Lower Bounds for Sorting with Few Random Accesses to
External Memory

Martin Grohe
Humboldt-Universitat
Institut fur Informatik
Unter den Linden 6

10099 Berlin, Germany

grohe@informatik.hu-berlin.de

ABSTRACT

We considera scenariovhele wewantto querya large datasethat
is stored in external memoryand doesnot t into main memory
Themostconstainedresoucesin sud a situationare the sizeof
the main memoryand the numberof randomaccesseso external
memory We note that sequentiallystreamingdata from external
memorythroughmainmemoryis mud lessprohibitive

\\e proposean abstiact modelof this scenarioin which we re-
strict the sizeof the main memoryand the numberof randomac-
cessedo externalmemory but do not restrict sequentiareads. A
distinguishingfeatue of our modelis that it admitsthe usage of
unlimitedexternalmemoryfor storingintermediataesults suc as
several hard disksthat can be accessedn parallel. In practice
sud auxiliary external memorycan be crucial. For example in
a r stsequentiabassthe data can be annotatedandin a second
passthis annotationcan be usedto answerthe query Koch's [9]
ARBsystenfor answeringXPath queriesis basedon suc a strat-

In this model,we prove lower boundsfor sortingtheinput data.
Asopposedo relatedresultsfor modelswithoutauxiliary external
memornyfor intermediateresults we cannotrely oncommunication
compleity to establishtheselower bounds. Instead,we simulate
our modelby a non-uniformcomputatiormodelfor which we can
establishthe lower boundshy combinatorialmeans.

1. Intr oduction

Themassie datasetshathave to be processeth mary applica-
tionsareoftenfartoolargeto t completelyinto thecomputers (in-
ternal)mainmemoryandhave to residein externalmemory(such
asdisks).Whenqueryingsuchdata,themostconstrainedesources
arethesizeof themainmemoryandthenumberf randomaccesses
to externalmemory It is well-known thataccesgo externalmem-
ory is by ordersof magnitudesloner thanaccesgo mainmemory
However, thereis an importantdistinctionto be madebetweena
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randomaccesgo datain a particularexternal memorylocation,
which involvesmoving the headto thatlocation,and sequentially
streamingdataoff thedisks.

While thereis an extensve literatureon externalmemoryalgo-
rithms (see,for example,[13, 10]), muchlessis known on com-
plexity theoreticlower bounds. In recentyears,in the context of
datastreamapplicationssomeefforts have beenmadeto studythe
limitations of answeringqueriesn a settingwhereonly oneor few
sequentiapasse®ver the dataareadmitted[11, 2, 8, 3, 12,5, 1,
7]. They resultin stronglower boundsfor a numberof natural
problemsand for answeringqueriesin languagesuchas XPath.
The modelunderlyingall theselower boundsallows few sequen-
tial passesverthedata(or justonesequentiapassn theimportant
specialcaseof datastreams)andapartfrom that no accesdo ex-
ternalmemory The queryprocessingakesplaceentirelyin main
memory which of courseis of limited size. Themodeldoesnotal-
low for intermediatagesultsto be storedin auxiliary externalmem-
ory. However, storingintermediataesultsin externalmemorycan
be a very powerful mechanism.For example,while the dataare
sequentiallyreadin a rst passanalgorithmmayannotatehedata
andwrite the annotationon a seconddisk. Thenin a secondpass,
thealgorithmmay usethe annotatiorto computetheanswerto the
query Or analgorithmmay copy the rst half of the dataontoa
secondliskandthenreadthecopied rst half of thedatain parallel
with the secondhalf of the original datato comparethetwo halves
andmaybecomputesomekind of join.

Our mainresultis a lower boundfor the fundamentaproblem
of sortinga sequenc®f numbersor stringsin a modelthatadmits
auxiliary externalmemory

Formally, ourmodel,whichis the naturalextensionof themodel
consideredn [7] to the settingwith auxiliary externalmemory is
basedon standardmulti-tape Turing machines. Our Turing ma-
chineshave severaltapesof unboundedize,amongthemtheinput
andoutputtapeswhich representhe externalmemory(for exam-
ple, eachof thesetapesmay representa disk). In addition, the
machinehasseveraltapesof restrictedsizewhich representhein-
ternalmemory We put no restrictionon the runningtime. While
the“externalmemorytapes”arenotrestrictedn size,we dorestrict
theaccesgo thesetapesby puttinganupperboundon the number
of timestheheadon thesetapescanchangehedirectionin which
they move. This way we alsorestrictthe randomaccesgo exter
nal memory becauseachlocationon the tapecanbe reachedoy
possiblychangingthe directionof aheadandthenmoving it to the
desiredocation.We alsodiscussanenhancednodelwhich admits
explicit randomaccessgo the externalmemorytapesandshav how
this enhancednodelcanbe simulatedby the original one. The as-



tutereademwhowondersf it is realisticto assumehattheexternal
memorytapescanbereadin bothdirections(which diskscannotso
easily)beremindedhatwe prove lower bounds soadmittingtapes
to bereadin both directionsonly makes our resultsstronger For
functionsr(N) ands(N) onthenaturalnumbersandanumbett, we
call a Turing machine(r; s;t)-boundedif it hast externalmemory
tapesand,on aninput of sizeN, reverseghedirectionof theheads
on the external memorytapesat mostr(N) timesand usestotal
spaceat mosts(N) on the internalmemorytapes.More precisely
our mainresultstatesfor any t 2 N, thatan

o(logN); O("” N=logN);t -bounded

machinecannotsort. Intuitively, this meanghatsortingis not pos-
siblewith only o(logN) ragdomaccesset externalmemoryand
internalmemoryof sizeO("> N=logN) onamachinethatmayhave
anarbitrarynumbert of auxiliary disksfor storingintermediatee-

sults.We alsoprove thatan
o(Iogm);O(Qﬁ);t -bounded

machinecannotsortaninputconsistingof m numbersof sizem®®
(or equivalently, m stringsof lengthO(logm)). This boundis tight,
becausea straightforvard adaptionof the standardmeige sort al-
gorithm shaws that m numbersof sizem™® canbe sortedby an
(O(logm); O(logm); 3)-boundedmachine.

To the bestof our knowledge, theseare the rst lower bound
resultsfor suchacomputatiormodel.Let usremarkthatourmodel
is not only strongerthanthe modelsthat have beenconsideredn
the contet of datastreamgcitedabore), but alsostrongetthanthe
relatedboundedeversal Turing madinesthathave beenstudiedn
classicalcompleity theory[14, 6], becauseéhesemodelsrestrict
thenumberof headreversalson all tapesanddo notadmitinternal
memorytapes.

It mayseemat rst sightthatour modelis not far from thedata
streammodelscited above, and that the lower boundtechniques
shouldeasily generalise.Unfortunately this is not the case. The
proofsof all theseresultsbuild on communicatiorcompleity. Es-
sentially they arevariationsof the following argument: Split the
inputin themiddleandshaw thatthe problemto besolvedrequires
anumberof b(N) bitsto becommunicatedetweerthetwo halves
of theinput. In eachpassof thedata,at mosts(N) bits canbecom-
municatedwheres(N) is the sizeof theinternalmemory Thusif
S(N) timesthenumberr (N) of passesf theinputis lessthanb(N)
thequerycannotbeanswered.

We obsere that suchargumentsutterly fail in our setting: For
example,by copying the rst half of theinput ontothe secondex-
ternalmemorytapeandthenreadingit in parallelwith the second
half of theinputin asecondassoverthesecondape we cancom-
municateasmary bits aswe like from the rst to the seconchalf.
Socommunicatiorbetweerdifferentpartsof theinputis nolonger
abottleneckin our model.However, copying segmentof theinput
to differentlocationsdoesnot disturbthe orderof the input string
toomuch,atleastnotif it only happensboundechumberof times
(notethatcopying asegmentandthenre-readingt requiresatleast
onereversalof a headdirection). Intuitively, this is thereasorthat
sortinga sequencef numberds hardin our model.

Note that even thoughit seems‘obvious” that we cannotsort
with sufciently restrictedr(N) and s(N), proving this is not so
easy becausehe algorithmsare not restrictedto sorting in the
“natural way” by shifting aroundthe input numbers. For exam-
ple,analgorithmmightusethe rst passovertheinputnumbergo
computethe bitwise sumof all input numbersmodulosomeprime

number While it is not clearwhat the bene t of suchan oper
ation would be, it doesspoil mary naive “information theoretic”
amgumentsve might be temptedto usefor our lower boundproof,
becauseve suddenlyhave generateé numberthatin anon-trivial
way depend®n all inputnumbers.

Ourway to resole suchproblemss thatwe simulateour Turing
machinesby an abstractnon-uniformcomputationmodel, which
we call list madiine In certainways,thesdist machinesaremuch
morepowerful thanTuring machinesbut they arerestrictedn one
essentialay: They are only allowed to write the original input
numberdnto theirmemory(albeitmary copiesof them).This pre-
ventsthemto performcomplicatecarithmeticoperationonthein-
putandstoretheresultsfor laterusage We canthenestablisHower
boundsfor sortingon list machinedy combinatoriaimeans.

The paperis organisedasfollows. We introduceour modelin
Section2. In Section3, we formally statethe main results. In
Section4, we introducelist machines.In Section5, we stateand
provethe“SimulationLemma”,whichshavshow Turingmachines
canbesimulatedby list machinesIn Section6 we prove thelower
boundfor sortingon list machines.lt is thenfairly easyto prove
themainresult;we give theproofin Section?.

2. Our Model

As our basicmodelof computationwe usestandardmulti-tape
Turing machinegsee for example,[4]).

The Turing machinesave considemwill havet + utapes.We call
the rst t tapesexternalmemonytapes(andthink of themasrepre-
sentingt disks). We call the otheru tapesinternal memorytapes
The rst tapeis alwaysviewedastheinputtape,andthetth tapeis
viewed asthe outputtape. In the literature,the input tapeoftenis
read-onlyandthe outputtapewrite-only. In the presenipaper we
do notneedsuchrestrictions.

N denoteghe setof naturalnumbergthatis, positive integers).

De nition 1. Let T = (Q;S;d;qo;F) be a (deterministic)Turing
maching(TM, for short)with t+ u tapeswhereQ is the statespace,
Sthealphabetgg 2 Q thestartstateF  Q thesetof nal states,
and

d:(QnF) s*Y1 @ S*Y fL;N;Rg™Y

thetransitionfunction. HereL; N; R arespecialsymbolsindicating
theheadmovements.

We assumehat all tapesare one-sidedn nite andhave cells
numberedL; 2; 3; etc. A con gurationof T is atuple

(S )t+u;

We assumeéhat2 2 Sis the“blank” symbolwhich, atthe be-
ginning of the TM's computation,is the inscription of all empty
tapecells.

A con gurationis called nal if its currentstateq is nal, that
is,q2 F. Notethata nal con gurationdoesnot have asuccessor
con guration.

Arunof T isasequence = (r)j2y of con gurationssatisfy-
ing the obviousrequirementsWe areonly interestedn nite runs

Withoutlossof generalitywe assumehatour Turingmachines
arenormalisedin sucha way thatin eachstepat mostoneof its
headsmovesto theleft or to theright. a



rev(n) :==min k 0O

therearel=ng< N < Np< i< K< N1 =
n such that for all j k the subsequence
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If we think of nj as being the position after step j of a particle
moving on theintegers(or of a headmoving on a Turing machine
tape),thenrev(n) is the numberof timesthe particle changests
direction.

Let T beaTuring machineandr a nite runof T. Leti 1be
the numberof a tapeand p; the sequencef positionsof the head
ontapei in therunr . Thenwe let

rev(r;i) = rev(p):

Intuitively, rev(r ;i) is thenumberof timestheith headchangests
directionin therun r . Furthermoreye let

spacér ;i)
bethenumberof cellsof tapei thatareusedby r .

De nition 2. Letr;s:N! Nandt2 N.

(1) A deterministicTuringmachineT is (r; s;t)-boundedif every
run r of T on aninput of length N satis es the following
conditions:

— r is nite.

— 1+ & qrev(r;i)

- alty  spacér;i)
of tapesof T.

r(N).1
S(N), wheret + uis thetotalnumber

(2) A functionor decisionproblembelongso theclassST(r;s;t),
if it canbesolvedby an(r; s;t)-boundedTuring machine.

(3) For classeRR andS of functionswe let

ST(R;St) := ST(r;s;t):
r2R;s2Ss

We alsolet

ST(R.SO(1)) = [
t1

ST(R;S;t): a

Note thatwe put no restrictionon the runningtime or the space
usedon the rst t tapesof an (r;s;t)-boundedTuring machine.
However, the following lemmashaws that theseparametergan-
notgettoo large.

Lemma3. Letr;s: N! N andt 2 N, andlet T be an (r;s;t)-
boundedTuring madineT. Thenfor every nite run

of T onaninputof sizeN wehave
N 20(r(N) (t+s(N)))

andthus &1_, spacér;i) N 200 (N) (t+s(N)).

1t is corvenient for technicalreasonsto add 1 to the number
&1 rev(r;i) of changef the headdirection. As de ned here,
r(N) thus boundsthe numberof sequentiakcansof the external
memory tapesratherthan the numberof changesf headdirec-
tions.

Proof: Let T = (Q;S; d;qo; F) bean(r;s;t)-boundedTuring ma-

aninputv2 S withjvj = N. Letr := r(N) ands:= g(N).
Let Q bethesetof potentialcon gurationsof thetapes+1,:::,
t+ u, togethemwith the currentstateof T, thatis,

Q= (QPt+1;: 5 Prrus Wi+ 15715 Weew) Q2 Q;

have lengthatmosts.)
We have

QG Qs jgr1t = 200

In a nite run, T canmale atmostjStj jQj stepswithout moving
ary of the headson the rst t tapes(otherwise, T would loop for-
ever, contradictingthe assumptiorthatevery runis nite).

Furthermorewithout changingthe direction of a headon ary of

k st iQi @
steps,wherek is the sumof the currentlengthsof the stringson
the rst t tapes.In eachstepthe sumof the lengthsof the strings
on the rst t tapesincreasesy at mostt, and henceremains
k jSY jQj (t+ 1) if the directionof no headon the rst t tapes
changes.

Initially, the sumof the lengthsof the stringson the rst t tapes
is theinput lengthN. An easyinductionbasedon (1) shawvs that
with atmosti change®f thedirectionof aheadonthe rst t tapes,
themachinecanmake at most

N (S i@ (t+ 1)t

steps.
Thuswith r 1 change®f headdirections,the total numberof
stepsis boundedby

N (S5 i@ (t+1)" = N 2090,

wherethe constanthiddenin the O-notationonly dependson the
parameters, Q, u of theTuring machineT (andnotonN;r;s;t).
2

If we think of the rst t tapesof an (r;s;t)-boundedTuring ma-
chine asrepresentindhard disks, thenadmitting headsto reverse
their directionmay not be very realistic. But aswe useour model
to prove lower bounds,t doesnot do ary harmeither We mainly
usethereversalsto simulaterandomaccess We canexplicitly in-
cluderandomaccessnto our modelasfollows: A randomaccess
Turing madineis a TuringmachineT which hasa specialaddress
tape on which only binary stringscan be written. Thesebinary
stringsareinterpretedas nonngative integersspecifyingexternal
memoryaddresseghatis, numbersof cells on the externalmem-
ory tapes.For eachexternalmemorytapei 2 f 1;::;tg themachine
hasa specialstater;. If rj is enteredthenin onestepthe headon
tapei is moved to the cell thatis speci ed by the numberon the
addressape,andthe contentof the addressapeis deleted.

De nition 4. Letq;r;s:N! N andt2 N. A randomaccessTur-
ing machineT is (g;r;s;t)-boundedif it is (r; s;t)-boundedin the
senseof a standardluring machine)and,in addition,if every run
r of T onaninput of lengthN involvesat mostq(N) randomac-
cesses. a

Theaddresdapeis consideredispartof theinternalmemory;thus
in a(q;r; s;t)-boundedandomaccesg uring machinethelengthof
the addresgapeis boundedby s(N), whereN is thelengthof the



input. Thisimpliesthatwe canonly addresshe rst 25N) cells of
theexternalmemorytapesIf duringacomputationthesetapesget
Ic;(n,\%ezr we only have randomaccesdo initial sggmentsof length
23N,

Lemmabs. Letg;r;s:N! Nandt2 N. Thenif a problemcanbe
solvedby a (q;r;s;t)-boundedrandomaccessTuring madine, it
canalsobesolvedbya (r + 2g; O(s);t)-boundedluring madine

Proof: Noting thata randomacces<anbe simulatedwith at most
two reversalsof the direction of the headmovement,the proof is
straightforvard. 2

Fromnow on, we will focuson standardruring machineswith-
outaddressapes.

3. Main results

We de ne the sorting problemas a mappingon sequencesf
stringsover f 0; 1g , which of coursewe may interpretasnonnej-
ative integers. We use# asa separatosymbol,thatis, we encode
inputs and outputsas stringsover the alphabeff 0; 1;#g. We sort
stringslexicographicallyand denotethe lexicographicalorder on
f0;1g by . If wewantto sortnonn@ative integers,we padthem
with leading0s.

Formally, the sorting problemis de ned asfollows:

SORT

Vy (m)-

Our maintechnicalresultis alower boundfor the sortingprob-
lemrestrictedo inputswhich arepermutedn aspeci ¢ way, which
only depend®nm.

length of the longest(increasinglyor decreasinglysortedsubse-
quenceof v, thatis, the maximum™ suchthattherearel j;<

i< mwith vy < it <ovjoorvj, > > Vi The number
S (v) isameasurdor the“sortednessdfv. We shallnow de ne an
orderingon stringsthat generatesequencewith a high s -value.
Let denotethe“lexicographicalorderingon reversestrings” on
f0;1g , thatis, forvw2 f0;1g letv wifv lis lexicographi-
cally smallerthanor equaltow 1. For stringv = vy:::vy we let
v 1= vy:::vy. Foreverym 1, weletj , bethe permutationof

bin(j m(1)) bin(j m(m));
wherebin(i) 2 f0;1g denotethebinaryrepresentationfi.

Lemma6. Foreverym 1wehave
. . p_—

S Jm(D);::) m(m) 2 m L
Furthermoe, for i
O(logm).

We omit the straightforvard proof.

Wekeepj m x edfor therestof the paper If mis clearfrom the
contet, we just write j insteadof j ,,. We arenow readyto state
themaintechnicaltheorem:

m, thevaluej n(i) canbe computedn space

2We could alsoput a lengthrestrictionof at most25N) on all the
externalmemorytapes. This doesnot affect our lower boundre-
sults.

Theorem 7 (Main TechnicalThggrem). Letr;s:N! Nsudthat
r(N) = o(logN) ands(N) = o ﬁ .
Thenthefollowingrestrictionof SORT is notin ST(r; s, O(1)):

j -SORT
Input: v; (ny#:1:V; (m#,
wherem 1,n=m? andvy < :::< v 2 f0;1g".

Output: vi#:::vm#

SectionsA-7 are devotedto a proof of the theorem.Beforewe
starttheproof, let usderive our mainresultsfrom thistheorem.The
rst followsimmediatelyfrom Theorem?7:

Theorem 8 (Lower Bound for General Sorting). SORT is notin
BN
T o(logN); — ;0(1
ST o(logN); O logN ;O(1)

Thefollowing theoremshaws thatfor sortingm numbersof size
mP® (or stringsof lengthO(logm)) we getanasymptoticallytight
lower bound. For anarbitraryconstant 6, we considerthefol-
lowing restrictionof SORT:

SHORT-SORT
Input: vi#:::vm#, wherem landvy;:::;vn2 f0;1g such
thatjv;j c¢ dogmeforl i m.

Output: vy (y#:::vy (m#, where y is a permutation of
Vy (m)-

Theorem 9 (Lower Bound for Sorting Short Strings).
SHORT-SORT isin ST(O(logm); O(logm); 3), but notin

ST o(logm); O R’ﬁ ;0(D)

Proof: The upperboundis obtainedby the standardmeige sort
algorithm.

For the lower bound,we reducej -SORT to SHORT-SORT in
suchaway thatthereductioncanbecarriedoutin

ST(O(1); O(logN); 2):

Letm 1,m= n% andv; < :::< vy 2 f0;1g". We considerthe
instance

V= Vj (1)#:::\/] (m)#
of j -SORT.

Letvi = vi1:::Vin, Wherevij 2 f0;1g. Forl i m,letx 2
f0;1g bethebinaryrepresentatiomfi 1 paddedo a string of
lengthdlogme by addingleadingOs. Similarly, for1 i n, let
yi 2 f0;1g bethebinaryrepresentationfi 1 paddedo astring
of lengthdogne by addingleading0s.For1 i m,1 | nlet

Wij = XiXjVijj:
Ourreductionmapstheinstancev of j -SORT to theinstance

W= Wi (1% W (1D W (o #DIW

of SHORT-SORT. Notethatjwijj 5 dogme+ 1,thusw reallyis
aninstanceof SHORT-SORT. Thesortedoutputis

X1X1V11# X1XnVin#
XoX1Vor# XoXnVon#
XmX1Vmi # XmXnVmr:



Fromthis, we caneasilyconstructhe sortedoutputvi #: : : vin# for
theoriginalinstancev.

The size of the instancevis N := m (n+ 1). Theinstancew
consistof m n strings,eachof length5 diogme+ 1. In particular
w haslengthm®= m n (5 dogme+ 2). Notethatm® 5 N logN.

Letr(m9 = o(logm® ands(m3 = O °nP suchthatr(md = w(1)

and s(m9 = w(logm¥. Supposefor contradictionthat SHORT-
SORT isin ST(r(m9;s(m%;0(1)). Since

r(m) = ologm® o log(5 N logN) = o(logN)
and
sm=om ofs5NTogN) O ETR ;

we thenobtainthatj -SORT isin
l?,—
ST o(logN); O ,% :0(1)

This contradictsTheorem?. 2

4. List Machines

De nition 10. A list madine (LM) is atuple
M= (t;m ;A a0;a;B;w)
consistingof
— at 2 N, thenumberof lists.

— anm2 N, thelengthof theinput

— a nite setl whoseelementsare calledinput numbes (usu-
ally,| Norl f0;1g).

— a nite setA whoseelementsarecalled(abstiact) states
We assumd andA to be disjoint andnot to containthe two
specialsymbols’™h and’i'. Wecall A:= I[ A[ fh;ig the
alphabetof themachine.

— aninitial stateag 2 A.

— atransitionfunction
a:(AnB) A 't A Movement
with
n
Movement=  head-diectionmove

head-diection2 f 1;+ 1g;
0
move?2 ftrue;falsey :

— asetB Aof nal states
— anoutputfunctionw: A | G ;fora(nite) alphabeG. a
Intuitively, an LM M = (t;m;1;A;ag; a;B;w) operatesas fol-

(asa Turing machine),an LM operatesont lists. As for tapes,
thereis a read-writeheadoperatingon eachlist. Cellsof thelists
storestringsin A (andnotjustsymbolsfrom A). Initially, the rst

empty Theheadsareontheleft endof thelists. In eachstepof the
computationthe headsmove accordingto the transitionfunction.
If a headchangests directionor movesto the left or right, then
the currentstateand the contentof all currentheadpositionsare
written behindeachhead(it will be madeprecisebelonv what "be-
hind' means).If a nal stateis reachedthe machinestops. Then
the outputis computedoy applyingthe outputfunctioncell-wiseto
thelastlist andconcatenatinghe stringsit returns.

De nition 11. (1) A con guration of anLM
M= (t;m;l;A a0;a;B; w)
isatuple (a;p;d; X); where

-az2 %istfiecurrentstate
P1
-P= %b : & 2 Ntis thetupleof headpositions
Pt
0 OIl1
- o= % : X 2f 1;+1g isthetupleof headdirections

o
0 1
*1

%
m 1, containghecontentofthecells (Thestringx;;j 2
A isthecontentof the jth cell of theith list.)

and= =x%= hi 2(A)L

(3) The successoiS(a; p; d; X) of a con guration (a;p; d; X) is
the con guration (a%£° % X9 de ned asfollows: Suppose
that

Weleta®= b. Forl i
andlet

t, let m bethelengthof thelist %,

&= ghead-diection;mo/a)
2 ( Lfalse if pp=1andg= ( 1;true);
= (+ 1;false if pj= my andg = (+ 1;true);
g otherwise

Wede ne fj 2 f 0; 1g suchthat f; = 1if, andonly if, movg =
true or head-diection 6 d; .

If fi= Oforalli2f1;::;tg, thenwelet p?:= p, d%:= o, and

X0:= X.
So supposéhatthereis at leastonei suchthat f; 6 0. Fur
thermore)et
y = ahxgpi i
We let

if movg = true;
XL 25 X 1Y Xips X+ L Ximy

if di = + 1 andmovg = false
X1, i X 1 X Y Xicpi+ 15 -5 Xiomy

if d = 1andmovg = false

8
§ XiLo oo Xipr 1 Ys X+ 15 255 Xigm



and, nally,

g pi+1 if &= (+1;true);

% pi 1 ife'=( 1true);
o_ Pi+1 ifd=+1lande’= (+ 1 false;
b= pi if d= +1ande’= ( 1;false;
§ pi if d= landg’= ( 1;false;
" pi+t1l ifdi= landeg’= (+1;false:

(4) A con guration (a;p;d;X) is nal if a2 B. A (nite) run

wherer 1 is theinitial con guration for someinput, r- is -
nalandS(ri) = ri+1 for1 i< . Notethatfor eachinput

(5) To de ne the outputof the machine et (vq;:::;vm) 2 1™ be

0 = Wiy Wim):

Theno2 G . Welet

Thusour machineM computesa partialfunction
fu:I™ G. a

Remark 12. LetM = (t;m;I;A; ap; a;B; w) beanLM.
We de ne thefollowing subset®of A :

L1 == awii i a2 Ay 2fthvi:v2lig;

Yo= =y=hi
and,foralli 1,

Lirz:=Li[ atyii by

It is straightforvardto seethefollowing: In the startcon guration,
every itemin list 1 storesa string of the form hvi, for somev 2 1,
whereaseachof the lists 2;::;t have exactly one item, and this
uniqueitem storesthe string hi. Eachof the list itemsgenerated
during the computationuntil the rst headreversalstoresa string
thatbelongsto L;. In particular until the rst headreversal,each
list j 2 f2;::;tgis of theform

a2 Aandyp;:iwi 2L

K= XL Xim;
with Xj;n 2 Ly, forall n< m, andxj;mi = hi; andthe headof list j
pointsto its lastitem Xj;m,.

Similarly, until the rst reversalof ary of theheads 2 f 1;::;tg,
list 1is of theform

x = X1;15 055 XLmy

where,for somep 2 f1;::;mig, we have xg., 2 Lyg, forall n < p,
andxy:p 2 thvi :v2 Ig, foralln  p; andtheheadof list 1 points
to item, Xg:p.

In general during the computationuntil theith headreversal,
every list item storesa string from

Li[ fhvi jv2 Ig[ fhig: a
De nition 13. Foreveryrunr of anLM

M= (t;m1;Aja0;a;B;w)

andeveryi t, wede ne rev(r ;i) to bethenumberof change®of
the directionof headi in run r. We saythatM is r-bounded for
somer 2 N, if everyrunr isof M is nite (thatis, fy is total)and

rev(r ;i) r a
1

1 Qo

I
5. The Simulation Lemma

Lemma 14 (Simulation Lemma). Letr;s:N! N,t2 N, andlet
T = (Q;S;d;qo; F) bean (r; s;t)-boundedTuring madine with a
total numberof t+ u tapeswhich computes function

fr : Snf2g ! Snf2g
Thenfor all m;n2 N ther existsanr m (n+ 1) -bounded-M
Mmn = M = (t;m;1;Aa0;a;B;w)
with1 = Snf2;#g "and
iA 2d 2 r(m(n+ 1)) s(m(n+ 1)) + 3t log(m (n+ 1)) )

for somenumberd = d(u;Qj;jSj) thatdoesnotdependnr, m,n,
t, suc that

fmveiivim) = fr(va# vind)

The proof of this lemmais the technicallymostdif cult partof
this paper Beforewe getinto technicaldetails let usbrie y sketch
theidea: Let T be a TM. We constructan LM M that simulates
T. Thelists of M representhe externalmemorytapesof T. More
precisely the cells of thelists of M represensegments,or blodks
of the correspondingxternalmemorytapesof T in sucha way
thatthe contentof ablock atary stepof thecomputatiorcanbere-
constructedrom the contentof thecell representingt. Theblocks
evolve dynamicallyin away thatis describedelon. The statesof
M encode:

— Thecurrentstateof the TuringmachineT .

— The contentandthe headpositionsof the internalmemory

ariesof theblockin whichtheheadcurrentlyis.

Representind's currentstateandthe contentandheadpositions
of the u internal memorytapesrequiresjQj 2°0(S(M(M 1) g(m
(n+ 1))" states Thet headpositionsof the externalmemorytapes
increasehe numberof statesoy afactorof *t, where’ = “(m (n+
1)) is an upperboundon the tapelength which we obtain from
Lemma3. The 2t block boundariesncreasehe numberof states
by anotherfactorof *2. Sooverall, thenumberof statess bounded

by
]QJ 20(s(m(n+1))) S(m (n+ 1))U ‘3t:

By Lemmas3, thisyieldsthebound(2).

Initially, the rst tapeis splitinto m blockswhich containthein-
putsegmentsvi#(for1 i mandy; 2 I), andall othertapesust
consistof oneblock which containgheblankstring . Theheads
in theinitial con guration of M areon the rst cellsof their lists.
Now we startthe simulation. As long as no headof the external
memorytapesof T changests directionor crosseshe boundaries



of its currentblock, M doesnot do arything. If a headon atape

movesto thenext cell, andthepreviouscell is overwrittenwith suf-
cient informationsothatif it is visited againlater, the contentof
the correspondindlock of tapeig of T canbereconstructedThe
blockson all othertapesaresplit behindthe currentheadposition
(“behind” is de ned relative to the currentdirectionin which the
headmoves). A new cell is insertedinto thelists behindthe head,
this cell representshe newly createdapeblock thatis behindthe
head.Thenewly createcblock startingwith the currentheadposi-
tion is representetby the (old) cell on which the headstill stands.

is treatedsimilarly.

After the simulationstops,the outputis createdoy applyingthe
function w to the contentof thelastlist, which representshe con-
tentof thelastexternalmemorytape(thatis, theoutputtape).Thus,
all w hasto doiis reconstructhetapecontentirom thelist content.

5.1. Proof of the Simulation Lemma. LetT = (Q;S;d;qo;F)
be the given Turing machinewith t + u tapes,where the tapes

aretheinternalmemorytapes.Letm;n2 N andN = m (n+ 1).
Every tuplev = (vi1;::;vm) 2 I™ correspondgo an input string
v:= vi#tvo#  vp#of lengthN. Letr := r(N) ands:= s(N).

By Lemmas3, thereis aconstant; = ¢1(u;jQj;jSj), whichdoes
not dependonr, m, n, t, suchthatthroughoutthe entire computa-
tion on aninput ¥V (for ary ¥ 2 |™), eachof the externalmemory

“(N) == N &7 (9. (3)

Step1: De nition of a supesetA of M's statesetA.

4
Thenfor asuitableconstant, = ¢,(u;jQj;jSj) we have
iQj 202 5)

We let
n

A= Geunm 420
andfor eachj 2 f1;::;tg,
pj = (p[j[; pJ ; p]] head-diection;)
with
p 211 (N)g;
head-diection; 2 f+1, 1g; and
either p[[z p]] =
or p[][;p]JJZfl;::;‘(N)g with
A5 Aol o=l
Here,* is asymbolfor indicatingthat pl andp! are“unde ned”,

thatis, thatthey cannotbe interpretedas positionson one of the
Turing machineT 'stapesl; ::;t.

Later, at the endof Step3, we will specify which particular
subsebf Awill bedesignatedisM's statesetA. With any choice
of Aasasubsebf Awewill have

TN 3
iAJA QG (Lt 2
2C25 N 2C1T(I+S)+1 3t 2t 2dt2rs

for asuitableconstand = d(u;jQj;jSj). ThiscompletesStepl. a

Step2: De nition of M's initial stateag and M's setB of nal
states.

Let
Go = (doi 5 Fi{zi}s

bethepartof T'sinitial con gurationthatdescribeshe(start)state
go of T andthe headpositionsandinitial (empty)contentof the
tapest+ 1;::;t+u (thatis, the tapesthat represeninternal mem-

ory).
Let
P = l. ".p]].h d-di i
I {pl,pl, ;head-diectiorn;)

(L L;n+1;+1) if m> 1;

(3;L;m (n+1);+1) otherwise
As startstateof the LM M we choose

a = (GoiPuidziid)

As M'ssetof nal stateswe chooseB:= B\ A, with

B:= @ pupzinif 2A gisoftheform (g;py) 2 Q
for someq2 F

thatis, astateof M is nal if, andonly if, theassociatedtateof the
TuringmachineT is nal. ThiscompletesStep?2. a

Step3: De nition of M'stransitionfunctiona.

We let
n

O P1s - P+ us W3 L5 W

andforall j2 f1;::;t+ug
pj2N

andforall j 2 f1;::;tg
wj2f~gSf~g withwj, 2S

Confy := a2 Q;

andforall j2 f1;::;ug
0
Wi+ j 2S

where~ is asymbolnotin S, andwj;p; denoteshe pj-th letterin
thestringw;.

Intendedmeaning:Thesymbol~ is usedasawildcard symbol
thatmay beinterpretedby ary symbolin S. An elementin Conf;
gives(potentially)incompleteinformationonacon gurationof T,
wherethecontentsf tapesl;:: ;t mightbedescribednly in some
part(namely in the partcontainingno ~ -symbols).

WeletA := I[ A[ fh;ig. By inductiononi we x, fori 0,

— asetA; A
(AnB)

— asetK; (A,



— asetl; A | letting
Li = ahi i o (@ysisn) 2K (6)
— afunction
cong;:Ki ! Conf[ f?2g

Intendedmeaning:WhentheLM M is in a situationk 2 K;,
thencon g;(k) is the TM's con guration at the beginning of
M'scurrentstep.If con gj(k) = ?, thenk doesnotrepresent
acon gurationof the TM.

— thetransitionfunctiona of M, restrictedo K, thatis,
ajk, 'Ki ! A Movement
— for everytapej 2 f1;::
" (w; pl; pl)
eithert pl p! “(N)and
w2 f~gf 1P P+l g ot
0

;tg, afunction

tape-con gj; : Lj !

orpl > pl andw= e

Intendedmeaning: Whenthe LM M is in a situationk =

(ashyii;:iihwi) 2 K, thentape-con g;;(alyii  hwi) gives
informationon theinscriptionfrom tapecell pl upto tapecell
p! of the j-th tapeof the TM' s con gurationattheendof M's
currentstep.

Inductionbase(i = 0): We startwith M's startstateag andchoose

A= fagg:

If ag is nal, thenwelet Ky := 0 andA:= Ag. Thisthengivesus
anLM M which acceptsts input without performinga singlestep.
Thisis ne, sinceag is nal if, andonly if, the Turing machineT's
startstateqq is nal, thatis, T acceptsts inputwithout performing
asinglestep.
For thecasethatag is not nal, welet
n 0

Ko= (agyniiy) ya2fthvizv2igandy,= =y =hi:

Thesetlg is de ned via equation(6).
Thefunctioncon g is de ned asfollows: For every

k= (a0;y1;:1:%) 2 Ko
with y; = hvi (for somev 2 1), let
.

ZiY

congo(k) == 0o, 111 v~ (N) ( )_

(N) 2 (N)

Let
(GoipL;:ip) == @

with pj = (p[j[; p}; p]]l;head-diectionj), forall j2 f1;::;tg.
Forj2 f1;::;tgwede ne
Al oWl =
0j: by B = Pipyip)
For de ning ajk,(k) andtape-con gio(atyii i), considetthe

following: Letusstartthe TuringmachineTl with acon gurationgy
that ts to con go(k), thatis, thatcanbe obtainedrom con gq(k)

by replacingeachoccurrencef thewildcardsymbol~ by anarbi-

trarysymbolin S. Let gy; g1; ;i : : bethesuccessie con gurations

of T whenstartedn g, thatis, gh+1= San), foralln 0.
Usingthis notation thede nition of a;x (k) and

tape-con go(ahysi i)
canbetakenverbatimfrom thede nition of aj,, , (k) and
tape-con g 1(ahyii i)
givenbelow. Thiscompletegheinductionbase(i = 0).

Inductionstep(i! i+1): Welet
Ais1:= b2 A thereis somek 2 K; suchthat
ajk (k) = (ber; ;@)
(for suitable(er;: ;&) 2 Movement)
and
vt) a2 Aix1nB;
y1 2 fhvi :v2 I1g[ [

i0 i

Kie1:= (@15
Ljo; and

yj 2 thig [ [

i0 i

Ljo; forall j2f2;::;tg

ThesetlL;. 1 is de ned via equation(6).
Thefunctioncon g;, 1 isde nedasfollows: Letk = (a;y1;::;%t) 2

(Gpu:sm) = a
with pj = (p[]-[; p}; p]];head-diectionj), forall j2f1;::;tg, and
a = (Gpr1iii W+ 1)
Letj2f1;::;tg.
If yj 2 Ljofor somei® i, thenlet

Pt+us We+ 1555

(WO; d-I; dl) = tape-con g;o(yj):

We choosew; := W0 (Thisis well-de ned, becaus¢ape-con g;.jo
andtape-con g, ,oooperatedentlcalon all elementsn Ljo\ Ljoq for

alli%i% j).
Furthermorewe Iet(p p]]) bede ned asfollows:

E(p, d]) if pj = p]j]= + andhead-diection; = +1
F’]]) = (IO p) i pj= p]j]= + andhead-diection; = 1
(p[][ p]]]) otherwise

If yj 620, for everyio i, thenwe male acasedistinctionon j:
In casethat j 2 f2;::;tg, we have y; = hi andhead-diection; =

+1. Wede ne (p p]]) asfollows:

phpl = ()
andchoose
wj = ~'§ 1p°(N) (’# D .
In casethatj = 1,weknow thaty; mustbeof theformhvi, for some

v2 |, andhead-diection; = + 1. If vis notthem-th inputitem, that

is, thereissomem2 f1;::;m 1gsuchthat(m 1) (n+1) < pli
m (n+ 1), thenwe de ne

plipl =

pim (n+1) ;



andchoose
wy = ~ MDDy (N m(n+ D)
Otherwisey mustbethe mth inputitem, thatis,
p"l > (m 1) (n+1):
In this casewe de ne
ol ol Py (N)
andchoose
wp =~ (M DM o (N) m(ne),

If, for somejg 2 f1;::;tg, wj, = e, thenwede ne
con gj 1(K) = ?;
tape-con g, 1 (aly1i i) == (€,2,1);

anda, (k) == ae3%::;ed0, whereforall j 2 f1;::;tg,

oo_  head-diection;;true

I head-diection;; false

if wj=e
otherwise

In what follows, we considerthe casewherew; 6 e, for all j 2
f1;::;tg. Wede ne

con giy 1(K) := (0 P1; i P P 13075 Preus
W5 oD We W 15103 Wi u));
whereq andpi+1;::; Pr+u; Wi+ 1; 1 1 Wity @reobtainedfrom g,
p1;::; pr areobtainedromavia pj := pj,for allj2f1;::;tg, and
wy;:: ;W chosemasabove.

Altogether the descriptionof the de nition of con g, 1(k) is
complete.

Forde ning ajx,, , (k) andtape-con g;;j+ 1(atyai  hyi), consider
thefollowing: Let usstartthe Turing machineT with a con gura-
tion g that ts to con g;, 1(k), thatis, thatcanbe obtainedfrom
con gi+ 1(k) by replacingeachoccurrenceof thewildcard symbol
~ by asymbolin S. Let ¢y; g1; @;::: bethe successie con gura-
tionsof T whenstartedn g, thatis, gh+1= San), foralln 0.
Then, thereis a minimal n > 0 for which thereexistsa jg 2

f1;::;tg suchthatthroughoutherungy g 1,

(1) noneof theheadsl;::;t changests direction,and

(2) noneof theheadsj 2 f1;::;tg crossesa borderf)[j[ or Aj,

andoneof thefollowing casesapplies:

Casel: In thetransitionfrom g, 1 to g,, headjqg crosseoneof
the bordersﬁ[j[0 or ﬁ]jlo. Thatis, in gn, the jo-th headis either
atposition f’[i[o 1 or at position r)]jlo + 1.

(And noneof theheadsj 2 f1;::;tgnf jog crossesa border
or changeits direction? )

Case2: In thetransitionfrom g, 1 to g, headjo changests di-
rection,but doesnot crossoneof theborders@[j[O or pj, .

(And noneof theheadsj 2 f1;::;tgnf jog crossesa border

or changests direction.)

Case3: gyis nal,andjg:=t.

SRecall that w.l.0.g. we assumethat the Turing machineis nor
malisedcf. De nition 1.

In all threecasesve let

(PR pPuWeT: W) = g
We choose
6% = (AP0, pP0u w0, 51wl
andde ne
b= (6989809
where

P = (po?; po?; podj}; head-diectiorP§

will bespeci edbelow.
Finally, we de ne

ajk.,(K) = (befdeld;
where forevery j 2 f1;::;tg,

e =

; head-diectiorﬁ)? move®

will bespeci edbelow.

Recallthat k = ajy1;::;yt 2 Kj+1. Forevery j 2 f1;::;tg we
de ne
tapg-con Oi+1 atyai by
< P 1,00 00 () pl+l. pl: pl
= j;pljl is i R
€] p[j[: i

if pl p!
otherwise

wherep[j[ andp]j] arespeci edbelow.

Forall j 2 f1;::;tgnf jog we know (by thechoiceof n and o) that
throughoutthe TM computationgy;::; gh, headj neitherchanges
its directionnor crosse®neof the bordersf)ljl, ﬁ]]]
Consequentlywe choose

head-diectiorf® := head-diection

move? = false
)=
o . PN if head-diection = +1
rT ( fb it head-diection = 1
o Bl if head-diection = +1
' ( % if head-diection; = 1

I ! if head-diection = +1

= ( p°?+ 1 if head-diection;= 1
J o p%0 1 if head-diection = +1
b pOij‘ if head-diection; = 1

To specify

head-diectiof% move?s . po0 . g0l - ol - ang pl

Jo’ Jo’ Jo’ Jo’
we distinguishbetweerthethreecasedistedabove:

ad Casel: In thiscaseheadjq crosseoneof theborders@[j[O or

f)]jlo in thetransitionfrom g, ; to g, (thatis, p?(?is eitherf)]]]0 +1lor



Al

Pi, 1). Wechoose
o . 00 . .ob — e -p00,
P7jer P jo’ P = » P
plo p]llo = plo p]l]o
move® = true
00— 4
head-diectior?® *1 i pj= p]i]o +1
0 1 otherwise
ad Case2: In this case headjo changests direction, but does

not crossoneof the bordersp i OF p]] We only considerthe case
wherethe directionof headjg changesfrom +1to 1 (theother

casels symmetric).
We choose
head-diectiorf, moleo0 = 1;false
ofh . od — Al 00,
Py p i P o T plo plo P, +1
. . 00, o
Py p]i]o T Pi, + 2; p]i]o

Note that herewe might have p0°+ 1= p]jlo. In this case,by the
above de nition, we obtain P, = p]j]0 + 1.

ad Case3: Inthiscasevehave jo=t andg, is nal, thatis, g%s a
nal stateoftheTM T. Thereforepisa nal stateoftheLM M As

M immediatelystopsin sucha state,we maychoosepoii, p%?; pOQ‘

arbitrarily andmay let head-diectiorf®= head-diection. We let

moveP= true— duetothis nal headmovementonM'soutputlist

t, theinformationon M's currentstatea andthe symbolscurrently
readon thet lists is savedto the currentcell of list t. This needs
to be donein orderto ensurethat M's output (which is obtained
asexplainedin Step4 belaw) is indeedexactly the outputthatthe
Turing machinewould generate.

We choose
— PN |
plo p]llo T pio’p]j]o :

This completegheinductionstep.
Finally, we arereadyto x M's statesetA andtransitionfunc-
tion a asfollows:

A = A
i 0
[

K = Ki
i 0

0

a = ajKi

i 0

Notethat

1. a is well-de ned, becausey; andaj,, operatedenticalon
all elementsn K;\ Kjo (for alli;i® 0).

2. K consistof all situationg(a;yq;:::t) 2 (AnB) (A ) that

mayoccurin runsof M.

3. a remainsunde ned on elements(a;y1;::;yt) in (AnB)
(A ) thatdo not belongto K. Thisis ne, becausesucha
situation(a; y1;::;Yyt) cannever occurin anactualrun of M.

This completesStep3. a

Step4: De nition of M'soutputfunction w: A ! Snf2g
Wede ne w(hi) = e.

Foreveryv2 | weletw(hvi) := v.

For eachstringy thatbelongsto L;, for somei 0, welet

w8 pkply =

choosew®to be the string obtainedfrom wP by deletingall ~ -
symbolsandall 2 -symbols,andlet

wly) = wo

tape-con g;;(y);

(Thisis well-de ned, becaus¢ape-con g;; andtape-con gj;o 0p-
erateidenticalonall elementsn Lj\ Ljo.)

Onall stringsy which, for everyi 0, donotbelongto L;, the
outputfunctioncanremainunde ned(or setto ary arbitraryvalue,
e.g.,w(y) := e), becaussuchstringswill neveroccuraslist-entries
throughouta computatiorof M.

This completesStep4. a

Step5: Givenarbitrary (vi;::;vm) 2 I™, wehave
fm(veiiisivm) = fr(va#t #vm).

Proof: By a straightforvard (but tedious)inductionalongthede -
nition of M'stransitionfunctionandoutputfunctiongivenin Steps3
and4. ThiscompletesStep5. a

Altogether the proof of Lemmal4 is complete. 2

6. A Lower Bound for Sorting on List Machines

Letl f0;1g . WesaythatanLM M = (t;m;1;A;ag; a;B;w)
solvesthej -sorting problemfor m inputsfrom | if for all inputs
(Vi (ysees J(m)) wherev; < ::: < vy 2 |, the outputof M is
vl# Vi

Lemma 15 (Lower Bound for Sorting on LM).
Letk;m;n;r;t 2 N sud thatmis a powerof 2 and

t 2 m 4t¥; kK m+2 n>3m logk:

Thenthere is nor-bounded-M M with t lists and at mostk states
that solvesthe sorting problemfor minputsfromf 0; 1g".

Proof: Let M = (t;m;1;A;ap; a;B;w) beanr-boundedLM with
jAl k. Letl = f0;1g", and supposefor contradictionthat M
solvesthesortingproblemfor minputsfrom 1.

The total list length of a con guration of M is the sumof the
lengthsof all lists in thatcon guration. Obsene thatthe total list
Iengthna/erdecreaseduringacomputation.

(t+1" m

Proof: Let g be a con guration of total list length*. Thenthe
total list lengthof the successocon guration of gis atmost™ + t
if a headmovesor changests directionin the transitionfrom g
to its successgrandit remains’ otherwise. Now supposed® is
a con guration that can be reachedrom g without changingthe
directionof ary head.Theng®is reachedrom gwith atmost™ t
headmovementshbecaus@headcanmoveatmosti  1timesona
list of lengthi. Thusthetotallist lengthof g°is atmost

+t () (7



Thetotal list lengthof theinitial con gurationism+t 1. A sim-
ple inductionbasedon (7) shavs thatthetotal list lengthof a con-
guration thatoccursbeforetheith changeof a headdirectionis at
most

(t+1) m
This provesClaim 1. a

The cell sizeof a con guration is the maximumlength of the
entriesof the cells occurringin the con guration (remembeithat
the cell entriesarestringsover A).

8t
Proof: Let gbeacon guration of cell sizec. Thenthecell sizeof

all con gurationsthatcanbereachedrom g without changingthe
directionof ary headis at most

1+t (c+2)

The cell size of the initial con gurationis 3. A simpleinduction
shavsthatthetotal cell sizeof ary con gurationthatoccursbefore
theith changeof aheaddirectionis atmost

B )
i+ § 3tl+1 8t
=1

This provesClaim 2. a

is the length of the longest(increasinglyor decreasingly)sorted
subsequencef v.
Letg= (& p;d; X) beacon gurationof M, where

for somem, 1. We saythata sequencévy;:::;v) 2 | occus
in gif thereisani tandl j; ::: j+ m suchthatfor
1 p  thenumbervp occursin the string x;:j,. We let s (g)

s(g) th s():

Proof: Let gbeacon gurationwith s (g) = *. Thenfor all con gu-
rationsgPthatcanbereachedrom gwithoutchanginghedirection
of ary headwe have

s(d ot ®)

To seethis, supposdor contradictiorthata sequence

With v < 1:1< Vo141 OFVy > 121> v 111 occursin ¢° Eachoccur
renceof av; in gocanbetracedbackto the occurrences; on some
listin g. Thusthereis alist j suchthatatleast™ + 1 of theseoc-
currence®f visin gareonlist j, say in positionspy P+1-
Butthismeanghats(g) "+ 1, whichis acontradiction.

A simple induction basedon (8) proves the statemenbf the
claim. a

Notethat
on m

i = m

for somem; 1 bethe contentof thelastlist in g. To determine
theoutput,thefunction w is appliedto all x;;j. The outputis

Vi

Forl i m,letg2f1;:::;mgbethepositionwherew produces
theith “#', thatis, wherethe outputof Vi 1)) is completed. Let
e:=landforl i m,

1(1)#\/] 1(2)#: . #V] 1(m)#:

E = fea nieg

We call E;j the outputinterval for v; 1y or, for short, the output
intenval for i.

notoccurin x;;j for ary j 2 Ej;. P

Proof: By Claim 3, thereareat mostt” (2" m 1) indicesi 2

fl,::;mg suchthatvj lﬁ) occursin x;j for somej 2 Ej. Since
m 2", wehavet” (2° m 1) < m, andtheclaimfollows. a

Letj m. Notethatall v2 | thatappeaislettersin thestrings

stringind(x;j) obtainedfrom x:; by replacingeachoccurrencef
v; by theindex i, for1 i m. The skeletongeneated by v =

A[ fh;ig. By Claim 2, the lengthof thesestringsis at most8t'.
Thusthereareat most

(m+ k+ 2)8

differentindex strings. Sincethe g areboundedby the lengthm
of thelastlist andsince m;  (t+ 1)" m by Claim 1, thereareat

most

(m+ k+ 28 M pn

(m+ k+ 28 D™ ((r4 )T M

(2 W™ pem

(becaus& m+2,m 4t% andt 2)
skeletons.

Let K be a skeletonthatis generatedy a maximumnumberof
inputsv 2 |1 , andlet | ; bethesetof all inputsthatgenerateK,
thatis,

11 = fv21 jskellw)=Kag:
Then
(IR L R
(2 KM mem
Sincethe outputintervals only dependn the skeleton,by Claim 4



n M
il m
on (m 1) n 1
z @2 K pem 2 ™D
2n
(2 k)m3 m2m+ 1

2

the nal con gurationof M oninputy andv® respectiely, thenfor
all j 2 Empwehavex;j = xto;j. Thusw generatethesameoutputon
bothinputs,whichis impossible(sincewe assumehatM correctly
sortsits input). 2

7. Proofof the Theorem7

Letr;s:N! N suchthat

r(N) = o(logN) and s(N)=o &

N=r(N) ;
andlett 2 N. Without lossof generalitywe may assumehatt
2. Supposdor contradictionthat T is an (r;s;t)-boundedTuring
machinefor j -SORT.

Let d be the constantintroducedin Lemmal4 (the Simulation
Lemma).Let mbeasufciently largepower of 2 suchthat

4t2r(m5+m) and 9)
m* 3m® d t? r(mP+m) s(n+ m)+ log(mP+ m) : (10)

m

Suchanm existsbecause

r(N) = o(logN) (for (9)) and r(N) s(N) = o QN (for (10)).
Letn:= mfandl := f0;:::;2" 1g. By Lemmal4, thereexistsan
r(m (n+1))-bounded-M

M= (t;m ;A a;a;B;w)
with
kK = 2d t2 r(m(n+ 1)) s(m(n+ 1)) + 3t log(m (n+ 1))

stateghatsimulatesT oninputsfrom I™ andthussolvesthesorting

problemfor suchinputs.
Weclearlyhavek m+ 2. By (9), wehave

m 4t2r(m5+m) = g2r(m(n+1).

By (10), we have
n=nt
3m® d t? r(nmP+m) s(n®+ m)+ log(m°+ m)
3m® d t? r(m(n+ 1)) s(m(n+ 1))+ log(m(n+ 1))

3m® logk:

Thusby Lemmalbs, the machineM cannotsolve the sortingprob-
lem for inputsfrom I™. Thisis a contradiction.
Altogether the proof of Theorem? is complete. 2
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