we set géo) = 1 by convention.

If we select an arbitrary edge in a connected cubic planar (simple) graph and orient this edge,
we obtain a rooted cubic graph G = (V, E, st) that is neither a b-graph, nor an s- or p-graph where
s and t are adjacent in the underlying graph G, see Figure 7. Note that the number of connected
cubic planar (simple) graphs with one distinguished oriented edge is counted by 3z %, and
the number of s- (resp. p-)graphs G = (V, E, st) where s and t are adjacent in G~ as depicted in

the middle (resp. right) picture in Figure 7 is counted by B(z)? (resp. 22 C(x)). Therefore we get

(€]
4 dGY) (z)

. D(z) + S(z) + P(z) + H(z) — B(z)* — 22 O(x) . (2)

Finally, the exponential generating function for connected cubic planar graphs and that for
not necessarily connected ones are related by the following well-known identity (see [26]).

G(z) = exp(GW(2)) . (3)

5 Three-connected Cubic Planar Graphs

The number of labeled rooted three-connected cubic planar graphs is closely related to that of
rooted triangulations. A rooted triangulation is an edge-maximal plane graph with a distinguished



Fig. 7. Types of rooted cubic graphs that are not simple

directed edge on the outer face, called the root edge. Tutte [34] derived exact and asymptotic
formulas for the number of such objects up to isomorphisms that preserve the outer face and the
root edge. Since such objects do not have non-trivial automorphisms that fix the root edge, we
can easily obtain the number of labeled objects from the number of unlabeled objects. Note that
labeled rooted three-connected planar graphs with at least four vertices have exactly two non-
equivalent embeddings in the plane. Using duality, we can compute the number of labeled rooted
three-connected cubic planar graphs from the number of unlabeled rooted triangulations.

Let t,, be the number of unlabeled rooted triangulations on n + 2 vertices. From the formulas
Tutte computed for unlabeled rooted triangulations on n 4 3 vertices, it follows that the ordinary
generating function 7'(z) for t,, ie., T(2) = ), 5, tn 2", satisfies the following.

T(z) =u(1l—2u) (4)

z=u(l—u)’.

The first terms of T'(z) are z + 22 + 32% + 132% + 682° + 39925 + .... Further, T'(2) has a
dominant singularity at & = 27/256 and the asymptotic growth of ¢, is ayn~%/2 £ " n!, where ay
is a constant. Let T'(x,y) be the corresponding ordinary generating function, but where  marks
the number of faces and y marks the number of edges. By Euler’s formula, a triangulation on

n + 2 vertices has 2n faces and 3n edges. Therefore, T(x, y) = Zn21 tnx2"y3" can be computed

by T(z,y) = T(z%y°).

We now determine the exponential generating function M (x, y) for the number of labeled rooted
3-connected cubic planar graphs, which was needed in the decomposition of h-graphs in Section 3.
Note that the number of labeled rooted 3-connected cubic planar maps on 2n vertices (and hence
with 3n edges) is twice the number of labeled rooted 3-connected cubic planar graphs on 2n vertices
(and hence with 3n edges). Since the dual of a rooted 3-connected cubic map on 2n vertices is a
rooted triangulation on n + 2 vertices, we have 2 may, 3, = (2n)!'t,, for n > 2. We therefore obtain

(T(z*y*) — 2*y°). (5)

N | =

M2n,3n 25 3n 1 -
Mr,y) = 3 TSy = 5 (T(ay) - oy’) =
n>2

Thus M (z,y) = (2ty®+325¢y+1328y12 +6820y 15+ 399212y 8 +. . ) /2. Furthermore the dominant
singularity of M(z) = M(z,1) = 1/2(T(2?) — 2?) is the square-root of the dominant singularity
of T(z) and the asymptotic growth of m,, with n even is agn=°/20""n!, where § = 3v/3/16 and
a3 is a constant.



6 Singularity Analysis

We summarize the equations derived so far.

B(x) = 2*(D(x) + C(x) — B(x))/2 (6)
C(z) = S(z) + P(x) + H(x) + B(z) (7)
D(x) = B(x)* /a* (8)
S(x) = C(2)* = C(2)S(x) (9)
P(z) = 2C(x) + 2°C(x)?/2 (10)
We can also describe the substitution in Equation (1) for H(x) algebraically, using Equations (4)

and (5).

2(C(x) + 1) H(x) = u(l — 2u) — u(l — u)® (11)
23 (C(x) +1)* = u(l —u)?. (12)

Using algorithms for computing resultants and factorizations (these are standard procedures in
e.g., Maple or Mathematica), we obtain a single algebraic equation Q(C(z),z) = 0 from equations
(6) — (12) that describes the generating function C(z) uniquely, given sufficiently many initial
terms of ¢,. This is in principle also possible for all other generating functions involved in the above
equations; however, the computations turn out to be more tedious, whereas the computations to
compute the algebraic equation for C'(z) are manageable.

From this equation, following the discussion in Section VIL.4 in [19], one can obtain the two
dominant singularities p and —p of C'(x), where p is an analytic constant and the first digits are
p = 0.319224. One can also compute the expansion at the dominant singularity p. Changing the
variables Y = C(z) — C(p) and X = — p in Q(C(x),x) = 0, one can symbolically verify that the
equation Q(C(x),x) = 0 can be written in the form

(aY + bX)2 =pY3 +¢XY? +rX%Y + sX?+ higher order terms,

where a, b, p, q,r, s are constants that are given analytically. This implies the following expansion
of C(z) near the dominant singularity p.

C(x) = Clp) +bpfa (L —x/p) + Bi(L = x/p)** + O((1 — z/p)?),

where (31 := p*/2/a \/p(b/a)? — q(b/a)? + r(b/a) — s is a positive constant. For large n, the coef-
ficient ¢ of ™ on the right hand side satisfies

f o~ Ban ¥ pmml,

where 32 = 31/1'(3/2) = 231 /+/7. Similarly we get the expansion at the dominant singularity —p
C(x) = Clp) +bp/a (1 +x/p) + Bi(1 +2/p)** + O((1 +2/p)?),

and for large n, the coefficient ¢, of 2™ on the right hand side satisfies

Cp 62 n75/2 (_

p) " nl.

Following Theorem VI.8 [19], the asymptotic number ¢, is then the summation of these two
contributions ¢, and ¢,,, and thus for large even n

Cn ~ 20,7 pT ol

whereas ¢,, = 0 for odd n.



Since the generating functions for B(z), D(x), S(z), P(x), H(x) are related with C'(z) by alge-
braic equations, they all have the same dominant singularities p and —p. The singular expansion
of GM(x) can be obtained from Equation (2) through a term-by-term integration, and thus we
obtain the singular expansions at p and —p

GW(2) = G (p) +c(1 — 2/p)* + Bs(1 — z/p)*? + O((1 — z/p)?),
G (x) = GV (p) + c(1 +a/p)? + Bs(1 + x/p)** + O((1 + 2/p)?) ,

where ¢ and 3 are analytically given constants. Thus for an analytically given constant a; and
for large even n we get
o)~ ayn

whereas 97(11) = 0 for odd n.

Because of Equation (3), the generating functions G(©) (z) and G () have the same dominant
singularities p and —p, and indeed we may see that 97(11)/97(10) — e~ where A = G (p). Based on
the above decomposition it is also easy to derive equations for the exponential generating function
G®@(zx) for the number of biconnected cubic planar graphs, which has a slightly larger radius of
convergence 1 (whose first digits are 0.319521).

We finally obtain the following.

Theorem 2. The asymptotic number of cubic planar graphs, connected cubic planar graphs, 2-
connected cubic planar graphs, and 3-connected cubic planar graphs is given by the following. For
large even n

7/2 pfn n!

7/2 p—n nl

7/2 nfn n!

g3 ~aznT2 o7l

97(10) ~Qpn
97(11) ~apn

97(12) ~agn

All constants are analytically given. Also oy /ag = e~ where A = GM (p). The first digits of p~*,
n~t, and 0~ are 3.132595 , 3.129684, and 3.079201, respectively.

Table 1 shows the exact numbers g,(lo), g,(ll)7 gg), and ¢ ) of cubic planar graphs, connected
cubic planar graphs, 2-connected cubic planar graphs, and 3-connected cubic planar graphs, up
to n = 20.

(3

[n] 9% g%) 9 9%
1 1 1 1 1
6 50 50 50 50
5 13475 13140 13140 10920
0 5826210 5813640 5700240 1712640
2 24741775 1116420000 3996669600 7654467200
11 1379810575140 1371563196000 1517639025600 3625727104000
16 6541027990422825 6530471307360000 6372314592544000 3697449275520000
15 | 13108477565022540000 | 13087079865123264000 | 12526155233399508000 7034735052852655000
30 | 33951214383613507525425 | 33920276115192441954000 | 32351500604547878754000 | 17394357294393311232000

Table 1. The exact number of cubic planar graphs on n vertices depending on the connectivity.

7 Random cubic planar graphs

In this section, we use Theorem 2 to investigate the connectedness, components and the chromatic
number of a random cubic planar graph. Throughout the section, for k = 0,1, 2, 3 let G%k) denote a
random graph chosen uniformly at random among all the k-vertex-connected cubic planar graphs
on vertices 1,...,n for even n.



7.1 Connectedness

Theorem 3. Let A\ = G (p). As n — oo with n even, Pr(GSLO) is connected) — e~ whereas
each of Pr(G%O) is 2-connected), Pr(Gg) is 2-connected) and Pr(Gg) is 3-connected) tends to 0.

Proof. From Theorem 2, we see that as n — oo with n even

Pr(G® is connected) = g /g© — oy Jap = e
Also,
Pr(G® is 2-connected) = ¢{2 /¢\®) ~ ay/ag(n/p) ™™ — 0,
with a similar proof in the other cases. O

Using the numbers in Table 1 we compute the probability that G%O) is connected, up to n = 20,
in Table 2.

| n [4]6] 8 | 10 [ 12 | 14 [ 16 [ 18 | 20 |
[ g%/ 1] 1] 0.997403 | 0.997837] 0.997982] 0.998117] 0.998249 | 0.998368] 0.998472]

Table 2. The probability that a random cubic planar graph is connected.

7.2 Components of Gslo)

In order to discuss colouring later (Theorem 6) we need to find the limiting probability that el
has a component isomorphic to K4. Here we consider a more general problem.

Lemma 2. Let H be a given connected cubic planar graph, and let Ay = p"# /Aut(H), where p
is as in Theorem 2, vy denotes the number of vertices in H (and hence it is even), and Aut(H)
denotes the size of its automorphism group. Let the random variable Xy = Xg(n) be the number
of components of G%O) isomorphic to H for even n. Then Xy has asymptotically the Poisson
distribution Po(Ag) with mean Ag; that is, for k =0,1,2,...

)\k
Pr(Xg(n)=Fk) — e k_}'l as n — oo.

In particular, the probability that GSLO) has at least one component isomorphic to H tends to 1—e ™

as n — oo with n even.

This result can be proved along the lines of the proof of Theorem 5.6 of [30], see also [3].
Indeed, we may obtain the following generalisation.

Lemma 3. Let Hy,..., Hy,, be given pairwise non-isomorphic connected cubic planar graphs; and
as before let N\, = p"Hi /Aut(H;) and let the random wvariable Xpg, = Xp,(n) be the number
of components of GSIO) isomorphic to H;, where n is even. Then Xy, ,...,Xu, are asymptoti-

cally jointly distributed like independent random variables Po(Am,), ..., Po(Am,, ), and so the total
number of components isomorphic to some H; is asymptotically Po(}", Am, ).

Let us observe here that if Hy, Hs,... is an enumeration of all the pairwise non-isomorphic
connected cubic planar graphs, then >, Ay, = G(l)(p). For

1) 1
GO Zg _l Z Z Aut nlp ZA t(H. Z)‘H (13)

n v, =n

Next we want to show that GSIO) usually has a giant component.
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Lemma 4. For anye > 0 there exists t such that the probability is less than € that each component
n G%O) has order at most n —t.

Proof. Let C(n) denote the set of labeled cubic planar (simple) graphs on the vertices 1,...,n and
so |C(n)| = 97(10). By Theorem 2, there are constants a > 0 and § > 1 such that

g~ an=Pp~mp)

as n — oo with n even. Thus there is an ng such that for all even n > ng

1
ganfﬁpfnn! < gflo) < 2an"Pp~"nl.

Let ¢t be a positive integer at least ng sufficiently large that

t—1)-(B-1
8a2ﬁ(’%1<5

The reason for this choice will of course emerge shortly. Let D(n) be the set of graphs G € C(n)
such that each component has order at most n — ¢t. Then for even n > 3t,

n/2
n 0 0
D)<Y <j> 040
j=t

n/2
<4a’p"nl Y i (n— )"
j=t

2 n ()P & 3
<A4da“p "n! (5) Z]
j=t

n/2
<80 g 2735
j=t
But ,
n/2 n/2 (t—1)"6-D
i~ </ e Pde < ~————
z_:] -~ Ji1 p-1

Thus our choice of ¢ yields |D(n)|/ g < ¢ as required.
Theorem 4. The number of components of G%O) is asymptotically 1 +Po(\), where X = G (p).

Observe that this theorem shows again (as in Theorem 4) that the probability that G s

connected tends to e~ as n — oo.

Proof. We may use Lemmas 3 and 4, together with (15), and follow the lines of the proof of
Theorem 5.5 of [30].

7.3 Triangles and other subgraphs

In order to discuss colouring later we also need to know about triangles, in particular the unsur-
prising result that G%k) usually contains at least one triangle. In fact far more is true.

Lemma 5. Let Yn(k) be the number of triangles in Gglk). Then there exists § > 0 such that for
even n
Pr(Y,®) > n) =1 — e 2,
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We shall avoid using round-down |z and round-up [z] in order to keep our formulas readable.

Proof. Let us consider Y,go): the other cases are very similar. Let § > 0 be sufficiently small that

2
1—46
pra-49)
4ed
By Theorem 2 there exist constants « > 0, 8 > 1, and ng > 2/§ such that for all even n > ng
1
§an7ﬁp7"n! < g < 2an=Ppmnl. (14)
Assume for a contradiction that for some even n > ng
Pr(Y,(® < én) > e, (15)
Consider the following construction of cubic planar graphs on vertices 1,--- ,n + 20n :
— pick an ordered list of 2dn special vertices, say $1, 82, - - , Sasn; there are M choices

— take a cubic planar graph G on the remaining n vertices with at most én triangles; by (14)
and (15) there are at least e";”g,(lo) > e~ " Lan~Pp~"n! choices
— pick a set of dn vertices in GG that form an independent set and list them in increasing order,

say vy, v, - ,Usp; the number of choices is at least
n(n—4)---(n—40n+4) _ 0" (145" (145 o
(on)! - (on)! ]

— construct a cubic graph G’ in such a way that for each v; we select its two largest neighbors,
say m and [, and insert s3;_1 on the edge (v;,m) and sg; on (v;,l) together with an edge
(82i—1, 82i), see Figure 8.

Fig. 8. Creating a new triangle

For a given set of dn triangles in G’, there is at most one construction as above yielding G’
with these as the new triangles (see Figure 8 and note that we can identify v; in the triangle as the
vertex adjacent to s). But G’ has at most 2dn triangles. Hence the same graph G’ is constructed
at most (2557?) < 2207 times. But of course 97(322571
this way. Thus

is at least the number of graphs constructed in

(0)

gn+25n
' o on
> (n 4 2én)! e“snlan_ﬁp_"n! (1-40 _g—26m
n! 2
1 1-45\""
> §a(n + 20n)!(n + 26n) P pn—20n p2ong—on (T) 4-om

1 (p2(1 - 45)>5"

>
= g2 \ T s

(0)
> gn+25n’

a contradiction. O
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It is triangles that we need to know about for colouring, but we could also ask about appear-
ances of other subgraphs. Here is one such result, which may be proved along the lines of the proof
of Theorem 4.1 in [30].

Theorem 5. Let H be a fized connected planar graph with one vertex of degree 1 and each other
vertex of degree 3. Let k be 0 or 1. Then there exists § > 0 such that for even n
Pr(G® contains < én copies of H) = e~ (™),

n

Note that each copy of H contributes at least one cut-edge to the graph, and each such edge

is counted at most twice, so we see that G%O) and Gﬁﬂ) are very far from being 2-edge-connected,
see Theorem 3 above.

7.4 Colouring

Finally we can give a full story about the chromatic number X(ngk))-

Theorem 6. Let v = p*/4! = 0.000432, where p is as in Theorem 2. Then as n — oo with n even

— e 7 =0.999568,
Pr(x(G)=4) -1 —¢7".

For k =1,2,3 we have Pr(x(Gglk)) =3)—1asn— oo.

Proof. By Brook’s Theorem (see, e.g., [18]), for a cubic graph G with at least one triangle, x(G) = 3
unless there is a component Ky, in which case x(G) = 4. Thus the theorem follows from Lemmas 2
and 5. a

8 Concluding remarks

Using the decomposition in Section 3 we can derive recursive counting formulas that count the
exact number of cubic planar graphs. The decomposition and the counting formulas also yield
a deterministic polynomial time sampling procedure — this is known as the recursive method for
sampling [20,31]. The sampling procedure was implemented in [29], where several other empiri-
cal properties of a random cubic planar graph are discussed, e.g., the number of cut-edges and
the diameter. The present decomposition, exact and asymptotic enumeration, and the sampling
procedure can also be adapted to multi-graphs, i.e., graphs that might contain double edges and
loops.

Acknowledgements. The authors would like to thank Philippe Flajolet for the discussions and
a lecture on singularity analysis in the European Graduate Program “Combinatorics, Geometry,
and Computation” (May 2005, Berlin), and also to thank the referees for comments and references.
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