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Abstract

The ongoing process of research on T-Codes demanded further
investigation of the compression opportunities of the concept. The in-
troduction of T-prefix matrices simplified the project noticeably. The
Calgary Corpus was used as benchmark to make the results com-
parable to other compression algorithms. The different approaches
achieved good results, which were discussed and compared with GZIP
1.3, BZIP 1.0.2, and compress 4.2.4.

1 Introduction

The concept of T-Codes was developed by Mark Titchener about two decades
ago[8][9]. T-Codes have continuously been researched at The University of
Auckland since. Radu Nicolescu and Ulrich Giinther also published several
papers on the topic, some of which formed the basis of our project[5][4][6].
The concept works similar to other coding algorithms, e.g., LempelZiv. The
question hence arose whether T-Codes may be used for compression purposes
as well. We will therefore introduce T-prefix matrices, which will complete
our introductory section on T-Codes. We will then show some of their char-
acteristics on the basis of the Calgary Corpus[l]. In section four, we will
introduce different approaches how to save a T-prefix matrix conveniently
using the gained knowledge. We will finally compare and discuss the com-
pression results.



2 An Introduction to T-Codes

2.1 T-Augmentation and T-Code Sets

We consider a set of symbols as a finite alphabet S with a size of # S, which
is the number of symbols in the alphabet[5]. The alphabet may be illustrated
as a tree of depth one in which each symbol is represented by a leaf node.
We obtain a set of codewords of length one. They are represented by the
tree’s leaf nodes. In order to expand the length of the possible codewords,
we may append one or more copies of the tree to one of the leaf nodes. The
selected leaf node becomes an internal node as it connects the original tree
with its copies. The expanded codeword set is represented by the new leaf
nodes. The length of the longest possible codeword has also increased. We
may repeat this procedure by making use of the newly created tree. That
example considering a tree shows the concept of T-augmentation, which is
defined as follows|[5]:

Definition 2.1 (T-Augmentation)
The mapping
a(X,p, k) : P(S*) x S* x N — P(S*)

is called a T-augmentation of X iff pe X, k € INT, and
(X, p, k) = {z|x = p"s where s € X\{p} ANO< K < kYU {pF*'}. (1)

If a(X, p, k) is a T-augmentation, we write X((]f)) =a(X,p, k). We callX((g)) a
T-augmented set. The string p is said to be the T-prefix, and the integer
k 1is called the T-expansion parameter for the T-augmentation.

We may continue with T-Code sets and intermediate T-Code sets both of
which are defined with the help of T-augmentation in [5]:

Definition 2.2 (T-Code Sets)

We define any finite alphabet S to be a T-Code set at T-augmentation
level 0. A set X C ST that can be derived from S by a finite series of n
T-augmentations with T-prefizes p1,pa, ..., pn and T-expansion parameters
ki, ko, ..., k, respectively, such that

(k2) (kn)
_ (k1)
X = [ HSWLP J }
2 (pn)

15 called a T-Code set at T-augmentation level n. We write

(k1k2,-kn) X

(P1,p25--,Pn)



Definition 2.3 (Intermediate T-Code Sets)
Let Stk k”)) be a T-Code set at T-augmentation level n. For m < n,

(P1,p2,--Pn
the T-Code set Séﬁ;fj’_‘_‘_‘ﬁx is called an intermediate T-Code set (of
(k1,k2,..., kn))
(P1,p2,-Pn) /-

The following example illustrates how T-Code sets may be obtained through
T-augmentation:

Example 2.4 (T-Augmentation)

root

AN

0 1

Consider the alphabet S = {0, 1}, which is also the T-Code set at T-augmentation
level 0. We choose py = 0 and ky = 1 for the first T-augmentation level. As
the result, the T-Code set at T-augmentation level 1 is

Sto) = {1,00,01}.
ro0t

1
00 01

Next, we set ps = 1 and ky = 2. Thus, the T-Code set at T-augmentation
level 2 is w2
1,2
5(0,1) = {00, 01,100,101, 111,1100, 1101}.

root

00 0
100 101

11001101

Finally, we assume ps = 1101 and ks = 1. As the result, we obtain the
following T-Code set:

Sttty = {00,01,100,101, 111,
1100, 110100, 110101,
1101100, 1101101, 1101111,
11011100, 11011101}



root

11011101011101

We shall mention two important properties of T-Code sets. Any given T-
Code set is both prefix-free and complete[5]. As we may have noticed as well,
there are n longest codewords in a T-Code set based on an alphabet with n
symbols|[4].

2.2 String Decomposition

The longest codewords differ only in their last character, which is called the
"literal symbol”. In addition, they contain all T-prefixes and T-expansion
parameters of a given T-Code set in the following way[4]:

_ k kal kl
Se = Py Ppq P C

According to R. Nicolescu[6], the T-Code set S ((;fll 1];225';)) is properly defined
by the T-prefix part of the longest codewords, pkn fl”_’ll e p]fl. U. Gunther

has formulated two theorems for the decomposition of T-Code sets[5]:

Theorem 2.5 (Decomposition of T-Code Codewords)

For all codewords x € S((;l’fj”::'f:)), a decomposition
kL Kl K
T =p, pn—l1 "'p11k67 (2)

exists such that 0 < ki < k; fori = 0,1,...,n and kg = #S — 1. This
decomposition of x is unique, i.e., there exists exactly one set of ki for which
equation (2) is satisfied.



Theorem 2.6 (Decomposition for Intermediate T-Code Sets)
(F1,k2, e kom)

For any m < n, the decomposition of x € S(p1 ooy S
KK K,
x:pn pn—11 p11k6 (3)

with 0 < ki < k; exists and is unique. It satisfies ki =0 for i > m.

Any decomposition of T-Code codewords may be splitted into different parts
which are called as follows|[5]:

Definition 2.7 (T-Expansion Indices and Literal Symbol)

Let x = pi”pfl’ff . .p]fllk‘() with x € S((;fll;fj;f)) form < mn and k < k; for
i=0,...,n. Fori>1, we call k, the i’th T-expansion index of x. kj, is

called the literal symbol.

Algorithm of Decomposition

M. Titchener describes the original algorithm of decomposition that ben-
efits from this relation between a T-Code set and its longest codewords. We
may paraphrase the algorithm of decomposition by U. Giinther[4]:

1. start at T-augmentation level 0 with the set S.

2. decode s, over the set at the current T-augmentation level, starting on
the left side of the string

3. if s. decodes as a single codeword, s, is the longest codeword in the set
at the current T-augmentation level. Stop.

4. identify the second codeword from the right of the decoding of s.. This
codeword is the T-prefix for the next T-augmentation level.

5. count the number of times that this T-prefix appears in the decoding
left of the last codeword decoded. This is the T-expansion parameter
for the next T-augmentation level.

6. create the next level set using the T-prefix and T-expansion factor
found. Make it the current T-augmentation level set and continue at
step 2.

Note, it is not necessary to know the T-augmentation level of the T-Code
set that contains the given longest codeword. The following example may
illustrate the algorithm.



Example 2.8 (Decomposition of One Longest Codeword)

Consider the alphabet S = {0,1} and the string s, = 1101110 to be one of the
longest codewords. In the first step, we use the alphabet to decode the string
(with each dot indicating the ending of a codeword):

1.1.0.1.1.1.0

The first T-prefix is 1 since it is the second codeword from the right. The
associated T-expansion parameter is 3 as the T-prefix appears three times in
a row. The resulting T-Code set at T-augmentation level 1 is

(3) _
5(1) ={0,10,110,1110,1111}.
Nezt, we analyse the string regarding this T-Code set.
110.1110

The second T-prefiz is 110. It appears once, hence the T-expansion parameter
is 1. The final T-Code set is

St = {1,10,1100,1110,
1111, 11010, 110110,
1101110, 1101111},

However, it is difficult to find out what the original string was that led to the
present T-prefixes and T-expansion parameters. We may see in the example
above that we do not know which of the longest codewords in the final T-Code
set was the original string. We thus assume the orignal string to be mere
the T-prefix part and append an ambiguous letter which is an element of the
alphabet!. We then select one of the longest codewords of the final T-Code
set we got after decomposing the string. We cut off the last symbol of the
chosen codeword and reobtain the original string. It does not matter which
of the longest codewords we pick out. We know that the longest codewords
differ only in the last character, which is the one to be chopped off. As a
result, it is possible to derive an encoding and decoding technique from T-
decomposition. If we consider a file as a string of characters, we may convert
it into a list of T-prefixes and a list of T-expansion parameters. Later on, we
will find out whether it is possible to store these lists more efficiently than
the original file.

n accordance with the algorithm by U. Giinther[5]



Example 2.9 (String Decomposition)

Consider the string s. = 1101110 and the alphabet S = {0,1}. In the first
step, we add the ambiguous character 3 € S to the end of the string and
analyze the string according to the alphabet:

1.1.0.1.1.1.0.5

At T-augmentation level one, the T-prefiz is 0 and the T-expansion parameter
is 1 as its neighbour to the left is 1. The corresponding T-Code set is

n _
S(O) = {1,00,01}.
We go on to the next T-augmentation level:
1.1.01.1.1.08

The new T-prefix is 1 and the T-expansion parameter is 2 because it appears
twice in row. Hence, the new T-Code set is

Sty = {00,01,100,101,111,1100, 1101}

We again examine the string according to the latter T-Code set:
1101.11083

We get the last T-prefix which is 1101 and appears once. The final T-Code
set s

Storhony = {00,01,100,101, 111,
1100, 110100, 110101,
1101100, 1101101, 1101111,
11011100, 11011101},

Finally, we choose one of the longest codewords, chop off the last character,
and reobtain the original string 1101110.

J. Yang and U. Giinther[11] recently implemented a fast version of this algo-
rithm, which we used as well. The part of the program we used returned the
T-prefixes and the T-expansion parameters of the input string. For the recov-
ery of the original string from the T-prefixes and T-expansion parameters, we
implemented an algorithm based on Theorem 2.6:

string = @

for : = width to 1 do



string < string + k; - prefiz|i]
end for
echo string
Starting with the empty word w = ¢, we concatenate each prefix p; k;-times
to w from the right-hand side. We begin with the prefix of the greatest T-
augmentation level ¢ = width and step down to level ¢ = 1 in order to obtain
the original string.

2.3 T-Depletion Codes

By now, we are able to decompose any codeword of a given T-Code set in
a unique way. In order to store the T-expansion indices and literal symbols
conveniently, we introduce U. Giinther’s definition of T-depletion codewords
as multibase numbers|[5]:

Definition 2.10 (Multibase Numbers)
A vector (kL kI, ... . k}, ki) is called a multibase number with base (k,,+

Lkpa+1,. . ki+ 1L kg+1)if foralli,0<i<n
0<k <k (4)

Definition 2.11 (T-Depletion Codewords)

(klyk%---ykn)

For a given T-Code set S, a multibase number (k. k!, 1, ... K, k)

P1,p2;-5Pn) n» Mn—1>
is called the T-depletion codeword d,(z) corresponding to x € S ((;fll ;f;g))
ifm<n,0<kl <k fori=0,...,n, and

k/

n—1

k! k'
T=p," P11k (5)

Example 2.12 (T-Depletion Codewords)

Consider the T-Code set S(%:iﬁlim)- We find the appropriate T-depletion code-
word for each element of the T-Code set in Table 1.

2.4 T-Prefix Matrix

We start by introducing the following notation:

g, S for f=0 6
P2 S for f = 1. (6)

8



T-Code structure T-depletion codeword
(K3, k5, ky, ko)

00 | (1101)°(1)°(0)'0 | (0,0,1,0)
01 | (1101)°(1)°(0)'1 | (0,0,1,1)
100 | (1101)°(1)*(0)0 | (0,1,1,0)
101 | (1101)°(1)*(0)'1 | (0,1,1,1)
111 | (1101)°(1)%(0)°1 | (0,2,0,1)
1100 | (1101)°(1)%(0)*0 | (0,2, 1,0)
110100 | (1101)(1)°(0)t0 | (1,0,1,0)
110101 | (1101)(1)°(0)'1 | (1,0,1,1)
1101100 | (1101)Y(1)*(0)'0 | (1,1,1,0)
1101101 | (110D (D)L (0)'1 | (1,1,1,1)
1101111 | (1101)1(1)%(0)°1 | (1,2,0,1)
11011100 | (1101)*(1)2(0)*0 | (1,2,1,0)
11011101 | (1101)*(1)%(0)'1 | (1,2,1,1)

Table 1: T-Codes and their corresponding T-depletion codewords

Each T-prefix p, of the final T-Code set S, is one of the codewords of the in-
termediate T-Code set S;_; at the previous T-augmentation level g—1, as we
may derive from defintion 2.1 (T-Augmentation) and definition 2.2 (T-Code
Sets). According to theorem 2.5 (Decomposition of T-Code Codewords), we
may decompose p, € S,_1 as follows:

k., kl_ K
Py =D 1P, S -y kg for 1 < g <. (7)
That leads us to the T-depletion codeword for an arbitrary T-prefix p, of the
T-Code set S,,:
(Y AP i ) (8)
Ulrich Speidel[7] has suggested to record these codewords in a matrix. Such

a matrix presents both the T-expansion indices and the literal symbol for
each T-prefix in the following way:

" ]‘76 ki e k;—z k:@—l
N k&,o k/Ll T kll,n—? kll,n—l
P2 ké,o ké,l T ké,n—Q ké,n—l
) ) : . (9)
Pn—1 ké—l,o k;—l,l T k‘;z—l,n—Z k;—l,n—l
Pn k‘;z,o k‘;z,l T k;z,n—Q k‘;z,n—l

As the result, we introduce the following definition:

9



Definition 2.13 (T-Prefix Matrix)

ki,ka,ekn . A A K,
Let S((pll,pj,...,pn)) be a T-Code set with the T-prefives pg = p,"7 'p,7% " - . 01* Ky,
1 < g <n. The corresponding T-prefix matrix consists of the entries k,

with 0 <i1<n-—1, andk;,i:Oforizg.

The following passages describe the algorithms we used to convert the list of
T-prefixes of a given T-Code set into the corresponding T-prefix matrix and
vice versa.

From a List of T-Prefixes to the T-Prefix Matrix

We start by creating a matrix from a given list of T-prefixes. The number
of prefixes is saved seperately as width. Furthermore, we create an empty
square matrix of size width. By now, we may investigate for each T-prefix
whether it is also a prefix of another T-prefix at a higher T-augmentation
level. We begin at T-augmentation level width and continue until level 1. If
we find a T-prefix to be a prefix of another one, we count the occurances of
it in the other T-prefix. We store the obtained number at the appropriate
place in the matrix. Finally, the literal symbol of each investigated T-prefix
is saved in the matrix. The elements of the matrix not placed through the
process of storing are set zero. The exact algorithm may be described by the
following pseudo-code:

width < number of T-prefixes
matrix Myigehxwidth
for all T-prefixes p with row g = width to 1 do
for all T-prefixes ¢ with row f = width to g+ 1 do
if p is a prefix of ¢ then
k" < number of occurences in a row of p as a prefix of ¢
q < delete the prefix p k' times from the beginning of ¢
Mg =K
end if
end for
literal < last character of p
p < p without its last character
Mg.0) < literal
end for

Example 2.14 (Conversion from T-Prefixes into a T-Prefix Matrix)

Consider the T-Code set 5511,7116?6%6%))1010,00101011)' We find the appropriate T-

depletion codewords for the T-prefizes in the following table:

10



g | T-prefix structure | T-depletion codeword

(kyg1> kg g5 koo)
1 1 0 (1)
2 10 (1)to (1,0)
3 0 (10)°(1)%0 (0,0,0)
4 001010 (0)2(10)'(1)'0 (2,1,1,0)
5100101011 | (001010)1(0)°(10)°(1)'1 (1,0,0,1,1)

The rest of the entries have to be set zero, according to definition 2.13 (T-
Ky, = 0. We obtain the following T-prefix matriz:

T

w~

o

T

w~

—

o~

w~

[\

T
»\c\coo\\c\c

w

T

w~

S

I
_ o o O
_ =0 = O
O = O OO
oo O OO
_ oo O O O

From a T-Prefix Matrix to the T-Prefix List

In order to decode a T-prefix matrix, we process each row g of the ma-
trix seperately. We convert it back into a T-prefix p,, beginning with the
first row and iterating to the last one. When processing a row g, we start

with p, = ki, which is the literal character. We define the index i that

moves over the current row, starting at 1. For each 7, we add ngl to
Pg-
for row =1 to width do
word < M ;ouw,0)
for col =1 to row — 1 do
n «— M(?"ow,col)
word < n - prefiz[col] + word
end for
prefiz[row| « word
end for

2.5 Contiguous Range Indices

We may regard a T-Code set as a tree again. If we have a look at defini-
tion 2.11 (T-Depletion Codewords), we may notice that T-depletion codes

11



describe not only the leaf nodes, which are the codewords of the T-Code set,
but also the internal nodes, which are not part of the T-Code set. Therefore,
the created model still contains redundant information. In contrast, the
contiguous range index conversion is a unique enumeration scheme which
numbers consecutively the codewords of a T-Code set. The conversion as-
signs positive integers only to the tree’s external nodes. We may adapt two
propositions by U. Giinther[5] to Definition 2.13 (T-Prefix Matrix). The first
one deals with the trivial case.

Proposition 2.15
The mapping Iy : S Uk hayebin) IN, withi=1,....,n and

pl D2, 7P7L
]o(pz') = k;,oa (1())
s a contiguous integer index at T-augmentation level 0.

Note: The literal symbols £, used in Proposition 2.15 have to be natural
numbers. Therefore, it is necessary that the elements of the alphabet are
numbered from 0 up to #5 — 1.

The second proposition describes how we may derive contiguous integer in-
dices at higher T-augmentation levels. To understand it correctly, we need to
consider the cardinality of a T-Code set[5] basing on the number of elements
in the alphabet #5.

Theorem 2.16
The cardinality of T-Code sets at T-augmentation level 1 and above is given

by
(k 7k [RRET) ) _
7t (p117p57 wpn) +(#5-1) H ki +1). (11)
i=1

We may use the following notation for the cardinality of a T-Code set:

g, o | #Sfor f=0 )
P7 #spzt) for f> 1.

Additionally, another condition[5] for the cardinality may be used:

Proposition 2.17
Let I,,(p;) be the contiguous integer index at T-augmentation level m with

12



0<m<mnandi=1,..,n. The mapping L, 1 : S((;lfj’""';f:)) — IN, with

( Im(pz) + kjé’,m—i—l (#Sm - ]-) fOT

Ln(pi) < Ln(pmt1) V kz/',m+1 = Kt
In(pi) = (14)
I(Pi) + ki g1 (#Sm — 1) =1 for

\ Im(pz> > Im(pm—i-l) A kz,'7m+1 < km—i—l
1S a contiguous integer index at T-augmentation level m + 1.

We are now able to convert each row of a T-prefix matrix into a contiguous
range index. Consequently, a T-prefix matrix may be mapped onto a vector
of contiguous range indices:

. (15
In—l(pn)

The conversion is a one-to-one mapping such that we may reobtain the as-
sociated T-prefix matrix of a given vector of contiguous range indices. The
following formulae[5], which we adapted to definition 2.13 (T-Prefix Matrix),
describe how we may acquire the corresponding T-depletion codeword from

a given index I,(p;) for a T-prefix p; of the T-Code set S, ((;11 ;f;;:))

{#ém(fpl)—lJ for {#g(i)—lj < km
Kim = (16)
| km Otherwise
( [m(pz) - kg’m(#Sm_l - 1) for
I (pi) = L (pi) = K (#Sm—1 — 1) < L1 (pm) V ko = ki, (17)
( Im(pi) — ki (##Sm—1 — 1) + 1 otherwise

Example 2.18 (From a T-Prefix Matrix to Contiguous Range Indices)

We consider the string s, = 00101011001010001015 with 3 € {0,1}, which

13



(171727

171)

is one of the longest codewords of the T-Code set 5(1,10,0,001010,00101011)' We
have derived the corresponding T-prefix matrix in Fxample 2.14:
Ko Ko Ko My M, 10000
Ko Ky My Ky K, 01000
ké,o ké,l k‘é,z k§,3 k§,4 = 00000
Kio kii kin Kis Ky 0 11 2 0
kSo ksy kso Kkis K5y 11 0 0 1
Next, we determine the cardinality of each intermediate T-Code set:
#50 =2,
#5) = 3,
#S9 =5,
#53 =13,
#S, =25,
#S5 = 49.
We continue with the index conversion:
m | Ln(pi) < In(Pmt1), L1 (pi)
if necessary ki 1 = kmy
— 1 - I(](pl) :]{7,1,0: 1
— 12 — ]0(])2) = k’/2, 0=0
— 13 — ]0(])3) = k’/g, 0=0
— |4 — ]0(])4) = k’/4, 0=0
— 15 - I(](p5) = ]C,E), 0=
0 2 I(](pg) =0 S 1= IO(pl) 18 true Il(pg) = I(](pg) + ké71(#50 - 1) =1
0 3 ]Q(pg) =0 S 1= [O(pl) 18 true ]1(])3) = ]0(])3) + k’é 1(#50 — 1) =0
0 4 ]0(])4) =0 S 1= [O(pl) 18 true ]1(])4) = ]0(])4) (#SO 1) 1
0|5 In(ps) =1<1=1Iy(p1) is true Ii(ps) = Io(ps) + (#SO —1)=2
1 3 Il(pg) =0 S 1= Il(pg) 18 true Ig(pg) = [1(]93) + kéQ(#Sl - 1) =0
1 4 Il(p4) =1 S 1= I (pg) 18 true Ig(p4) = Il(p4) (#Sl - 1) 3
L |5 Lips) =2<1=1I(ps) is false,
]{%72 =0=1= ]{?2 18 fCLlS@ ]2(])5) = [1(])5) + /{:52(#5’1 - 1) —1=1
2 14| L(py) =3<0=1I(ps) is false,
]{7273 =2=2= k’g 18 true Ig(p4) = Ig(p4) + ]{7273(#52 - 1) =11
2 15| Lips) =1<0=I(ps) is false,
ks =0=2= ks is false Ig(p ) = Lo(ps) + k5 3(#5: —1)=1=0
3 15 | Is(ps) =0 < 11 = I3(pa) 15 true | Is(ps) = Is(ps) + k54 (55 — 1) = 12

14




FEventually, we obtain the following vector of contiguous range indices:
1
1
0

1
1

N —

Example 2.19 (From Contiguous Range Indices to a T-Prefix Matrix)

Consider the following values. The alphabet of the underlying T-Code set
is S = {0,1}. The given T-expansion parameters are (ki, ks, ks, kq, ks) =
(1,1,2,1,1). The corresponding vector of contiguous range indices is

(Lo(p1), Li(p2), I2(p3), I3(pa), La(ps)) = (1,1,0,11,12).

We look for the T-prefix matrixz of a final T-Code set at T-augmentation
level 5, accordingly. We derive the cardinality of each intermediate T-Code
set using theorem 2.16 or formula 13:

#50 =2, #51 =3, #52 =5, #53 =13, #5, =25, #55 = 49.
During the calculation, we use three conditions derived from equations 16 and
17.

Condition one: L%J <k
Condition two: L (p;) — ki, (#Sm-1 — 1) < Ln_1(Pm)
Condition three: ky, = ki,

15



condition one | condition two | condition three | result
1 <1 is true - - ki, =1

- 0 < 11 s true - I3(ps) =0
0 <2 is true — — ks =0

— 0 <0 s false | 2 =0 is false | Is(ps) =1
2 <2 is true — — kjs=2

— 3 <0 s false | 2=21is true | Is(py) =3
0 <1 s true — — kio =0

— 1< 1is false | 1 =0 is false | I1(ps) =2
1 <1 is true — — ki, =1

- 1<1lusfalse | 1=11strue | Iy(ps) =1
0 <1 is true — — k3, =0

- 0 <1 s true - Ii(ps) =0
2 <1 s false - - k:g’l =1

— 1 <1is false | 1=11istrue | Ip(ps) =1
1 <1 is true — — kj,=1

- 0 <1 is true - Iy(ps) =0
0 <1 is true — — k3, =0

- 0 <1 s true - Iy(ps) =0
1 <1 is true — — ky, =1

- 0 <1 s true - Iy(p2) =0

ké’o — 17 k:l’o — O; ké’o — O; ké’o - O; kll,O - 1

The T-prefix matriz is:

1 0 0 O
01 .0 0
00 0 O
01 1 2
1 1 0 0

16
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Benchmark Calgary Corpus

We finally obtain the literal characters by using proposition 2.15:

3 Characteristics of T-Prefix Matrices

We will introduce and discuss several approaches of lossless data compression
using T-Codes in section 4. In order to be able to compare the different
approaches both to each other and to commonly used file compressors like
GZIP, we need a benchmark. We have chosen the Calgary Corpus|l] as it is




file name | GZIP 1.3 BZIP 1.0.2 compress 4.2.4
bib 0.315 0.247 0.418
bookl1 0.408 0.303 0.413
book?2 0.338 0.258 0.411
geo 0.669 0.556 0.760
news 0.384 0.315 0.487
objl 0.480 0.501 0.653
obj2 0.331 0.310 0.521
paperl 0.350 0.311 0.472
paper2 0.362 0.305 0.440
paper3 0.389 0.340 0.476
paper4 0.417 0.390 0.524
paperd 0.418 0.405 0.550
paper6 0.347 0.323 0.491
pic 0.110 0.097 0.121
progc 0.335 0.317 0.483
progl 0.227 0.217 0.379
progp 0.228 0.217 0.389
trans 0.203 0.191 0.408

Table 2: Benchmark results for the file compressors GZIP 1.3, BZIP 1.0.2,
and compress 4.2.4. The used files form the Calgary Corpus. All values in
bits per bit.

widely used. It contains a mixture of many typical files, e.g., program sources,
images, documents, and binary files. Table 2 summarises the compression
ratios achieved by BZIP, GZIP, and compress. It enables us to evaluate our
compression efforts.

3.2 The Elements of T-Prefix Matrices

The process of T-decomposition creates a T-prefix matrix and a list of T-
expansion parameters. Both need to be saved in order to be able to restore
the original file. Detailed knowledge of their internal structures is essential
if the compressed file shall be as small as possible. It concerns in particular
what kind of values the entries are and how they are distributed within the
matrix. In this section, we will analyse T-prefix matrices and T-expansion
parameters. For a better understanding, we will illustrate the theory with
the help of statistical data calculated from the files of the Calgary Corpus.
As we remember, T-prefix matrices are square matrices with the following
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layout:

/ / / /
B kO kl e kn—2 kn—l
7 7 . ] 7
b1 1,0 1,1 1,n—2 1,n—1
/ / / /
D2 | Koo Ko -0 Kop o Ro,_ g (18)
/ / / /
Pn n,0 n,l n,n—2 n,n—1

The column k{, may contain numerous different symbols while the remaining
columns are filled with numbers only. Thus, we call the column k{, the literal
vector. The literal vector merely consists of the source file’s literals. We
have decided to save the literal vector seperately from the remaining matrix
entries because of its differing kind of values. The knowledge about the
construction of T-prefix matrices gives us other important hints: Only non-
negative integers may occur since each row p; describes a linear combination
of the rows py to p;_1 plus a literal character. Furthermore, all elements
above the main diagonal are zero. Accordingly, row p; merely contains the
literal character. Saving the literal seperately, the row would only contain
zeros. We may cross out the whole row. That leads to a new, less general
layout of T-prefix matrices:

- ky ky - ks ko
Ds 5,1 0 ... 0 0
p / / 0 O '
’ - 2 with & ; € INg (19)
Pn—1 k;—1,1 k;—l,z T k;z—l,n—Q 0
Pn k;L,l k’;L,2 T k;L,n—2 k;z,n—l

A T-prefix p; usually contains only very few of the previous prefixes pg to
pi—1. In other words, numerous digits of any row p; are zero. The result, a
matrix with many zero-elements, is called a sparse matriz. The few non-zero
elements are uneven distributed:

=
a |l

[ zero elements

W non-zero elements

on

Kkt kn'
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file name || file size #pi  #HCoo | #ki # S #ki

(bytes) > 1 =1 =2 >2
bib 111261 | 10663 2710 5 81 | 42618 155 0
bookl 768771 | 78071 11820 15 82 | 331764 592 2
book2 610856 | 56766 11330 20 96 | 235367 1058 25
geo 102400 | 19570 2375 5 256 | 44262 462 0
news 377109 | 39548 9635 30 98 | 146338 637 629
objl 21504 | 3869 866 7 256 8004 521 157
obj2 246814 | 25629 7733 38 256 | 84752 461 166
paperl 53161 | 6685 1769 5 95 | 24385 41 2
paper2 82199 | 9969 2103 6 91| 36768 12 2
paper3 46526 | 6461 1432 1 84 | 21677 2 0
paper4 13286 | 2186 604 2 80 6620 6 0
paperb 11954 | 2051 588 3 91 6008 3 0
paper6 38105 | 5054 1469 6 93| 17771 24 5
pic 513216 | 15585 2697 24 159 | 35929 1255 5307
progc 39611 | 5185 1560 9 92 | 17832 87 1
progl 71646 | 5996 2119 7 87 | 24436 369 16
progp 49379 | 4338 1846 4 89 | 16187 0 0
trans 93695 | 6387 2969 14 99 | 26986 226 126

Table 3: Calgary Corpus’ files. File sizes in bytes. #p;, number of T-prefixes
obtained through T-decomposition of the benchmark files. #C,.., number
of occupied columns in the corresponding T-prefix matrix. #k; > 1, number
of T-expansion indices greater than one. # S, cardinatlity of the underlying
alphabet S. #k; ; = 1, number of ones in the matrix. ##k;; = 2, number of
twos in the matrix. #/{:Q’j > 2, number of entries greater than two.

Definition 3.1 (Occupied Column)
A column kj with j € {1,---,n—1} is called occupied if it contains at least
one non-zero element. Otherwise, we call that column unoccupied or empty.

Table 3 offers an insight into the T-prefix matrices’ values. Although the
files of the Calgary Corpus differ significantly, there are similarities in the
structure of the appropriate T-prefix matrices. A T-prefix matrix has ap-
proximately W elements. All of the T-prefix matrices are very sparse,
which may be seen in the numbers of non-zero elements compared to the
total numbers of elements. Furthermore, most of the non-zero elements are
one. Only few of them are two or even greater.

Additionally to the T-prefix matrices, the T-expansion parameters need to
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be stored. The T-expansion parameters k; indicate how often the accord-
ing prefix is repeated in the source file. Most T-expansion parameters are
of small value because the input files usually follow patterns which seldom
repeat themselves more than a few times in a row. That is, pictures rarely
contain large areas of the same colour, texts rarely contain words or sen-
tences that repeat themselves several times in a row. In fact, very few of the
T-expansion parameters are greater than one (see table 3).

Finally, the literal vector is to be saved. It may consist of all possible charac-
ters that may be found in a file. For numerous files merely use a small range
of symbols, the cardinality of the used alphabet S tends to be small.

4 Compression Approaches

4.1 T-Prefix Matrix
4.1.1 Store the Whole Matrix

Our first approach was to store T-prefix matrices completely. The new files
reached enormous sizes. We did not expect them to be that huge. The
version of the compression utility was useless for the purpose of data com-
pression, as it saved every element of the matrix. Consider the file paper1 of
the Calgary Corpus, it has 6,685 T-prefixes. Hence, the T-prefix matrix has
nearly 22,500,000 elements. Even if we had been able to store each element
in one bit, the output would have had a size of about 2.7M B. Rather bad,
compared to the original file with a size of 53kB. Accordingly, we did not
benchmark this version.

However, we used that program to obtain statistical data on T-prefix matri-
ces, literal vectors, and T-expansion indices.

4.1.2 Store the Matrix Column by Column

A T-prefix matrix is usually very sparse and the non-zero elements are un-
even distributed, i.e., many columns are not occupied. Removing these empty
columns before encoding a T-prefix matrix reduces the amount of data to be
stored. We encoded the T-prefix matrix column by column beginning with
E}. Each occupied column got a small header that contained the number
of columns skipped before that one and the number of bits used to encode
zero-runs between the column’s values themselves. Each of a column’s ones
or twos was described by a zero-run, i.e., its position, and one bit for its
value. Larger values are too rare to always reserve enough bits for them. We
stored the entries kj ; > 2 as triples (i, j, k7 ;).
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Element Bits Description

reserved
| Header |
1D 3 Version-ID of encoding scheme.
Width 32 Width of the T-prefix matrix, the number of rows.
| T-expansion parameters |
TEPNym 10 Number of T-expansion parameters
greater than one.
TEPp;s 5 Number of bits used to save the
positions of the parameters.
repeat T E Py times
) TEPp;s Position of that parameter.
FLAG, 1 If zero, the value is two
and the next position k; follows.
If one, go to FLAG,.
FLAG, 1 If zero, read 5-bit value (I = 5).
If one, read 32-bit value (I = 32).
k; l Value of the current expansion parameter.
| Literals |
ko 8 bit ASCII-coded literals, Width times.
| Triples |
TRINum 32 Number of triples saved.
TRIps - Bits used to encode the positions:
= LOG2(Width).
repeat T RInym times
) TRIBis The triple’s position
J TRIpis in the matrix.
FLAG, 1 If zero, read 4-bit value (I = 4).
If one, read 32-bit value (I = 32).
ki l Value.
| T-prefix matrix
CMpits 5 Number of bits used to encode the distance
between to occupied columns.
occ 30 Number of occupied columns.
Columnheader
skipped 1 If zero, this column is adjacent to the previous
one. Go to FFLAG,.
FLAG, 1 If zero, | = Loga(Width/100).
If one, distance to previous column is long.
setl = CMpijs-
FLAG, 1 If one, read BITLEN.

BITLEN 4 Number of bits used to encode distances
between non-zero elements.

Columnbody

DST BITLEN Distance to previous element in this column.
DST = 0 means end of column.

ki 1 If zero, the value is one.

If one, the value is two.

Table 4: Detailed description of the file format used to store T-prefix matrices
column by column. 921



file name Format as Same format, but
described in table 4 Huffman-encoded literals
bib 0.623 0.605
book1 0.726 0.686
book?2 0.711 0.681
geo 0.860 0.859
news 0.742 0.715
objl 0.838 0.850
obj2 0.750 0.744
paperl 0.776 0.740
paper2 0.725 0.685
paper3 0.764 0.720
paper4 0.794 0.750
paperd 0.834 0.799
paper6 0.802 0.769
pic 0.215 0.206
progc 0.785 0.753
progl 0.590 0.564
progp 0.591 0.569
trans 0.549 0.533

Table 5: Results of the column-based approach. All values bits per bit.

Furthermore, we saved only those T-expansion parameters which are greater
than one. Each double consisted of the parameter’s position and value (i, k;).
The technical details of that encoding scheme may be found in table 4.
Another point of interest were the literals. The version stored them using
8 bits per literal, without regarding their number and distribution. Us-
ing a fixed-length scheme, only logs(n) bits were needed to encode a literal
uniquely, where n is the number of different literals. A variable-length scheme
additionally considered the frequency of each literal. Particularly on (text)
files with smaller alphabets, it could be a way to avoid wasting storage capac-
ity. Accordingly, we used static Huffman encoding for the literals in another
version. The T-prefix matrix and T-expansion parameters were saved as
before.

Conclusion

Table 5 shows the results of both versions. All benchmark files could be
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converted into smaller files. Accordingly, the approach reached the aim to
compress the given files. The second version achieved slightly better results
than the first one. Thus, we decided to prefer the Huffman-encoding scheme
for the literals in other approaches as well.

The main problem of this technique were the headers used for each column,
however. They were only meta information consuming space without con-
taining any information about the matrix itself. Therefore a new objective
was to find a scheme that needed less meta information. Even better would
be a canonical scheme, i.e., required meta information could be obtained from
an already processed part of the matrix and need not be seperately saved.

4.1.3 Store the Matrix As A Single Vector

To consider a given T-prefix matrix as a single vector was close to the previous
approach. We had to deal with a lower triangle matrix as seen in formula 19.
We obtained one only vector through appending each column to the previous
one. The process may be illustrated by the consecutive numbering of a given
matrix’ elements:

- kll ]{;é e k%_z k:@_l
P2 1
P3 2 n
: : : (20)
P |n—2 2n—4 --- %_2 -
K 1
2
n—1
K, n
2
= | (21)
2n —3
m nl) g
" noy) _
7%(71—1)
- Ao

We mentioned that we could compute the length of each row or column with
the help of knowing the dimension of the matrix. Regarding the enumera-
tion scheme above, it was possible to reobtain the original matrix from the
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created vector. The conversion was reversible.

The approach had the advantage that we needed to store only one number
instead of two in order to identify a value’s position in the matrix. Unfor-
tunately, it resulted in another problem: The index for a value in the vector
could be a number up to @ In contrast, the maximum size for an index
of a column or row in the matrix is n — 1. We again used the description
of zero-runs. The average distance to be stored was about 2»42;(:1:7’_]20) where
n was the number of T-prefixes and #Fk; ; > 0 was the number of values in
the matrix that were greater than zero. Nevertheless, the maximum distance
remained at a size of around @ —(#k; ; > 0) because of the uneven distri-
bution of the matrix’ elements. In order to decrease the maximum distance,
we only saved occupied columns and skipped the empty ones. Hence, T-prefix
matrices were processed in two steps. First, we created a binary index vector
idx and stored for each column &} whether it was occupied (idx[j]=1) or
not (idx[j1=0). In the second step, we concatenated the occupied columns.
The result was a vector denser and smaller than the original T-prefix matrix.
Due to that improvement, the maximum possible distance was declined to
2n —2, which would be the distance from the very first value to a value at the
end of the second column. That distance decreased from column to column
and could easily be computed with the help of the index vector idx. Accord-
ingly, we significantly dropped the storage capacity we needed to reserve for
each value’s position. Nevertheless, we would have wasted a lot of memory
capacity, if we had used the same number of bits for both small and large
numbers. The maximum distance, for instance, was 1000 which needed 10
bits for saving. In cotrast, the current distance could be 25 which we would
rather store in 5 bits. Therefore, we set some bits before saving the actual
value. Details may be seen in table 6.

By now, we knew the position of each of the matrix’ elements greater than
zero. The last thing to do was to identify all entries with values greater than
one and assign their original values. We used the same concept again: We
numbered the elements greater than zero and additionally marked all ele-
ments greater than one. We then saved both the marked elements’ values
and the distances between them.

The rising amount of meta information however remained a problem. There-
fore, we tried to figure out what potential the approach had and created an
optimal version. We saved all occuring distances in the appropriate number
of bits. It led us to the minimal possible size of the compressed file. Actually,
it is even below the minimum as we were not able to reobtain the original
file from the compressed file. We would have to add meta information or
precisely define the layout of the file, such that we would not reach the level
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Element Bits used  Description
to store
Header
1D 3 Version-ID of encoding scheme.
Width 32 Width of the T-prefix matrix, the number of rows.

T-expansion parameters

TEPNum 10
TEPpis 5

repeat T E Py times

Number of T-expansion parameters
greater than one.

Number of bits used to save the
positions of the parameters.

i TEPpBits
FLAG, 1
FLAG, 1
k; l

Position of that parameter.

If zero, the value is two

and the next position 7 follows.

If one, go to FLAG,.

If zero, read 5-bit value (I = 5).

If one, read 32-bit value (I = 32).

Value of the current expansion parameter.

Literals

The literals are encoded with a static Huffman code.

T-prefix matrix

LENB;is 5

LEN LENBs
Idx Width
MAXBits -

repeat LENGTH times

Number of bits used to store the number

of matrix entries greater than zero.

Number of matrix entries greater than zero.
Index vector for occupied columns.

bit; = 1: column ¢ occupied.

Maximum number of bits needed to store the
largest possible distance (automatically
computed with the help of the index vector).

FLAG 1 If zero, go to Flags.

If one, distance to previous entry is one.
FLAG- 1 If zero, go to Flags.

If one, read I-bit value (I = 3).
FLAGs 1 If zero, read I-bit value (I = 6).

If one, read I-bit value (I = MAX pjts).
DST l Distance between two matrix elements (k; ; > 0).
assignment of values greater than one
NUMp;ts 5 Number of bits used to store the number

of matrix entries greater than one.
NUMEgiem NUMB;s Number of matrix entries greater than one.
VALBis 5 Number of bits needed for the maximum value.
repeat NU M giem times
FLAG, 1 If zero, read I-bit value (I = 3).

If one, read I-bit value (I = LOG2(LEN — 8)).
DST l Distance between two elements greather than one.
FLAG, 1 If zero, value is two. If one, go to Flags.
FLAGS, VALBits The element’s value.

Table 6: Detailed description of the file format used to store T-prefix matrices

as single vectors.
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file name | normal  maximal || file name | normal  mazimal
encoding encoding encoding encoding
bib 0.595 0.364 paper3 0.665 0.420
book1 0.694 0.397 paper4d 0.659 0.438
book2 0.623 0.370 paperd 0.671 0.454
geo 0.826 0.541 paper6 0.629 0.407
news 0.668 0.403 pic - 0.064
objl 0.721 0.522 progc 0.631 0.409
obj2 0.577 0.371 progl 0.453 0.287
paperl 0.636 0.403 progp 0.453 0.293
paper2 0.640 0.396 trans 0.425 0.272

Table 7: Results of the vector-based approach. All values bits per bit.

of the shown minimum.

Conclusion

Table 7 shows the compression results of both versions. The column “normal
encoding” contains the results achieved by the way of compression which
enables us to reobtain the original file. The other column shows the results
of the ”optimal” version.

The compression approach also achieved the aim to significantly compress
the original file. The benchmark shows that the reached level of compression
is comparable to the one of approach 4.1.2. Considering the minimum pos-
sible file size, the approach seemed to be more promising than the previous
one. Nevertheless, the results differed slightly, which made it necessary to
find completely different approaches.

4.2 Arithmetic Coding

Arithmetic coding is a method of statistical encoding, which encodes symbols
depending on their probability. The usage of arithmetic coders is the last
step of processing a file. It should be used after as much as possible redun-
dance had been removed from the input data. Details about the internals of
arithmetic coding may be found in [2].

Definition 4.1 (Context)
Let S be a set of source symbols and T = {T1, ..., Tys} a set of integers. If S
15 mapped uniquely to T, T is called a context.
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Element  Bits used Description

to store
‘ Header ‘
1D 3 Version-1D
Width 32 Width of T-prefix matrix
‘ T-expansion parameters ‘
TEPNuym 10 Number of T-Expansion parameters
greater than one.
TEPpys 5 Number of bits used to save the

positions of the parameters.
for each T-expansion parameter
1 TFEPg;s Position of the parameter.
k; 5 Value of the parameter.
‘ T-prefix matrix - arithmetically encoded ‘

Table 8: General layout of T-compressed files using arithmetic encoding.

Let M be an arbitrary T-prefix matrix. We may start to encode it using a
canonical mapping to the context with the symbols (0,1,...,N). That context
has to handle many small values, very long runs of the same symbol, and
must be able to deal with big numbers, too. The bigger a context is, i.e., the
more different symbols it contains, the less the resulting compression will be.
It seems to be better to create special contexts for each kind of data. Or to
have at least one context for very common data elements like 0 and 1 and
one context for very unlikely values, e.g., entries > 10.

Definition 4.2 (Model)
The set of all contexts used to encode a block of data is called a model.

Arithmetic coding allows to use different contexts within one coding block.
A model often contains several contexts. The decoder must then be able to
shift to the proper context using only the information it has already gained
from the treated file. The decoding process will lead to incorrect results if
the decoder uses a wrong context. In other words, the decoder has to know
everything the encoder knows, at any state. Therefore, it is necessary either
to encode meta information containing the used context. Or to shift between
contexts using canonical rules which base on the already processed data.
The compression ratio depends on the coding model. A convenient trade-off
between many very small and a few big models has to be found. Using only a
few models reduces the amount of meta information, i.e., which context is to
be used for correct decoding. But the contexts then have to be more general
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Initial model Changed model
Threshold Threshold

file name 1 2 8 1 2

bib 0.573 0.581 0.622 | 0.578  0.586
book1 0.630 0.639 0.686 | 0.638  0.646
book2 0.583 0.591 0.632 | 0.589  0.597
geo 0.753 0.761 0.799 | 0.768  0.775
news 0.621 0.628 0.672 | 0.628  0.636
objl 0.715 0.723 0.764 | 0.726  0.735
obj2 0.555 0.562 0.592 | 0.564  0.572
paperl 0.630 0.641 0.685 | 0.639  0.649
paper?2 0.629 0.638 0.687 | 0.636  0.646
paper3 0.660 0.671 0.721 | 0.669  0.680
paper4 0.668 0.681 0.727 | 0.677  0.690
paperb 0.680 0.693 0.738 | 0.691  0.704
paper6 0.628 0.640 0.681 | 0.637  0.649
pic 0.132 0.134 0.142 | 0.135  0.136
progc 0.632 0.643 0.685 | 0.640  0.651
progl 0.460 0.470 0.499 | 0.467 0.476
progp 0.460 0.468 0.499 | 0.466 0.474
trans 0.423 0.430 0.456 | 0.428  0.435

Table 9: Arithmetic coding. A small and simple coding model with thresh-
olds 1, 2, and 8. A small and simple coding model skipping empty columns
with thresholds 1 and 2. All values bits per bit.

and may not contain enough information of the matrix’ characteristics.

The following models handle the matrix in the same way. They differ only
in the used contexts. The matrix is regarded as a single vector, see section
4.1.3 for details. The general file format is explained in table 8.

A Small and Simple Coding Model

Our first approach of arithmetic encoding used a simple and small cod-
ing model as suggested by Peter Fenwick[3]. It encoded short runs of length
n of an element ¢ directly by repeating the symbol i n times. A seperate
coding model which encoded the length as a binary number was used for
longer runs.
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T-prefix matrix - arithmetically encoded ‘
context  element meaning

primary 1 Encodes k; ; = 1.
2 Switches to context number to encode a k;j ; > 1.
3 Switches to context number to encode a
run of zeroes longer than Threshold.
number 0 Encodes a zero-bit of the run length.
1 Encodes a one-bit.
2 Encodes the most significant bit

and switches back to context primary.
literals 0..255 numerical value of each literal

A static treshold sets the maximal run length for direct encoding. The thresh-
old hence affects the compression as well, see table 9.

Skipping empty columns and indicating them in a “dictionary” was very
similar to the column-based approaches discussed in sections 4.1.2 and 4.1.3.
Using the above model, many runs would be much shorter without the empty
columns. Despite having skipped unoccupied columns the compression did
not improve as we may see in table 9.

Larger models may take more care of the structure of a T-prefix matrix, but
we would have to save more meta-information to encode the used context.
Therefore a trade-off between too few and too many contexts must be found.
Models could take into account that short runs frequently appear, longer
runs regularly, and very long runs rarely. A context that encodes very fre-
quent short runs must be small, while one that encodes rare long runs may
be bigger.

A Coding Model of Intermediate Size

In the previous scheme, every run was encoded as a sequence of numbers.
That representation for long runs was very useful because it was universal
and did not limit the range of numbers. Nevertheless, there were more short
runs than long runs to encode since the distribution of non-zero elements in
T-prefix matrices was usually uneven. Consequently, the encoding scheme
should regard that and handle the frequent short runs more compact. The
following encoding scheme directly encoded runs of length 0 to 9, which were
the most common run lengths. Table 10 shows the results of that optimized
approach. The compression ratio has increased compared to the small model.
Thus it is worth to handle different run lengths with encoding schemes which
consider their frequency and structure.
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file name medium  big | file name medium  big

bib 0.500  0.503 || paper3 0.571  0.575
book1l 0.550  0.557 || paperd 0.589  0.593
book2 0.510  0.516 || paperb 0.604  0.607
geo 0.691  0.688 || paper6 0.558  0.562
news 0.545  0.551 || pic 0.120  0.122
objl 0.635  0.638 || progc 0.557  0.562
obj2 0.495  0.499 || progl 0.340  0.403
paperl 0.555  0.558 || progp 0.401  0.405
paper2 0.543  0.547 || trans 0.376  0.378

Table 10: Arithmetic coding. Results of a coding model of intermediate size
and of a big model. All values bits per bit.

‘ T-prefix matrix - arithmetically encoded
context element meaning

primary  0-9 Encodes a run of that length.
10 Switches to context number to encode
a run longer than 9.
11 Switches to context number to encode a k; ; > 1

(all ki ; = 1 need not be saved, as k; ; = 1 is
implied in each entry having no value).

number 0 Encodes a zero-bit of the run length.
1 Encodes a one-bit.
2 Encodes the most significant bit

and switches back to context primary.
literals 0..255 numerical value of each literal

A Big Coding Model

As seen in the previous model, grouping the runlenghts and encoding them
differently may result in better compression. The next model used three
contexts: one for short runs, one to encode runs of indermediate length and
binary encoding for long runs. It also pointed out the main problem: What
were appropriate limits between the domains? We defined static limits. The
encoding scheme is presented below.
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T-prefix matrix - arithmetically encoded ‘

context element meaning
primary 0 Switches to context number to encode a k; ; > 1.
1 Switches to context short_run
to encode a run shorter than 11.
2 Switches to context medium_run to encode a run
longer than 10 and shorter than 201.
3 Switches to context number to encode
a run longer than 200.
number 0 Encodes a zero-bit of the run length.
1 Encodes a one-bit.
2 Encodes the most significant bit

and switches back to context primary.
short_run 0-10 Encodes runs of length 0..10.
medium_run  0-190 Encodes runs of length 11..200.

By setting the domains dynamically depending on the T-prefix matrix, the
model would regard the specific characteristics of each source file much better.
But we then had to store these parameters, too. That optimization problem
has not been solved yet. The achieved results are shown in table 10.
Compared to the intermediate model, this encoding scheme achieves slightly
less compression on all files but geo. That could be caused either by the
overhead which resulted from the meta information needed to shift to the
convient context. Or by an unfortunate choice of the domains for short,
intermediate and long runs. Regarding the marginal difference of the current
and previous results, this coding model could have some potential.

Conclusion on Arithmetic Coding

All these models may be improved for two purposes: First, they were sta-
tic. That means they did not adapt themselves to the matrix which was to
be compressed. Particularly the last model contained some parameters that
could be set dynamically, e.g., the size of both the small and the medium
context. Another weakness was the way of saving the literals. A set of
256 different symbols was supported in our approaches, which was rarely
required.
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file name  coverage % || file name  coverage %
bib 0.3139 || paper3 0.3003
book1 0.1484 || paperd 0.4340
book2 0.2586 || paperd 0.4654
geo 0.5576 || paper6 0.4506
news 0.2701 || pic 0.3724
objl 0.5639 || progc 0.4129
obj2 0.4869 || progl 0.3301
paperl 0.3512 || progp 0.4199
paper2 0.2494 || trans 0.4227

Table 11: Average coverage of maximal matchings.

4.3 Prefix Coding

In this approach we tried to reduce the redundance of a T-prefix matrix with
a deeper knowledge of T-depletion codewords. We investigated whether there
were patterns in a T-prefix matrix that repeated. The T-depletion codeword
(without the literal symbol) of an arbitrary T-prefix p; could frequently be
expressed as the combination of the T-depletion codeword (except the literal
character) of a prefix p, from an above row and some additional elements
inl=h i =1
(571,'71’ kz,',2> T kzlyi—J) = (k;m» k;1727 B k;z,gv kz/',y—‘rl? B ]{32/-72-_1)
rmzzpi) row‘(;)h)y (22>

with 1 <y <h<i<n.

Definition 4.3 (Matching and Matching Remainder)

Let TOU)(ph) = (k;z,lv k;z,2v B kz,h—l) and row(pi) = (]{32/-71, k‘é,z» ) ké,i—l) with
2 < h <1 < n be the numeric parts of two T-depletion codewords belonging to
the T-prefives pn, and p;. row(pp)y = (kj, 1,k 9, -, Ky, ,) with y < h is called
a matching of length y for row(p;) iff kj,, = ki, Vo € {1,...,y}. The
vector of the remaining elements row(p;)yy = (ki ,1,°, ki;_1) is called the
matching remainder.

Definition 4.4 (Maximal Matching)

Let row(py), be a matching for row(p;). row(py), is called a maximal
matching for row(p;) iff there is no other matching row(p;),, | < i with
z>y.
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filename  bits per bit || filename  bits per bit
bib 0.497 || paper3 0.668
book1 0.599 || paper4 0.699
book?2 0.558 || paperd 0.731
geo 0.963 || paper6 0.626
news 0.602 || pic 0.151
objl 0.846 || progc 0.633
obj2 0.585 | progl 0.423
paperl 0.621 || progp 0.429
paper2 0.613 || trans 0.354

Table 12: Results of prefix coding.

We then calculated the average length of the maximal matchings for each file
of the Calgary Corpus, see table 11. In order to gain compression from the
redundance of the T-depletion codewords, we encoded each row of a T-prefix
matrix row(p;) according to the following scheme:

Length y Index h Matching remainder row(p;)y+,

of the maximal of the maximal | run length encoded

matching row(py),. | matching. (arithmetic coding).
Conclusion

Table 12 shows the results of the approach. The use of maximal match-
ings too achieved the objective to significantly compress the original files.
The results are similar to those of the previous attempts.

4.4 Using T-Prefix Matrices as Preprocessors

The conversion of a file into a T-prefix matrix discovers and removes redun-
dant information. A matrix represents the source file in a strongly changed
way. The transformation might be an effective preprocessing to enhance the
compression achieved by another compression algorithm.
We thus developed different concepts how to use T-Codes as a preprocessor.
The results of each technique is summarized in table 13.

A Single Vector The easiest was to regard the whole T-prefix matrix as a
single vector, see section 4.1.3. The resulting string then was processed
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file name || Single vector | Index vector
GZIP BZIP | GZIP BZIP
objl 0.884 0.676 | 0.853 0.733
paperl 0.881 0.655 | 0.805 0.636
paper2 0.831 0.635 | 0.777 0.623
paper3 0.936 0.684 | 0.831 0.668
paper4 0.879 0.732 | 0.806 0.707
paperb 0.897 0.751 | 0.830 0.739
paper6 0.878 0.658 | 0.801 0.649

proge 0.885 0.673 | 0.808 0.658
progl 0.624 0.480 | 0.570  0.465
progp 0.632 0.492 | 0.568 0.482
trans 0.576  0.433 | 0.549 0.415

Table 13: Results of different concepts using T-Codes for preprocessing. All
values bits per bit.

with another compressor.

It was a theoretical approach only. We wrote the whole T-prefix matrix
into a file using the mininmal number of bits for each value without
any meta information. So the process was not reversible.

A Vector With A Column Index The concept of using an index vector
to avoid storing empty columns was introduced in section 4.1.3. Like in
the previous concept, we encoded all values with the minimal number
of bits required, but skipped unoccupied columns.

A Run Length Encoded Vector A representation similar to the coding
models introduced in section 4.2 could be created and compressed by
GZIP or BZIP. The output of the arithmetic coders did not contain
enough redundancy to compress it again. The file sizes increased and
were not taken into account.

Conclusion

Using T-depletion codes as intermediate step for common compression tools
was also able to compress the original files. Nevertheless, the compression
ratio was not satisfying. Especially as we used strings without any meta
information which would have to be added in order to establish a reversible
algorithm. In other words, there was no need to pay further attention to
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that approach.

4.5 Contiguous Range Indices

The contiguous range index conversion, see section 2.5, removes redundancy
from the T-coding tree. Therefore the total amount of information to store
is less than in the previous approaches, which may result in a better com-
pression.

The contiguous range index conversion generates very large numbers, which
cannot be handled with the build-in types of C++. Our implementation
contained a valid algorithm for converting T-depletion codes into contiguous
range indices and vice versa. Unfortunately it was able to process files of a
few hundred bytes only because long int was limited to 232. We therefore
could not gain any statistical data regarding the possible compression.
Floating point numbers may be used to process and save contiguous integer
indices. But that will not solve the problem of dealing with possibly huge
numbers in general. The values gained from numerous files are even to large
for float oder long double.

Many contiguous range indices seem to be close to powers of two. That pro-
vides the possibility of processing and saving each value I(z) as I(z) = 2P +q
where only p and ¢ need to be saved. That sounds rather simple, but there
are a few exceptions which have to be regarded. Frequently, contiguous range
indices are small numbers as the belonging T-depletion codeword contains
only k; ; > 0 with small 4, j. Next, we deal with the structure of contiguous
integer indices and then develop a suitable representation scheme for them.
The number of leaf nodes #5S; of a T-Code tree at T-augmentation level @
may be found with the help of equation 13, which may be written as

#Si = #Si (ki +1) — k. (23)

We may see that #S; basically depends on the T-expansion parameters k;. A
closer look to equation 14 reveals that I, 11(p1) = Im(pi) + ki 11 (#Sm — 1)
may be a useful approximation to analyse the structure of contiguous range
indices. We changed that to I,y 1(pi) = Ln(pi) + ki 1#Sm — ki pq and
inserted equation 23:

[m+1(pi) = Im(pi) + kg,m+1(km + 1)#Sm - 7/L,m+1(km + 1) (24)

Regarding the second addend, I,,,41(p;) depends very much on the two fac-
tors k; .., and ky, +1. Suppose ki ; ; = 2% and k; = 2% —1 with j =1,...,m
and x € IN, [,,,.1 may be close to a power of 2 and stored in a space-saving
way. Otherwise, I,,11 may be close to the power of another base. Then
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the base has to be either stored in the file, or calculated from the available
parameters, which we did not look for.

Deeper knowledge of the structure is needed to find both a scheme for han-
dling contiguous integer indices during calculations and for saving them con-
veniently.

5 Discussion

Overall, we have shown that it was possible to compress data files with the
help of T-Codes. The approaches differed significantly as seen in section 4.
And so did the results, which are compared in figure 1.

Approach 4.1.1, which stored the whole matrix, was the worst. Redundant
information was not removed, which resulted in the need of extensive storage
capacity. Nevertheless, it helped to gain information on T-prefix matrices es-
pecially the distribution of their entries.

We then decided to try two column-based approaches (4.1.2, 4.1.3). It turned
out that they were rather useful. The two of them achieved good results.
Both approaches may also be improved although they will not become com-
petetive to other leading compression algorithms. That may be seen in figure
1: we benchmarked a kind of optimal version, which was not reversible. It
was still unable to close the gap to the leading programs.

In contrast, arithmetic coding, see section4.2, was a quite different approach.
It reached better results as the previous two approaches. It also offers op-
portunities for improvements, which means to find better models than the
investigated and shown ones.

Prefix coding, see section 4.3, then connected parts of the previous ap-
proaches. But its results were average. The approach could still be improved.
On the one hand the run length encoding could be further researched. On
the other hand there might be some other possibilities to store length and
index of the maximal matchings more conveniently. But it seemed to us that
the approach heavily depended on the used arithmetic coder. And the results
of arithmetic coding were better. Accordingly, arithmetic coding may always
achieve better results than prefix coding if both use the same model.

The next approach achieved less satisfying results. They show that using a
T-prefix matrix as a preprocessor did not work very well. It still compressed
files but the approach could not even compete with our previous versions
though it was a kind of "optimal”, i.e., not reversible, version.

The last approach seems to be promising, but it is rather difficult to deal
with. Because of the possibly huge size of contiguous range indices, a data
structure has to be developed which is able to handle large integers. We
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Figure 1: Average benchmark results of both established algorithms and our
compression approaches.

may consider a small binary file’s T-prefix matrix with about 1000 rows. In
addition, we assume all T-expansion parameters to be 1. Thus, we obtain a
maximal possible size of about 2% for the corresponding contiguous inte-
ger indices, according to theorem 2.16. Unfortunately, such a data structure
is not the whole solution. A suitable way of saving these large numbers is
required as well. It seems easy to understand that it is not recommandable
to store a number like 21%% in 1000 bits.

All in all, we were able to compress data files with the help of T-Codes.
Though they could not bridge the gap to other popular algorithms. Never-
theless, there remain several methods to implement such that the opportu-
nity is not excluded that data compression with T-Codes may become able
to compete wih leading programs in the field.
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