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tThis paper 
ontains details and gives some minor extensions ofThomas Minka's expe
tation propagation algorithm, as applied tosparse Gaussian pro
ess 
lassi�
ation.1 Introdu
tionIn [4℄, Thomas Minka introdu
es expe
tation propagation (EP), a general s
hemefor approximate Bayesian inferen
e, and applies it to Bayesian Gaussian pro
ess
lassi�
ation (GPC). The s
heme 
an be applied to the problem of sparse GPC,resulting in a generalization of the sparse online GPC algorithm proposed by Csat�oand Opper [1℄. In this paper, we provide some notes 
on
erning this appli
ation.Please note that this paper is not self-
ontained, but relies heavily on the presenta-tion in [4℄, espe
ially on 
hapter 5.1.1 The Gaussian pro
ess 
lassi�
ation modelIn this paper, we fo
us on binary 
lassi�
ation problems, i.e. dis
rimination between
lasses labeled as �1= + 1. As in [4℄, we will view GPC as \kernelization" ofBayesian linear dis
rimination. In the latter, we assume the relation x ! u ! y,where x 2 Rm is the input point, u 2 R is the latent output, and y 2 f�1;+1gis the 
lass label (or the target). The latent output is modelled as linear fun
tionof x, i.e. u = wTx. In this paper, we employ a probit noise model, i.e. assumeP (yju) = �(yu), where � is the 
umulative distribution fun
tion (
.d.f.) of thestandard Gaussian distribution N(0; 1). We will write P (yjx;w) = P (yju = wTx).We pla
e a Gaussian prior P (w) = N(wj0; I) on the weight ve
tor. Let D =f(xi; yi) j i = 1; : : : ; ng be an i.i.d. training set. We denote the data matrix by X =(x1 : : : xn). If we apply our model to D, then exa
t Bayesian analysis requires usto 
ompute the posterior distribution P (wjD) / P (Djw)P (w), where P (Djw) =Qi P (yijui); ui = wTxi. Bayesian predi
tion amounts to 
ompute the predi
tivedistribution P (y�jx�; D) = R P (y�jx�;w)P (w jD) dw . However, exa
t Bayesiananalysis and predi
tion within this model is not analyti
ally tra
table due to the



non-Gaussian noise model. Minka's EP is a parti
ular te
hnique for performingBayesian analysis approximately.A \kernelization" of Bayesian linear dis
rimination leads to Bayesian GPC. The ex-tension is mu
h the same as the step from linear to generalized linear dis
rimination,i.e. we repla
e the input point x by a feature ve
tor �(x) living in a feature spa
eF . The model is now assumed to be linear in the feature spa
e (whi
h is a Hilbertspa
e), i.e. the weight ve
tor w lives in F . The 
at
h is that for 
ertain featuremaps, the symmetri
 positive semide�nite kernel fun
tion K(x;x0) = �(x)T�(x0)
an be 
omputed without having to do expli
it 
omputations in F .We follow [4℄ in that we �rst develop all we need for Bayesian linear dis
rimination,then later \kernelize" the expression by repla
ing all input points by the 
orre-sponding feature ve
tors. If it turns out that the new expressions 
an be 
omputedwithout requiring expli
it manipulations in F , the \kernelization" proves su

essful,leading to a nonlinear generalization of a linear method.A �nal note on the s
aling of u: in the linear model above, this s
aling is �xed arbi-trarily due to the prior P (w) = N(w j0; I), and if our goal was indeed to work withthis \kernel-free" linear model, we would be better o� using P (w) = N(w j0; �20I),with �20 being a hyperparameter. However, in the pro
ess of \kernelization", we
an equivalently employ a varian
e parameter in the kernel, representing the priorvarian
e of u. We settle for this latter 
onvention.1.2 Assumed-density �lteringMinka's EP is a generalization of a parti
ular Bayesian online learning algorithm,whi
h he refers to as assumed-density �ltering (ADF). The idea is to propagate aGaussian approximation Q(w) to the true intra
table posterior P (wjD), startingwith Q(w) = P (w), and adding in new points from D on
e at a time. In orderto in
orporate a new point (xi; yi), we �rst 
ompute P̂ (w) / P (yijxi;w)Q(w).We now 
hoose the new approximating distribution Qnew(w) to be the one Gaus-sian minimizing D[P̂ (w) k � ℄, where D denotes the relative entropy. This is equiv-alent to simply mat
h the moments of Qnew(w) and P̂ (w). Thus, in order toadd in a new point, all we have to be able to do is to 
ompute mean and 
ovari-an
e matrix of P̂ (w), whi
h 
an be done analyti
ally if the normalization 
onstantR P (yijxi;w)Q(w) dw 
an be 
omputed analyti
ally and is di�erentiable w.r.t. theparameters of Q(w). This is the only requirement on the noise distribution P (tjy),whi
h is why ADF is 
onsiderably more general than other propagation s
hemessu
h as the Kalman �lter.As a Bayesian online s
heme, ADF 
an only make use of ea
h datapoint on
e. Thisleads to the unfortunate fa
t that the resulting approximation Q(w), after havingin
luded all datapoints, is strongly dependent on the ordering in whi
h points arein
luded. Minka starts o� from an alternative view on ADF whi
h allows him toformulate the s
heme in a way s.t. the online requirement be
omes void. Withinthis view, all one has to do in order to 
onsider a point again for \in
lusion" �a laADF, is to remove its 
ontribution to the approximation prior to this in
lusion.2 Sparse online Gaussian pro
ess 
lassi�
ationMinka's EP for Bayesian linear dis
rimination iterates \deletion-in
lusion" stepsover all datapoints in the sample D, until 
onvergen
e in the parameters of the ap-



proximating distribution Q(w) is rea
hed1. This is sensible if your goal is to a
hieveorder independen
e of the �nal approximation. However, it does not lead to a sparseapproximation Q(w). Re
all that our �nal goal is a kernelization of the s
heme weare dealing with. It turns out in general that kernelized versions of approximateBayesian linear dis
rimination te
hniques employ as �nal dis
riminant fun
tion, orequivalently as expression for the mean of the (approximate) predi
tive distributionP (u�jx�; D), a linear 
ombination of the kernel fun
tions K(x�;xi); i = 1; : : : ; n.In the 
ontext of this paper, we refer to a method (or an approximation Q(w)) assparse if its kernelization results in this linear 
ombination being sparse, i.e. mostof its 
oeÆ
ients being 0. The number k of (potentially) non-zero 
oeÆ
ients is a
ontrollable parameter. In a sparse GPC te
hnique, predi
tion time does not s
alewith n, but rather with k. A further requirement on a sparse GPC te
hnique isthat training time s
ales at most linearly in n. Note that for 
onventional GPCte
hniques, training time s
ales at least as O(n2) (worst 
ase even O(n3)), and pre-di
tion time s
ales at least as O(n), thus sparse approximations are of large pra
ti
alinterest for very obvious reasons.The �rst phase in Minka's EP is in fa
t a pure \ADF phase". As mentioned above,we start with Q(w) = P (w), and as long as we in
lude points that have not been
onsidered before, there is no need to remove their in
uen
e on Q(w) prior to that.In fa
t, this pure ADF variant of Bayesian linear dis
rimination has been proposedbefore by Csat�o and Opper [1℄. Obviously, if we stop ADF after having in
ludedk points only, we end up with a sparse dis
riminant. The �nal Q(w) and thedis
riminant will strongly depend on whi
h points we have sele
ted. In line withthe general online 
hara
ter of the algorithm, and 
hie
y be
ause exhaustive sear
hover all k subsets of D is 
learly intra
table, it seems sensible to adopt a greedyapproa
h: in order to de
ide whi
h point to in
lude next, s
ore all remaining pointsin D using some heuristi
, then 
hoose the point whi
h attains the best s
ore. Su
hheuristi
s have been proposed in [1℄, [3℄.The �nal approximation Q(w) for sparse ADF also depends on the order in whi
hpoints have been in
luded into the \a
tive" k-subset. This order dependen
e 
anbe alleviated in a straightforward way, simply by iterating \deletion-in
lusion" EPsteps, restri
ted to the a
tive set, until 
onvergen
e. Another idea, developed furtherbelow, is to 
onsider simple \lo
al" modi�
ations to the a
tive set whi
h do not
hange its size k. For example, if pattern i is in the a
tive set, pattern j is not,the \deletion-in
lusion" step 
an easily be modi�ed to delete i and in
lude j. Itis possible to generalize the pure \in
lusion" s
oring heuristi
s to apply to su
h\ex
hange" steps. There are O(kn) possible \ex
hange" moves, as opposed to O(n)\in
lusion" moves, thus a full greedy sear
h is more expensive roughly by a fa
torof k. Alternatively, one 
an 
onsider randomized greedy sear
hes. Note that Csat�oand Opper [1℄ propose a di�erent kind of \ex
hange" moves.2.1 Expe
tation PropagationIn this subse
tion, we reprodu
e the EP algorithm for Bayesian linear dis
riminationfrom 
hapter 5 of [4℄. This is ne
essary be
ause our setup di�ers slightly from theone used there, and be
ause we will generalize it further below. However, theexposition here is by no means self-
ontained.Attention: We follow the 
onvention in [4℄ to absorb the 
lass label yi into thepattern xi. This is possible be
ause the likelihood P (Djw) is in fa
t a fun
tion of1Unfortunately, EP is not in general a globally 
onvergent method, i.e. it may fail to
onverge, or may break down resulting in a non-distribution Q(w) (e.g. having negativevarian
es).



fyixi j i = 1; : : : ; ng. Thus, within the remainder of this se
tion, xi is a shorthandfor yixi, x a shorthand for yx, et
. We also write X = (x1 : : : xn).The true posterior P (w jD) 
an be written asP (wjD) = P (D)�1P (w) nYi=1 ti(w); ti(w) = �(wTxi):At any time between iterations, the 
urrent approximating distribution Qnew(w) isanaloguously fa
tored asQnew(w) / P (w) nYi=1 ~ti(w); ~ti(w) = exp��12v�1i �wTxi �mi�2� : (1)The prin
ipal parameters of Qnew are the mi; v�1i , and we write ��1 =diag(v�1i )i; m = (mi)i. Note that we allow v�1i = 0.2 In fa
t, we have v�1i = 0for all patterns xi whi
h are not 
urrently in the a
tive set. We denote the set ofindexes of patterns in the a
tive set by I , i.e. v�1i = 0 if i 62 I . Note that we do notuse the parameters si of [4℄. They are used in EP in order to provide an approx-imation to the marginal likelihood P (D), whi
h we do not require here3, thus forour purpose the si 
an be �xed to 1 permanently. From (1) it is easy to see thatQnew(w) = N(wj�neww ;Vneww ) withVneww = �I + X��1X T ��1 ; �neww = Vneww X��1m: (2)A \deletion-in
lusion" step for pattern xi 
onsists of the deletion of ~ti(w) fromQnew(w), in order to arrive at Q(w) / P (w)Qj 6=i ~tj(w), followed by an ADFupdate in
luding xi into Q(w) to arrive at a new Qnew(w). The se
ond stepamounts to repla
ing ~ti(w) by the normalized ratio / Qnew(w)=Q(w). The inter-mediate Q(w) = Qni(w) is a Gaussian with mean �w = �niw and 
ovarian
e matrixVw = Vniw . Here, we follow the notation in [4℄ and [1℄, using the supers
ript ni toindi
ate the removal of pattern xi. Note that this supers
ript is frequently left awayin formulae in [4℄, if it 
an be inferred from the 
ontext. As in [4℄, we de�ne�i = �nii = xTi Vniw xi;C = X TX = (xTi xj)i;j ;hi = xTi �neww ; hnii = xTi �niw ;A = X TVneww X = �C�1 +��1��1 :Let us �rst see how to remove ~ti(w) from Qnew(w). If i 62 I , we have Q(w) =Qnew(w), thus we have to do nothing (i.e. �i = [A℄i;i and hnii = hi). Otherwiseobserve from (2) that V�1w = (Vneww )�1 � v�1i xixTi , thusVw = Vneww + Vneww xi (vi � [A℄i;i)�1 xTi Vneww ;and we obtain �i = xTi Vwxi = (v�1i + [A℄�1i;i )�1. Furthermore,(Vneww )�1 �neww = X��1m = V�1w �w + v�1i mixi;2Even v�1i < 0 for some patterns is allowed. However, the algorithm 
an break downif a signi�
ant numbers of the v�1i be
ome negative.3This approximation 
ould be used for model sele
tion, or even to de�ne a new heuristi
to s
ore in
lusion 
andidates. These possibilities are not explored in this paper.



thus �w = �neww + v�1i (hi �mi)Vwxi, and hnii = hi + �iv�1i (hi �mi).The noise model P (yju) = �(yu) we use here di�ers from the 
ip noise employedin [4℄. The partition fun
tion (for ADF in
lusion of pattern xi) isZi = Z �(wTxi)Q(w) dw = Z �(ui)N(uijhnii ; �i) dui= Z 1�1 Z ui�1N(vj0; 1)N(uijhnii ; �i) dv dui= Z 1�1 Z 0�1N(vj � ui; 1)N(uijhnii ; �i) dv dui= Z 0�1N(vj � hnii ; 1 + �i) dv = � hniip1 + �i! :Given logZi, we 
an use the formulae (5.11) to (5.13) in [4℄ to 
ompute the ADFupdate. If zi = hniip1 + �i ; �i = � logZi�hnii = N(zij0; 1)�(zi)p1 + �i ; (3)then the ADF update is given by�neww = �w + Vw�ixi; hnewi = hnii + �i�i;Vneww = Vw � Vwxi��i(�i + hnewi )1 + �i � (Vwxi)T :Lawren
e and Herbri
h [3℄ suggest a simple and very eÆ
ient heuristi
 to s
orein
lusion 
andidates xi. Namely, they argue for the in
lusion of the most \infor-mative" pattern, the one whi
h redu
es the entropy of the posterior approximationQnew(w) most. This is equivalent to s
oring xi by log jVneww j after its in
lusion,and this s
ore 
an easily be 
omputed as follows:log jVneww j = log�1� �i(�i + hnewi )1 + �i �i�+ 
= log�1 + �i(1� �i(�i + hnewi ))1 + �i �+ 
; (4)where 
 does not depend on xi. Sin
e also hnewi = hnii + �i�i, the 
riterion (4) 
anbe 
omputed in O(1). We sele
t the pattern whi
h minimizes this s
ore.The EP algorithm starts with the initialization ��1 = 0; m = (mi)i = 0, i.e. with�neww = 0 and Vneww = I, furthermore h = (hi)i = 0 and A = C.A \deletion-insertion" step for pattern xi is done as follows:1. Remove ~ti from Qnew to obtain Q:�i = �[A℄�1i;i + v�1i ��1 ;hnii = hi + �iv�1i (hi �mi)If i 62 I , this simpli�es to �i = [A℄i;i and hnii = hi.



2. Compute new posterior approximation Qnew (ADF step):zi = hniip1 + �i ; �i = N(zij0; 1)�(zi)p1 + �i ;hnewi = hnii + �i�i:At this point, we 
an 
ompute the s
oring 
riterion of Lawren
e and Her-bri
h as given in (4). If we only want to s
ore xi, we 
an stop here.v�1i = �i(�i + hnewi )1 + �i(1� �i(�i + hnewi )) ;mi = hnewi + vi�i = hnii + 1 + �i�i + hnewi : (5)3. Re
ompute A and h = (hj)j :A = �C�1 +��1��1 ;h = A��1m:The re
omputation of A and h in step 3 
an be done eÆ
iently in several di�er-ent ways. For \deletion-in
lusion" steps, we follow the re
ommendation in [4℄ (seebelow), while for the initial pure \in
lusion" steps (i.e. i 62 I), the following in
re-mental Cholesky te
hnique may prove numeri
ally more stable. Let Ik = I be the
urrent a
tive set of size k, and denote Ck = [C℄Ik;Ik ; Cn;k = [C℄�;Ik ; �k = [�℄Ik;Ik .If Ek 2 Rn;k s.t. [Ek℄Ik;� = Ik; [Ek℄j;� = 0T for j 62 Ik, then A = (C�1+Ek��1k ETk )�1.Using the Woodbury formula (see [2℄, se
tion 2.7), we haveA = C � CEk ��k + ETk CEk��1 ETk C= C � Cn;k��1=2k �Ik +��1=2k Ck��1=2k ��1 ��1=2k CTn;k: (6)Thus, if we have the Cholesky de
omposition Ik + ��1=2k Ck��1=2k = LkLTk , thenA = C � MTkMk, where Mk = L�1k ��1=2k CTn;k is obtained by ba
ksubstitution.Note that although we used the Woodbury formula as a rewriting tool, we never
ompute the inverse in (6) expli
itely. Now suppose i 62 Ik, and Ik+1 = Ik [ fig.Then, it is easy to see that Lk and Mk 
an be updated as follows. Let f =v�1=2i ��1=2k [C℄Ik;i; f = 1 + v�1i [C℄i;i, the new elements in Ik+1 + ��1=2k+1 Ck+1��1=2k+1 .Then, Lk+1 is obtained from Lk by adding the row (lT l), with l = L�1k f andl =qf � lT l. Furthermore, Mk+1 is obtained from Mk by adding the row mTk+1,where mk+1 = l�1(v�1=2i [C℄�;i�MTk l). And MTk+1Mk+1 =MTkMk+mk+1mTk+1.Thus, Anew = A �mk+1mTk+1. For the update of h, let b = ��1m and bnew =bold + �Æi, where � = (vnewi )�1mnewi and Æi = [In℄�;i. Then,hnew = h + �AÆi � �mTk+1bnew�mk+1:Here, AÆi = [C℄�;i�MTk [Mk℄�;i. Note that during this initial phase, we do not needto maintain and update [A℄�;I . The only part of A whi
h is expli
itely required, isdiagA.Unfortunately there seems to be no easy way to update the Cholesky de
ompositionfor a \deletion-in
lusion" step, i.e. i 2 I . In this 
ase, we follow the re
ommendation



in [4℄, writing Anew = (A�1 + ��1ÆiÆTi )�1, where Æi = (Æi;j)j = [In℄�;i, and��1 = (vnewi )�1 � (voldi )�1. Using the Woodbury formula, we haveAnew = A� (� + ai;i)�1aiaTi ; (7)where A = Aold = (a1 : : : an) and diagA = (ai;i)i. Note that one sour
e ofinstability here is (vnewi )�1 � (voldi )�1. In this 
ase, we re
ommend not to do theupdate for pattern xi at all, but rather to sele
t another one. If v�1j remains thesame for all j 2 I , we have attained 
onvergen
e on the a
tive set. As for the updateof h, let b = ��1m, and bnew = bold + �Æi. Using (7), we arrive athnew = h + ��� aTi bold�+ ai;i ai:Finally note that at any time, we only need to know a part of A, namely diagAand [A℄�;I , and to this end, we only need to evaluate diag C and [C℄�;I . Thus, ea
hpure \in
lusion" step requires the evaluation of one new row of C. It is also 
learthat the running time requirements per iteration are dominated by the updates ofA and h, whi
h 
ost O(nk). Storage requirements are O(nk).2.2 Kernelization. Predi
tionWe have been 
areful to formulate the algorithm in the previous subse
tion with-out using variables living in the input spa
e Rm . Kernelization amounts to re-pla
e patterns xi by yi�(xi). In our 
ase, the job is done by simply settingC = (yiyjK(xi;xj))i;j . If we de�ne the diagonal matrix Y = diag(yi)i and thekernel matrix K = (K(xi;xj))i;j , we have C = YKY .What about predi
tion? The true intra
table predi
tive distribution P (y�jx�; D)
an be approximated by plugging in our Gaussian posterior approximation Q(w jD)for the true posterior P (w jD). If u� = wTx�; w � Q(w jD) = N(w j�neww ;Vneww ),then u� � N(u�j(�neww )Tx�;xT� Vneww x�). Now, using (2) and the notation in-trodu
ed at the end of the previous subse
tion (for Ik = I), it is easy tosee that Q(u�jx�; D) = N(u�j��; �2�); �� = �Tk(x�); �2� = K(x�;x�) �(��1=2k k(x�))TB�1(��1=2k k(x�)), where k(x�) = (K(x�;xi))i2I , andB = Ik +��1=2k [K℄I;I��1=2k ; � = ��1=2k B�1��1=2k [Tm℄I :If we 
ompute the Cholesky de
omposition B = LLT , then � 
an be 
omputedby ba
ksubstitution. Furthermore, �2� = K(x�;x�) � aTa; a = L�1��1=2k k(x�).Finally, the approximate predi
tive distribution isQ(y�jx�; D) = Z P (y�ju�)Q(u�jD) du� = � y���p1 + �2�! :It is also 
lear that the approximate Bayes dis
riminant is simply sgn�� =sgn(�Tk(x�)).2.3 Ex
hange movesSuppose we want to ex
hange a pattern xj ; j 2 I against a pattern xi; i 62 I , i.e.simultaneously remove j from and add i to the a
tive set. This 
an be done bya slight generalization of the \deletion-in
lusion" move of EP (see subse
tion 2.1).Candidates (j; i) 
an be stored in mu
h the same way as an in
lusion 
andidate.



Here, we follow Lawren
e and Herbri
h [3℄ and s
ore (j; i) by the entropy ofQnew(w)after the ex
hange move.Note that now Q(w) = Qnj(w). We require the following de�nitions:�nji = xTi Vnjw xi; hnji = xTi �njw :Let A = (ai;j)i;j . Using (5.42) of [4℄, we obtain�nji = ai;i + v�1j (a2i;j � ai;iaj;j)1� v�1j aj;j : (8)And (5.44), (5.45) of [4℄ gives ushnji = hi + ai;jv�1j (hj �mj)1� v�1j aj;j : (9)The ADF update from Qnj(w) to Qnew(w) is given by�neww = �njw + Vnjw �ixi; Vneww = Vnjw + Vnjw xi �i(�i + hnewi )1 + �nji !�Vnjw xi�T :Here, zi and �i are de�ned as in (3), however hnii ; �i have to be repla
ed by hnji ; �nji .Furthermore, hnewi = hnji + �nji �i. Note that the dependen
e of zi; �i and hnewi onj is not made expli
it in the notation. The Lawren
e/Herbri
h s
ore is 
omputed asin (4), and the update of v�1i ; mi as in (5), where again hnii ; �i have to be repla
edby hnji ; �nji . We also have to reset ~tj(w) � 1, i.e. v�1j = 0; mj = 0.A 
an be updated eÆ
iently using the Woodbury formula. Let ��1i = (vnewi )�1 �(voldi )�1 = (vnewi )�1; ��1j = (vnewj )�1 � (voldj )�1 = �(voldj )�1; � = diag(�i�j)T .Then:Anew = A� (ai aj)��1=2 �I2 +��1=2[A℄fijg;fijg��1=2��1��1=2 (ai aj)T :Furthermore, if b = ��1m as above, and bnew = bold + �iÆi + �jÆj ; � = (�i �j)T ,thenhnew = h + (ai aj)�;� = ��1=2 �I2 +��1=2[A℄fijg;fijg��1=2��1 ��1=2� +��1=2 (ai aj)T bold� :A
knowledgmentsThe author gratefully a
knowledges support through a resear
h studentship fromMi
rosoft Resear
h Ltd.Referen
es[1℄ Lehel Csat�o and Manfred Opper. Sparse online Gaussian pro
esses. Te
hni
al report,NCRG, Aston University, 2001. To appear in Neural Computation.[2℄ Brian P. Flannery, Wiliam H. Press, Saul A. Teukolsky, and William T. Vetterling.Numeri
al Re
ipes in C. Cambridge University Press, 2nd edition, 1992.[3℄ Neil Lawren
e and Ralf Herbri
h. A sparse Bayesian 
ompression s
heme - the Infor-mative Ve
tor ma
hine. Presented at NIPS 2001 workshop on kernel methods, 2001.[4℄ Thomas Minka. A family of algorithms for approximate Bayesian inferen
e. PhDthesis, Massa
husetts Institute of Te
hnology, 2001.


