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ABSTRACT

Weconsidera scenariowherewewantto querya largedatasetthat
is stored in external memoryand doesnot �t into main memory.
Themostconstrainedresourcesin such a situationare thesizeof
the mainmemoryand the numberof randomaccessesto external
memory. We note that sequentiallystreamingdata from external
memorythroughmainmemoryis much lessprohibitive.

We proposean abstract modelof this scenarioin which we re-
strict the sizeof themain memoryand the numberof randomac-
cessesto externalmemory, but do not restrict sequentialreads.A
distinguishingfeature of our modelis that it admitsthe usage of
unlimitedexternalmemoryfor storingintermediateresults,such as
several hard disksthat can be accessedin parallel. In practice,
such auxiliary external memorycan be crucial. For example, in
a �r st sequentialpassthedatacanbeannotated,and in a second
passthis annotationcan beusedto answerthequery. Koch's [9]
ARBsystemfor answeringXPath queriesis basedon such a strat-
egy.

In this model,weprovelower boundsfor sortingtheinput data.
Asopposedto relatedresultsfor modelswithoutauxiliary external
memoryfor intermediateresults,wecannotrelyoncommunication
complexity to establishtheselower bounds. Instead,we simulate
our modelby a non-uniformcomputationmodelfor which wecan
establishthelower boundsbycombinatorialmeans.

1. Intr oduction

Themassive datasetsthathave to beprocessedin many applica-
tionsareoftenfartoolargeto �t completelyinto thecomputer's(in-
ternal)mainmemoryandhave to residein externalmemory(such
asdisks).Whenqueryingsuchdata,themostconstrainedresources
arethesizeof themainmemoryandthenumberof randomaccesses
to externalmemory. It is well-known thataccessto externalmem-
ory is by ordersof magnitudeslower thanaccessto mainmemory.
However, thereis an importantdistinction to be madebetweena
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randomaccessto data in a particularexternal memory location,
which involvesmoving theheadto that location,andsequentially
streamingdataoff thedisks.

While thereis anextensive literatureon externalmemoryalgo-
rithms (see,for example,[13, 10]), much lessis known on com-
plexity theoreticlower bounds. In recentyears,in the context of
datastreamapplicationssomeefforts have beenmadeto studythe
limitationsof answeringqueriesin asettingwhereonly oneor few
sequentialpassesover thedataareadmitted[11, 2, 8, 3, 12, 5, 1,
7]. They result in stronglower boundsfor a numberof natural
problemsand for answeringqueriesin languagessuchasXPath.
The modelunderlyingall theselower boundsallows few sequen-
tial passesoverthedata(or justonesequentialpassin theimportant
specialcaseof datastreams)andapartfrom that no accessto ex-
ternalmemory. Thequeryprocessingtakesplaceentirely in main
memory, whichof courseis of limited size.Themodeldoesnotal-
low for intermediateresultsto bestoredin auxiliary externalmem-
ory. However, storingintermediateresultsin externalmemorycan
be a very powerful mechanism.For example,while the dataare
sequentiallyreadin a �rst pass,analgorithmmayannotatethedata
andwrite theannotationon a seconddisk. Thenin a secondpass,
thealgorithmmayusetheannotationto computetheanswerto the
query. Or an algorithmmay copy the �rst half of the dataonto a
seconddiskandthenreadthecopied�rst half of thedatain parallel
with thesecondhalf of theoriginaldatato comparethetwo halves
andmaybecomputesomekind of join.

Our main result is a lower boundfor the fundamentalproblem
of sortinga sequenceof numbersor stringsin a modelthatadmits
auxiliaryexternalmemory.

Formally, ourmodel,whichis thenaturalextensionof themodel
consideredin [7] to thesettingwith auxiliary externalmemory, is
basedon standardmulti-tapeTuring machines. Our Turing ma-
chineshaveseveraltapesof unboundedsize,amongthemtheinput
andoutputtapes,which representtheexternalmemory(for exam-
ple, eachof thesetapesmay representa disk). In addition, the
machinehasseveral tapesof restrictedsizewhich representthein-
ternalmemory. We put no restrictionon the runningtime. While
the“externalmemorytapes”arenotrestrictedin size,wedorestrict
theaccessto thesetapesby puttinganupperboundon thenumber
of timestheheadson thesetapescanchangethedirectionin which
they move. This way we alsorestrictthe randomaccessto exter-
nal memory, becauseeachlocationon the tapecanbe reachedby
possiblychangingthedirectionof aheadandthenmoving it to the
desiredlocation.Wealsodiscussanenhancedmodelwhichadmits
explicit randomaccessto theexternalmemorytapesandshow how
this enhancedmodelcanbesimulatedby theoriginal one.Theas-



tutereaderwhowondersif it is realisticto assumethattheexternal
memorytapescanbereadin bothdirections(whichdiskscannotso
easily)beremindedthatweprovelowerbounds,soadmittingtapes
to be readin both directionsonly makesour resultsstronger. For
functionsr(N) ands(N) onthenaturalnumbersandanumbert, we
call a Turing machine(r;s;t)-boundedif it hast externalmemory
tapesand,on aninput of sizeN, reversesthedirectionof theheads
on the external memorytapesat most r(N) times and usestotal
spaceat mosts(N) on the internalmemorytapes.More precisely,
our mainresultstates,for any t 2 N, thatan

�
o(logN);O( 5

p
N=logN);t

�
-bounded

machinecannotsort. Intuitively, thismeansthatsortingis notpos-
siblewith only o(logN) randomaccessesto externalmemoryand
internalmemoryof sizeO( 5

p
N=logN) onamachinethatmayhave

anarbitrarynumbert of auxiliarydisksfor storingintermediatere-
sults.We alsoprove thatan

�
o(logm);O( 6

p
m);t

�
-bounded

machinecannotsortaninputconsistingof mnumbersof sizemO(1)

(or equivalently, mstringsof lengthO(logm)). Thisboundis tight,
becausea straightforward adaptionof the standardmerge sort al-
gorithm shows that m numbersof sizemO(1) canbe sortedby an
(O(logm);O(logm);3)-boundedmachine.

To the bestof our knowledge, theseare the �rst lower bound
resultsfor suchacomputationmodel.Let usremarkthatourmodel
is not only strongerthanthe modelsthat have beenconsideredin
thecontext of datastreams(citedabove),but alsostrongerthanthe
relatedboundedreversalTuring machinesthathavebeenstudiedin
classicalcomplexity theory[14, 6], becausethesemodelsrestrict
thenumberof headreversalsonall tapesanddo notadmitinternal
memorytapes.

It mayseemat �rst sight thatour modelis not far from thedata
streammodelscited above, and that the lower boundtechniques
shouldeasilygeneralise.Unfortunately, this is not the case.The
proofsof all theseresultsbuild oncommunicationcomplexity. Es-
sentially, they arevariationsof the following argument:Split the
input in themiddleandshow thattheproblemto besolvedrequires
a numberof b(N) bits to becommunicatedbetweenthetwo halves
of theinput. In eachpassof thedata,atmosts(N) bitscanbecom-
municated,wheres(N) is thesizeof theinternalmemory. Thusif
s(N) timesthenumberr(N) of passesof theinput is lessthanb(N)
thequerycannotbeanswered.

We observe that suchargumentsutterly fail in our setting: For
example,by copying the�rst half of the input onto thesecondex-
ternalmemorytapeandthenreadingit in parallelwith thesecond
half of theinput in asecondpassover thesecondtape,wecancom-
municateasmany bits aswe like from the �rst to thesecondhalf.
Socommunicationbetweendifferentpartsof theinput is no longer
abottleneckin ourmodel.However, copying segmentsof theinput
to differentlocationsdoesnot disturbtheorderof the input string
toomuch,at leastnot if it only happensaboundednumberof times
(notethatcopying asegmentandthenre-readingit requiresat least
onereversalof a headdirection). Intuitively, this is thereasonthat
sortingasequenceof numbersis hardin ourmodel.

Note that even thoughit seems“obvious” that we cannotsort
with suf�ciently restrictedr(N) and s(N), proving this is not so
easy, becausethe algorithmsare not restrictedto sorting in the
“natural way” by shifting aroundthe input numbers. For exam-
ple,analgorithmmightusethe�rst passover theinputnumbersto
computethebitwisesumof all input numbersmodulosomeprime

number. While it is not clear what the bene�t of suchan oper-
ation would be, it doesspoil many naive “information theoretic”
argumentswe might betemptedto usefor our lower boundproof,
becausewe suddenlyhave generateda numberthatin a non-trivial
way dependsonall inputnumbers.

Ourwayto resolvesuchproblemsis thatwesimulateourTuring
machinesby an abstractnon-uniformcomputationmodel, which
we call list machine. In certainways,theselist machinesaremuch
morepowerful thanTuringmachines,but they arerestrictedin one
essentialway: They are only allowed to write the original input
numbersinto theirmemory(albeitmany copiesof them).Thispre-
ventsthemto performcomplicatedarithmeticoperationson thein-
putandstoretheresultsfor laterusage.Wecanthenestablishlower
boundsfor sortingon list machinesby combinatorialmeans.

The paperis organisedas follows. We introduceour model in
Section2. In Section3, we formally statethe main results. In
Section4, we introducelist machines.In Section5, we stateand
provethe“SimulationLemma”,whichshowshow Turingmachines
canbesimulatedby list machines.In Section6 weprove thelower
boundfor sortingon list machines.It is thenfairly easyto prove
themainresult;wegive theproof in Section7.

2. Our Model

As our basicmodelof computation,we usestandardmulti-tape
Turingmachines(see,for example,[4]).

TheTuring machineswe considerwill have t + u tapes.We call
the�rst t tapesexternalmemorytapes(andthink of themasrepre-
sentingt disks). We call theotheru tapesinternal memorytapes.
The�rst tapeis alwaysviewedastheinput tape,andthetth tapeis
viewedastheoutputtape. In the literature,the input tapeoften is
read-onlyandtheoutputtapewrite-only. In thepresentpaper, we
donot needsuchrestrictions.

N denotesthesetof naturalnumbers(thatis, positive integers).

De�nition 1. Let T = (Q;S;d;q0;F) be a (deterministic)Turing
machine(TM, for short)with t+ u tapes,whereQ is thestatespace,
S thealphabet,q0 2 Q thestartstate,F � Q thesetof �nal states,
and

d : (QnF) � St+ u ! Q� St+ u � f L;N;Rgt+ u

thetransitionfunction.HereL;N;R arespecialsymbolsindicating
theheadmovements.

We assumethat all tapesareone-sidedin�nite andhave cells
numbered1;2;3; etc.A con�guration of T is a tuple

(q; p1; : : : ; pt+ u;w1; : : : ;wt+ u) 2 Q� Nt+ u � (S� )t+ u;

whereq is the currentstate,p1; : : : ; pt+ u are the positionsof the
headson thetapes,andw1; : : : ;wt+ u arethecontentsof thetapes.

We assumethat2 2 S is the“blank” symbolwhich,at thebe-
ginning of the TM' s computation,is the inscription of all empty
tapecells.

A con�guration is called�nal if its currentstateq is �nal, that
is, q 2 F. Notethata �nal con�gurationdoesnot have a successor
con�guration.

A run of T is asequencer = (r j ) j2J of con�gurationssatisfy-
ing theobviousrequirements.We areonly interestedin �nite runs
here,wheretheindex setJ is f 1; : : : ; `g for an` 2 N.

Without lossof generalityweassumethatourTuringmachines
arenormalisedin sucha way that in eachstepat mostoneof its
headsmovesto theleft or to theright. a



For a sequencēn = (n1; : : : ;nn) of integerswe let

rev(n̄) := min
�

k � 0
�
�

thereare1 = n0 < n1 < n2 < : : : < nk < nk+ 1 =
n such that for all j � k the subsequence
nnj ; : : : ;nnj+ 1 is monotone,that is, eithernnj �
: : : � nnj+ 1 or nnj � : : : � nnj+ 1

	
.

If we think of n j as being the position after step j of a particle
moving on the integers(or of a headmoving on a Turing machine
tape),thenrev(n̄) is the numberof times the particlechangesits
direction.

Let T bea Turing machineandr a �nite run of T. Let i � 1 be
thenumberof a tapeand p̄i thesequenceof positionsof thehead
on tapei in therun r . Thenwe let

rev(r ; i) := rev( p̄i ):

Intuitively, rev(r ; i) is thenumberof timestheith headchangesits
directionin therun r . Furthermore,we let

space(r ; i)

bethenumberof cellsof tapei thatareusedby r .

De�nition 2. Let r;s : N ! N andt 2 N.

(1) A deterministicTuringmachineT is (r;s;t)-bounded, if every
run r of T on an input of length N satis�es the following
conditions:

– r is �nite.

– 1+ å t
i= 1 rev(r ; i) � r(N).1

– å t+ u
i= t+ 1 space(r ; i) � s(N), wheret + u is thetotalnumber

of tapesof T.

(2) A functionor decisionproblembelongsto theclassST(r;s;t),
if it canbesolvedby an(r;s;t)-boundedTuringmachine.

(3) For classesR andSof functionswe let

ST(R;S;t) :=
[

r2R;s2S

ST(r;s;t):

Wealsolet

ST(R;S;O(1)) :=
[

t� 1

ST(R;S;t): a

Notethatwe put no restrictionon therunningtime or thespace
usedon the �rst t tapesof an (r;s;t)-boundedTuring machine.
However, the following lemmashows that theseparameterscan-
notgettoo large.

Lemma 3. Let r;s : N ! N and t 2 N, and let T be an (r;s;t)-
boundedTuring machineT. Thenfor every�nite run

r = (r 1; : : : ; r ` )

of T onan inputof sizeN wehave

` � N � 2O(r(N)�(t+ s(N)))

andthus å t
i= 1 space(r ; i) � N � 2O(r(N)�(t+ s(N))) :

1It is convenient for technical reasonsto add 1 to the number
å t

i= 1 rev(r ; i) of changesof the headdirection. As de�ned here,
r(N) thus boundsthe numberof sequentialscansof the external
memorytapesratherthan the numberof changesof headdirec-
tions.

Proof: Let T = (Q;S;d;q0;F) be an (r;s;t)-boundedTuring ma-
chinewith t + u tapes,andlet r = (r 1; : : : ; r ` ) be the run of T on
aninput v 2 S� with jvj = N. Let r := r(N) ands:= s(N).

Let Q̂ bethesetof potentialcon�gurationsof thetapest+ 1, : : :,
t+ u, togetherwith thecurrentstateof T, thatis,

Q̂ =
�

(q; pt+ 1; : : : ; pt+ u;wt+ 1; : : : ;wt+ u)
�
� q 2 Q;

pt+ i 2 f 1; : : : ;sg; wt+ i 2 S� s for all i 2 f 1; : : : ;ug
	

:

(NotethatsinceT is (r;s;t)-bounded,thetapest+ 1; : : : ;t+ u always
have lengthatmosts.)

Wehave

jQ̂j � jQj � su �
�
jSj + 1

� s = 2O(s) :

In a �nite run, T canmake at mostjSt j � jQ̂j stepswithout moving
any of theheadson the �rst t tapes(otherwise,T would loop for-
ever, contradictingtheassumptionthatevery run is �nite).
Furthermore,without changingthe directionof a headon any of
thetapes1; : : : ;t, T canmake at most

k� jSt j � jQ̂j (1)

steps,wherek is the sumof the currentlengthsof the stringson
the �rst t tapes.In eachstepthesumof the lengthsof thestrings
on the �rst t tapesincreasesby at most t, and henceremains�
k � jSt j � jQ̂j � (t + 1) if the directionof no headon the �rst t tapes
changes.

Initially, thesumof thelengthsof thestringson the�rst t tapes
is the input lengthN. An easyinductionbasedon (1) shows that
with atmosti changesof thedirectionof aheadonthe�rst t tapes,
themachinecanmake at most

N � (jSt j � jQ̂j � (t + 1)) i+ 1

steps.
Thuswith r � 1 changesof headdirections,thetotal numberof

stepsis boundedby

N � (jSt j � jQ̂j � (t + 1)) r = N � 2O((t+ s)�r);

wherethe constanthiddenin the O-notationonly dependson the
parametersS, Q, u of theTuringmachineT (andnoton N;r;s;t).

2
If we think of the �rst t tapesof an(r;s;t)-boundedTuring ma-

chineas representingharddisks, thenadmittingheadsto reverse
their directionmaynot bevery realistic. But aswe useour model
to prove lower bounds,it doesnot do any harmeither. We mainly
usethereversalsto simulaterandomaccess. We canexplicitly in-
cluderandomaccessinto our modelasfollows: A randomaccess
Turing machineis a TuringmachineT whichhasaspecialaddress
tape on which only binary stringscan be written. Thesebinary
stringsareinterpretedasnonnegative integersspecifyingexternal
memoryaddresses,that is, numbersof cellson theexternalmem-
ory tapes.For eachexternalmemorytapei 2 f 1; : : ;tg themachine
hasa specialstater i . If r i is entered,thenin onesteptheheadon
tapei is moved to the cell that is speci�ed by the numberon the
addresstape,andthecontentof theaddresstapeis deleted.

De�nition 4. Let q; r;s : N ! N andt 2 N. A randomaccessTur-
ing machineT is (q; r;s;t)-bounded, if it is (r;s;t)-bounded(in the
senseof a standardTuring machine)and,in addition,if every run
r of T on an input of lengthN involvesat mostq(N) randomac-
cesses. a

Theaddresstapeis consideredaspartof theinternalmemory;thus
in a(q; r;s;t)-boundedrandomaccessTuringmachinethelengthof
theaddresstapeis boundedby s(N), whereN is the lengthof the



input. This impliesthatwe canonly addressthe�rst 2s(N) cellsof
theexternalmemorytapes.If duringacomputation,thesetapesget
longer, we only have randomaccessto initial segmentsof length
2s(N) .2

Lemma 5. Let q; r;s : N ! N andt 2 N. Thenif a problemcanbe
solvedby a (q; r;s;t)-boundedrandomaccessTuring machine, it
canalsobesolvedbya (r + 2q;O(s);t)-boundedTuring machine.

Proof: Noting thata randomaccesscanbesimulatedwith at most
two reversalsof the directionof the headmovement,the proof is
straightforward. 2

Fromnow on,we will focuson standardTuring machineswith-
outaddresstapes.

3. Main results

We de�ne the sorting problemas a mappingon sequencesof
stringsover f 0;1g� , which of coursewe mayinterpretasnonneg-
ative integers.We use# asa separatorsymbol,that is, we encode
inputsandoutputsasstringsover the alphabetf 0;1;#g. We sort
stringslexicographicallyanddenotethe lexicographicalorderon
f 0;1g� by � . If wewantto sortnonnegative integers,wepadthem
with leading0s.

Formally, thesortingproblemis de�ned asfollows:

SORT
Input: v1#: : : vm#, wherem� 1 andv1; : : : ;vm 2 f 0;1g� .

Output: vy (1)#: : : vy (m)#, where y is a permutation of
f 1; : : : ;mg suchthatvy (1) � � � � � vy (m) .

Our main technicalresultis a lower boundfor thesortingprob-
lemrestrictedto inputswhicharepermutedin aspeci�c way, which
only dependson m.

For a sequence~v := (v1; : : : ;vm) of strings,we let s (~v) be the
lengthof the longest(increasinglyor decreasingly)sortedsubse-
quenceof ~v, that is, the maximum` suchthat thereare1 � j1 <
: : : < j` � m with v j1 < : : : < v j` or v j1 > : : : > v j` . The number
s (~v) is ameasurefor the“sortedness”of~v. Weshallnow de�ne an
orderingon stringsthat generatessequenceswith a high s -value.
Let � denotethe “lexicographicalorderingon reversestrings”on
f 0;1g� , that is, for v;w 2 f 0;1g� let v � w if v� 1 is lexicographi-
cally smallerthanor equalto w� 1. For string v = v1 : : :vn we let
v� 1 = vn : : :v1. For every m� 1, we let j m bethepermutationof
f 1; : : : ;mg with

bin(j m(1)) � : : : � bin(j m(m)) ;

wherebin(i) 2 f 0;1g� denotethebinaryrepresentationof i.

Lemma 6. For everym� 1 wehave

s
�
j m(1); : : : ; j m(m)

�
� 2

p
m� 1:

Furthermore, for i � m, thevaluej m(i) canbecomputedin space
O(logm).

We omit thestraightforwardproof.
Wekeepj m �x edfor therestof thepaper. If m is clearfrom the

context, we just write j insteadof j m. We arenow readyto state
themaintechnicaltheorem:

2We couldalsoput a lengthrestrictionof at most2s(N) on all the
externalmemorytapes.This doesnot affect our lower boundre-
sults.

Theorem7 (Main TechnicalTheorem). Letr;s: N ! N such that

r(N) = o(logN) ands(N) = o
�

5p N
r(N)

�
.

Thenthefollowingrestrictionof SORT is not in ST(r;s;O(1)) :

j -SORT
Input: vj (1)#: : :vj (m)#,

wherem� 1, n = m4, andv1 < : : : < vm 2 f 0;1gn.

Output: v1#: : : vm#

Sections4–7aredevotedto a proof of the theorem.Beforewe
starttheproof,let usderiveourmainresultsfrom thistheorem.The
�rst follows immediatelyfrom Theorem7:

Theorem8 (Lower Bound for GeneralSorting). SORT is not in

ST
�

o(logN);O
� 5

p
N

logN

�
;O(1)

�
:

Thefollowing theoremshows thatfor sortingm numbersof size
mO(1) (or stringsof lengthO(logm)) wegetanasymptoticallytight
lower bound.For anarbitraryconstantc � 6, we considerthefol-
lowing restrictionof SORT:

SHORT-SORT
Input: v1#: : : vm#, wherem� 1 andv1; : : : ;vm 2 f 0;1g� such

thatjvi j � c� dlogme for 1 � i � m.

Output: vy (1)#: : :vy (m)#, where y is a permutation of
f 1; : : : ;mg suchthatvy (1) � � � � � vy (m) .

Theorem9 (Lower Bound for Sorting Short Strings).
SHORT-SORT is in ST(O(logm);O(logm);3), but not in

ST
�
o(logm);O

�
6

p
m

�
;O(1)

�
:

Proof: The upperboundis obtainedby the standardmerge sort
algorithm.

For the lower bound,we reducej -SORT to SHORT-SORT in
sucha way thatthereductioncanbecarriedout in

ST(O(1);O(logN);2):

Let m � 1, m= n4, andv1 < : : : < vm 2 f 0;1gn. We considerthe
instance

v̄ = vj (1)#: : : vj (m)#

of j -SORT.
Let vi = vi1 : : :vin, wherevi j 2 f 0;1g. For 1 � i � m, let xi 2

f 0;1g� be the binary representationof i � 1 paddedto a string of
lengthdlogme by addingleading0s. Similarly, for 1 � i � n, let
yi 2 f 0;1g� bethebinaryrepresentationof i � 1 paddedto a string
of lengthdlogneby addingleading0s.For 1 � i � m, 1 � j � n let

wi j = xi x j vi j :

Our reductionmapstheinstancev̄ of j -SORT to theinstance

w̄ = wj (1)1#: : :wj (1)n# : : : wj (m)1#: : :wj (m)n#

of SHORT-SORT. Notethatjwi j j � 5� dlogme+ 1, thusw̄ really is
aninstanceof SHORT-SORT. Thesortedoutputis

x1x1v11# : : : x1xnv1n#
x2x1v21# : : : x2xnv2n#

...
xmx1vm1# : : : xmxnvmn#:



Fromthis,we caneasilyconstructthesortedoutputv1#: : :vm# for
theoriginal instancev̄.

The sizeof the instancev̄ is N := m� (n+ 1). The instancew̄
consistsof m� n strings,eachof length5�dlogme+ 1. In particular,
w̄ haslengthm0= m�n� (5�dlogme+ 2). Notethatm0� 5�N� logN.

Let r(m0) = o(logm0) ands(m0) = O
�

6
p

m0
�

suchthatr(m0) = w(1)

and s(m0) = w(logm0). Supposefor contradictionthat SHORT-
SORT is in ST(r(m0);s(m0);O(1)) . Since

r(m0) = o(logm0) � o
�

log(5� N � logN)
�

= o(logN)

and

s(m0) = O( 6
p

m0) � O( 6
p

5� N � logN) � O
� 5p N

logN

�
;

we thenobtainthatj -SORT is in

ST
�

o(logN);O
� 5p N

logN

�
;O(1)

�
:

This contradictsTheorem7. 2

4. List Machines

De�nition 10. A list machine(LM) is a tuple

M = (t;m; I ;A;a0;a ;B;w)

consistingof

– at 2 N, thenumberof lists.

– anm2 N, thelengthof theinput.

– a �nite setI whoseelementsarecalledinput numbers (usu-
ally, I � N or I � f 0;1g� ).

– a �nite setA whoseelementsarecalled(abstract) states.
We assumeI andA to bedisjoint andnot to containthe two
specialsymbols`h' and`i '. We call A := I [ A[ fh; ig the
alphabetof themachine.

– aninitial statea0 2 A.

– a transitionfunction

a : (AnB) �
�
A� � t ! A� Movementt

with

Movement:=
n�

head-direction;move
� �

�
�

head-direction2 f� 1;+ 1g;

move2 f true; falseg
o

:

– a setB � A of �nal states.

– anoutputfunctionw : A � ! G� ; for a (�nite) alphabetG. a

Intuitively, an LM M = (t;m; I ;A;a0;a ;B;w) operatesas fol-
lows: The input is a sequence(v1; : : : ;vm) 2 Im. Insteadof tapes
(as a Turing machine),an LM operateson t lists. As for tapes,
thereis a read-writeheadoperatingon eachlist. Cellsof the lists
storestringsin A � (andnot justsymbolsfrom A). Initially, the�rst
list, calledtheinput list, contains(v1; : : : ;vm), andall otherlistsare
empty. Theheadsareon theleft endof thelists. In eachstepof the
computation,theheadsmove accordingto the transitionfunction.
If a headchangesits directionor moves to the left or right, then
the currentstateand the contentof all currentheadpositionsare
written behindeachhead(it will bemadeprecisebelow what`be-
hind' means).If a �nal stateis reached,themachinestops.Then
theoutputis computedby applyingtheoutputfunctioncell-wiseto
thelastlist andconcatenatingthestringsit returns.

De�nition 11. (1) A con�guration of anLM

M = (t;m; I ;A;a0;a ;B;w)

is a tuple (a;~p; ~d;X); where

– a 2 A is thecurrentstate,

– ~p =

0

B
@

p1
...
pt

1

C
A 2 Nt is thetupleof headpositions,

– ~d =

0

B
@

d1
...

dt

1

C
A 2 f� 1;+ 1gt is thetupleof headdirections,

– X =

0

B
@

~x1
...

~xt

1

C
A , where~xi = (xi;1; : : : ;xi;mi ) 2 (A� )mi for some

mi � 1,containsthecontentof thecells. (Thestringxi; j 2
A� is thecontentof the jth cell of theith list.)

(2) Theinitial con�gurationfor input(v1; : : : ;vm) 2 Im is thecon-
�guration (a;~p; ~d;X), wherea = a0, ~p = (1; : : : ;1)> , ~d =
(+ 1; : : : ;+ 1)> , andX = (~x1; : : : ;~xt )> with

~x1 =
�

hv1i ; : : : ;hvmi
�

2 (A� )m

and~x2 = � � � = ~xt =
�

hi
�

2 (A� )1.

(3) The successorS(a;~p; ~d;X) of a con�guration (a;~p; ~d;X) is
the con�guration (a0;~p0; ~d0;X0) de�ned asfollows: Suppose
that

a (a;x1;p1 ; : : : ;xt;pt ) = (b;e1; : : : ;et )

We let a0= b. For 1 � i � t, let mi bethelengthof thelist~xi ,
andlet

e0
i := (head-directioni ;movei)

:=

8
><

>:

(� 1; false) if pi = 1 andei = (� 1; true);
(+ 1; false) if pi = mi andei = (+ 1; true);
ei otherwise:

Wede�ne fi 2 f 0;1g suchthat fi = 1 if, andonly if,
�
movei =

true or head-directioni 6= di
�
.

If fi = 0 for all i 2 f 1; : : ;tg, thenwe let ~p0:= ~p, ~d0:= ~d, and
X0:= X.
So supposethat thereis at leastonei suchthat fi 6= 0. Fur-
thermore,let

y := a hx1;p1 i � � � hxt;pt i

We let

~x0
i =

8
>>>>>>>><

>>>>>>>>:

�
xi;1; : : : ; xi;pi � 1; y; xi;pi+ 1; : : : ; xi;mi

�

if movei = true;
�

xi;1; : : : ; xi;pi � 1; y; xi;pi ; xi;pi+ 1; : : : ; xi;mi

�

if di = + 1 andmovei = false;
�

xi;1; : : : ; xi;pi � 1; xi;pi ; y; xi;pi+ 1; : : : ; xi;mi

�

if di = � 1 andmovei = false;



and,�nally ,

p0
i =

8
>>>>>>>><

>>>>>>>>:

pi + 1 if e0
i = (+ 1; true);

pi � 1 if e0
i = (� 1; true);

pi + 1 if di = + 1 ande0
i = (+ 1; false);

pi if di = + 1 ande0
i = (� 1; false);

pi if di = � 1 ande0
i = (� 1; false);

pi + 1 if di = � 1 ande0
i = (+ 1; false):

(4) A con�guration (a;~p; ~d;X) is �nal if a 2 B. A (�nite) run
of the machineis a sequence(r 1; : : : ; r ` ) of con�gurations,
wherer 1 is the initial con�guration for someinput, r ` is �-
nal andS(r i) = r i+ 1 for 1 � i < `. Note that for eachinput
(v1; : : : ;vm) 2 Im thereis atmostonerunfrom theinitial con-
�guration for (v1; : : : ;vm) to a �nal con�guration.

(5) To de�ne theoutputof themachine,let (v1; : : : ;vm) 2 Im be
an input. If thereis no �nite run with input (v1; : : : ;vm), we
let fM(v1; : : : ;vm) beunde�ned.Otherwise,let (a;~p; ~d;X) be
the �nal con�guration reachedfrom the initial con�guration
for input (v1; : : : ;vm). Let

o := w(xt;1) � � �w(xt;mt ):

Theno 2 G� . We let

fM(v1; : : : ;vm) := o:

ThusourmachineM computesa partialfunction
fM : Im ! G� . a

Remark 12. Let M = (t;m; I ;A;a0;a ;B;w) beanLM.
We de�ne thefollowing subsetsof A � :

L1 :=
�

ahy1i � � � hyt i
�
� a 2 A;y1 2 fhvi : v 2 Ig;

y2 = � � � = yt = hi
	

and,for all i � 1,

Li+ 1 := Li [
�

ahy1i � � � hyt i
�
� a 2 A andy1; : : ;yt 2 Li

	
:

It is straightforwardto seethefollowing: In thestartcon�guration,
every item in list 1 storesa stringof the form hvi , for somev 2 I ,
whereaseachof the lists 2; : : ;t have exactly one item, and this
uniqueitem storesthe string hi. Eachof the list itemsgenerated
during the computationuntil the �rst headreversalstoresa string
thatbelongsto L1. In particular, until the �rst headreversal,each
list j 2 f 2; : : ;tg is of theform

~x j =
�
x j;1; : : ;x j;mj

�

with x j;n 2 L1, for all n < mi , andx j;mj = hi; andtheheadof list j
pointsto its lastitem x j;mj .

Similarly, until the�rst reversalof any of theheadsj 2 f 1; : : ;tg,
list 1 is of theform

~x1 =
�
x1;1; : : ;x1;m1

�

where,for somep 2 f 1; : : ;m1g, we have x1;n 2 L1, for all n < p,
andx1;n 2 fhvi : v 2 Ig, for all n � p; andtheheadof list 1 points
to item,x1;p.

In general,during the computationuntil the ith headreversal,
every list item storesastringfrom

Li [ fhvi j v 2 Ig[ fhig : a

De�nition 13. For every run r of anLM

M = (t;m; I ;A;a0;a ;B;w)

andevery i � t, we de�ne rev(r ; i) to bethenumberof changesof
the directionof headi in run r . We saythat M is r-bounded, for
somer 2 N, if every run r is of M is �nite (thatis, fM is total)and

t

å
i= 1

rev(r ; i) � r: a

5. The Simulation Lemma

Lemma 14(Simulation Lemma). Let r;s : N ! N, t 2 N, andlet
T = (Q;S;d;q0;F) be an (r;s;t)-boundedTuring machine with a
total numberof t+ u tapes,which computesa function

fT :
�
Snf 2 g

� � !
�
Snf 2 g

� � :

Thenfor all m;n 2 N there existsan r
�
m� (n+ 1)

�
-boundedLM

Mm;n = M = (t;m; I ;A;a0;a ;B;w)

with I =
�
Snf 2 ;#g

� n and

jAj � 2d�t2�r(m�(n+ 1)) �s(m�(n+ 1)) + 3t�log(m�(n+ 1)) (2)

for somenumberd = d(u; jQj; jSj) thatdoesnotdependonr, m,n,
t, such that

fM(v1; : : : ;vm) = fT (v1#� � � vm#)

for all (v1; : : : ;vm) 2 Im.

Theproof of this lemmais the technicallymostdif�cult partof
thispaper. Beforewegetinto technicaldetails,let usbrie�y sketch
the idea: Let T be a TM. We constructan LM M that simulates
T. Thelists of M representtheexternalmemorytapesof T. More
precisely, thecellsof the lists of M representsegments,or blocks,
of the correspondingexternal memorytapesof T in sucha way
thatthecontentof ablockatany stepof thecomputationcanbere-
constructedfrom thecontentof thecell representingit. Theblocks
evolve dynamicallyin a way that is describedbelow. Thestatesof
M encode:

– Thecurrentstateof theTuringmachineT.

– The contentandthe headpositionsof the internalmemory
tapest + 1; : : : ;t + u of T.

– Theheadpositionsof theexternalmemorytapes1; : : : ;t.

– For eachof the externalmemorytapes1; : : : ;t, the bound-
ariesof theblock in which theheadcurrentlyis.

RepresentingT's currentstateandthe contentandheadpositions
of the u internalmemorytapesrequiresjQj � 2O(s(m�(n+ 1))) � s(m�
(n+ 1))u states.Thet headpositionsof theexternalmemorytapes
increasethenumberof statesby a factorof ` t , where` = `(m� (n+
1)) is an upperboundon the tapelength which we obtain from
Lemma3. The2t block boundariesincreasethenumberof states
by anotherfactorof `2t . Sooverall, thenumberof statesis bounded
by

jQj � 2O(s(m�(n+ 1))) � s(m� (n+ 1))u � `3t :

By Lemma3, thisyieldsthebound(2).
Initially, the�rst tapeis split into mblockswhichcontainthein-

put segmentsvi# (for 1 � i � m andvi 2 I), andall othertapesjust
consistof oneblockwhichcontainstheblankstring� ` . Theheads
in the initial con�guration of M areon the �rst cellsof their lists.
Now we start the simulation. As long asno headof the external
memorytapesof T changesits directionor crossestheboundaries



of its currentblock, M doesnot do anything. If a headon a tape
i0 2 f 1; : : : ;tg crossestheboundariesof its block, theheadi0 of M
movesto thenext cell, andthepreviouscell is overwrittenwith suf-
�cient informationso that if it is visitedagainlater, thecontentof
thecorrespondingblock of tapei0 of T canbereconstructed.The
blockson all othertapesaresplit behindthecurrentheadposition
(“behind” is de�ned relative to the currentdirectionin which the
headmoves). A new cell is insertedinto the lists behindthehead,
this cell representsthenewly createdtapeblock that is behindthe
head.Thenewly createdblock startingwith thecurrentheadposi-
tion is representedby the(old) cell on which theheadstill stands.
Thecasethata headon a tapei0 2 f 1; : : : ;tg changesits direction
is treatedsimilarly.

After thesimulationstops,theoutputis createdby applyingthe
functionw to thecontentof thelast list, which representsthecon-
tentof thelastexternalmemorytape(thatis, theoutputtape).Thus,
all w hasto do is reconstructthetapecontentfrom thelist content.

5.1. Proof of the Simulation Lemma. Let T = (Q;S;d;q0;F)
be the given Turing machinewith t + u tapes,where the tapes
1; : : : ;t are the external memory tapesand tapest + 1; : : : ;t + u
arethe internalmemorytapes.Let m;n 2 N andN = m� (n+ 1).
Every tuple~v = (v1; : : ;vm) 2 Im correspondsto an input string
v̄ := v1#v2 #� � � vm# of lengthN. Let r := r(N) ands:= s(N).

By Lemma3, thereis a constantc1 = c1(u; jQj; jSj), whichdoes
not dependon r, m, n, t, suchthat throughouttheentirecomputa-
tion on an input ṽ (for any ~v 2 Im), eachof the externalmemory
tapes1; : : : ;t of T haslengthat most

`(N) := N � 2c1�r�(t+ s) : (3)

Step1: De�nition of a supersetÃ of M's statesetA.

Let Q̂ be thesetof potentialcon�gurationsof tapest+ 1; : : : ;t+ u,
togetherwith thecurrentstateof T, thatis,

Q̂ :=
�

(q; pt+ 1; : : : ; pt+ u;wt+ 1; : : : ;wt+ u)
�
� q 2 Q;

pt+ i 2 f 1; : : : ;sg; wt+ i 2 S� s (for all i 2 f 1; : : : ;ug)
	

:
(4)

Thenfor a suitableconstantc2 = c2(u; jQj; jSj) we have

jQ̂j � 2c2�s: (5)

We let

Ã :=
n �

q̂; ~p1; : : ;~pt
� �

�
� q̂ 2 Q̂;

andfor eachj 2 f 1; : : ;tg,

~p j = (p[[
j ; p"

j ; p]]
j ;head-directionj )

with

p" 2 f 1; : : ; `(N)g;

head-directionj 2 f + 1; � 1g; and

either p[[ = p]] = • ;

or p[[
j ; p]]

j 2 f 1; : : ; `(N)g with
�
p[[

j = p"
j � p]]

j or p[[
j � p"

j = p]]
j

� o

Here,• is a symbolfor indicatingthat p[[ andp]] are“unde�ned”,
that is, that they cannotbe interpretedaspositionson oneof the
TuringmachineT's tapes1; : : ;t.

Later, at the endof Step3, we will specify, which particular
subsetof Ã will bedesignatedasM's statesetA. With anychoice
of A asa subsetof Ã we will have

jAj � jÃj � jQ̂j �
�
`(N) + 1

� 3�t � 2t

� 2c2�s �
�
N � 2c1�r�(t+ s) + 1

� 3�t � 2t � 2d�t2�r�s

for a suitableconstantd = d(u; jQj; jSj). ThiscompletesStep1. a

Step2: De�nition of M's initial statea0 and M's set B of �nal
states.

Let

q̂0 := (q0;1; : : ;1
| {z }

u

;2 s; : : ;2 s
| {z }

u

)

bethepartof T's initial con�guration thatdescribesthe(start)state
q0 of T and the headpositionsandinitial (empty)contentof the
tapest+ 1; : : ;t+ u (that is, the tapesthat representinternalmem-
ory).

Let

~p1 := (p[[
1; p"

1; p]]
1;head-direction1)

:=

(
(1;1;n+ 1;+ 1) if m> 1;
(1;1;m� (n+ 1);+ 1) otherwise:

As startstateof theLM M we choose

a0 := (q̂0;~p1;~p2; : : ;~pt )

As M's setof �nal stateswe chooseB := B̃\ A, with

B̃ :=
� �

q̂; ~p1;~p2; : : ;~pt
�

2 A
�
� q̂ is of theform (q;~p;~y) 2 Q̂

for someq 2 F
	

thatis, astateof M is �nal if, andonly if, theassociatedstateof the
TuringmachineT is �nal. ThiscompletesStep2. a

Step3: De�nition of M's transitionfunctiona .

We let

ConfT :=
n�

q; p1; : : ; pt+ u;w1; : : ;wt+ u
� �

�
� q 2 Q;

andfor all j 2 f 1; : : ;t+ ug

p j 2 N

andfor all j 2 f 1; : : ;tg

w j 2 f ~ g� S� f ~ g� with w j;pj 2 S

andfor all j 2 f 1; : : ;ug

wt+ j 2 S�
o

;

where~ is a symbolnot in S, andw j;pj denotesthe p j -th letterin
thestringw j .

Intendedmeaning:Thesymbol~ is usedasawildcard symbol
thatmaybeinterpretedby any symbolin S. An elementin ConfT
gives(potentially)incompleteinformationonacon�gurationof T,
wherethecontentsof tapes1; : : ;t mightbedescribedonly in some
part(namely, in thepartcontainingno ~ -symbols).

We let Ã := I [ Ã[ fh; ig . By inductionon i we �x, for i � 0,

– a setAi � Ã

– a setKi � (ÃnB̃) � (Ã� )t ,



– a setLi � Ã� , letting

Li :=
�

ahy1i � � � hyt i : (a;y1; : : ;yt ) 2 Ki
	

(6)

– a function

con�gi : Ki ! ConfT [ f?g

Intendedmeaning:WhentheLM M is in a situationk 2 Ki ,
thencon�gi (k ) is theTM' s con�gurationat thebeginningof
M'scurrentstep.If con�gi(k ) = ? , thenk doesnotrepresent
a con�gurationof theTM.

– thetransitionfunctiona of M, restrictedto Ki , thatis,

a j Ki
: Ki ! Ã� Movementt

– for every tape j 2 f 1; : : ;tg, a function

tape-con�gj;i : Li !
n

(w; p[[; p]])
�
�
�

either1 � p[[ � p]] � `(N) and

w 2 f ~ gp[[ � 1Sp]] � p[[+ 1f ~ g`(N)� p]]

or p[[ > p]] andw = e
o

Intendedmeaning: When the LM M is in a situationk =
(a;hy1i ; : : ;hyt i ) 2 Ki , thentape-con�gj;i (ahy1i � � � hyt i ) gives

informationontheinscriptionfrom tapecell p[[ upto tapecell
p]] of the j-th tapeof theTM' scon�gurationat theendof M's
currentstep.

Inductionbase(i = 0): Westartwith M'sstartstatea0 andchoose

A0 := f a0 g:

If a0 is �nal , thenwe let K0 := /0 andA := A0. This thengivesus
anLM M whichacceptsits inputwithoutperforminga singlestep.
This is �ne, sincea0 is �nal if, andonly if, theTuringmachineT's
startstateq0 is �nal, thatis, T acceptsits inputwithoutperforming
a singlestep.

For thecasethata0 is not �nal, we let

K0 :=
n

(a0;y1; : : ;yt )
�
�
� y1 2 fhvi : v 2 Ig andy2 = � � � = yt = hi

o
:

ThesetL0 is de�ned via equation(6).
Thefunctioncon�g0 is de�ned asfollows: For every

k = (a0;y1; : : ;yt ) 2 K0

with y1 = hvi (for somev 2 I), let

con�g0(k ) :=
�
q0;

t+ u
z }| {
1; : : ;1; v#~ `(N)� (n+ 1) ;

2 `(N) ; : : ;2 `(N)
| {z }

t� 1

; 2 s; : : ;2 s
| {z }

u

�
:

Let

(q̂0;~p1; : : ;~pt) := a0

with ~p j = (p[[
j ; p"

j ; p]]
j ;head-directionj ), for all j 2 f 1; : : ;tg.

For j 2 f 1; : : ;tg we de�ne
�
p̂[[

j ; p"
j ; p̂]]

j

�
:=

�
p[[

j ; p"
j ; p]]

j

�
:

For de�ning a jK0
(k ) andtape-con�gj;0(ahy1i � � � hyt i ), considerthe

following: LetusstarttheTuringmachineT with acon�gurationg0
that�ts to con�g0(k ), thatis, thatcanbeobtainedfrom con�g0(k )

by replacingeachoccurrenceof thewildcardsymbol~ by anarbi-
trarysymbolin S. Let g0;g1;g2; : : : bethesuccessivecon�gurations
of T whenstartedin g0, thatis, gn+ 1 = S(gn), for all n � 0.

Usingthis notation,thede�nition of a jK0
(k ) and

tape-con�gj;0(ahy1i � � � hyt i )

canbetakenverbatimfrom thede�nition of a jKi+ 1
(k ) and

tape-con�gj;i+ 1(ahy1i � � � hyt i );

givenbelow. Thiscompletestheinductionbase(i = 0).

Inductionstep(i ! i+ 1): We let

Ai+ 1 :=
�

b 2 Ã
�
� thereis somek 2 Ki suchthat

a jKi
(k ) = (b;e1; : : ;et )

(for suitable(e1; : : ;et ) 2 Movementt )
	

and

Ki+ 1 :=
�

(a;y1; : : ;yt )
�
� a 2 Ai+ 1 nB̃;

y1 2 fhvi : v 2 Ig[
[

i0� i

Li0; and

y j 2 fhig [
[

i0� i

Li0; for all j 2 f 2; : : ;tg
	

ThesetLi+ 1 is de�ned via equation(6).
Thefunctioncon�gi+ 1 isde�nedasfollows: Letk = (a;y1; : : ;yt ) 2
Ki+ 1. Let

(q̂;~p1; : : ;~pt ) := a

with ~p j = (p[[
j ; p"

j ; p]]
j ;head-directionj ), for all j 2 f 1; : : ;tg, and

q̂ = (q; pt+ 1; : : ; pt+ u;wt+ 1; : : ;wt+ u):

Let j 2 f 1; : : ;tg.
If y j 2 Li0 for somei0� i, thenlet

(w0
j ; p0[[

j ; p0]]
j ) := tape-con�gj;i0(y j ):

We choosew j := w0
j . (This is well-de�ned, becausetape-con�gj;i0

andtape-con�gj;i00operateidenticalonall elementsin Li0 \ Li00, for
all i0; i00� i).
Furthermore,we let ( p̂[[

j ; p̂]]
j ) bede�ned asfollows:

( p̂[[
j ; p̂]]

j ) :=

8
>><

>>:

(p"
j ; p0]]

j ) if p[[
j = p]]

j = • andhead-directionj = + 1

(p0[[
j ; p"

j ) if p[[
j = p]]

j = • andhead-directionj = � 1

(p[[
j ; p]]

j ) otherwise:

If y j 62Li0, for every i0� i, thenwemakeacasedistinctionon j:
In casethat j 2 f 2; : : ;tg, we have y j = hi andhead-directionj =

+ 1. We de�ne ( p̂[[
j ; p̂]]

j ) asfollows:

�
p̂[[

j ; p̂]]
j

�
:=

�
p"

j ; `(N)
�

;

andchoose

w j := ~ Ãp[[j � 12 `(N)� ( Ãp[[j � 1) :

In casethat j = 1,weknow thaty j mustbeof theform hvi , for some
v2 I , andhead-directionj = + 1. If v is not them-th input item,that

is, thereis somem2 f 1; : : ;m� 1g suchthat(m� 1) � (n+ 1) < p"
1 �

m� (n+ 1), thenwe de�ne
�
p̂[[

1; p̂]]
1

�
:=

�
p"

1;m� (n+ 1)
�

;



andchoose

w1 := ~ (m� 1)�(n+ 1) v# ~ `(N)� m�(n+ 1) :

Otherwise,v mustbethem-th input item,thatis,

p"
1 > (m� 1) � (n+ 1):

In this casewe de�ne
�
p̂[[

1; p̂]]
1

�
:=

�
p"

1; `(N)
�

andchoose

w1 := ~ (m� 1)(n+ 1) v# 2 `(N)� m�(n+ 1) :

If, for somej0 2 f 1; : : ;tg, w j0 = e, thenwe de�ne

con�gi+ 1(k ) := ? ;

tape-con�gj;i+ 1(ahy1i � � � hyt i ) := (e;2;1);

anda jKi+ 1
(k ) :=

�
a;e00

1; : : ;e00
t
�
, wherefor all j 2 f 1; : : ;tg,

e00
j :=

( �
head-directionj ; true

�
if w j = e

�
head-directionj ; false

�
otherwise:

In what follows, we considerthe casewherew j 6= e, for all j 2
f 1; : : ;tg. We de�ne

con�gi+ 1(k ) := (q; p1; : : ; pt ; pt+ 1; : : ; pt+ u;

w1; : : ;wt ;wt+ 1; : : ;wt+ u);

whereq andpt+ 1; : : ; pt+ u;wt+ 1; : : ;wt+ u areobtainedfrom q̂,
p1; : : ; pt areobtainedfrom a via p j := p"

j , for all j 2 f 1; : : ;tg, and
w1; : : ;wt chosenasabove.

Altogether, the descriptionof thede�nition of con�gi+ 1(k ) is
complete.

For de�ning a jKi+ 1
(k ) andtape-con�gj;i+ 1(ahy1i � � � hyt i ), consider

thefollowing: Let usstarttheTuring machineT with a con�gura-
tion g0 that �ts to con�gi+ 1(k ), that is, that canbe obtainedfrom
con�gi+ 1(k ) by replacingeachoccurrenceof thewildcardsymbol
~ by a symbolin S. Let g0;g1;g2; : : : be thesuccessive con�gura-
tionsof T whenstartedin g0, thatis, gn+ 1 = S(gn), for all n � 0.

Then, thereis a minimal n > 0 for which thereexists a j0 2
f 1; : : ;tg suchthatthroughouttherung0 � � � gn� 1,

(1) noneof theheads1; : : ;t changesits direction,and

(2) noneof theheadsj 2 f 1; : : ;tg crossesa borderp̂[[
j or p̂]]

j ,

andoneof thefollowing casesapplies:

Case1: In the transitionfrom gn� 1 to gn , head j0 crossesoneof

thebordersp̂[[
j0 or p̂]]

j0. That is, in gn , the j0-th headis either

atpositionp̂[[
j0 � 1 or at positionp̂]]

j0 + 1.
(And noneof theheadsj 2 f 1; : : ;tgnf j0g crossesa border
or changesits direction.3 )

Case2: In the transitionfrom gn� 1 to gn , head j0 changesits di-

rection,but doesnotcrossoneof thebordersp̂[[
j0 or p̂]]

j0.
(And noneof theheadsj 2 f 1; : : ;tgnf j0g crossesa border
or changesits direction.)

Case3: gn is �nal , and j0 := t.

3Recall that w.l.o.g. we assumethat the Turing machineis nor-
malised,cf. De�nition 1.

In all threecaseswe let

(q00; p00
1; : : ; p00

t+ u;w00
1; : : ;w00

t+ u) := gn :

We choose

q̂00 := (q00; p00
t+ 1; : : ; p00

t+ u;w00
t+ 1; : : ;w00

t+ u)

andde�ne

b := (q̂00;~p00
1; : : ;~p00

t ) ;

where

~p00
j = (p00[[

j ; p00"
j ; p00]]

j ;head-direction00
j )

will bespeci�edbelow.
Finally, we de�ne

a jKi+ 1
(k ) := (b;e00

1; : : ;e00
t );

where,for every j 2 f 1; : : ;tg,

e00
j :=

�
head-direction00

j ; move00
j
�

will bespeci�edbelow.

Recall that k =
�
a;y1; : : ;yt

�
2 Ki+ 1. For every j 2 f 1; : : ;tg we

de�ne

tape-con�gj;i+ 1
�
ahy1i � � � hyt i

�

:=

8
<

:

�
~ p[[

j � 1 w00
j;p[[

j

� � �w00
j;p]]

j

~ `(N)� p]]
j+ 1; p[[

j ; p]]
j

�
if p[[

j � p]]
j

�
e; p[[

j ; p]]
j

�
otherwise

wherep[[
j andp]]

j arespeci�edbelow.

For all j 2 f 1; : : ;tgnf j0g weknow (by thechoiceof n and j0) that
throughoutthe TM computationg0; : : ;gn , head j neitherchanges

its directionnorcrossesoneof thebordersp̂[[
j , p̂]]

j .
Consequently, wechoose

head-direction00
j := head-directionj

move00
j := false

p00"
j := p00

j

p00[[
j :=

(
p00"

j if head-directionj = + 1

p̂[[
j if head-directionj = � 1

p00]]
j :=

(
p̂]]

j if head-directionj = + 1

p00"
j if head-directionj = � 1

p[[
j :=

(
p̂[[

j if head-directionj = + 1

p00"
j + 1 if head-directionj = � 1

p]]
j :=

(
p00"

j � 1 if head-directionj = + 1

p00]]
j if head-directionj = � 1

To specify

head-direction00
j0; move00

j0; p00[[
j0; p00"

j0; p00]]
j0; p[[

j0; and p]]
j0;

we distinguishbetweenthethreecaseslistedabove:

ad Case1: In this case,headj0 crossesoneof thebordersp̂[[
j0 or

p̂]]
j0 in thetransitionfrom gn� 1 to gn (thatis, p00

j0 is eitherp̂]]
j0 + 1 or



p̂[[
j0 � 1). We choose

�
p00[[

j0; p00"
j0; p00]]

j0

�
:=

�
• ; p00

j0; •
�

�
p[[

j0; p]]
j0

�
:=

�
p̂[[

j0; p̂]]
j0

�

move00
j0 := true

head-direction00
j0 :=

(
+ 1 if p00

j0 = p̂]]
j0 + 1

� 1 otherwise:

ad Case2: In this case,head j0 changesits direction,but does

not crossoneof thebordersp̂[[
j0 or p̂]]

j0. We only considerthecase
wherethe directionof head j0 changesfrom + 1 to � 1 (theother
caseis symmetric).
We choose

�
head-direction00

j0; move00
j0

�
:=

�
� 1; false

�

�
p00[[

j0; p00"
j0; p00]]

j0

�
:=

�
p̂[[

j0; p00
j0; p00

j0 + 1
�

�
p[[

j0; p]]
j0

�
:=

�
p00

j0 + 2; p̂]]
j0

�

Note that herewe might have p00
j0 + 1 = p̂]]

j0. In this case,by the

above de�nition, we obtainp[[
j0 = p]]

j0 + 1.

ad Case3: In thiscasewehave j0 = t andgn is �nal , thatis, q00is a
�nal stateof theTM T. Therefore,b is a�nal stateof theLM M. As

M immediatelystopsin sucha state,we maychoosep00[[
t ; p00"

t ; p00]]
t

arbitrarily andmay let head-direction00
t := head-directiont . We let

move00
t := true— dueto this�nal headmovementonM'soutputlist

t, theinformationon M's currentstatea andthesymbolscurrently
readon the t lists is saved to the currentcell of list t. This needs
to be donein order to ensurethat M's output (which is obtained
asexplainedin Step4 below) is indeedexactly theoutputthat the
Turingmachinewould generate.

We choose
�
p[[

j0; p]]
j0

�
:=

�
p̂[[

j0; p̂]]
j0

�
:

This completestheinductionstep.
Finally, we arereadyto �x M's statesetA andtransitionfunc-

tion a asfollows:

A :=
[

i� 0

Ai

K :=
[

i� 0

Ki

a :=
[

i� 0

a jKi

Notethat

1. a is well-de�ned, becausea jKi
anda jKi0

operateidenticalon
all elementsin Ki \ Ki0 (for all i; i0� 0).

2. K consistsof all situations(a;y1; : : ;yt ) 2 (AnB) � (A� )t that
mayoccurin runsof M.

3. a remainsunde�ned on elements(a;y1; : : ;yt ) in (AnB) �
(A� )t that do not belongto K. This is �ne, becausesucha
situation(a;y1; : : ;yt) cannever occurin anactualrunof M.

This completesStep3. a

Step4: De�nition of M's outputfunction w : A � !
�
Snf 2 g

� � .

We de�ne w(hi) := e.
For every v 2 I we let w(hvi ) := v.
For eachstringy thatbelongsto Li , for somei � 0, we let

(w0; p[[; p]]) := tape-con�gt;i(y);

choosew00to be the string obtainedfrom w0 by deletingall ~ -
symbolsandall 2 -symbols,andlet

w(y) := w00:

(This is well-de�ned,becausetape-con�gj;i andtape-con�gj;i0 op-
erateidenticalonall elementsin Li \ Li0.)

On all stringsy which, for every i � 0, do not belongto Li , the
outputfunctioncanremainunde�ned(or setto any arbitraryvalue,
e.g.,w(y) := e), becausesuchstringswill neveroccuraslist-entries
throughouta computationof M.

This completesStep4. a

Step5: Givenarbitrary (v1; : : ;vm) 2 Im, wehave
fM(v1; : : : ;vm) = fT (v1#� � � #vm).

Proof: By a straightforward(but tedious)inductionalongthede�-
nitionof M'stransitionfunctionandoutputfunctiongivenin Steps3
and4. ThiscompletesStep5. a

Altogether, theproof of Lemma14 is complete. 2

6. A Lower Bound for Sorting on List Machines

Let I � f 0;1g� . We saythatanLM M = (t;m; I ;A;a0;a ;B;w)
solvesthe j -sorting problemfor m inputs from I if for all inputs
(vj (1) ; : : : ;vj (m) ), wherev1 < : : : < vm 2 I , the output of M is
v1#: : : vm#:

Lemma 15(Lower Bound for Sorting on LM).
Let k;m;n; r;t 2 N such thatm is a powerof 2 and

t � 2; m� 4� t2r ; k � m+ 2; n > 3m3 � logk:

Thenthere is no r-boundedLM M with t lists andat mostk states
that solvesthesortingproblemfor m inputsfromf 0;1gn.

Proof: Let M = (t;m; I ;A;a0;a ;B;w) be an r-boundedLM with
jAj � k. Let I = f 0;1gn, and supposefor contradictionthat M
solvesthesortingproblemfor m inputsfrom I.

The total list lengthof a con�guration of M is the sumof the
lengthsof all lists in thatcon�guration. Observe that the total list
lengthnever decreasesduringa computation.

Claim1 For all (v1; : : : ;vm) 2 Im, thetotal list lengthof all con�g-
urationsof therun of M on input (v1; : : : ;vm) is boundedby

(t + 1)r � m:

Proof: Let g be a con�guration of total list length `. Then the
total list lengthof thesuccessorcon�guration of g is at most` + t
if a headmoves or changesits direction in the transitionfrom g
to its successor, and it remains` otherwise. Now supposeg0 is
a con�guration that canbe reachedfrom g without changingthe
directionof any head.Theng0 is reachedfrom g with at most` � t
headmovements,becauseaheadcanmoveatmosti � 1 timesona
list of lengthi. Thusthetotal list lengthof g0 is atmost

` + t � (` � t) (7)



Thetotal list lengthof theinitial con�gurationis m+ t � 1. A sim-
ple inductionbasedon (7) shows thatthetotal list lengthof a con-
�guration thatoccursbeforetheith changeof aheaddirectionis at
most

(t + 1) i � m:

This provesClaim 1. a

The cell sizeof a con�guration is the maximumlength of the
entriesof the cells occurringin the con�guration (rememberthat
thecell entriesarestringsover A).

Claim 2 For all (v1; : : : ;vm) 2 Im, thecell sizeof all con�gurations
of therun of M on input (v1; : : : ;vm) is boundedby

8� tr :

Proof: Let g bea con�gurationof cell sizec. Thenthecell sizeof
all con�gurationsthatcanbereachedfrom g without changingthe
directionof any headis at most

1+ t � (c+ 2)

The cell sizeof the initial con�guration is 3. A simple induction
shows thatthetotalcell sizeof any con�gurationthatoccursbefore
theith changeof a headdirectionis atmost

5t i +
i� 1

å
j= 1

3t j + 1 � 8� t i :

This provesClaim 2. a

Recall that for a sequence(v1; : : : ;vm) 2 Im the numbers (~v)
is the length of the longest(increasinglyor decreasingly)sorted
subsequenceof~v.

Let g = (a;~p; ~d;X) beacon�gurationof M, where

X = (~x1; : : : ;~xt )> with ~xi = (xi;1; : : : ;xi;mi ) 2 (A� )mi ;

for somemi � 1. We saythata sequence(v1; : : : ;v` ) 2 I ` occurs
in g if thereis an i � t and1 � j1 � : : : � j` � mi suchthat for
1 � p � ` the numbervp occursin the string xi; jp. We let s (g)
bemaximum` suchthat thereis a sequence(v1; : : : ;v` ) 2 I ` with
v1 < : : : < v` or v1 > : : : > v` thatoccursin g.

Claim 3 Let~v = (v1; : : : ;vm) 2 Im. Thenfor all con�gurationsg of
therun of M on input (v1; : : : ;vm) we have

s (g) � tr � s (~v):

Proof: Let g beacon�gurationwith s (g) = `. Thenfor all con�gu-
rationsg0thatcanbereachedfrom g withoutchangingthedirection
of any headwe have

s (g0) � t � `: (8)

To seethis,supposefor contradictionthata sequence

~v = (v1; : : : ;v`�t+ 1) 2 I `�t+ 1

with v1 < : : : < v`�t+ 1 or v1 > : : : > v`�t+ 1 occursin g0. Eachoccur-
renceof a vi in g0canbetracedbackto theoccurrencevi on some
list in g. Thusthereis a list j suchthatat least` + 1 of theseoc-
currencesof vis in g areon list j , say, in positionsp1 � � � � � p`+ 1.
But this meansthats (g) � ` + 1, which is a contradiction.

A simple induction basedon (8) proves the statementof the
claim. a

We subdivide I = f 0; : : : ;2n � 1g into m consecutive intervals
I1; : : : ; Im eachof length2n=m. Rememberthat2n is divisibleby m
becausem is apower of 2. Fromnow on,we only considerinputs

~v = (v1; : : : ;vm) 2 I := Ij (1) � � � � � Ij (m) :

Notethat

jI j =
�

2n

m

� m

:

Let~v= (v1; : : : ;vm) 2 I , andlet g= (a;~p; ~d;X) bethe�nal con�g-
urationof therunof M oninput~v. Let~xt = (xt;1; : : : ;xt;mt ) 2 (S� )mt

for somemt � 1 be the contentof the last list in g. To determine
theoutput,thefunctionw is appliedto all xt; j . Theoutputis

vj � 1(1)#vj � 1(2)#: : :#vj � 1(m)#:

For 1 � i � m, let ei 2 f 1; : : : ;mtg bethepositionwherew produces
the ith `#', that is, wherethe outputof vj � 1(i) is completed.Let
e0 := 1 and,for 1 � i � m,

Ei := f ei� 1; : : : ;eig:

We call Ei the output interval for vj � 1(i) or, for short, the output
interval for i.

Claim4 Thereis someindex i0 2 f 1; : : : ;mg suchthatvj � 1(i0) does
notoccurin xt; j for any j 2 Ei0.
Proof: By Claim 3, thereare at most t r � (2

p
m� 1) indicesi 2

f 1; : : : ;mg suchthat vj � 1(i) occursin xt; j for some j 2 Ei . Since
p

m� 2tr , we havetr � (2
p

m� 1) < m, andtheclaimfollows. a

Let j � mt . Notethatall v 2 I thatappearaslettersin thestrings
xt; j are containedin f v1; : : : ;vmg. The index string of xt; j is the
string ind(xt; j ) obtainedfrom xt; j by replacingeachoccurrenceof
vi by the index i, for 1 � i � m. The skeletongenerated by~v =
(v1; : : : ;vm) is thetuple

skel(~v) = (ind(xt;1); : : : ; ind(xt;mt );e1; : : : ;em):

Notethattheindex stringsarestringsoverthealphabetf 1; : : : ;mg[
A[ fh; ig. By Claim 2, the lengthof thesestringsis at most8t r .
Thusthereareat most

(m+ k+ 2)8tr

differentindex strings. Sincetheei areboundedby the lengthmt
of thelast list andsince mt � (t + 1)r � m by Claim 1, thereareat
most

(m+ k+ 2)8tr �mt � mm
t

� (m+ k+ 2)8tr �(t+ 1)rm � ((t + 1)r � m)m

� (2� k)m3
� m2m

(becausek � m+ 2, m� 4t2r , andt � 2)

skeletons.
Let K bea skeletonthat is generatedby a maximumnumberof

inputs~v 2 I , andlet I 1 be the setof all inputsthat generateK,
thatis,

I 1 = f~v 2 I j skel(~v) = Kg:

Then

jI 1j �
jI j

(2� k)m3 � m2m
:

Sincetheoutputintervalsonly dependon theskeleton,by Claim 4
thereis someindex i0 2 f 1; : : : ;mg suchthatfor all~v2 I 1 thenum-
bervj � 1(i0) doesnot occurin xt; j for any j 2 Ei0. Without lossof
generalitywe mayassumethati0 = m. Choosev1 2 I1; : : : ;vm� 1 2
Im� 1 suchthat the tuple (v1; : : : ;vm� 1) hasthe maximumnumber
of extensions

(v1; : : : ;vm) 2 I 1:



Thenthenumberof vm suchthat(v1; : : : ;vm) 2 I 1 is at least

jI 1j
� 2n

m

� (m� 1)
�

�
2n

m

� m

(2� k)m3 � m2m �
� 2n

m

� (m� 1)

=
2n

(2� k)m3 � m2m+ 1

� 2:

Thustherearevm 6= v0
m suchthat both~v = (v1; : : : ;vm) 2 I 1 and

~v0= (v1; : : : ;vm� 1;v0
m) 2 I 1 have thesameskeletonK. Moreover,

if ~xt = (xt;1; : : : ;xt;mt ) and~xt
0= (x0

t;1; : : : ;x0
t;mt

) arethe last lists of
the�nal con�gurationof M oninput~v and~v0, respectively, thenfor
all j 2 Em wehavext; j = x0

t; j . Thusw generatesthesameoutputon
bothinputs,which is impossible(sinceweassumethatM correctly
sortsits input). 2

7. Proof of the Theorem7

Let r;s : N ! N suchthat

r(N) = o(logN) and s(N) = o
�

5
p

N=r(N)
�

;

andlet t 2 N. Without lossof generalitywe mayassumethatt �
2. Supposefor contradictionthat T is an (r;s;t)-boundedTuring
machinefor j -SORT.

Let d be the constantintroducedin Lemma14 (the Simulation
Lemma).Let mbea suf�ciently largepower of 2 suchthat

m� 4t2r(m5+ m) and (9)

m4 � 3m3 � d � t2 �
�
r(m5 + m) � s(m5 + m) + log(m5 + m)

�
: (10)

Suchanmexistsbecause

r(N) = o(logN) (for (9)) and r(N) � s(N) = o
�

5
p

N
�

(for (10)).

Let n := m4 andI := f 0; : : : ;2n � 1g. By Lemma14,thereexistsan
r(m� (n+ 1)) -boundedLM

M = (t;m; I ;A;a0;a ;B;w)

with

k = 2d�t2�r(m�(n+ 1)) �s(m�(n+ 1)) + 3t�log(m�(n+ 1))

statesthatsimulatesT oninputsfrom Im andthussolvesthesorting
problemfor suchinputs.

Weclearlyhave k � m+ 2. By (9), wehave

m � 4t2r(m5+ m) = 4t2r(m�(n+ 1)) :

By (10), we have

n = m4

� 3m3 � d � t2 �
�
r(m5 + m) � s(m5 + m) + log(m5 + m)

�

= 3m3 � d � t2 �
�
r(m(n+ 1)) � s(m(n+ 1)) + log(m(n+ 1))

�

= 3m3 � logk:

Thusby Lemma15, themachineM cannotsolve thesortingprob-
lem for inputsfrom Im. This is a contradiction.
Altogether, theproof of Theorem7 is complete. 2
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