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ABSTRACT

We consider a scenario where we want to query a large dataset that
is stored in external memory and does not fit into main memory.
The most constrained resources in such a situation are the size of
the main memory and the number of random accesses to external
memory. We note that sequentially streaming data from external
memory through main memory is much less prohibitive.

We propose an abstract model of this scenario in which we re-
strict the size of the main memory and the number of random ac-
cesses to external memory, but do not restrict sequential reads. A
distinguishing feature of our model is that it admits the usage of
unlimited external memory for storing intermediate results, such as
several hard disks that can be accessed in parallel. In practice,
such auxiliary external memory can be crucial. For example, in
a first sequential pass the data can be annotated, and in a second
pass this annotation can be used to answer the query. Koch’s [9]
ARB system for answering XPath queries is based on such a strat-
egy.

In this model, we prove lower bounds for sorting the input data.
As opposed to related results for models without auxiliary external
memory for intermediate results, we cannot rely on communication
complexity to establish these lower bounds. Instead, we simulate
our model by a non-uniform computation model for which we can
establish the lower bounds by combinatorial means.

1. Introduction

The massive datasets that have to be processed in many applica-
tions are often far too large to fit completely into the computer’s (in-
ternal) main memory and have to reside in external memory (such
as disks). When querying such data, the most constrained resources
are the size of the main memory and the number of random accesses
to external memory. It is well-known that access to external mem-
ory is by orders of magnitude slower than access to main memory.
However, there is an important distinction to be made between a
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random access to data in a particular external memory location,
which involves moving the head to that location, and sequentially
streaming data off the disks.

While there is an extensive literature on external memory algo-
rithms (see, for example, [13, 10]), much less is known on com-
plexity theoretic lower bounds. In recent years, in the context of
data stream applications some efforts have been made to study the
limitations of answering queries in a setting where only one or few
sequential passes over the data are admitted [11, 2, 8, 3, 12, 5, 1,
7]. They result in strong lower bounds for a number of natural
problems and for answering queries in languages such as XPath.
The model underlying all these lower bounds allows few sequen-
tial passes over the data (or just one sequential pass in the important
special case of data streams) and apart from that no access to ex-
ternal memory. The query processing takes place entirely in main
memory, which of course is of limited size. The model does not al-
low for intermediate results to be stored in auxiliary external mem-
ory. However, storing intermediate results in external memory can
be a very powerful mechanism. For example, while the data are
sequentially read in a first pass, an algorithm may annotate the data
and write the annotation on a second disk. Then in a second pass,
the algorithm may use the annotation to compute the answer to the
query. Or an algorithm may copy the first half of the data onto a
second disk and then read the copied first half of the data in parallel
with the second half of the original data to compare the two halves
and maybe compute some kind of join.

Our main result is a lower bound for the fundamental problem
of sorting a sequence of numbers or strings in a model that admits
auxiliary external memory.

Formally, our model, which is the natural extension of the model
considered in [7] to the setting with auxiliary external memory, is
based on standard multi-tape Turing machines. Our Turing ma-
chines have several tapes of unbounded size, among them the input
and output tapes, which represent the external memory (for exam-
ple, each of these tapes may represent a disk). In addition, the
machine has several tapes of restricted size which represent the in-
ternal memory. We put no restriction on the running time. While
the “external memory tapes” are not restricted in size, we do restrict
the access to these tapes by putting an upper bound on the number
of times the heads on these tapes can change the direction in which
they move. This way we also restrict the random access to exter-
nal memory, because each location on the tape can be reached by
possibly changing the direction of a head and then moving it to the
desired location. We also discuss an enhanced model which admits
explicit random access to the external memory tapes and show how
this enhanced model can be simulated by the original one. The as-



tute reader who wonders if it is realistic to assume that the external
memory tapes can be read in both directions (which disks cannot so
easily) be reminded that we prove lower bounds, so admitting tapes
to be read in both directions only makes our results stronger. For
functions r(N) and s(N) on the natural numbers and a number t, we
call a Turing machine (r,s,t)-bounded if it has t external memory
tapes and, on an input of size N, reverses the direction of the heads
on the external memory tapes at most r(N) times and uses total
space at most s(N) on the internal memory tapes. More precisely,
our main result states, for any t ∈ N, that an

(
o(logN),O(

5
√

N/ logN),t
)
-bounded

machine cannot sort. Intuitively, this means that sorting is not pos-
sible with only o(logN) random accesses to external memory and
internal memory of size O( 5

√
N/ log N) on a machine that may have

an arbitrary number t of auxiliary disks for storing intermediate re-
sults. We also prove that an

(
o(logm),O( 6

√
m),t

)
-bounded

machine cannot sort an input consisting of m numbers of size mO(1)

(or equivalently, m strings of length O(logm)). This bound is tight,
because a straightforward adaption of the standard merge sort al-
gorithm shows that m numbers of size mO(1) can be sorted by an
(O(logm),O(logm),3)-bounded machine.

To the best of our knowledge, these are the first lower bound
results for such a computation model. Let us remark that our model
is not only stronger than the models that have been considered in
the context of data streams (cited above), but also stronger than the
related bounded reversal Turing machines that have been studied in
classical complexity theory [14, 6], because these models restrict
the number of head reversals on all tapes and do not admit internal
memory tapes.

It may seem at first sight that our model is not far from the data
stream models cited above, and that the lower bound techniques
should easily generalise. Unfortunately, this is not the case. The
proofs of all these results build on communication complexity. Es-
sentially, they are variations of the following argument: Split the
input in the middle and show that the problem to be solved requires
a number of b(N) bits to be communicated between the two halves
of the input. In each pass of the data, at most s(N) bits can be com-
municated, where s(N) is the size of the internal memory. Thus if
s(N) times the number r(N) of passes of the input is less than b(N)
the query cannot be answered.

We observe that such arguments utterly fail in our setting: For
example, by copying the first half of the input onto the second ex-
ternal memory tape and then reading it in parallel with the second
half of the input in a second pass over the second tape, we can com-
municate as many bits as we like from the first to the second half.
So communication between different parts of the input is no longer
a bottleneck in our model. However, copying segments of the input
to different locations does not disturb the order of the input string
too much, at least not if it only happens a bounded number of times
(note that copying a segment and then re-reading it requires at least
one reversal of a head direction). Intuitively, this is the reason that
sorting a sequence of numbers is hard in our model.

Note that even though it seems “obvious” that we cannot sort
with sufficiently restricted r(N) and s(N), proving this is not so
easy, because the algorithms are not restricted to sorting in the
“natural way” by shifting around the input numbers. For exam-
ple, an algorithm might use the first pass over the input numbers to
compute the bitwise sum of all input numbers modulo some prime

number. While it is not clear what the benefit of such an oper-
ation would be, it does spoil many naive “information theoretic”
arguments we might be tempted to use for our lower bound proof,
because we suddenly have generated a number that in a non-trivial
way depends on all input numbers.

Our way to resolve such problems is that we simulate our Turing
machines by an abstract non-uniform computation model, which
we call list machine. In certain ways, these list machines are much
more powerful than Turing machines, but they are restricted in one
essential way: They are only allowed to write the original input
numbers into their memory (albeit many copies of them). This pre-
vents them to perform complicated arithmetic operations on the in-
put and store the results for later usage. We can then establish lower
bounds for sorting on list machines by combinatorial means.

The paper is organised as follows. We introduce our model in
Section 2. In Section 3, we formally state the main results. In
Section 4, we introduce list machines. In Section 5, we state and
prove the “Simulation Lemma”, which shows how Turing machines
can be simulated by list machines. In Section 6 we prove the lower
bound for sorting on list machines. It is then fairly easy to prove
the main result; we give the proof in Section 7.

2. Our Model

As our basic model of computation, we use standard multi-tape
Turing machines (see, for example, [4]).

The Turing machines we consider will have t + u tapes. We call
the first t tapes external memory tapes (and think of them as repre-
senting t disks). We call the other u tapes internal memory tapes.
The first tape is always viewed as the input tape, and the tth tape is
viewed as the output tape. In the literature, the input tape often is
read-only and the output tape write-only. In the present paper, we
do not need such restrictions.

N denotes the set of natural numbers (that is, positive integers).

Definition 1. Let T = (Q,Σ,δ ,q0,F) be a (deterministic) Turing
machine (TM, for short) with t+u tapes, where Q is the state space,
Σ the alphabet, q0 ∈ Q the start state, F ⊆ Q the set of final states,
and

δ : (Q\F)×Σt+u → Q×Σt+u ×{L,N,R}t+u

the transition function. Here L,N,R are special symbols indicating
the head movements.

We assume that all tapes are one-sided infinite and have cells
numbered 1,2,3, etc. A configuration of T is a tuple

(q, p1, . . . , pt+u,w1, . . . ,wt+u) ∈ Q×N
t+u × (Σ∗)t+u,

where q is the current state, p1, . . . , pt+u are the positions of the
heads on the tapes, and w1, . . . ,wt+u are the contents of the tapes.

We assume that 2 ∈ Σ is the “blank” symbol which, at the be-
ginning of the TM’s computation, is the inscription of all empty
tape cells.

A configuration is called final if its current state q is final, that
is, q ∈ F . Note that a final configuration does not have a successor
configuration.

A run of T is a sequence ρ = (ρ j) j∈J of configurations satisfy-
ing the obvious requirements. We are only interested in finite runs
here, where the index set J is {1, . . . , `} for an ` ∈ N.

Without loss of generality we assume that our Turing machines
are normalised in such a way that in each step at most one of its
heads moves to the left or to the right. a



For a sequence ν̄ = (ν1, . . . ,νn) of integers we let

rev(ν̄) := min
{

k ≥ 0
∣
∣

there are 1 = n0 < n1 < n2 < .. . < nk < nk+1 =
n such that for all j ≤ k the subsequence
νn j , . . . ,νn j+1 is monotone, that is, either νn j ≤
. . . ≤ νn j+1 or νn j ≥ . . . ≥ νn j+1

}
.

If we think of ν j as being the position after step j of a particle
moving on the integers (or of a head moving on a Turing machine
tape), then rev(ν̄) is the number of times the particle changes its
direction.

Let T be a Turing machine and ρ a finite run of T . Let i ≥ 1 be
the number of a tape and p̄i the sequence of positions of the head
on tape i in the run ρ . Then we let

rev(ρ, i) := rev( p̄i).

Intuitively, rev(ρ, i) is the number of times the ith head changes its
direction in the run ρ . Furthermore, we let

space(ρ, i)

be the number of cells of tape i that are used by ρ .

Definition 2. Let r,s : N → N and t ∈ N.

(1) A deterministic Turing machine T is (r,s,t)-bounded, if every
run ρ of T on an input of length N satisfies the following
conditions:

– ρ is finite.

– 1+∑t
i=1 rev(ρ, i) ≤ r(N).1

– ∑t+u
i=t+1 space(ρ, i)≤ s(N), where t +u is the total number

of tapes of T .

(2) A function or decision problem belongs to the class ST(r,s,t),
if it can be solved by an (r,s,t)-bounded Turing machine.

(3) For classes R and S of functions we let

ST(R,S,t) :=
⋃

r∈R,s∈S

ST(r,s,t).

We also let

ST(R,S,O(1)) :=
⋃

t≥1

ST(R,S,t). a

Note that we put no restriction on the running time or the space
used on the first t tapes of an (r,s,t)-bounded Turing machine.
However, the following lemma shows that these parameters can-
not get too large.

Lemma 3. Let r,s : N → N and t ∈ N, and let T be an (r,s,t)-
bounded Turing machine T . Then for every finite run

ρ = (ρ1, . . . ,ρ`)

of T on an input of size N we have

` ≤ N ·2O(r(N)·(t+s(N)))

and thus ∑t
i=1 space(ρ, i) ≤ N ·2O(r(N)·(t+s(N))).

1It is convenient for technical reasons to add 1 to the number
∑t

i=1 rev(ρ, i) of changes of the head direction. As defined here,
r(N) thus bounds the number of sequential scans of the external
memory tapes rather than the number of changes of head direc-
tions.

Proof: Let T = (Q,Σ,δ ,q0,F) be an (r,s,t)-bounded Turing ma-
chine with t + u tapes, and let ρ = (ρ1, . . . ,ρ`) be the run of T on
an input v ∈ Σ∗ with |v| = N. Let r := r(N) and s := s(N).

Let Q̂ be the set of potential configurations of the tapes t+1, . . .,
t+u, together with the current state of T , that is,

Q̂ =
{

(q, pt+1, . . . , pt+u,wt+1, . . . ,wt+u)
∣
∣ q ∈ Q,

pt+i ∈ {1, . . . ,s}, wt+i ∈ Σ≤s for all i ∈ {1, . . . ,u}
}
.

(Note that since T is (r,s,t)-bounded, the tapes t+1, . . . ,t+u always
have length at most s.)

We have

|Q̂| ≤ |Q| · su ·
(
|Σ|+1

)s
= 2O(s).

In a finite run, T can make at most |Σt | · |Q̂| steps without moving
any of the heads on the first t tapes (otherwise, T would loop for-
ever, contradicting the assumption that every run is finite).
Furthermore, without changing the direction of a head on any of
the tapes 1, . . . ,t, T can make at most

k · |Σt | · |Q̂| (1)

steps, where k is the sum of the current lengths of the strings on
the first t tapes. In each step the sum of the lengths of the strings
on the first t tapes increases by at most t, and hence remains ≤
k · |Σt | · |Q̂| · (t + 1) if the direction of no head on the first t tapes
changes.

Initially, the sum of the lengths of the strings on the first t tapes
is the input length N. An easy induction based on (1) shows that
with at most i changes of the direction of a head on the first t tapes,
the machine can make at most

N · (|Σt | · |Q̂| · (t +1))i+1

steps.
Thus with r−1 changes of head directions, the total number of

steps is bounded by

N · (|Σt | · |Q̂| · (t +1))r = N ·2O((t+s)·r),

where the constant hidden in the O-notation only depends on the
parameters Σ, Q, u of the Turing machine T (and not on N,r,s,t).

2

If we think of the first t tapes of an (r,s,t)-bounded Turing ma-
chine as representing hard disks, then admitting heads to reverse
their direction may not be very realistic. But as we use our model
to prove lower bounds, it does not do any harm either. We mainly
use the reversals to simulate random access. We can explicitly in-
clude random access into our model as follows: A random access
Turing machine is a Turing machine T which has a special address
tape on which only binary strings can be written. These binary
strings are interpreted as nonnegative integers specifying external
memory addresses, that is, numbers of cells on the external mem-
ory tapes. For each external memory tape i ∈ {1, . . ,t} the machine
has a special state ri. If ri is entered, then in one step the head on
tape i is moved to the cell that is specified by the number on the
address tape, and the content of the address tape is deleted.

Definition 4. Let q,r,s : N → N and t ∈ N. A random access Tur-
ing machine T is (q,r,s,t)-bounded, if it is (r,s,t)-bounded (in the
sense of a standard Turing machine) and, in addition, if every run
ρ of T on an input of length N involves at most q(N) random ac-
cesses. a
The address tape is considered as part of the internal memory; thus
in a (q,r,s,t)-bounded random access Turing machine the length of
the address tape is bounded by s(N), where N is the length of the



input. This implies that we can only address the first 2s(N) cells of
the external memory tapes. If during a computation, these tapes get
longer, we only have random access to initial segments of length
2s(N).2

Lemma 5. Let q,r,s : N → N and t ∈ N. Then if a problem can be
solved by a (q,r,s,t)-bounded random access Turing machine, it
can also be solved by a (r +2q,O(s),t)-bounded Turing machine.

Proof: Noting that a random access can be simulated with at most
two reversals of the direction of the head movement, the proof is
straightforward. 2

From now on, we will focus on standard Turing machines with-
out address tapes.

3. Main results

We define the sorting problem as a mapping on sequences of
strings over {0,1}∗, which of course we may interpret as nonneg-
ative integers. We use # as a separator symbol, that is, we encode
inputs and outputs as strings over the alphabet {0,1,#}. We sort
strings lexicographically and denote the lexicographical order on
{0,1}∗ by ≤. If we want to sort nonnegative integers, we pad them
with leading 0s.

Formally, the sorting problem is defined as follows:

SORT
Input: v1# . . .vm#, where m ≥ 1 and v1, . . . ,vm ∈ {0,1}∗ .

Output: vψ(1)# . . .vψ(m)#, where ψ is a permutation of
{1, . . . ,m} such that vψ(1) ≤ ·· · ≤ vψ(m).

Our main technical result is a lower bound for the sorting prob-
lem restricted to inputs which are permuted in a specific way, which
only depends on m.

For a sequence ~v := (v1, . . . ,vm) of strings, we let σ(~v) be the
length of the longest (increasingly or decreasingly) sorted subse-
quence of ~v, that is, the maximum ` such that there are 1 ≤ j1 <
.. . < j` ≤ m with v j1 < .. . < v j` or v j1 > .. . > v j` . The number
σ(~v) is a measure for the “sortedness” of~v. We shall now define an
ordering on strings that generates sequences with a high σ -value.
Let � denote the “lexicographical ordering on reverse strings” on
{0,1}∗ , that is, for v,w ∈ {0,1}∗ let v � w if v−1 is lexicographi-
cally smaller than or equal to w−1. For string v = v1 . . .vn we let
v−1 = vn . . .v1. For every m ≥ 1, we let ϕm be the permutation of
{1, . . . ,m} with

bin(ϕm(1)) � . . . � bin(ϕm(m)),

where bin(i) ∈ {0,1}∗ denote the binary representation of i.

Lemma 6. For every m ≥ 1 we have

σ
(
ϕm(1), . . . ,ϕm(m)

)
≤ 2

√
m−1.

Furthermore, for i ≤ m, the value ϕm(i) can be computed in space
O(logm).

We omit the straightforward proof.
We keep ϕm fixed for the rest of the paper. If m is clear from the

context, we just write ϕ instead of ϕm. We are now ready to state
the main technical theorem:

2We could also put a length restriction of at most 2s(N) on all the
external memory tapes. This does not affect our lower bound re-
sults.

Theorem 7 (Main Technical Theorem). Let r,s : N→N such that

r(N) = o(log N) and s(N) = o
(

5√N
r(N)

)

.

Then the following restriction of SORT is not in ST(r,s,O(1)):

ϕ-SORT
Input: vϕ(1)# . . .vϕ(m)#,

where m ≥ 1, n = m4, and v1 < .. . < vm ∈ {0,1}n .

Output: v1# . . .vm#

Sections 4–7 are devoted to a proof of the theorem. Before we
start the proof, let us derive our main results from this theorem. The
first follows immediately from Theorem 7:

Theorem 8 (Lower Bound for General Sorting). SORT is not in

ST

(

o(logN),O

( 5
√

N
logN

)

,O(1)

)

.

The following theorem shows that for sorting m numbers of size
mO(1) (or strings of length O(logm)) we get an asymptotically tight
lower bound. For an arbitrary constant c ≥ 6, we consider the fol-
lowing restriction of SORT:

SHORT-SORT
Input: v1# . . .vm#, where m ≥ 1 and v1, . . . ,vm ∈ {0,1}∗ such

that |vi| ≤ c · dlog me for 1 ≤ i ≤ m.

Output: vψ(1)# . . .vψ(m)#, where ψ is a permutation of
{1, . . . ,m} such that vψ(1) ≤ ·· · ≤ vψ(m).

Theorem 9 (Lower Bound for Sorting Short Strings).
SHORT-SORT is in ST(O(logm),O(logm),3), but not in

ST
(
o(logm),O

(
6
√

m
)
,O(1)

)
.

Proof: The upper bound is obtained by the standard merge sort
algorithm.

For the lower bound, we reduce ϕ-SORT to SHORT-SORT in
such a way that the reduction can be carried out in

ST(O(1),O(logN),2).

Let m ≥ 1, m = n4, and v1 < .. . < vm ∈ {0,1}n . We consider the
instance

v̄ = vϕ(1)# . . .vϕ(m)#

of ϕ-SORT.
Let vi = vi1 . . .vin, where vi j ∈ {0,1}. For 1 ≤ i ≤ m, let xi ∈

{0,1}∗ be the binary representation of i− 1 padded to a string of
length dlogme by adding leading 0s. Similarly, for 1 ≤ i ≤ n, let
yi ∈ {0,1}∗ be the binary representation of i−1 padded to a string
of length dlogne by adding leading 0s. For 1 ≤ i ≤ m, 1 ≤ j ≤ n let

wi j = xi x j vi j.

Our reduction maps the instance v̄ of ϕ-SORT to the instance

w̄ = wϕ(1)1# . . .wϕ(1)n# . . . wϕ(m)1# . . .wϕ(m)n#

of SHORT-SORT. Note that |wi j| ≤ 5 · dlogme+ 1, thus w̄ really is
an instance of SHORT-SORT. The sorted output is

x1x1v11# . . . x1xnv1n#
x2x1v21# . . . x2xnv2n#

...
xmx1vm1# . . . xmxnvmn#.



From this, we can easily construct the sorted output v1# . . .vm# for
the original instance v̄.

The size of the instance v̄ is N := m · (n + 1). The instance w̄
consists of m ·n strings, each of length 5·dlogme+1. In particular,
w̄ has length m′ = m ·n ·(5·dlogme+2). Note that m′ ≤ 5 ·N · logN.

Let r(m′) = o(logm′) and s(m′) = O
(

6
√

m′
)

such that r(m′)= ω(1)

and s(m′) = ω(logm′). Suppose for contradiction that SHORT-
SORT is in ST(r(m′),s(m′),O(1)). Since

r(m′) = o(logm′) ≤ o
(

log(5 ·N · logN)
)

= o(logN)

and

s(m′) = O( 6
√

m′) ≤ O( 6
√

5 ·N · logN) ≤ O
( 5√N

logN

)
,

we then obtain that ϕ-SORT is in

ST
(

o(logN),O
( 5√N

logN

)
,O(1)

)

.

This contradicts Theorem 7. 2

4. List Machines

Definition 10. A list machine (LM) is a tuple

M = (t,m, I,A,a0,α,B,ω)

consisting of

– a t ∈ N, the number of lists.

– an m ∈ N, the length of the input.

– a finite set I whose elements are called input numbers (usu-
ally, I ⊆ N or I ⊆ {0,1}∗).

– a finite set A whose elements are called (abstract) states.
We assume I and A to be disjoint and not to contain the two
special symbols ‘〈’ and ‘〉’. We call A := I ∪A∪{〈,〉} the
alphabet of the machine.

– an initial state a0 ∈ A.

– a transition function

α : (A\B)×
(
A
∗)t → A×Movementt

with

Movement :=
{(

head-direction,move
)

∣
∣
∣

head-direction ∈ {−1,+1},

move ∈ {true, false}
}

.

– a set B ⊆ A of final states.

– an output function ω : A
∗ → Γ∗, for a (finite) alphabet Γ. a

Intuitively, an LM M = (t,m, I,A,a0,α,B,ω) operates as fol-
lows: The input is a sequence (v1, . . . ,vm) ∈ Im. Instead of tapes
(as a Turing machine), an LM operates on t lists. As for tapes,
there is a read-write head operating on each list. Cells of the lists
store strings in A∗ (and not just symbols from A). Initially, the first
list, called the input list, contains (v1, . . . ,vm), and all other lists are
empty. The heads are on the left end of the lists. In each step of the
computation, the heads move according to the transition function.
If a head changes its direction or moves to the left or right, then
the current state and the content of all current head positions are
written behind each head (it will be made precise below what ‘be-
hind’ means). If a final state is reached, the machine stops. Then
the output is computed by applying the output function cell-wise to
the last list and concatenating the strings it returns.

Definition 11. (1) A configuration of an LM

M = (t,m, I,A,a0,α,B,ω)

is a tuple (a,~p, ~d,X), where

– a ∈ A is the current state,

– ~p =






p1
...
pt




 ∈ Nt is the tuple of head positions,

– ~d =






d1
...

dt




 ∈ {−1,+1}t is the tuple of head directions,

– X =






~x1
...

~xt




, where~xi = (xi,1, . . . ,xi,mi )∈ (A∗)mi for some

mi ≥ 1, contains the content of the cells. (The string xi, j ∈
A∗ is the content of the jth cell of the ith list.)

(2) The initial configuration for input (v1, . . . ,vm)∈ Im is the con-
figuration (a,~p, ~d,X), where a = a0, ~p = (1, . . . ,1)>, ~d =
(+1, . . . ,+1)>, and X = (~x1, . . . ,~xt)

> with

~x1 =
(
〈v1〉, . . . ,〈vm〉

)
∈ (A∗)m

and ~x2 = · · · =~xt =
(
〈〉

)
∈ (A∗)1.

(3) The successor S(a,~p, ~d,X) of a configuration (a,~p, ~d,X) is
the configuration (a′,~p′, ~d′,X ′) defined as follows: Suppose
that

α(a,x1,p1 , . . . ,xt,pt ) = (b,e1, . . . ,et)

We let a′ = b. For 1 ≤ i ≤ t, let mi be the length of the list~xi,
and let

e′i := (head-directioni,movei)

:=







(−1, false) if pi = 1 and ei = (−1, true),

(+1, false) if pi = mi and ei = (+1, true),

ei otherwise.

We define fi ∈ {0,1} such that fi = 1 if, and only if,
(
movei =

true or head-directioni 6= di
)
.

If fi = 0 for all i ∈ {1, . . ,t}, then we let ~p′ := ~p, ~d′ := ~d, and
X ′ := X .
So suppose that there is at least one i such that fi 6= 0. Fur-
thermore, let

y := a 〈x1,p1 〉 · · · 〈xt,pt 〉

We let

~x′i =







(
xi,1, . . . , xi,pi−1, y, xi,pi+1, . . . , xi,mi

)

if movei = true,
(

xi,1, . . . , xi,pi−1, y, xi,pi , xi,pi+1, . . . , xi,mi

)

if di = +1 and movei = false,
(

xi,1, . . . , xi,pi−1, xi,pi , y, xi,pi+1, . . . , xi,mi

)

if di = −1 and movei = false,



and, finally,

p′i =







pi +1 if e′i = (+1, true),

pi −1 if e′i = (−1, true),

pi +1 if di = +1 and e′i = (+1, false),

pi if di = +1 and e′i = (−1, false),

pi if di = −1 and e′i = (−1, false),

pi +1 if di = −1 and e′i = (+1, false).

(4) A configuration (a,~p, ~d,X) is final if a ∈ B. A (finite) run
of the machine is a sequence (ρ1, . . . ,ρ`) of configurations,
where ρ1 is the initial configuration for some input, ρ` is fi-
nal and S(ρi) = ρi+1 for 1 ≤ i < `. Note that for each input
(v1, . . . ,vm) ∈ Im there is at most one run from the initial con-
figuration for (v1, . . . ,vm) to a final configuration.

(5) To define the output of the machine, let (v1, . . . ,vm) ∈ Im be
an input. If there is no finite run with input (v1, . . . ,vm), we
let fM(v1, . . . ,vm) be undefined. Otherwise, let (a,~p, ~d,X) be
the final configuration reached from the initial configuration
for input (v1, . . . ,vm). Let

o := ω(xt,1) · · ·ω(xt,mt ).

Then o ∈ Γ∗. We let

fM(v1, . . . ,vm) := o.

Thus our machine M computes a partial function
fM : Im → Γ∗. a

Remark 12. Let M = (t,m, I,A,a0,α,B,ω) be an LM.
We define the following subsets of A∗:

L1 :=
{

a〈y1〉 · · · 〈yt〉
∣
∣ a ∈ A,y1 ∈ {〈v〉 : v ∈ I},

y2 = · · · = yt = 〈〉
}

and, for all i ≥ 1,

Li+1 := Li ∪
{

a〈y1〉 · · · 〈yt〉
∣
∣ a ∈ A and y1, . . ,yt ∈ Li

}
.

It is straightforward to see the following: In the start configuration,
every item in list 1 stores a string of the form 〈v〉, for some v ∈ I,
whereas each of the lists 2, . . ,t have exactly one item, and this
unique item stores the string 〈〉. Each of the list items generated
during the computation until the first head reversal stores a string
that belongs to L1. In particular, until the first head reversal, each
list j ∈ {2, . . ,t} is of the form

~x j =
(
x j,1, . . ,x j,m j

)

with x j,ν ∈ L1, for all ν < mi, and x j,m j = 〈〉; and the head of list j
points to its last item x j,m j .

Similarly, until the first reversal of any of the heads j∈{1, . . ,t},
list 1 is of the form

~x1 =
(
x1,1, . . ,x1,m1

)

where, for some p ∈ {1, . . ,m1}, we have x1,ν ∈ L1, for all ν < p,
and x1,ν ∈ {〈v〉 : v ∈ I}, for all ν ≥ p; and the head of list 1 points
to item, x1,p.

In general, during the computation until the ith head reversal,
every list item stores a string from

Li ∪{〈v〉 | v ∈ I}∪{〈〉}. a

Definition 13. For every run ρ of an LM

M = (t,m, I,A,a0,α,B,ω)

and every i ≤ t, we define rev(ρ, i) to be the number of changes of
the direction of head i in run ρ . We say that M is r-bounded, for
some r ∈ N, if every run ρ is of M is finite (that is, fM is total) and

t

∑
i=1

rev(ρ, i) ≤ r. a

5. The Simulation Lemma

Lemma 14 (Simulation Lemma). Let r,s : N → N, t ∈ N, and let
T = (Q,Σ,δ ,q0,F) be an (r,s,t)-bounded Turing machine with a
total number of t+u tapes, which computes a function

fT :
(
Σ\{2}

)∗ →
(
Σ\{2}

)∗
.

Then for all m,n ∈ N there exists an r
(
m · (n+1)

)
-bounded LM

Mm,n = M = (t,m, I,A,a0,α,B,ω)

with I =
(
Σ\{2,#}

)n and

|A| ≤ 2d·t2·r(m·(n+1))·s(m·(n+1)) + 3t·log(m·(n+1)) (2)

for some number d = d(u, |Q|, |Σ|) that does not depend on r, m, n,
t, such that

fM(v1, . . . ,vm) = fT (v1 # · · ·vm #)

for all (v1, . . . ,vm) ∈ Im.

The proof of this lemma is the technically most difficult part of
this paper. Before we get into technical details, let us briefly sketch
the idea: Let T be a TM. We construct an LM M that simulates
T . The lists of M represent the external memory tapes of T . More
precisely, the cells of the lists of M represent segments, or blocks,
of the corresponding external memory tapes of T in such a way
that the content of a block at any step of the computation can be re-
constructed from the content of the cell representing it. The blocks
evolve dynamically in a way that is described below. The states of
M encode:

– The current state of the Turing machine T .

– The content and the head positions of the internal memory
tapes t +1, . . . ,t +u of T .

– The head positions of the external memory tapes 1, . . . ,t.

– For each of the external memory tapes 1, . . . ,t, the bound-
aries of the block in which the head currently is.

Representing T ’s current state and the content and head positions
of the u internal memory tapes requires |Q| · 2O(s(m·(n+1))) · s(m ·
(n+1))u states. The t head positions of the external memory tapes
increase the number of states by a factor of `t , where ` = `(m · (n+
1)) is an upper bound on the tape length which we obtain from
Lemma 3. The 2t block boundaries increase the number of states
by another factor of `2t . So overall, the number of states is bounded
by

|Q| ·2O(s(m·(n+1))) · s(m · (n+1))u · `3t .

By Lemma 3, this yields the bound (2).
Initially, the first tape is split into m blocks which contain the in-

put segments vi# (for 1 ≤ i ≤ m and vi ∈ I), and all other tapes just
consist of one block which contains the blank string �`. The heads
in the initial configuration of M are on the first cells of their lists.
Now we start the simulation. As long as no head of the external
memory tapes of T changes its direction or crosses the boundaries



of its current block, M does not do anything. If a head on a tape
i0 ∈ {1, . . . ,t} crosses the boundaries of its block, the head i0 of M
moves to the next cell, and the previous cell is overwritten with suf-
ficient information so that if it is visited again later, the content of
the corresponding block of tape i0 of T can be reconstructed. The
blocks on all other tapes are split behind the current head position
(“behind” is defined relative to the current direction in which the
head moves). A new cell is inserted into the lists behind the head,
this cell represents the newly created tape block that is behind the
head. The newly created block starting with the current head posi-
tion is represented by the (old) cell on which the head still stands.
The case that a head on a tape i0 ∈ {1, . . . ,t} changes its direction
is treated similarly.

After the simulation stops, the output is created by applying the
function ω to the content of the last list, which represents the con-
tent of the last external memory tape (that is, the output tape). Thus,
all ω has to do is reconstruct the tape content from the list content.

5.1. Proof of the Simulation Lemma. Let T = (Q,Σ,δ ,q0,F)
be the given Turing machine with t + u tapes, where the tapes
1, . . . ,t are the external memory tapes and tapes t + 1, . . . ,t + u
are the internal memory tapes. Let m,n ∈ N and N = m · (n + 1).
Every tuple ~v = (v1, . . ,vm) ∈ Im corresponds to an input string
v̄ := v1 #v2 # · · ·vm # of length N. Let r := r(N) and s := s(N).

By Lemma 3, there is a constant c1 = c1(u, |Q|, |Σ|), which does
not depend on r, m, n, t, such that throughout the entire computa-
tion on an input ṽ (for any ~v ∈ Im), each of the external memory
tapes 1, . . . ,t of T has length at most

`(N) := N ·2c1·r·(t+s). (3)

Step 1: Definition of a superset Ã of M’s state set A.

Let Q̂ be the set of potential configurations of tapes t+1, . . . ,t+u,
together with the current state of T , that is,

Q̂ :=
{
(q, pt+1, . . . , pt+u,wt+1, . . . ,wt+u)

∣
∣ q ∈ Q,

pt+i ∈ {1, . . . ,s}, wt+i ∈ Σ≤s (for all i ∈ {1, . . . ,u})
}
.
(4)

Then for a suitable constant c2 = c2(u, |Q|, |Σ|) we have

|Q̂| ≤ 2c2 ·s. (5)

We let

Ã :=
{(

q̂, ~p1, . . ,~pt
)

∣
∣
∣ q̂ ∈ Q̂,

and for each j ∈ {1, . . ,t},

~p j = (p[[
j, p↑j , p]]

j,head-direction j)

with

p↑ ∈ {1, . . , `(N)},
head-direction j ∈ {+1,−1}, and

either p[[ = p]] = �,

or p[[
j, p]]

j ∈ {1, . . , `(N)} with
(

p[[
j = p↑j ≤ p]]

j or p[[
j ≤ p↑j = p]]

j

)}

Here, � is a symbol for indicating that p[[ and p]] are “undefined”,
that is, that they cannot be interpreted as positions on one of the
Turing machine T ’s tapes 1, . . ,t.

Later, at the end of Step 3, we will specify, which particular
subset of Ã will be designated as M’s state set A. With any choice
of A as a subset of Ã we will have

|A| ≤ |Ã| ≤ |Q̂| ·
(
`(N)+1

)3·t ·2t

≤ 2c2·s ·
(
N ·2c1·r·(t+s) +1

)3·t ·2t ≤ 2d·t2·r·s

for a suitable constant d = d(u, |Q|, |Σ|). This completes Step 1. a

Step 2: Definition of M’s initial state a0 and M’s set B of final
states.

Let

q̂0 := (q0,1, . . ,1
︸ ︷︷ ︸

u

,2s, . . ,2s

︸ ︷︷ ︸

u

)

be the part of T ’s initial configuration that describes the (start) state
q0 of T and the head positions and initial (empty) content of the
tapes t+1, . . ,t+u (that is, the tapes that represent internal mem-
ory).

Let

~p1 := (p[[
1, p↑1, p]]

1,head-direction1)

:=

{

(1,1,n+1,+1) if m > 1,

(1,1,m · (n+1),+1) otherwise.

As start state of the LM M we choose

a0 := (q̂0,~p1,~p2, . . ,~pt)

As M’s set of final states we choose B := B̃∩A, with

B̃ :=
{(

q̂, ~p1,~p2, . . ,~pt
)
∈ A

∣
∣ q̂ is of the form (q,~p,~y) ∈ Q̂

for some q ∈ F
}

that is, a state of M is final if, and only if, the associated state of the
Turing machine T is final. This completes Step 2. a

Step 3: Definition of M’s transition function α .

We let

ConfT :=
{(

q, p1, . . , pt+u,w1, . . ,wt+u
)

∣
∣
∣ q ∈ Q,

and for all j ∈ {1, . . ,t+u}
p j ∈ N

and for all j ∈ {1, . . ,t}
w j ∈ {~}∗Σ∗{~}∗ with w j,p j ∈ Σ

and for all j ∈ {1, . . ,u}

wt+ j ∈ Σ∗
}

,

where ~ is a symbol not in Σ, and w j,p j denotes the p j-th letter in
the string w j.

Intended meaning: The symbol ~ is used as a wildcard symbol
that may be interpreted by any symbol in Σ. An element in ConfT
gives (potentially) incomplete information on a configuration of T ,
where the contents of tapes 1, . . ,t might be described only in some
part (namely, in the part containing no ~-symbols).

We let Ã := I∪ Ã∪{〈,〉}. By induction on i we fix, for i ≥ 0,

– a set Ai ⊆ Ã

– a set Ki ⊆ (Ã\ B̃)× (Ã∗)t ,



– a set Li ⊆ Ã∗, letting

Li :=
{

a〈y1〉 · · · 〈yt〉 : (a,y1, . . ,yt) ∈ Ki
}

(6)

– a function

configi : Ki → ConfT ∪{⊥}
Intended meaning: When the LM M is in a situation κ ∈ Ki,
then configi(κ) is the TM’s configuration at the beginning of
M’s current step. If configi(κ) =⊥, then κ does not represent
a configuration of the TM.

– the transition function α of M, restricted to Ki, that is,

α|Ki
: Ki → Ã×Movementt

– for every tape j ∈ {1, . . ,t}, a function

tape-config j,i : Li →
{

(w, p[[, p]])
∣
∣
∣

either 1 ≤ p[[ ≤ p]] ≤ `(N) and

w ∈ {~}p[[−1Σp]]−p[[+1{~}`(N)−p]]

or p[[ > p]] and w = ε
}

Intended meaning: When the LM M is in a situation κ =
(a,〈y1〉, . . ,〈yt〉) ∈ Ki, then tape-config j,i(a〈y1〉 · · · 〈yt〉) gives

information on the inscription from tape cell p[[ up to tape cell
p]] of the j-th tape of the TM’s configuration at the end of M’s
current step.

Induction base (i = 0): We start with M’s start state a0 and choose

A0 := {a0 }.
If a0 is final, then we let K0 := /0 and A := A0. This then gives us
an LM M which accepts its input without performing a single step.
This is fine, since a0 is final if, and only if, the Turing machine T ’s
start state q0 is final, that is, T accepts its input without performing
a single step.

For the case that a0 is not final, we let

K0 :=
{

(a0,y1, . . ,yt)
∣
∣
∣ y1 ∈ {〈v〉 : v ∈ I} and y2 = · · · = yt = 〈〉

}

.

The set L0 is defined via equation (6).
The function config0 is defined as follows: For every

κ = (a0,y1, . . ,yt) ∈ K0

with y1 = 〈v〉 (for some v ∈ I), let

config0(κ) :=
(
q0,

t+u
︷ ︸︸ ︷

1, . . ,1, v#~
`(N)−(n+1),

2
`(N), . . ,2`(N)

︸ ︷︷ ︸

t−1

, 2
s, . . ,2s

︸ ︷︷ ︸

u

)
.

Let

(q̂0,~p1, . . ,~pt) := a0

with ~p j = (p[[
j, p↑j , p]]

j,head-direction j), for all j ∈ {1, . . ,t}.
For j ∈ {1, . . ,t} we define

(
p̂[[

j, p↑j , p̂]]
j

)
:=

(
p[[

j, p↑j , p]]
j

)
.

For defining α|K0
(κ) and tape-config j,0(a〈y1〉 · · · 〈yt〉), consider the

following: Let us start the Turing machine T with a configuration γ0
that fits to config0(κ), that is, that can be obtained from config0(κ)

by replacing each occurrence of the wildcard symbol ~ by an arbi-
trary symbol in Σ. Let γ0,γ1,γ2, . . . be the successive configurations
of T when started in γ0, that is, γν+1 = S(γν ), for all ν ≥ 0.

Using this notation, the definition of α|K0
(κ) and

tape-config j,0(a〈y1〉 · · · 〈yt〉)
can be taken verbatim from the definition of α|Ki+1

(κ) and

tape-config j,i+1(a〈y1〉 · · · 〈yt〉),
given below. This completes the induction base (i = 0).

Induction step (i → i+1): We let

Ai+1 :=
{

b ∈ Ã
∣
∣ there is some κ ∈ Ki such that

α|Ki
(κ) = (b,e1, . . ,et)

(for suitable (e1, . . ,et) ∈ Movementt)
}

and

Ki+1 :=
{
(a,y1, . . ,yt)

∣
∣ a ∈ Ai+1 \ B̃,

y1 ∈ {〈v〉 : v ∈ I}∪
⋃

i′≤i

Li′ , and

y j ∈ {〈〉}∪
⋃

i′≤i

Li′ , for all j ∈ {2, . . ,t}
}

The set Li+1 is defined via equation (6).
The function configi+1 is defined as follows: Let κ = (a,y1, . . ,yt)∈
Ki+1. Let

(q̂,~p1, . . ,~pt) := a

with ~p j = (p[[
j, p↑j , p]]

j,head-direction j), for all j ∈ {1, . . ,t}, and

q̂ = (q, pt+1, . . , pt+u,wt+1, . . ,wt+u).

Let j ∈ {1, . . ,t}.
If y j ∈ Li′ for some i′ ≤ i, then let

(w′
j, p′[[j, p′]]j) := tape-config j,i′ (y j).

We choose w j := w′
j. (This is well-defined, because tape-config j,i′

and tape-config j,i′′ operate identical on all elements in Li′ ∩Li′′ , for
all i′, i′′ ≤ i).

Furthermore, we let ( p̂[[
j, p̂]]

j) be defined as follows:

( p̂[[
j, p̂]]

j) :=







(p↑j , p′]]j) if p[[
j = p]]

j = � and head-direction j = +1

(p′[[j, p↑j) if p[[
j = p]]

j = � and head-direction j = −1

(p[[
j, p]]

j) otherwise.

If y j 6∈ Li′ , for every i′ ≤ i, then we make a case distinction on j:
In case that j ∈ {2, . . ,t}, we have y j = 〈〉 and head-direction j =

+1. We define ( p̂[[
j, p̂]]

j) as follows:

(
p̂[[

j, p̂]]
j

)
:=

(
p↑j , `(N)

)
,

and choose

w j := ~
p̂[[j−1

2
`(N)−( p̂[[j−1) .

In case that j = 1, we know that y j must be of the form 〈v〉, for some
v∈ I, and head-direction j = +1. If v is not the m-th input item, that

is, there is some µ ∈ {1, . . ,m−1} such that (µ−1) · (n+1) < p↑1 ≤
µ · (n+1), then we define

(
p̂[[

1, p̂]]
1

)
:=

(
p↑1,µ · (n+1)

)
,



and choose

w1 := ~
(µ−1)·(n+1) v# ~

`(N)−µ ·(n+1) .

Otherwise, v must be the m-th input item, that is,

p↑1 > (m−1) · (n+1).

In this case we define
(

p̂[[
1, p̂]]

1

)
:=

(
p↑1, `(N)

)

and choose

w1 := ~
(m−1)(n+1) v# 2

`(N)−m·(n+1).

If, for some j0 ∈ {1, . . ,t}, w j0 = ε , then we define

configi+1(κ) := ⊥,

tape-config j,i+1(a〈y1〉 · · · 〈yt〉) := (ε,2,1),

and α|Ki+1
(κ) :=

(
a,e′′1 , . . ,e′′t

)
, where for all j ∈ {1, . . ,t},

e′′j :=

{(
head-direction j, true

)
if w j = ε

(
head-direction j, false

)
otherwise.

In what follows, we consider the case where w j 6= ε , for all j ∈
{1, . . ,t}. We define

configi+1(κ) := (q, p1, . . , pt , pt+1, . . , pt+u,

w1, . . ,wt ,wt+1, . . ,wt+u),

where q and pt+1, . . , pt+u,wt+1, . . ,wt+u are obtained from q̂,
p1, . . , pt are obtained from a via p j := p↑j , for all j ∈ {1, . . ,t}, and
w1, . . ,wt chosen as above.

Altogether, the description of the definition of configi+1(κ) is
complete.

For defining α|Ki+1
(κ) and tape-config j,i+1(a〈y1〉 · · · 〈yt〉), consider

the following: Let us start the Turing machine T with a configura-
tion γ0 that fits to configi+1(κ), that is, that can be obtained from
configi+1(κ) by replacing each occurrence of the wildcard symbol
~ by a symbol in Σ. Let γ0,γ1,γ2, . . . be the successive configura-
tions of T when started in γ0, that is, γν+1 = S(γν ), for all ν ≥ 0.

Then, there is a minimal ν > 0 for which there exists a j0 ∈
{1, . . ,t} such that throughout the run γ0 · · ·γν−1,

(1) none of the heads 1, . . ,t changes its direction, and

(2) none of the heads j ∈ {1, . . ,t} crosses a border p̂[[
j or p̂]]

j,

and one of the following cases applies:

Case 1: In the transition from γν−1 to γν , head j0 crosses one of

the borders p̂[[
j0

or p̂]]
j0

. That is, in γν , the j0-th head is either

at position p̂[[
j0
−1 or at position p̂]]

j0
+1.

(And none of the heads j ∈ {1, . . ,t} \ { j0} crosses a border
or changes its direction.3 )

Case 2: In the transition from γν−1 to γν , head j0 changes its di-

rection, but does not cross one of the borders p̂[[
j0

or p̂]]
j0

.
(And none of the heads j ∈ {1, . . ,t} \ { j0} crosses a border
or changes its direction.)

Case 3: γν is final, and j0 := t.

3Recall that w.l.o.g. we assume that the Turing machine is nor-
malised, cf. Definition 1.

In all three cases we let

(q′′, p′′1 , . . , p′′t+u,w
′′
1 , . . ,w′′

t+u) := γν .

We choose

q̂′′ := (q′′, p′′t+1, . . , p′′t+u,w
′′
t+1, . . ,w

′′
t+u)

and define

b := (q̂′′,~p′′1 , . . ,~p′′t ) ,

where

~p′′j = (p′′[[j, p′′↑j , p′′]]j,head-direction′′j )

will be specified below.
Finally, we define

α|Ki+1
(κ) := (b,e′′1 , . . ,e′′t ),

where, for every j ∈ {1, . . ,t},

e′′j :=
(
head-direction′′j , move′′j

)

will be specified below.

Recall that κ =
(
a,y1, . . ,yt

)
∈ Ki+1. For every j ∈ {1, . . ,t} we

define

tape-config j,i+1
(
a〈y1〉 · · · 〈yt〉

)

:=







(
~

p[[
j−1 w′′

j,p[[
j

· · ·w′′
j,p]]

j

~
`(N)−p]]

j+1, p[[
j, p]]

j

)
if p[[

j ≤ p]]
j

(
ε, p[[

j, p]]
j

)
otherwise

where p[[
j and p]]

j are specified below.

For all j ∈ {1, . . ,t}\{ j0} we know (by the choice of ν and j0) that
throughout the TM computation γ0, . . ,γν , head j neither changes

its direction nor crosses one of the borders p̂[[
j, p̂]]

j .
Consequently, we choose

head-direction′′j := head-direction j

move′′j := false

p′′↑j := p′′j

p′′[[j :=

{

p′′↑j if head-direction j = +1

p̂[[
j if head-direction j = −1

p′′]]j :=

{

p̂]]
j if head-direction j = +1

p′′↑j if head-direction j = −1

p[[
j :=

{

p̂[[
j if head-direction j = +1

p′′↑j +1 if head-direction j = −1

p]]
j :=

{

p′′↑j −1 if head-direction j = +1

p′′]]j if head-direction j = −1

To specify

head-direction′′j0 , move′′j0 , p′′[[j0 , p′′↑j0 , p′′]]j0 , p[[
j0
, and p]]

j0
,

we distinguish between the three cases listed above:

ad Case 1: In this case, head j0 crosses one of the borders p̂[[
j0

or

p̂]]
j0

in the transition from γν−1 to γν (that is, p′′j0 is either p̂]]
j0

+1 or



p̂[[
j0
−1). We choose

(
p′′[[j0 , p′′↑j0 , p′′]]j0

)
:=

(
�, p′′j0 , �

)

(
p[[

j0
, p]]

j0

)
:=

(
p̂[[

j0
, p̂]]

j0

)

move′′j0 := true

head-direction′′j0 :=

{

+1 if p′′j0 = p̂]]
j0

+1
−1 otherwise.

ad Case 2: In this case, head j0 changes its direction, but does

not cross one of the borders p̂[[
j0

or p̂]]
j0

. We only consider the case
where the direction of head j0 changes from +1 to −1 (the other
case is symmetric).
We choose

(
head-direction′′j0 , move′′j0

)
:=

(
−1, false

)

(
p′′[[j0 , p′′↑j0 , p′′]]j0

)
:=

(
p̂[[

j0
, p′′j0 , p′′j0 +1

)

(
p[[

j0
, p]]

j0

)
:=

(
p′′j0 +2, p̂]]

j0

)

Note that here we might have p′′j0 + 1 = p̂]]
j0

. In this case, by the

above definition, we obtain p[[
j0

= p]]
j0

+1.

ad Case 3: In this case we have j0 = t and γν is final, that is, q′′ is a
final state of the TM T . Therefore, b is a final state of the LM M. As

M immediately stops in such a state, we may choose p′′[[t , p′′↑t , p′′]]t
arbitrarily and may let head-direction′′t := head-directiont . We let
move′′t := true — due to this final head movement on M’s output list
t, the information on M’s current state a and the symbols currently
read on the t lists is saved to the current cell of list t. This needs
to be done in order to ensure that M’s output (which is obtained
as explained in Step 4 below) is indeed exactly the output that the
Turing machine would generate.

We choose
(

p[[
j0
, p]]

j0

)
:=

(
p̂[[

j0
, p̂]]

j0

)
.

This completes the induction step.
Finally, we are ready to fix M’s state set A and transition func-

tion α as follows:

A :=
⋃

i≥0

Ai

K :=
⋃

i≥0

Ki

α :=
⋃

i≥0

α|Ki

Note that

1. α is well-defined, because α|Ki
and α|Ki′

operate identical on
all elements in Ki ∩Ki′ (for all i, i′ ≥ 0).

2. K consists of all situations (a,y1, . . ,yt) ∈ (A\B)× (A∗)t that
may occur in runs of M.

3. α remains undefined on elements (a,y1, . . ,yt) in (A \ B)×
(A∗)t that do not belong to K. This is fine, because such a
situation (a,y1, . . ,yt) can never occur in an actual run of M.

This completes Step 3. a

Step 4: Definition of M’s output function ω : A∗ →
(
Σ\{2}

)∗.

We define ω(〈〉) := ε .
For every v ∈ I we let ω(〈v〉) := v.
For each string y that belongs to Li, for some i ≥ 0, we let

(w′, p[[, p]]) := tape-configt,i(y),

choose w′′ to be the string obtained from w′ by deleting all ~-
symbols and all 2-symbols, and let

ω(y) := w′′.

(This is well-defined, because tape-config j,i and tape-config j,i′ op-
erate identical on all elements in Li ∩Li′ .)

On all strings y which, for every i ≥ 0, do not belong to Li, the
output function can remain undefined (or set to any arbitrary value,
e.g., ω(y) := ε), because such strings will never occur as list-entries
throughout a computation of M.

This completes Step 4. a

Step 5: Given arbitrary (v1, . . ,vm) ∈ Im, we have
fM(v1, . . . ,vm) = fT (v1# · · ·#vm).

Proof: By a straightforward (but tedious) induction along the defi-
nition of M’s transition function and output function given in Steps 3
and 4. This completes Step 5. a
Altogether, the proof of Lemma 14 is complete. 2

6. A Lower Bound for Sorting on List Machines

Let I ⊆ {0,1}∗ . We say that an LM M = (t,m, I,A,a0,α,B,ω)
solves the ϕ-sorting problem for m inputs from I if for all inputs
(vϕ(1), . . . ,vϕ(m)), where v1 < .. . < vm ∈ I, the output of M is
v1# . . .vm#.

Lemma 15 (Lower Bound for Sorting on LM).
Let k,m,n,r,t ∈ N such that m is a power of 2 and

t ≥ 2, m ≥ 4 · t2r, k ≥ m+2, n > 3m3 · logk.

Then there is no r-bounded LM M with t lists and at most k states
that solves the sorting problem for m inputs from {0,1}n .

Proof: Let M = (t,m, I,A,a0,α,B,ω) be an r-bounded LM with
|A| ≤ k. Let I = {0,1}n, and suppose for contradiction that M
solves the sorting problem for m inputs from I.

The total list length of a configuration of M is the sum of the
lengths of all lists in that configuration. Observe that the total list
length never decreases during a computation.

Claim 1 For all (v1, . . . ,vm) ∈ Im, the total list length of all config-
urations of the run of M on input (v1, . . . ,vm) is bounded by

(t +1)r ·m.

Proof: Let γ be a configuration of total list length `. Then the
total list length of the successor configuration of γ is at most `+ t
if a head moves or changes its direction in the transition from γ
to its successor, and it remains ` otherwise. Now suppose γ ′ is
a configuration that can be reached from γ without changing the
direction of any head. Then γ ′ is reached from γ with at most `− t
head movements, because a head can move at most i−1 times on a
list of length i. Thus the total list length of γ ′ is at most

`+ t · (`− t) (7)



The total list length of the initial configuration is m+ t −1. A sim-
ple induction based on (7) shows that the total list length of a con-
figuration that occurs before the ith change of a head direction is at
most

(t +1)i ·m.

This proves Claim 1. a
The cell size of a configuration is the maximum length of the

entries of the cells occurring in the configuration (remember that
the cell entries are strings over A).

Claim 2 For all (v1, . . . ,vm) ∈ Im, the cell size of all configurations
of the run of M on input (v1, . . . ,vm) is bounded by

8 · tr.

Proof: Let γ be a configuration of cell size c. Then the cell size of
all configurations that can be reached from γ without changing the
direction of any head is at most

1+ t · (c+2)

The cell size of the initial configuration is 3. A simple induction
shows that the total cell size of any configuration that occurs before
the ith change of a head direction is at most

5t i +
i−1

∑
j=1

3t j +1 ≤ 8 · t i.

This proves Claim 2. a
Recall that for a sequence (v1, . . . ,vm) ∈ Im the number σ(~v)

is the length of the longest (increasingly or decreasingly) sorted
subsequence of~v.

Let γ = (a,~p, ~d,X) be a configuration of M, where

X = (~x1, . . . ,~xt)
> with ~xi = (xi,1, . . . ,xi,mi) ∈ (A∗)mi ,

for some mi ≥ 1. We say that a sequence (v1, . . . ,v`) ∈ I` occurs
in γ if there is an i ≤ t and 1 ≤ j1 ≤ . . . ≤ j` ≤ mi such that for
1 ≤ p ≤ ` the number vp occurs in the string xi, jp . We let σ(γ)

be maximum ` such that there is a sequence (v1, . . . ,v`) ∈ I` with
v1 < .. . < v` or v1 > .. . > v` that occurs in γ .

Claim 3 Let~v = (v1, . . . ,vm) ∈ Im. Then for all configurations γ of
the run of M on input (v1, . . . ,vm) we have

σ(γ) ≤ tr ·σ(~v).

Proof: Let γ be a configuration with σ(γ) = `. Then for all configu-
rations γ ′ that can be reached from γ without changing the direction
of any head we have

σ(γ ′) ≤ t · `. (8)

To see this, suppose for contradiction that a sequence

~v = (v1, . . . ,v`·t+1) ∈ I`·t+1

with v1 < .. . < v`·t+1 or v1 > .. . > v`·t+1 occurs in γ ′. Each occur-
rence of a vi in γ ′ can be traced back to the occurrence vi on some
list in γ . Thus there is a list j such that at least `+ 1 of these oc-
currences of vis in γ are on list j, say, in positions p1 ≤ ·· · ≤ p`+1.
But this means that σ(γ) ≥ `+1, which is a contradiction.

A simple induction based on (8) proves the statement of the
claim. a

We subdivide I = {0, . . . ,2n − 1} into m consecutive intervals
I1, . . . , Im each of length 2n/m. Remember that 2n is divisible by m
because m is a power of 2. From now on, we only consider inputs

~v = (v1, . . . ,vm) ∈ I := Iϕ(1)×·· ·× Iϕ(m).

Note that

|I | =

(
2n

m

)m

.

Let~v = (v1, . . . ,vm)∈I , and let γ = (a,~p, ~d,X) be the final config-
uration of the run of M on input~v. Let~xt = (xt,1, . . . ,xt,mt )∈ (Σ∗)mt

for some mt ≥ 1 be the content of the last list in γ . To determine
the output, the function ω is applied to all xt, j. The output is

vϕ−1(1)#vϕ−1(2)# . . .#vϕ−1(m)#.

For 1≤ i≤m, let ei ∈{1, . . . ,mt} be the position where ω produces
the ith ‘#’, that is, where the output of vϕ−1(i) is completed. Let
e0 := 1 and, for 1 ≤ i ≤ m,

Ei := {ei−1, . . . ,ei}.
We call Ei the output interval for vϕ−1(i) or, for short, the output
interval for i.

Claim 4 There is some index i0 ∈{1, . . . ,m} such that vϕ−1(i0) does
not occur in xt, j for any j ∈ Ei0 .
Proof: By Claim 3, there are at most tr · (2√m− 1) indices i ∈
{1, . . . ,m} such that vϕ−1(i) occurs in xt, j for some j ∈ Ei. Since√

m ≥ 2tr, we have tr · (2√m−1) < m, and the claim follows. a
Let j ≤ mt . Note that all v ∈ I that appear as letters in the strings

xt, j are contained in {v1, . . . ,vm}. The index string of xt, j is the
string ind(xt, j) obtained from xt, j by replacing each occurrence of
vi by the index i, for 1 ≤ i ≤ m. The skeleton generated by ~v =
(v1, . . . ,vm) is the tuple

skel(~v) = (ind(xt,1), . . . , ind(xt,mt ),e1, . . . ,em).

Note that the index strings are strings over the alphabet {1, . . . ,m}∪
A∪{〈,〉}. By Claim 2, the length of these strings is at most 8tr.
Thus there are at most

(m+ k +2)8tr

different index strings. Since the ei are bounded by the length mt
of the last list and since mt ≤ (t + 1)r ·m by Claim 1, there are at
most

(m+ k +2)8tr ·mt ·mm
t

≤ (m+ k +2)8tr ·(t+1)rm · ((t +1)r ·m)m

≤ (2 · k)m3 ·m2m

(because k ≥ m+2, m ≥ 4t2r, and t ≥ 2)

skeletons.
Let K be a skeleton that is generated by a maximum number of

inputs ~v ∈ I , and let I1 be the set of all inputs that generate K,
that is,

I1 = {~v ∈ I | skel(~v) = K}.
Then

|I1| ≥ |I |
(2 · k)m3 ·m2m

.

Since the output intervals only depend on the skeleton, by Claim 4
there is some index i0 ∈{1, . . . ,m} such that for all~v∈I1 the num-
ber vϕ−1(i0) does not occur in xt, j for any j ∈ Ei0 . Without loss of
generality we may assume that i0 = m. Choose v1 ∈ I1, . . . ,vm−1 ∈
Im−1 such that the tuple (v1, . . . ,vm−1) has the maximum number
of extensions

(v1, . . . ,vm) ∈ I1.



Then the number of vm such that (v1, . . . ,vm) ∈ I1 is at least

|I1|
( 2n

m

)(m−1)
≥

(
2n

m

)m

(2 · k)m3 ·m2m ·
( 2n

m

)(m−1)

=
2n

(2 · k)m3 ·m2m+1

≥ 2.

Thus there are vm 6= v′m such that both ~v = (v1, . . . ,vm) ∈ I1 and
~v ′ = (v1, . . . ,vm−1,v′m) ∈ I1 have the same skeleton K. Moreover,
if ~xt = (xt,1, . . . ,xt,mt ) and ~xt

′ = (x′t,1, . . . ,x
′
t,mt

) are the last lists of
the final configuration of M on input~v and~v ′, respectively, then for
all j ∈ Em we have xt, j = x′t, j. Thus ω generates the same output on
both inputs, which is impossible (since we assume that M correctly
sorts its input). 2

7. Proof of the Theorem 7

Let r,s : N → N such that

r(N) = o(logN) and s(N) = o
(

5
√

N/r(N)
)

,

and let t ∈ N. Without loss of generality we may assume that t ≥
2. Suppose for contradiction that T is an (r,s,t)-bounded Turing
machine for ϕ-SORT.

Let d be the constant introduced in Lemma 14 (the Simulation
Lemma). Let m be a sufficiently large power of 2 such that

m ≥ 4t2r(m5+m) and (9)

m4 ≥ 3m3 ·d · t2 ·
(
r(m5 +m) · s(m5 +m)+ log(m5 +m)

)
. (10)

Such an m exists because

r(N) = o(logN) (for (9)) and r(N) · s(N) = o
(

5
√

N
)

(for (10)).

Let n := m4 and I := {0, . . . ,2n −1}. By Lemma 14, there exists an
r(m · (n+1))-bounded LM

M = (t,m, I,A,a0,α,B,ω)

with

k = 2d·t2·r(m·(n+1))·s(m·(n+1)) + 3t·log(m·(n+1))

states that simulates T on inputs from Im and thus solves the sorting
problem for such inputs.

We clearly have k ≥ m+2. By (9), we have

m ≥ 4t2r(m5+m) = 4t2r(m·(n+1)).

By (10), we have

n = m4

≥ 3m3 ·d · t2 ·
(
r(m5 +m) · s(m5 +m)+ log(m5 +m)

)

= 3m3 ·d · t2 ·
(
r(m(n+1)) · s(m(n+1))+ log(m(n+1))

)

= 3m3 · logk.

Thus by Lemma 15, the machine M cannot solve the sorting prob-
lem for inputs from Im. This is a contradiction.
Altogether, the proof of Theorem 7 is complete. 2
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