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ABSTRACT 1. INTRODUCTION

We study the randomized version of a computation model (intro- ~ Today’s hardware technology provides a hierarchy of storage
duced in [9, 10]) that restricts random access to external memory media from tapes and disks at the bottom through main memory
and internal memory space. Essentially, this model can be viewedand (even on-CPU) memory caches at the top. Storage media from
as a powerful version of a data stream model that puts no costdifferent levels of this memory hierarchy considerably differ in
on sequential scans of external memory (as other models for dataprice, storage size, and access time. Currently, the most pronounced
streams) and, in addition, (like other external memory models, but performance and price (and consequently also size) gap is between
unlike streaming models), admits several large external memory main memory and the next-lower level in the memory hierarchy,
devices that can be read and written to in parallel. usually magnetic disks which have to rely on comparably slow,
We obtain tight lower bounds for the decision problems set equal- mechanical, physically moving parts. One often refers to the up-
ity, multiset equality, and checksort. More precisely, we show that Per layers above this gap liyternal memonyand the lower layers
any randomized one-sided-error bounded Monte Carlo algorithm of the memory hierarchy bgxternal memory The technological
for these problems must perforf(logN) random accesses to ex-  reality is such that the time for accessing a given bit of information
ternal memory devices, provided that the internal memory size is at in external memory is five to six orders of magnitude larger than
mostO(+/N/logN), whereN denotes the size of the input data. the time required to access a bit in internal memory. Apart from
From the lower bound on the set equality problem we can infer this, concerning external memorgndom accessésvhich involve
lower bounds on the worst case data complexity of query evalu- moving the disk head to a particular location) are significantly more
ation for the languages XQuery, XPath, and relational algebra on expensive thasequential scans
streaming data. More precisely, we show that there exist queries Modern software and database technology uses clever heuristics
in XQuery, XPath, and relational algebra, such that any (random- to minimize the number of accesses to external memory and to pre-
ized) Las Vegas algorithm that evaluates these queries must perfer streamingoverrandom accessese external memory. There has
form Q(logN) random accesses to external memory devices, pro- also been a wealth of research on the design of so-cakttnal
vided that the internal memory size is at m@gi/N/logN). memory algorithmgcf., e.g. [16, 18, 13]). The classes considered
in computational complexity thearirowever, usually do not take
into account the existence of different storage media. In [9, 10],

Categories and Subject Descriptors we introduced a formal model for such a scenario. The two most
F.1.3 [Computation by Abstract Deviceg: Complexity Measures significant cost measures in our setting are the number of random
and Classes; F.1.Cpmputation by Abstract Deviceg: Models accesses to external memory and the size of the internal memory.
of Computation Our model is based on a standard multi-tape Turing machine. Some

of the tapes of the machine, among them the input tape, represent
the external memory. They are unrestricted in size, but access to
General Terms these tapes is restricted by allowing only a certain nunmiokl)
Theory, Languages (whereN denotes the input size) of reversals of the head direc-
tions. This may be seen as a way of (a) restricting the number of
sequential scans and (b) restricting random access to these tapes,

Keywords because each random access can be simulated by moving the head
complexity, data streams/real-time data, query processing/query© the desired position on a tape, which involves at most two head
optimization, semi-structured data, XML reversals. The remaining tapes of the Turing machine represent the

internal memory. Access to these internal memory tapes (i.e., the
number of head reversals) is unlimited, but their size is bounded by
a parametes(N). We let STr(N),s(N),0O(1)) denote the class
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cannot so easily) and that a sequential scan of an entire externaLasVegasRST(o(IogN),O(%),O(l)) and thus generalizes the

lo

memory tape accounts for only one head reversal (and thus seemsnain result of [10] to randomized computations.

unrealistically cheap) be reminded that this paper’s main goal is

Our lower bound for the set equality problem leads to the fol-

not to design efficient external memory algorithms but, instead, to |owing lower bounds on the worst case data complexity of database
provelower bounds. Thus, considering a rather powerful computa- query evaluation problems in a streaming context:

tion model makes our lower bound results only stronger.
In the present paper, we prove lower bounds rfamdomized

e There is arlXQueryqueryQ such that the problem of evaluating

computations (i.e., computations where in each step a coin may Q on an input XML document stream of lengthdoesnot be-

be tossed to determine the next configuration) in a scenario with
several storage media. To this end, we introduce the complexity

class RSTr(N),s(N),0O(1)), which consists of all decision prob-
lems that can be solved by 4n(N),s(N), O(1))-bounded random-

long to the cIas&asVegad?ST(o(logN),O(%),O(l)) (The-
orem 12).

Speaking informally, this means that, no matter how many external

ized Turing machine with one-sided bounded error, where no false memory devices (of arbitrarily large size) are available, as long as
positive answers are allowed and the probability of false negative the internal memory is of size at m(ﬁ(%), every randomized

answers is at most.D (in the literature, such randomized algo-
rithms are often calle@ne-sided-error Monte Carlo algorithms

algorithm that produces the correct query result with probability at
least 05 will perform Q(logN) random accesses to external mem-

cf. [12]). To also deal with computation problems where an out- ory. We obtain analogous results fetational algebragueries and
put (other than just a yes/no answer) has to be generated, we Writfor the node-selecting XML query languaj®ath

LasVegasRST(r(N),s(N),0(1)) to denote the class of all func-
tions f for which there exists afr(N),s(N),O(1))-bounded ran-
domized Turing machine that, for every input wortd (a) always
produces either the correct outdyiv) on one of its external mem-
ory tapes or gives the answ#irdon’t know” and (b) gives the
answer‘l don't know” with probability at most & (in the litera-
ture, such randomized algorithms are sometimes chidedVegas
algorithms cf. [12]).

Contributions:  Our first main result is a lower bound for three
natural decision problems: Treet equality problenand themul-
tiset equality problenask whether two given (multi)sets of strings
are equal, and thehecksort problemasks, given two sequences of
strings, whether the second is a sorted version of the first.

We show (Theorem 6) that neither problem is contained in

e There is arelational algebraquery Q such that the problem

of evaluatingQ on a stream consisting of the tuples of the in-
put database relations doeset belong to the complexity class

LasVegasRST(o(IogN),O(%),O(l)), whereN denotes the
total size of the input database relations. Furthermore, this bound
is tight with respect to the number of random accesses to exter-
nal memory, as the data complexity of every relational algebra

query belongs to SO(logN),0(1),0(1)) (Theorem 11).

There is arXPathqueryQ such that the problem of filtering an
input XML document stream witlQ (i.e., checking whether at
least one node of the document matches the query) mimtdse-

4,
long to the class co-RSﬁ(IogNLO(mL’}'\I),O(l)) (Theo-
rem 13).

RST(o(IogN),O(%),O(l)). This lower bound turns out to be

lo

A [ This means that there is &iPathqueryQ such that, no matter how
tight in the following senses:

many external memory devices (of arbitrarily large size) are avail-

o If the number of sequential scans (i.e., head reversals) increasegible, as long as the internal memory is of size at n@(q%),
from o(logN) to O(logN), then each of the three problems can every randomized algorithm which accepts every input document
be solved with only constant internal memory and without using that matche®), and which rejects documents not matchipvith
randomization. In other words (see Corollary 7), the (multi)set probability> 0.5, will performQ(logN) random accesses to exter-
equality problem and the checksort problem belong to nal memory.
ST(O(logN),0(1),0(1)).
Related Work: Obviously, our model is related to ti@unded re-
versal Turing machinesvhich have been studied in classical com-
eplexity theory (see, e.g., [19, 7]). However, in bounded reversal
Turing machines, the number of head reversals is limiteclbon
tapes, whereas in our model there is no such restriction on the in-
ternal memory tapes. This makes our model considerably stronger,
- i considering that in our lower bound results we allow internal mem-
words (Theorem 8(a)), the multiset equality problem belongs to ory size that is polynomially related to the input size. Furthermore,
co-RST(2,O(logN), 1). to our best knowledge, all lower bound proofs previously known

e When using nondeterministic machines, then (multi)set equality for reversal complexity classes on multi-tape Turing machines go
and checksort can be solved with three sequential scans on twoPaCK to the space hierarchy theorem (cf., e.g., [17, 7]) and thus
external memory tapes and internal memory of ©¢egN). In rely on diagonalization arguments, and apply only to classes with
other words (Theorem 8(b)), the (multi)set equality problem and @(I0gN) head reversals. In particular, these lower bounds do not
the checksort problem belong to N&TO(logN), 2). include the checksort problem and the (multi)set equality problem,

as these problems can be solved vdtflogN) head reversals.

As a consequence, we obtain a separation between the determinis- In the classicaparallel disk modefor external memory algo-

tic, the randomized, and the nondeterministic-ST) classes (Cor- rithms (see, e.g., [18, 13, 16]), the cost measure is simply the num-

ollary 9). ber of bits read from external memory divided by the page size.
Our lower bound for the checksort problem, in particular, im- Several refinements of this model have been proposed to include

plies that thesorting problem(i.e., the problem of sorting a se-  a distinction betweemandom accesand sequential scansf the

guence of input strings) does not belong to the complexity class external memory, among them Arge and Bro Milterseaxternal

e When using randomization with the complementary one-sided
error model, i.e., machines where no false negative answers ar
allowed and the probability of false positive answers is at most
0.5, then thamultiset equalityproblem can be solved with just
two sequential scans of the input (and without ever writing to ex-
ternal memory), and internal memory of si2€logN). In other



memory Turing machind8]. We note that their notion of external  simulated by randomized list machines, and prove that randomized
memory Turing machines significantly differs from ours, as their list machines can neither solve tfraulti)set equality problemor
machines only have a single external memory tape and process inthe checksort problemAfterwards, in Section 8 we transfer these
puts that consist of aonstantnumberm of input strings. Strong results from list machines to Turing machines. We close with a few
lower bound results (in particular, for different versions of soet- concluding remarks and open problems in Section 9.

ing problen) are known for the parallel disk model (see [18] for an The present paper is the full version of the extended abstract pub-
overview) as well as for Arge and Bro Miltersen’s external mem- lished in the proceedings of the 25th ACM Sigact-Sigart Sympo-
ory Turing machines [3]. However, to the best of our knowledge, sium on Principles of Database Systems (PODS’06).

all these lower bound proofs heavily rely on the assumption that

the input data items (e.g., the strings that are to be sorted)dire 2. COMPLEXITY CLASSES

Y'S'bleand that at any point In time, the thern_al Memory CONSIStS, —\ve \yriteN to denote the set of natural numbers (that is, nonneg-
in some sense, of a permutation of the input items. We emphasmeative integers)

that the present paper's lower bound proofs do not rely on such an As our basic model of computation, we use standard multi-tape

|ndS|\t/|S|b|I|Ity assEmptlénn% ber of probl K inth nondeterministic Turing machines (NTMs, for short); cf., e.g., [17]
trorggfgvx;er toun S (arfa numd elro E.roh ems.?;lre n0\|/|vn N The Turing machines we consider will haive¢ u tapes. We call the

context oldata streamsind for models which permit a smail num- firstt tapesexternal memory tapgand think of them as represent-

ber of sequential scans of the input data, but no auxiliary external ing t disks). We call the othex tapesinternal memory tapesThe

memory (that is, the version of our model with no extra external firgt tape is.always viewed as thginput tape rytap

memory tapes apart from the input tape) [15, 2, 11, 4, 16, 5, 6, 1, Without loss of generality we assume that our Turing machines

9. .A” these Iowe.r bounds are abtained by communication com- are normalized in such a way that in each step at most one of its
plexity. Note that in the presence of at least two external memory heads moves to the left or to the right

Egebs’ g?ﬂ mrlnucn(;caFL:)n dbaetg,vfisgw roenrréottae gigsaggmz:n:% Itshepr??zl LetT be an NTM ang afinite run ofT. Leti > 1 be the number
] di)rll Ib ‘:ﬁ/t P! ig callel. Th P mmunication abilit f of a tape. We use rép,i) to denote the number of times the head
eading both tapes in parafiel. €se communication abilities ot ., , tapei changes its direction in the ryn. Furthermore, we let

our model spoil any attempt to prove lower bounds via communi- . .
cation complexity, which is the tool of choice both for computation spacép,i) be the number of cells of tapehat are used bp.

models permitting few scans but no auxiliary external memory, and Definition 1 ((r,s,t)-bounded TM). Letr,s:N — Nandt € N. A
for 1-tape Turing machines. (nondeterministic) Turing maching is (r,s,t)-bounded if every
The deterministic ST - - )-classes were introduced in [10, 9]. In  runp of T onan input of lengtiN (for arbitraryN € N) satisfies the
[9] we studied those classes where onlsigleexternal memory  following conditions: (1)p is finite, (2) 14 y1_; rev(p,i) <r(N),
tape is available and used methods from communication complex-and (3) yi'¢, ; spacép.i) < s(N), wheret +u s the total number

ity to obtain lower bounds for these classes. The main result of of tapes ofT. -
[10] was a lower bound for thgorting problemconcerning the de- Definition 2 (ST(---) and NST(---) classes).
terministic ST---)-classes with ararbitrary number of external Letr,s: N — N andt € N. A decision problem belongs to the class

memory tapes. An important tool for proving this bound was to g 5 t) (resp., NSTr,s;t)), if it can be decided by a deterministic
introduce deterministiéist machinesas an intermediate machine  (resp., nondeterministicy, s, t)-bounded Turing machine.

model. An overview of the methods used and the results obtained
in [9, 10] was given in [8]. The present paper builds on [10], as
it considers ST---)-classes with amrbitrary number of external

Note that we put no restriction on the running time or the space
used on the first tapes of an(r,s,t)-bounded Turing machine.
memory tapes and it uséist machinesas a key tool for proving The following lemma shows that these parameters cannot get too
lower bound results. However, the results presented here go sig-/2/9€-
nificantly beyond those obtained in [10]. Here we obtain lower Lemma 3 ([10]). Letr,s:N— Nandte N, andletT be arr,s;t)-
bounds fordecisionproblems in therandomizedversions of the ~ bounded NTM. Then for every rgn= (py,...,p;) of T on an input
model. The main result of [10] is that the sorting problem does not of size N we havé < N - 20 (N)-t+s(N))) and thusy!_; spacép, i)

belong to STo(log N)D(%),O(l)), and the proof given there < N 20 (N)-(t+s(N))). n
heavily relies on the fact that the machines deterministicand In [10], the lemma has only been stated and proved for deter-

the output of the sorting problem cannot be generated within the ministic Turing machines, but it is obvious that the same proof also
given resource bounds. In contrast to the present paper'sagpro  applies to nondeterministic machines (to see this, note that, by def-
the proof method of [10] neither works for decision problems, i.e. inition, everyrun of an(r,s,t)-bounded Turing machine is finite).
problems where no output is generated, nor for randomized com- In analogy to the definition ofandomizedcomplexity classes
putations. Finally, let us remark that the main result of [10] can such as the class RP of randomized polynomial time (cf., e.g.,
be obtained as an immediate corollary of the present paper’s lower[17]), we consider the randomized versions RST) and LasVe-
bound for the checksort problem. gasRST(---) of the ST(---) and NST---) classes. The following
definition of randomized Turing machines formalizes the intuition
Organization: After introducing the deterministic, the nondeter- that in each step, a coin can be tossed to determine which particular
ministic, and the randomized &T-) classes in Section 2, we for-  successor configuration is chosen in this step. For a configuration
mally state our main lower bounds for decision problems in Sec- y of an NTM T, we write Next (y) to denote the set of all con-
tion 3. In Section 4 we use these results to derive lower bounds onfigurationsy’' that can be reached fromin a single step. Each
the data compl_exny of query evaluation for the Iangua)g@slery 1t is convenient for technical reasons to add 1 to the number
XPath andrelational algebra The subsequent sections are devoted st_,rev(p,i) of changes of the head direction here. As defined
to the proof of the lower bound on the decision problémalti)set here,r(N) thus bounds the number of sequential scans of the ex-

equalityandchecksortIn Section 5, 6, and 7 we introduce random-  ternal memory tapes rather than the number of changes of head
ized list machinesshow that randomized Turing machines can be directions.




such configuratiory € Nextr (y) is chosen with uniform probabil-
ity, i.e., Py —1 V) = 1/|Nextr (y)|. For a runp = (p1,..,0),
the probability Pfp) that T performs runp is the product of the
probabilities Ptp; —1 pi+1), for all i < £. For an input wordw,
the probability thall acceptsw (resp., thafl outputsw’) is defined
as the sum of Rp) for all accepting rung of T on inputw (resp.,
of all runs of T onw that outputw’). We say that a decision prob-
lemL is solved by a(%,O)-RTM if, and only if, there is an NTMI
such that every run of has finite length, and the following is true
for all input instancesv: If w e L, then P(T acceptswv) > 1/2; if

w ¢ L, then P(T acceptsv) = 0. Similarly, we say that a function
f:2* — Z* is computed by dasVegaRTM if, and only if, there
is an NTM T such that every run of on every input instances
has finite length and outputs eithéfw) or “I don't know”, and
Pr(T outputsf(w)) > 1/2.

Definition 4 (RST(---) and LasVegas-RST(: - -)).
Letr,s:N — Nandt e N.

(a) Adecision problerh belongs to the class R$Ts,t), if it can
be solved by 4%,0)-RTM that is(r,s,t)-bounded.

(b) Afunctionf : X" — X* belongs td.asVegasRST(r,st), if it
can be solved by hasVegasRTM that is(r, s,t)-bounded.

As a straightforward observation one obtains:

Proposition 5. Forallr,s: N — Nandte N,

ST(r,s,t) C RST(r,s,t) C NST(r,st). =
For classeR and S of functions we let STR St) := Urcrses
ST(r,s,t) and STR, S 0(1)) := Uieny ST(R, S t). Analogous nota-

tions are used for the N§T-), RST(---), andLasVegasRST(---)
classes, too.

As usual, for every (complexity) cla€s of decision problems,
co-C denotes the class of all decision problems whmsaplements
belong toC. Note that the RS[F--)-classes consist of decision

MULTISET-EQUALITY problem:
Decide if the multisets{vy,...,vm} and {Vv},...,vi,} are
equal (i.e., they contain the same elements with the same
multiplicities).

CHECK-SORT problem:
Decide if v},...,Vj, is the lexicographically sorted (in as-
cending order) version of, ..., Vm.

For an instancey;#: - - vim#V) #- - -vp,# of the above problems, we
usually letN = 2m+ ™, (Jvi| + |v{|) denote the size of the input.
Furthermore, in our proofs we will only consider instances where
all thev; andv, have the same length so thatN = 2m- (n+1).

The present paper’s technically most involved result is the fol-
lowing lower bound:

Theorem 6. Letr,s: N — N such that (N) € o(logN) and N)
o(v/N/r(N)).  Then, none of the problemEHECK-SORT,
SET-EQUALITY, MULTISET-EQUALITY belongs to the class
RST(r(N),s(N),O(1)). -

Sections 5-8 are devoted to the proof of Theorem 6. The proof
uses an intermediate computation model calisdmachinesand
proceeds by (1) showing that randomized Turing machine compu-
tations can be simulated by randomized list machines that have
the same acceptance probabilities as the given Turing machines
and (2) proving a lower bound for (M.TI)SET-EQUALITY and
CHECK-SORT on randomized list machines.

By applying the reduction used in [10, Theorem 9], we obtain
that the lower bound of Theorem 6 also applies for thel¢8T1”
versions of (MULTI)SET-EQUALITY and CHECK-SORT, i.e., the
restrictions of these problems to inputs of the fowm#- - - vn#
Vi#---Viitt, where eacly; andV, is a 0-1-string of length at most
c-logm, andc is an arbitrary constant 2. By using the stan-
dard merge sortalgorithm, one easily obtains that the HSRT"

problems that can be solved by randomized algorithms that allow a versions of (MILTI)SET-EQUALITY and CHECK-SORT belong to

moderate number of false negatives, but no false positives. In con-ST(O(logN),O(logN), 3). Moreover, in [7, Lemma 7] it has been
trast to this, the co-RST- - )-classes consist of problems that can shown that the (general) sorting problem can be solved by an
be solved by randomized algorithms that allow a moderate number (O(logN), 0(1),2)-bounded deterministic Turing machine. As an

of false positives, but no false negatives.

From Lemma 3, one immediately obtains for all functiaons
with r(N) - s(N) € O(logN) that STr,s,0(1)) € PTIME,
RST(r,s,0(1)) € RP, and NSTr,s,0(1)) C NP (where PTIME,

immediate consequence, we obtain:

Corollary 7. SET-EQUALITY, MULTISET-EQUALITY, CHECK-
SORT, and their“SHORT” versions, are irST(O(logN), 0(1),2),
but not inRST(o(logN), O(+v/N/logN), O(1)). 8

RP, and NP denote the class of problems solvable in polynomial 5 getailed proof can be found in Appendix E.

time on deterministic, randomized, and nondeterministic Turing
machines, respectively).

3. LOWER BOUNDS FOR

DECISION PROBLEMS

Our first main result is a lower bound for tii@ulti)set equality
problemas well as for thehecksort problemThe (multi)set equal-
ity problemasks if two given (multi)sets of strings are the same.
The checksort problenasks for two input lists of strings whether
the second list is the lexicographically sorted version of the first
list. We encode inputs as strings over the alphdet,#}. For-
mally, the(multi)set equalityand thechecksorproblem are defined
as follows: The input instances of each of the three problems are

Instance: y#- - - #vmtvy#- - - #vii,
wherem>0, andv;,V| € {0,1}* (for alli <m)

and the task is to decide the following:

SET-EQUALITY problem:
Decide if{vq,...,Vm} = {V},...,Vin}-

As a further result, we show that

Theorem 8. (a) MULTISET-EQUALITY belongs to
c0-RST2,0(logN),1) C co-NST(2,0(logN),1).

(b) Each of the problem8IULTISET-EQUALITY, CHECK-SORT,
SET-EQUALITY belongs toNST(3,0(logN),2). =

Proof: (a): We apply fairly standardingerprinting techniqueand
show how to implement them on (&, O(logN), 1)-bounded ran-
domized Turing machine. Consider an instange . . #vm#tv) #. . . #
vt of the MULTISET-EQUALITY problem. For simplicity, let us
assume that all the and\/j have the same length Thus the in-
put sizeN is 2-m- (n+1). We view they; andV; as integers in
{0,...,2"— 1} represented in binary.

We use the following algorithm to decide whether the multisets
{V1,...,Vm} and{vy,...,vy,} are equal:

(1) During a first sequential scan of the input, determine the input
parameters, m, andN.

(2) Choose a prim@; < k:=m?-n-log(m®-n) uniformly at ran-
dom.



(3) Choose an arbitrary primg, such that 8 < p, < 6k. Such a
prime exists by Bertrand's postulate.

(4) Choosexe {1,..., pz — 1} uniformly at random.
(5) For1<i<m,letg = (v modp;) ande = (vf mod py). If

m m
i;xa = i;xef mod p,

then accept, else reject.

@)

We can evaluate this sum sequentially by taking all terms modulo
p1; this way we only have to store numbers smaller tbanThis
requires one sequential scarvpfind no head reversals.

To evaluate the polynomigt™ ; x% modulo p,, we proceed as
follows: Lett; = (x% mod p;) ands = ((zijzlti) mod p1). Again
we can compute the sum sequentially by computngt;, and
s =((s_1+t) modpy) fori=1,...,m We can evaluatgi”;lxef
analogously and then test if (1) holds. This completes the proof of
part @) of Theorem 8.

(b): Let w be an input of lengthN, w := vi#vo#t.. #vnft

Let us first argue that the algorithm is correct (for sufficiently large Vj#L#. . #v#. Note that the multisetfvy, ..., vm} and {Vv;, ...,

m,n): Clearly, if the multisets{vy,...,vm} and {V},...,vi,} are

v} are equal if and only if there is a permutatioof {1,...,m}

equal then the algorithm accepts. On the other hand, if they are dis-such that for ali € {1,...,m}, vi = \/ni)_ The idea is to “guess”

tinct, the probability that the multisef®;, ... ,em} and{€, ..., &}
are equal i©0(1/m). This is due to the following.

CLAIM 1. LetnmeN, k=m3-n-log(m®-n), and0< vy, .., Vm,
Vi, -,V < 2". Then for a prime < k chosen uniformly at random,
Pr(3i, j < mwith v # v} and v = v; mod p) < O(1/m).

Proof: We use the following well-known result (see, for example,

Theorem 7.5 of [14]): Leb, £ € N, k= ¢-n-log(£-n), and 0< x <
2", Then for a primep < k chosen uniformly at random,

Prix=0modp) < O(%).

The claim then follows if we apply this result with= m® simulta-
neously to the at most? numbersc=v; — \/J with v; # \/J a

To proceed with the proof of Theorema§( suppose that the two
multisets are distinct. Then the polynomial

is nonzero. Note that all coefficients and the degreg(f) are
at mostk < pp. We viewq(X) as a polynomial over the fieltlp,.
As a nonzero polynomial of degree at mgst it has at mosip;
zeroes. Thus the probability tha¢x) = O for the randomly chosen
xe{1,...,p2—1} is at mostp; /(p2 — 1) < 1/3. Therefore, if the
multisets{e,...,em} and{€,...,€,} are distinct, the algorithm
accepts with probability at most/3, and the overall acceptance
probability is at most

1 1 1
3+0(7) <3
for sufficiently largem. This proves the correctness of the algo-

rithm.
Let us now explain how to implement the algorithm or{2a

O(logN), 1)-bounded randomized Turing machine. Note that the

binary representations of the primgsandp, have lengtiD(logN).

such a permutatiorr (suitably encoded as a string o, 1,#}),
to write sufficiently many copies of the string:= re#w onto the
first tape, and finally solve the problem by companngndV, i
bitwise, where in each step we use the next copy. of

A (3,0(logN), 2)-bounded nondeterministic Turing machikfe
can do this as follows. In a forward scan, it nondeterministically
writes a sequencey, Uy, ..., Uy of £ := m+ N -m many strings on
its first and on its second tape, where

Ui i= TE 1 #. . HTE Vi a#. VitV g #. V] ot

for binary numbersg j from {1,...,m}, and bit stringsy; j and
‘/Lj of length at mostN. While writing the firstN - m strings, it
ensures that for everyc {1,...,N-m}, eitherv; j and\/iﬂ.wm
coincide on bit((i —1) mod N) + 1, or that both strings have no
such bit at all. While writing the laghstrings, it ensures that for all
ie{l,....mandje{i+1,....m}, TN.mtii 7 T.mei,j. Finally,
M checks in a backward scan of both external memory tapes that
ui=ui_1 forallie {2,...,¢}, and thatv, | = v; andv’lﬁj = v’] for
allje{1,...,m}.

The ST-EQUALITY problem can be solved in a similar way.

Deciding GHECK-SORT is very similar: the machine addition-
ally has to check that is smaller than or equal tvfl forall j
{i+1,...,m}. This can be done, e.g., by writing- ™ i ad-
ditional copies ofu, and by comparing; and\/j bitwise on these
strings for eachandj € {i+1,...,m}. ]

Theorems 6 and 8, in particular, immediately lead to the follow-
ing separations between the deterministic, randomized, and nonde-
terministic ST---) classes:

Corollary 9. Letr,s: N — N with r(N) € o(logN) and §N) €
o (v/N/r(N)) nQ(logN). Then,
() RST(O(r),0(s),0(1)) # co-RSTO(r),0(s),O(1)),

The standard arithmetical operations can be carried out in linear (b) ST(O(r),0(s),0(1)) & RST(O(r),0(s),0(1)) &

space on a Turing machine. Thus with numbers of le@ftbgN),

NST(O(r),0(s),0(1)).

we can carry out the necessary arithmetic on the internal memory The (straightforward) proof can be found in Appendix E.

tapes of ouf2,0(logN), 1)-bounded Turing machine.
To choose a random primg, in step (2), we simply choose a
random numbex k and then test if it is prime, which is easy in lin-

Let us note that the lower bound of Theorem 6 for the problem
CHECK-SORT in particular implies the following generalization of
the main result of [10] to randomized computations:

ear space. If the number is not prime, we repeat the procedure, and

if we do this sufficiently often, we can find a random prime with

Corollary 10. The sorting problem (i.e., the problem of sorting a

high probability. Steps (3) and (4) can easily be carried out in inter- S€duence of input strings) does not belong to the class LasVegas

nal memory. To compute the numberin step (5), we proceed as
follows: Suppose the binary representation/ois vi ;1) - - - Vi o,
wherey, o is the least significant bit. Observe that

n—1

g =((Y2vij) modp).
(JZO j 1)

5

RST(o(logN),O(+/N/logN), O(1)). .
The (straightforward) proof can be found in Appendix E.

4. LOWER BOUNDS FOR
QUERY EVALUATION

Our lower bound for the ST-EQUALITY problem (Theorem 6)
leads to the following lower bounds on the worst case data com-



plexity of database query evaluation problems in a streaming con-

text:
Theorem 11 (Tight Bound for Relational Algebra).

(a) For every relational algebra query Q, the problem of eval-
uating Q on a stream consisting of the tuples of the input
database relations can be solved(O(logN),0(1),0(1)).

(b) There exists a relational algebra query €uch that the prob-
lem of evaluating Qon a stream of the tuples of the input
database relations does not belong to the class LasVegas
RST(o(logN),O(+/N/logN), 0(1)). .

Proof: (a): It is straightforward to see that for every relational
algebra query there exists a numbeg such thaQ can be evalu-

ated withincg sequential scans and sorting steps. Every sequential
scan accounts for a constant number of head reversals and donstan
internal memory space. Each sorting step can be accomplished us-

ing the sorting method of [7, Lemma 7] (which is a variant of the
merge sort algorithm) wittD(logN) head reversals and constant
internal memory space. Since the numbgrof necessary sort-

rem 13 it is more convenient if each andy; is enclosed by two
element nodes.)

It should be clear that, given as inpyt#- - - #xm#ys - - - #ym#, the
above XML document can be produced by using a constant num-
ber of sequential scans, constant internal memory space, and two
external memory tapes.

Proof of Theorem 12:
The SET-EQUALITY problem can be expressed by the following
XQuery quenQ :=

<resul t>
if ( every $x in /instance/setl/itenm string satisfies
some $y in /instance/set2/item string satisfies
$x = By )
and
( every $y in /instance/set2/itenmstring satisfies
some $x in /instance/setl/item string satisfies

$x = By )
then <true/>
el se ()
</resul t>

ing steps and scans is constant (i.e., only depends on the queryNote that if{xy,..,%m} = {y1,..,Ym}, thenQ returns the document

but not on the input siz&l), the queryQ can be evaluated by an
(O(logN),0(1),0(1))-bounded deterministic Turing machine.

(b): Consider the relational algebra query
Q (Ri—R)U(Re—Ry)

which computes the symmetric difference of two relati®asand
R.. Note that the query result is empty if, and only & = R».
Therefore, any algorithm that evaluat@s solves, in particular,
the SET-EQUALITY problem. Hence, ifY could be evaluated in
LasVegasRST(o(logN),O(v/N/logN),0(1)), then SET-EQUAL-
ITY could be solved in RSB(logN),O(+v/N/logN),0(1)), con-
tradicting Theorem 6. a

<resul t ><t rue/ ></resul t >, and otherwiseQ returns the
“empty” documenkr esul t ></ r esul t >. Thus, ifQ could be
evaluated inLasVegasRST(o(logN),O(v/N/logN),O(1)), then
the ST-EQUALITY problem could be solved in R$d(logN),
O(v/N/logN),O(1)), contradicting Theorem 6. O

Proof of Theorem 13:
TheXPathqueryQ of Figure 1 selects allt emnodes belovset 1
whose string content doe®t occur as the string content of some
i t emnode belowset 2 (recall the “existential” semantics of
XPath[20]). In other words:Q selects all (nodes that represent)
elements inX —Y, for X := {x1,..,xm} andY :={y1,..,Ym}.

Now assumefor contradiction that the problem of filtering an

We also obtain lower bounds on the worst case data complexity iNPut XML document stream with thePathqueryQ (i.e., check-

of evaluatingXQueryand XPath queries against XML document
streams:

Theorem 12 (Lower Bound for XQuery). There is anXQuery
query Q such that the problem of evaluating Q on an input XML

document stream of length N does not belong to the class LasVe

gasRST(o(logN),O(v/N/logN),O(1)). .

Theorem 13 (Lower Bound for XPath). There is anXPathquery
Q such that the problem of filtering an input XML document stream

ing whether at least one document node is selecte@)dyelongs
to the class co-RSB(logN), O(+v/N/logN),0(1)). Then, clearly,
there exists ar{o(logN),O(v/N/logN),O(1))-bounded random-
ized Turing maching which has the following properties for ev-
ery inputxg#-: - - #xm#ty1#- - - #ym#t (WhereX := {xq, .., xm} andY :=

-{yl7 i 7Ym}):

(1) If Qselects at least one node (iX.+Y #0, i.e.,X £Y), then
T accepts with probability 1.

with Q (i.e., checking whether at least one node of the document (2) If Qdoes not select any node (i.¥.-Y =0, i.e.. X CY), then

matches the query) does not belong to the ctais®STo(logN),
O(v/N/logN),0(1)). =

For proving the Theorems 12 and 13, we represent an instance,

Xy - WXty - - - #Hym#t of the ET-EQUALITY problem by an XML
document of the form

<i nstance>
<set 1>
<itemp <string> x3 </string> </itenmr
<itemp <string>
</set1>
<set 2>
<itemp <string>

Xm </string> </iten>

y1 </string> </item>

<itemp <string>
</ set 2>
</i nstance>

ym </string> </iten>

(For technical reasons, we enclose every stip@ndy; by a
string-elementand ani t emelement. For the proof of Theo-
rem 12, one of the two would suffice, but for the proof of Theo-

T rejects with probability> 0.5.

This machineT can be used to solve th&eSEQUALITY problem
by a machind" as follows: First] startsT with inputx#- - - #xm#t
ya#- - #ym#. Afterwards,T startsT with inputyy#- - - #ypix#- - - #
Xm#. If both runs reject, thef accepts its entire input. Otherwise,
T rejects.

Let us analyze the acceptance/rejectance probabiliti&s of

(i) If X#Y,theneitheiX £Y orY ¢ X, and thus, due to (1), at
least one of the two runs af has to accept. The machifie
will therefore reject with probability 1.

(i) If X=Y,thenX CY andY C X. Due to (2), we therefore know
that each of the two runs @fwill accept with probability> 0.5
and thus, in total] will accept with probability> 0.25.

To increase the acceptance probability to 0.5, we can start two inde-
pendent runs of and accept if at least one of the two runs accept.
In total, this leads to go(logN),O(v/N/logN),O(1))-bounded



descendantet 1/child::i t em[not child:string =

ancestori:nst ance/child::set 2/ child::i t em/child::istri ng]

Figure 1: The XPath query Q used in the proof of Theorem 13.

randomized Turing machine which, on every inpytt- - - #xmn#
Ya#- - - #ym#,

— accepts with probability 0.5, if {X1,..,Xm} = {y1,--,Ym},
— rejects with probability 1, otherwise.

In other words: This machine shows that tHerSEQUALITY prob-
lem belongs to RS(logN), O(+/N/logN),0(1)), contradicting
Theorem 6. Therefore, the problem of filtering an input XML doc-
ument stream with th&¥PathqueryQ does not belong to the class
co-RSTo(logN),O(v/N/logN),O(1)). O

5. LIST MACHINES

— aseBacc C B of accepting stateWe useBrej := B\ Bacc to
denote the set agjectingstates.) -

Intuitively, an NLM M = (t,m,1,C, A, ap, a, B, Bacc) Operates as
follows: The input is a sequencey, . ..,vm) € I™. Instead of tapes
(as a Turing machine), an NLM operatestolists. In particular,
this means that a new list cell can be inserted between two existing
cells. As for tapes, there is a read-write head operating on each list.
Cells of the lists store strings iv* (and not just symbols from.).
Initially, the first list, called thénput list contains(vy, .. .,Vm), and
all other lists are empty. The heads are on the left end of the lists.
The transition function only determines the NLM’s new state and
the head movements, andt what is written into the list cellsin
each step of the computation, the heads move according to the tran-
sition function, by choosing “nondeterministically” an arbitrary el-

This section as well as the subsequent sections are devoted tQment inC. In each computation step, the current state, the content

the proof of Theorem 6. For proving Theorem 6 we lisema-

chines The important advantage that these list machines have over

the original Turing machines is that they make it fairly easy to track
the “flow of information” during a computation.

In [10] we introduced the notion of deterministic list machines
with output. In what follows, we propose a nondeterministic ver-
sion of such machines without output, i.e., nondeterministic list
machines for solving decision problems. To introducsdeter-
minismto the notion of [10] requires some care — the straightfor-
ward approach where, instead of the transition functions used in
[10], transitionrelationsare allowed, will lead to a machine model
that is too weak for adequately simulating nondeterministic Tur-
ing machines. Therefore, instead of using transitielations the
following notion of nondeterministic list machines allows explicit
nondeterministic choices in transitions.

Definition 14 (Nondeterministic List Machine).
A nondeterministic list machine (NLN§ a tuple

M

(t7 m7 l 7C7A7 aO7 a7 B-, Bacc)
consisting of
at € N, thenumber of lists

anm e N, thelength of the input

a finite set whose elements are callé@put numberqusu-
ally, | CNorl C {0,1}).

a finite setC whose elements are callatbndeterministic
choices

a finite setA whose elements are calléabstract) states

We assume thdt, C, andA are pairwise disjoint and do not
contain the two special symbol§ and ‘).
We callA :=1UCUAU{(,)} thealphabetof the machine.

aninitial state a € A.
atransition function

a : (A\B)x (A")'xC — (AxMovement)

with Movement= { (head-directionmove |
head-directions {—1,+1},
movec {true false} }.

— asetB C A of final states

of all current head positions, and the nondeterministic choe€

used in the current transition, are writteehindeach head. When

a final state is reached, the machine stops. If this final state belongs
to Bace, the according run isiccepting otherwise it isrejecting
Figure 2 illustrates a transition of an NLM. The formal definition

of the semantics of nondeterministic list machines can be found in
Appendix B.
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Figure 2: A transition of an NLM. The example transition is
of the form (a,x4,y2,23,¢) — (b, (—1,false), (1,true), (1,false)).
The new string w that is written in the tape cells consists of
the current state a, the content of the list cells read before the
transition, and the nondeterministic choicec.

An NLM is calleddeterministiaf |C| = 1.

For every runp of an NLM M and for each list of M, we define
rev(p, T) to be the number of changes of the direction of the
th list's head in runp. We say thaiM is (r,t)-bounded for some
r,t € N, if it has at mostt lists, every runp of M is finite, and
1+5t_jrev(p,T) <.

Randomizedist machines are defined in a similar way as ran-
domized Turing machines: For configuratignandy’ of an NLM
M, the probability Pfy —y V') thaty yields ¥ in one step, is de-
fined as|{c € C: y is thec-successor of}|/|C|. For a runp =
(p1,--,P¢), the probability Pfp) thatM performs rurp is the prod-
uct of the probabilities Fp; —m pi11), for all i < ¢. For an input
v e IM the probability thatVl acceptsv is defined as the sum of
Pr(p) for all accepting run® of M on inputv.



The following notation will be very convenient:

Definition 15 (om(V,T)). LetM be an NLM and lef € N such that
every run ofM has length< ¢. For every inputw € |™ and every
sequence& = (cy,..,¢) € C!, we usepy (V,T) to denote the run
(p1,..,Px) obtained by startinyy! with inputv and by making in its
i-th step the nondeterministic choiggi.e., pj+1 is thec-successor
of p;). -

6. LIST MACHINES CAN SIMULATE

TURING MACHINES

An important property of list machines is that they can simulate
Turing machines in the following sense:

Lemma 16 (Simulation Lemma). Letr,s: N — N, t € N, and let

T =(Q,Z,A,q0,F,Facc) be an(r,s,t)-bounded NTM with a total
number of #u tapes and wit{0,#} C X. Then for every rme N
there exists arfr(m-(n+1)),t)-bounded NLM Myn =M = (t,m |,
C,A,a0,a,B,Bacc) with | = (2\ {0,#})" and|C| < 20((m(n+1)),
where/(N) is an upper bound on the length of T’s runs on input
words of length N, and

Al < od%.r(m(n+1))-s(m(n+1)) + 3t-log(m-(n+1)) @)
for some number & d(u,|Q|, |Z|) that doesnotdepend onr, m, n,
t, such that for alv = (vy,..,vm) € I™ we have

Pr(T accepts ¥#: - - vm#) .

Pr(M acceptsv)

Furthermore, if T is deterministic, then M is deterministic, tod.

In Section 8 we will use the simulation lemma to transfer the
lower bound results for list machines to lower bound results for
Turing machines.

In [10], the simulation lemma has been stated and proved for
deterministic machines. For nondeterministic machines, the con-

struction is based on the same idea. However, some further work is
necessary to assure that the according list machine accepts with the

same probability as the given Turing machine. Throughout the re-
mainder of this section, the proof idea is given; a detailed proof of
Lemma 16 can be found in Appendix C. For proving Lemma 16,
the following straightforward characterization of probabilities for
Turing machines is very convenient.

Definition 17 (Cr and pr (w,T)). Let T be an NTM for which
there exists a functiof: N — N such that every run &f on a length
N input word has length at mogtN). Let b := max{|Nextr (y)| :

y is a configuration off } be the maximum branching degreeTof
(note thatb is finite sinceT’s transition relation is finite). Le’ :=
lcm{1,..,b} be the least common multiple of the numbers 1,B,. .,
and letCr :={1,..,b'}. For everyN € N, every input wordv € *
of lengthN, and every sequenge= (cy,---,Cy)) € (Cr)"™), we
definepr (w,T) to be the run(ps,..,px) of T that is obtained by
startingT with inputw and by choosing in itsth computation step
the (¢i mod |Nextr (pi)|)-th of the [Nextr (o;)| possible next con-
figurations. -

Lemma 18. Let T be an NTM for which there exists a function

N — N such that every run of T on a length N input word has length
atmost(N), and let G be chosen according to Definition 17. Then
we have for every rup of T on an input w of length N that

_ [{eeen)™ : pr(we)=p}|

[(Cr)i™| , and, in total,

Pr(p)

{ce(Cr)"™ : pr(wg) accepty|

Pr(T accepts W = | oo

The (straightforward) proof can be found in Appendix A.

For proving Lemma 16, I€f be an NTM. We construct an NLM
M that simulatesT. The lists ofM represent the external mem-
ory tapes ofT. More precisely, the cells of the lists & repre-
sent segments, drlocks of the corresponding external memory
tapes ofT in such a way that the content of a block at any step
of the computation can be reconstructed from the content of the
cell representing it. The blocks evolve dynamically in a way that
is described belowM'’s setC of nondeterministic choiceis de-
fined asC := (CT)Z, whereCr is chosen according to Definition 17
and/ := ¢(m-(n+ 1)) is an upper bound of’s running time and
tape length, obtained from Lemma 3. Each step of the list machine
corresponds to the sequence of Turing machine steps that are per-
formed byT while none of its external memory tape heads changes
its direction or leaves its current tape block. Of course, the length
¢ of this sequence of’s steps is bounded by’s entire running
time £. Thus, ifc= (cy,..,¢,) € C = (Cr)! is the nondeterministic
choice used ifM’s current step, the prefix of lengt of c tells
us, which nondeterministic choices (in the sense of Definition 17)
T makes throughout the corresponding sequencé stieps. The
statesof M encode:

— The current state of the Turing machifie

— The content and the head positions of the internal memory tapes
t+1,...,t+uofT.

— The head positions of the external memory tapes 1.

— For each of the external memory tapes 1t, the boundaries of
the block in which the head currently is.

Representind’s current state and the content and head positions
of the u internal memory tapes requiré®)| - 20(S(M(+1) . g(m.
(n+1))Y states. The head positions of the external memory tapes
increase the number of states by a factoftoffhe 2 block bound-
aries increase the number of states by another factst.o8o over-

all, the number of states is bounded|y- 2°(M (1)) . g(m. (n+

1))¥. /3. By Lemma 3, this yields the bound (2).

Initially, for an input wordvy#- - - vip#, the first Turing machine
tape is split intom blocks which contain the input segmemng

(for 1 < i < m), respectivelyy,#3/~ (1) (that is, them-th in-

put segment is padded by as many blank symbols as the Turing
machine may enter throughout its computation). All other tapes
just consist of one block which contains the blank stfiffg The
heads in the initial configuration &f are on the first cells of their
lists. Now we start the simulation: For a particular nondetermin-
istic choicecy = (€11,C12,..,C1y) €C = (CT)", we startT’s run
pr(vi#---,C11C12C13- - - ). Aslong as no head of the external mem-
ory tapes ofT changes its direction or crosses the boundaries of
its current block,M does not do anything. If a head on a tape
io € {1,...,t} crosses the boundaries of its block, the higaaf M
moves to the next cell, and the previous cell is overwritten with suf-
ficient information so that if it is visited again later, the content of
the corresponding block of tapg of T can be reconstructed. The
blocks on all other tapes are split behind the current head position
(“behind” is defined relative to the current direction in which the
head moves). A new cell is inserted into the lists behind the head,
this cell represents the newly created tape block that is behind the
head. The newly created block starting with the current head posi-
tion is represented by the (old) cell on which the head still stands.
The case that a head on a tapes {1,...,t} changes its direction

is treated similarly.

The simulation stops as soon Bsas reached a final state; and
M accepts if, and only ifT does. A close look at the possible runs
of T andM shows thatM has the same acceptance probabilities as
T.



7. LOWERBOUNDSFORLIST MACHINES

This section’s main result is that it provides constraints on a list
machine’s parameters, which ensure that list machines which com-
ply to these constraints can neither solverthdtiset equality prob-
lem nor the checksort problem In fact, we can show a slightly
stronger result, the precise formulation of which requires the fol-
lowing observation. 5

Definition 19 (sortedness).Let m e N and letrr be a permutation
of {1,..,m}. We define sortednesgt) to be the length of the
longest subsequertcef (m(1),..,m(m)) that is sorted in either as-

cending or descending order (i.e., that is a subsequer{de.ofm) 6.

orof (m,..,1)). 4

Remark 20. It is well-known that for every permutatiom of
{1,..,m}, sortednesist) € Q(y/m), and that there exists a partic-
ular permutatiory := ¢, with sortednesg) < 2,/m—1. Infact,

one way of finding such a permutation is to (gt(1),..,¢(m)) 7
be the numbers,1.,m, sorted lexicographically by their reverse
binary representation. -

Lemma 21 (Lower Bound for List Machines).
Let kmn,r,;t € N such that m is a power o2 and t>2, m>
24 (t+1)% +1, k>2m+3, n > 1+ (M +1)-log(2k). We
let 1 :={0,1}", identify | with the sef0,1,..,2"—1}, and divide it
into m consecutive intervalg,|.., I, each of lengt2"/m. Leté
be a permutation of1,.., m} with sortednes®) < 2,/m—1, and
lets 1=l X X lgmy X 11X+ X Im.
Then there is ndr,t)-bounded NLM M= (t,2m,1,C, A ag,a,B, 9
Bacc) with |A] < k and 1= {0,1}", such that for alv = (vy,..,Vm,
Vy,..,Vim) € -# we have:
If (vi,...Vim) = (Viq)--: Vi) then Pr(M acceptsy) > 3;
otherwise Pr(M acceptsy) = 0. =

It is straightforward to see that the above lemma, in particular,
implies that neither thémulti)set equality problemor thecheck-
sort problemcan be solved by list machines with the according
parameters.

The proof of Lemma 21 is based on the following ideas (the de-
tailed proof is given in Appendix D):

1. Suppose for contradiction thd is an NLM that meets the
lemma’s requirements.

2. Observe that there exists an upper botod the length oM’s
runs (Lemma 31 (a) in Appendix D) and a particular sequence

put valuev; with its indexi and by replacing every nondetermin-
istic choicec € C with the wildcard symbol “?”. In particular,

the skeleton contains inppbositionsrather than concrete input
values but given the skeleton together with the concrete input
values and the sequence of nondeterministic choices, the entire
run of M can be reconstructed.

. Now choose{ to be a skeleton that is generated by the run

pm (V,T) for as many input instanc@ss Faccc as possible, and
useYccc ¢ 1o denote the set of all those input instances.

Due to 3. there must be an indgsuch that for all inputs from
Facee,¢» the valuesy, and\/¢(i0) (i.e., the values from the input
positionsig andm+ ¢ (ig)) are never compared throughout the
run that has skeletod. To simplify notation let us henceforth
assume without loss of generality thgt= 1.

. Now fix (vo,..,vm) such that the number of with

V(Vl) = (V17V27 .. 7Vm>V¢*1(1)7 .. 7V¢*1(m)) € facc,é,z
is as large as possible.

. Argue that, for our fixedvo,..,Vvm), there must be at least two

distinct vi and w; such that V(vi) € Fyeeer and
V(W1) € Faeee,¢- This is achieved by observing that the num-
ber of skeletons depends on the machine’s paramgtens, k,
butnotonn (Lemma 32) and by using the lemma’s assumption
on the machine’s parameters, m k, n.

. Now we know that the input values ®f(v1) andV(wz) co-

incide on all input positions except 1 amet-¢(1). From 3.
we know that the values from the positions 1 ang¢ (1) are
never compared througholt's (accepting runspm (V(vl),é)
andpwm (V(w1),c). From this we obtain (cf., Lemma 34) an ac-
cepting runoy (4, <) of M on input

U = (Up..,UmUJ,.., Up)

= (Vl,VZ,.A7Vm7W¢71<1)7W¢71(2>7..,W¢71(m>).

In particular, this implies that P¥ acceptsi) > 0. However,
for this particular inputi we know thatu; = vy # Wy = Ug(q),
and therefore(uy, .., um) # (uim), .. ,uip(m)). This gives us a
contradiction to the assumption that(Mraccepts) = 0 for
all inputsv = (vy,..,Vm, vy, .., V) With (va,..,vm) # (\/¢(1),..,

Vo(m))-

t=(cy,..,¢) € C’ of nondeterministic choices (Lemma 26), 8. LOWER BOUNDS FOR

such that for at least half of the inpsits= (v1, .., Vm,V},.., Vi) €

TURING MACHINES

& with (v1,..,Vm) = (\/¢(1> e ,\/¢(m>), the particular rumy (v,€)

accepts. o Lemma 22. Letr,s: N — N such that {N) = o(logN) and N) =
We let Facee 1= {VE /- pw(V.C) accept§ and, fromnow on, — o(N/r(N)). Then, there is ndr,s O(1))-bounded(},0)-RTM
we only consider runs that are generated by the fixed sequencey,at solves the following proble@HECK-¢. 4

¢ of nondeterministic choices.

3. Show that, throughout its computatidvl, can “mix” the rela-
tive order of its input values only to a rather limited extent (cf.,
Lemma 37). This can be used to show that for every ruvi oh
every input(vy, ..,Vm,Vj,.., Vi) € .# there must be an indey
such that, andv’¢(io> are never compared throughout this run.

4. Use the notion of thekeletorof a run (cf., Definition 28), which,
roughly speaking, is obtained from a run by replacing every in-

2A sequencésy,. ., s, ) is asubsequencef asequencés), .. ,s;,),
if there exist indiceg; < --- < j, such that; = s’jl, S = s'jz, .

S) :Slj/\.

CHECK-¢

Instance: y#...vmiVj#. . Vit

wherem > 0 is a power of 2, and
(V]_,...,Vm7\/’7...7\/m) € |¢(1> X - X |¢(m) X 11 %
-+ X Im, where ¢ := ¢ is the permutation of
{1,..,m} obtained from Remark 20, and the sets
I1,..,Im C {0, 1}mB are obtained as the partition ¢
the set{0, 1}"13 into m consecutive subsets, each [of
size 2™) /m.

=

Problem: Decide if (v1,...,Vm) = (V,




Proof: Suppose for contradiction that there is@N such that the
problem GHECK-¢ is solved by arr, s,t)-boundec{%,O)-RTM T.
Without loss of generality we may assume that 2.

Let d be the constant introduced in Lemma 16 (the simulation
lemma). Letm be a sufficiently large power of 2 such that

24. (t+1)41@m(PH) L and
1+ d-t2-r(2m- (m3+1)) - s(2m- (m*+1))
+ 3t-log(2m- (m3+1)).
Such anm exists becausg(N) = o(logN) (for Equation (3)) and
r(N)-s(N) = o(v/N) (for Equation (4)). Letn:=m® and| :=
{0,1}". By Lemma 16, there is aft (2m-(n+1)),t)-bounded NLM
M = (t,2m,1,C,A ag, d, B, Bacc) With

kK < 2d-t2-r(2m~(n+1))-s(2m-(n+1))+3t-log(2m-(n+1))

Y

®3)
4)

\

states that simulateB on inputs froml2™. In particular, for all
instances

vV = (V17-~7Vm7\/17~-7\/m) S ld)(l) X+ X |¢(m) X1y XXy
the following is true:
(x): If (v1,..,Vm) = (\/¢(1),..,\/¢(m>
otherwise PfM accepts/) = 0.

o)~ 1.
), then P(M accepts) > 3;

We clearly havk > 2m+ 3. By (3), we have
m > 24. (t+1)4-r(2m-(m3+1)) +1 = 24 (t+1)4-r(2m»(n+1)) +1.
By (4), we have

me

n =
> 1+ (nmP+1)- (1+ d-t2-r(2m- (mP+1)) -s(2m- (Mm*+1))
+ 3t-log(2m-: (MP+1)))
= 1+(mP+1)- (14 d-t2-r(2m-(n+1))-s(2m- (n+1))
+ 3t-log(2m- (n+1)))
> 1+ (mP+1) - (log(2) +log(k))

14 (mP+1)-log(2k).

Thus, (x) is a contradiction to Lemma 21, and the proof of
Lemma 22 is complete. ad

Proof of Theorem 6: For inputs that are instances of the problem
CHECK-@, the problems BT-EQUALITY, MULTISET-EQUALITY,
CHECK-SORT, and GHECK-¢ coincide. Thus, Lemma 22 immedi-
ately implies Theorem 6. |

9. CONCLUSION

We have proved tight lower bounds for the natural decision prob-
lems(multi)set equalityandchecksortin our Turing machine based

computation model for processing large data sets. These lower [15]

bounds do not only hold for deterministic, but evenfandomized
algorithms with one-sided bounded error probability. Our results
are obtained by carefully analyzing the flow of information in a
Turing machine computation.

As applications of these lower bound results, we obtained lower
bounds on the worst case data complexity of query evaluation for
the languagesXQuery XPath and relational algebraon data
streams.

We complement our lower bounds fohecksortand (multi)set
equalityby proving that these problems can be solved by nondeter-
ministic machines and by randomized machines with complemen-
tary one-sided error probabilities. As a consequence, we obtain
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a separation between the deterministic, the randomized, the co-
randomized, and the nondeterministic external memory complexity
classes.

A specific problem for which we could not prove lower bounds,
even though it looks very similar to the set equality problem, is the
disjoint sets problemwhich asks if two given sets of strings are
disjoint. Another important future task is to develop techniques for
proving lower bounds (a) for randomized computations with two-
sided bounded error and (b) for appropriate problems in a setting
where Q(logN) head reversals (i.e., sequential scans of external
memory devices) are available.
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APPENDIX
A. TURING MACHINE BASICS

Definition 23 (Notation concerning Turing machines).

Let T = (Q,%,A,qo, F, Facc) be a nondeterministic Turing machine (NTM, for short) withu tapes, where
Q is the state spacé&, the alphabetqg € Q the start statef- C Q the set of final state$;cc C F the set of
acceptingstates, and

A C (Q\F)xZHUxQx zHUx {L N,RIY

the transition relation. Here, N, R are special symbols indicating the head movements.
We assume that all tapes are one-sided infinite and have cells numbgradetc, and thath € X is the
“blank” symbol which, at the beginning of the TM’s computation, is the iifgon of all empty tape cells.
A configurationof T is a tuple

(q7 P15 Prru, We, - - 7\N[+u) € Q X Nt+u X (z*)t+u7

whereq is the current statgs, ..., pt+u are the positions of the heads on the tapes,vend.. ,wiy are the
contents of the tapes. For a configuratiowe write Nexi (y) for the set of all configurationg' that can be
reached frony in a single computation step.

A configuration is calledinal (resp.,accepting if its current statey is final (resp., accepting), that e F
(resp.g € Face). Note that a final configuration does not have a successor caatfigr

A run of T is a sequence = (pj)jes of configurationsp; satisfying the obvious requirements. We are
only interested in finite runs here, where the indexJsst{1,...,¢} for an¢ € N, and wherey is final.

When consideringlecision problemsa runp is calledaccepting(resp. rejecting if its final configuration
is accepting (resp., rejecting). When considering, instead, Turingimecthat produce an output, we say that
a runp outputs the word Wif p end in amacceptingstate andv is the inscription of the last (i.et;th) external
memory tape. Ip ends in aejectingstate, we say that outputs “I don’t know”.

Without loss of generality we assume that our Turing machines@malizedin such a way that in each
step at most one of its heads moves to the left or to the right. =

Proof of Lemma 18:
To prove (a), observe that for every rpn= (p1,..,px) of T onw we havek < ¢(N), and

‘ k-1 k-1
lfeeciVor(we)=p}| _ 1 |Cr] . N)=(k=1) — 1l =
o) ~ e (L mear Crl = iI:l\NextT(p.)\ = Pr(p).

(b) follows directly from (a), since

cecliN) . N
Pr(T acceptsy) %' S Pip) @ [{ce -ZL)(W c) =p}
p : pisanaccepting p : pisanaccepting | 4 |
run of T onw run of T onw
{(N) .
1 [{te " : pr(w,T) accepty|
- > Ny, TN . O

e |G ™|

£
p1 (W,T) accepts

B. FORMAL DEFINITION OF THE SEMANTICS OF NONDETERMIN-
ISTIC LIST MACHINES

Formally, the semantics of nondeterministic list machines are definedl@asgo
Definition 24 (Semantics of NLMs).

(@) A configurationof an NLM M = (t,m,1,C, A ap, a,B,Bacc) is a tuple (a,p,d,X) with

P da X1

p=| | eN, d=[:|e {14yt X=| | e (@A),
Pt o} Xt

whereN = {1,2,3,..} is the set of positive integers,
— ac Ais thecurrent state
— Ppis the tuple othead positions
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— dis the tuple ohead directions

- % =(Xi1,-.-,%m) € (A*)™ for somem; > 1, contains theontent of the cells(The stringx; j € A*
is the content of the¢th cell of theith list.)

(b) Theinitial configurationfor input (vq .,vm) € 1Mis atuple(a,p,d,X), wherea=ag, p= (1,...,1) T,
d=(+1,...,+1)7, andX = (%q,.. ,xt) with

X1 = (<Vl>7~~-7<Vm>) € (A*)m
andx; = =% = (()) € (A")L.

(c) For a nondeterministic choiaee C, the c-successoof a configuration(a, p,d, X) is the configuration
(@, p,d,X') defined as follows: Suppose that
a(aXyp, - Xp.¢) = (be,....a).
We leta’ = b. For 1<i <t, letmy be the length of the list;, and let
(—1,false) if pj=1andg = (—1,true),
€ := (head-directionmove) := { (+1,false) if pj =m andg = (+1,true),
6 otherwise
This will prevent the machine from “falling off” the left or right end of atlis.e., if the head is standing
on the rightmost (resp., leftmost) list cell, it will stay there instead of mowirigrther step to the right
(resp., to the left).
We fix f; € {0,1} such thatf; = 1 iff (move = true or head-direction+# d).
If fi=0foralli € {1,..,t}, thenwe lefy :=P, d :=d, andX’ := X (i.e., if none of the machine’s head
moves, then thetateis the only thing that may change in the machine’s current step).
So suppose that there is at least 0sach thatf; £ 0. In this case, we let
y = alxyp) - &p) (-
Foralli € {1,..,t}, we let
(Xis s X1 Yo Xy -5 Xim ) if move = true,
X = ¢ (X1, Xip—1, ¥ Xip> Xip1 -+, Xim ) if i = +1 andmove = false
(X1, Xip—1, Xipis Yo Xipr1s - -» Xiymy ) if df = —1 andmove = false
and, finally,
pi+1 if €= (+1true),
;. Jpi—1 ife=(-1true),
P= sl ifd = (+1alse,
pi if & = (—1,false).
(d) A configuration(a, p,d, X) is final (accepting resp. rejecting, if a € B (Bacc, resp. Brej := B\ Bacd).

A (finite) run of the machine is a sequenge;, ..., py) of configurations, wherg; is the initial config-
uration for some inputpy is final, and for every < ¢ there is a nondeterministic choicee C such that
pi+1 Is thecj-successor of;.
A run is calledaccepting(resp. rejecting if its final configuration is accepting (resp., rejecting).

() Aninput(vy,..,vyn) € I™ is acceptecby machineM if there is at least one accepting runifon input
(v17 . an)- B

It is straightforward to see that

Lemma 25. Let M= (t,m,I,C,A ap, a, B, Bacc) be an NLM, and let be an upper bound on the length of M’s
runs.

(a) For every runpof M on an inputv € I™, we have

teCl:pu(v,t)=p
Pr(p) — { lgéﬁV ) =P}
(b)
{ceCl: pu(V,0) accepty|
IC’]

Pr(M acceptsr) =
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Proof: To prove (a), observe that for every ron= (p1, .., px) of M onvwe havek < ¢, and

S k-1
HCECZ-PE% - ﬁ (lrl{cec : pi1 is thec-successor qbi}|> -|C|t-(k=1)
i=

k-1
= Il Pr(pi —wm pi+1) = Pr(p).

(b) follows directly from (a), since

teCl:ipu(v,C) =
Pr(M accepts) %' S Prp) @ l{ce PMﬁ( ,C) = p}|
p : pisanaccepting p : pis‘anaccepting ‘C |
run of M onv run of M onv
- 1 _ {ceC’: p(v,c) accepty|
-2 © ] -

Pm (V,T) accepts

C. PROOF OF THE SIMULATION LEMMA

LetT = (Q,Z,A, o, F, Facc) be the given(r,s,t)-bounded nondeterministic Turing machine with u tapes,
where the tapes,l..,t are the external memory tapes and tapesl,...,t + u are the internal memory
tapes. Letmne N andN = m- (n+1). Every tuplev = (vi,..,vm) € I™ corresponds to an input string
V:=vi#vo#t- - vpi# of lengthN. Letr :=r(N) ands:= s(N).

By Lemma 3, there is a constanit = ¢1(u,|Q|, |Z|), which doesot depend orr, m, n, t, such that every
run of T on every input/; for anyv € I™, has length at most

((N) = N.2or(t+s) (5)
and throughout each such run, eacfT &f external memory tapes 1.,t has length< ¢(N). We let? := ¢(N).

Step 1: Definition of M’s set C of nondeterministic choices.

M’s setC of nondeterministic choices chosen a€ := (Ct )¢, whereCr is chosen according to Definition 17.
_{

Step 2: Definition of a supersek of M’s state set A.

Let O be the set of potential configurations of tapeq, .. ., t—+u, together with the current state ®f that is,

o T qu: pt+i€{17~"7s}7
Q = {(q, Pt+1,---5 pt+u,Wt+17~-~,Wt+u) Wiy € ng (fOI' alie {l,...,u}) .

Then for a suitable constact = c;(u, |Q|,|Z|) we have
Q < 2%% )
We let
A= {(q, Pro- ) ‘ geQ, andforeach € {1,..,t},
Pj= (p[]-[, p]T, j,head-directiorp) with

pJT € {1,..,¢}, head-direction € {+1,—1}, and

either pE[ = p]} =0,

or pg[.,p]} e{1,..,£} with pE[ < p} < p]J] }
Here,© is a symbol for indicating tham[j[ and dj] are “undefined”, that is, that they cannot be interpreted as
positions on one of the Turing machine’s external memory tapes.

Later, at the end of Step 4, we will specityhichparticular subset ok will be designated abl’s state set
A. With anychoice ofA as a subset ok we will have

A < Al < Q] (0+1)% -2 < 28 (N2t )3t gt < pdtirs
for a suitable constart = d(u, |Q|,|Z|). This completes Step 2. =
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Step 3: Definition of M’s initial state g and M’s sets B and . of final states and accepting states, respec-
tively.

Let
qo :: (q07l7"71’DS7"7DS)
N~ N——_——
u u

be the part ofl s initial configurationthat describes the (start) stajgof T and the head positions and initial
(i.e., empty) content of the tapes 1, .., t-+u (that is, the tapes that represent internal memory).
Let

7 — (pl nl Al T _f @1n+1,41) ifm>1
p1 = (pl7p17p}l7head dlreCthﬁ]_) = { (171’&_’_1) ifm=0

and, for alli € {2,..,t},
b= (pi[[, piT, Fﬂi],head-direction) = (1,1,¢,4+1).
As start state of the NLM/ we choose

d = (‘1)7?17?27"5@)

As M’s sets offinal, resp. acceptingstates we choos8 := BNA, resp.,Bacc:= BaccN A with

B = {(4 P.P2...m) €A | Gisofthe form(q,p,y) € Qfor someg € F }
Bace = {(G P1,Po,... ;) €A | Gis of the form(q, p,y) € Q for someq € Facc}-
l.e., a state oM is final (resp.,accepting if, and only if, the associated state of the Turing macHirie. This
completes Step 3. -

Step 4: Definition of M’s transition functiona : (A\ B) x (A*)t xC — (Ax Movemerl.
We let

C:Onfl' = {(qa P1,- ., Pt+u,Wa,- '7\N1+U> ’ qe Q7 and
forall j e {1,..,t+u}, pjeN,
forall j € {1,..,t}, wj e {®}"Z{@}" withwjp, €3,

forall j € {1,..,u}, wj € " }

where® is a symbohotin Z, andw;j , denotes thej-th letter in the stringy;.

Intended meaning: The symbelis used as aildcard symbol that may be interpreted by any symbol in
>. An element irConf; gives (potentially) incomplete information on a configuratio pfvhere the contents
of tapes 1..,t might be described only in some part (namely, in the part containirg-sgmbols).

We letA :=1UCUAU{{(,)}. By induction oni we fix, fori > 0,
asety CA
aset; C (A\B) x (A",
asetlj C A*, letting

L = {aly)-—-mc : (ay,...nr) eKjandceC} )

a function

config : Ki — ConfrU{L}

Intended meaning: When the NLM is in a situatiork € K;j, thenconfig (k) is the Turing machine’s con-
figuration at the beginning &fi's current step. IEonfig(k) = L, thenk does not represent a configuration
of the Turing machine.

— the transition functiomr of M, restricted t;, that is,
ik, 1 KixC — A x Movement

— for every tapg € {1,..,t}, a function

we {@}P 1P -plrlig NP

either 1< pl < pl <¢ and }
orpl > pl andw=¢

tape-config; : Li — {(W, pl, pl)
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Intended meaning: When the NLM is in a situatiork = (a, (y1),.., (%)) € K; and nondeterministically
chooseg € C for its current transition, then

tape-config; (a(ya) - (%)(c))
gives information on the inscription from tape cell up to tape cellp! of the j-th tape of the Turing
machine’s configuration at the endMfs current step.
Induction base (= 0): We start withM'’s start stateag and choose

Ao:={ag}.

If a9 is final, then we lety := 0 andA := Ag. This then gives us an NLM which accepts its input without
performing a single step. This is fine, singgis final if, and only if, the Turing machin€’s start stateyg is
final, that is,T accepts its input without performing a single step.

For the case that is notfinal, we let

Ko := {(ao7y1,..7yt) yie{{v):veltandy,=---=y =) }

The set is defined via equation (7).
The functionconfig, is defined as follows: For every
K = (a0,y1,---t) € Ko
with y; = (v) (for somev € 1), let
t+u
—~N
configy(k) = (qo,1,..,1, vk’ (™D of | of os.. o).
N — N——
t-1 u
Let

(QO7T‘)]_7 .. ?ﬁ[) = Qo

with p; = (pE[, pJT, p}],head-directiorp), forall j e {1,..,t}.
Forj e {1,..,t} we define

(L. pl. ) = (pl.p}. P)).

Now let ¢ = (c1,Cp,..,¢) €C = 04 be an arbitrary element froml’'s setC of nondeterministic choices.
For definingak, (K, c) andtape-configo(aya) -+ (%t)(c)), consider the following: Let us start the Turing
machineT with a configuratiory; thatfitsto configy(k), i.e., that can be obtained froonfig,(k) by replacing
each occurrence of the wildcard symhwlby an arbitrary symbol irE. Let yi,\», Vs, ... be the successive
configurations off when started in4 and using the nondeterministic choiogscy,cs,.. (in the sense of
Definition 17). l.e., for allv > 1, y,,1 is the (c, mod |Nextr (y,)|)-th of the [Nextr ()| possible next
configurations ofy,.
Using this notation, the definition af, (k,c) and

tape-configg(afy1) -~ (%) (c))

can be taken verbatim from the definitionaf ,, (x,c) and

i+1
tape-config; , 1 (aly1) -+ {(%t)(c)),
given below. This completes the induction baise Q).

Induction step (i~ i+1): We let

there arex € Kj andc € C such thatayy, (k,c)=(b,eyq,..,a)
(for suitable(ey,. ., &) € Movement)

and

y1 € {{v) :vel}UUp<Ly, and

Ki+l = {(a7y17"7yt) =
yi € {0}UUi<iLi, forallje{2,..,t}

acA1\B, }

The set; 1 is defined via equation (7).
The functionconfig , ; is defined as follows: Let € C and letk = (a,y1,..,\%t) € Ki;1. Let

(CLT‘)]J .. ?n) =a
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with p; = (pE[, pJT, p}],head-directiorjl), forall j € {1,..,t}, and

G = (9Pt Prous Wt 1, -+, Wetu)-
Letje{1,..,t}.
If yj € Ly for somei’ <i, then let
(W}, p],p I = tape-config; (y;).

We choosew; := V\/ (This is well-defined, becausdape-config; andtape-config;,» operate identically on
all elements |r1_,,mL,u foralli’,i” <i).
Furthermore, we Ie(tp]- , pﬂj]) be defined as follows:

(IO, P H) if p[[ ﬁ] © andhead-direction = +1
p]] p/E[, pj) if pJ = © andhead-directiop = —1
p] , p] otherW|se

If yj & Up<il,, then we make a case distinction ¢gnin case thatj € {2,..,t}, we haveyj = () and
head-direction = +1. We deflne(f) [ﬂ as follows:

(B8 = (p}.0).
and choose
W = oy
In case thaf = 1, we know thay; must be of the forn{v), for somev € I, and thahead-direction = +1. If

vis notthem-th input item, that is, there is somee {1,..,m—1} such thaf{u—1)- (n+1) < pg < u-(n+1),
then we define

(PL.PY) = (PLu-(n+1),

and choose

Wy = ®<“71)'(n+1> VH# @l*‘*“'(n*’l) .
Otherwisey must be them-th input item, that is,

p] > (m-1)-(n+1).

In this case we define
(L) = (ph0)
and choose

Wy = ®(m—1)(n+l) V# Di—m-(n+1).
If, for somejg € {1,..,t}, wj, = &, then we define

config, (k) = L,
tape-config; 1 (a{yr) --- () (c)) = (&,2,2),

andag,, (k,c) := (a.€,...€), where forallj € {1,..,t},

o (head-direction,true)  if wj =¢
17" ] (head-direction,false) ~otherwise

In what follows, we consider the case whevg+# ¢, forall j € {1,..,t}. We define

Config+1(K) = (q/ P1,. -, Pt Pt+1s - -5 Ptru, W, -, WE, Wy, - 7\NT+U)7

whereqandpg1,-., Pt+u, Wit1, - -, Wi+u are obtained frong,”

p1,.., Pt are obtained fronavia p; := p],for allje{1,..,t},and
wy,..,W are chosen as above.
Altogether, the description of the definition odnfig, ; (k) is complete.

For definingayk, , (k, ) andtape-config;_ 1 (a(y1) --- (%) (c)), consider the following:
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Let us start the Turing machirfewith a configurationy thatfitsto config, ; (), i.e., that can be obtained
from config,, ; (k) by replacing each occurrence of the wildcard symbdily an arbitrary symbol if. Letting

¢ = (c1,Cp,..,¢) € C = CF,

we lety, b, s, ... be the successive configurationsTofwhen started ins and using the nondeterministic
choicescy, €, C3,.. (in the sense of Definition 17). l.e., forall> 1, y, 11 is the(cv mod|Next—r(yv)\)-th of
the|Nextr (v )| possible next configurations f.

Then, there is a minimal > 1 for which there exists ag € {1,..,t, L} such that throughout the run

i---Ww-1,

(1) none of the heads 1 ,t changes its direction, and

(2) none of the headpe {1,..,t} crosses a bordedj[ or f;]J]
and one of the following cases applies:

Case 1: jo # L, and in the transition frony, _1 to y;, headjg crosses one of the bordep%} or ;5]]]0 That is,
in v, the jo-th head is either at positiqv{j[ol 1orat positior‘plﬁf0 +1.
(And none of the headfe {1,..,t} \ {jo} crosses a border or changes its direcfign.

Case 2: jo # L, and in the transition frony,_1 to y,, headjo changes its direction, but does not cross one of
the borderspEP0 or |ﬁ]]]0
(And none of the headpe {1,..,t}\ {jo} crosses a border or changes its direction.)

Case 3: yy is final and none of the cases 1 and 2 apply. Then weglet 1.

In all three cases we let

(qllvp/]{v'vp{/-ﬁ—w\/\/]{ww t/-o—u) = VV .

We choose

q// = (q”7 /_*_17--7p{,+u7V\/1/+1»--7V\/t/+u)
and define

b = (.9 ).

where

P, = (¢ E[, p”], ] d ,head-directioff)
will be specified below.
Finally, we define

A, (k,c) = (bé,. . .€),
where, for evenyj € {1,..,t},
¢ = (head-directioff, move)

will be specified below.

Recall thatk = (a,yl,..,yt) € Ki.1. For everyj € {1,..,t} we define

@PJ 1V\// cew! ®€7p¥+l7 [_[7 I\ if [[S I
tape- conf|g|+1(< 1) (n) () = {( ipy P} P p]}) P F;J

(e, pj, p}]] otherwise

WherepE[ and HJ] are specified below.

Forallj e {1,..,t}\ {jo} we know (by the choice of and jo) that throughout the Turing machine’s compu-
tationyy, .., yv, headj neither changes its direction nor crosses one of the bouﬁ‘enﬁ!} . Consequently, we

3Recall that w.l.0.g. we assume that the Turing machine is normalizeBeginition 23.
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choose

head-directioﬁ-f head-direction

mové{ = false
p//JT - p/j/
p”[-[ :: p”JT if head-direction = +1
j Bl if head-direction = —1
ol Bl if head-direction = +1
b p’l i head-direction = —1
. pl if head-direction = +1
p; = J J
) p’]+1  if head-directiop = —1
p]] _ p”T —1 if head-direction = +1
J ] if head-direction = —1

In Case 3we havejo = L, and thereforeq ,, (k,c) andtape-config;, 1 (aly1) --- ()(c)) is fully specified.
Furthermore, note that in Case 3 we know thais final, i.e., ¢” is a final state of the Turing machirie
Therefore b is afinal state of the NLMM, andM’s run accepts if, and only if, the simulated Turing machine
run accepts (recall the definition bf's set of final and accepting states at the end of Step 3).

For Case landCase 2 we havejp € {1,..,t}, and for specifying

head-directiof{ , movd, p”E[O, p”]TO, p”]J]O, pg[o, and ﬂo,

we distinguish between the two cases:

ad Case 1: In this casejg # L, and headg crosses one of the bordem%J or ;311]0 in the transition fromy, _1
to yy (that is, p’j’0 is eitherpﬂi0 +1or ﬁg[o —1). We choose

(0 0 0L = (O 0)
(P, pl) = (8. o)
mové{0 = true

o — )
head-directiof] { 1 pl, =) 1

—1 otherwise

ad Case 2: In this case g # L, and head changes its direction, but does not cross one of the bomﬁ‘grs -
or d}o We only consider the case where the direction of hgachanges from+1 to —1 (the other case is
symmetric).

We choose

(head-directioff , move ) (—1,false)

(p//[i[o’ p”JTo’ pN]J]t)) = (ﬁ[i[o’ Jlo’ p/j/0+1)

(o o) = (2. 8))
Note that here we might ha\ﬂg’0 +1= d] In this case, by the above definition, we Obtﬂi[ll;] = H}O +1.

Jo*

Altogether, this completes the induction step.

Finally, we are ready to fikl’s state sef and transition functiomr as follows:

A = UA

i>0
K = [JK

>0
a = Ja

i~0
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Note that
1. ais well-defined, becausey, andak, operate identical on all elements(iki NK;/) x C (for all i, i’ >0).
2. K consists of all situation&,y1,..,¥t) € (A\ B) x (A*)! that may occur in runs dil.

3. a remains undefined for elemertis,ys,..,y) in (A\ B) x (A*)! that donot belong toK. This is fine,
because such a situati¢a yi, ..,Yyt) can never occur in an actual run Mt

This completes Step 4. -

Note that finally, the NLMM is fully specified. Due to the construction we know théis (r,t)-bounded,
because it hatlists and the number of head reversals during each run on annpuy,..,vm) € 1™ is
bounded by the number-1 =r(m- (n+1))—1 of head reversals of the according run of the Turing machine
T on inputvy#- - - vin#t.

Step 5: For every inputv = (vy,..,Vm) € I™we have
Pr(M acceptst) = Pr(T accepts ¥ - -#vp).

Proof: Let {\ € N be an upper bound on the length of runs of the NMMsuch a numbefy exists, because
M is (r,t)-bounded; see Lemma 31 (a) in Appendix D).

For the remainder of this proof we fix an input= (vy,..,vm) € 1™ for the NLM M and we letv’i=
vi#- - -vi# denote the corresponding input for the Turing macHine

From Lemma 18 we know that

[{er €C} : pr(vcr) accepty| _ |{or € Cf : pr (v,or) accepty|
(= ]

Furthermore, we know from Lemma 25 that

Pr(T accepts/] =

[{teCM™ : py(V,T) accepty|

Pr(M acceptsr) = il

For showing that RM accepts7) = Pr(T acceptS/T it therefore suffices to show that

[{ceC™ : pu(v,c) accepty| = [C|™ - |{cr € CF : pr(,cr) accepty|.
Consequently, it suffices to show that there is a function
f:cm - ct
such that
— for everyc € C'™, the list machine rupy (,T) simulates the Turing machine rys (7, f(T)), and
— for everycr € C,
{cec™:f@©)=cr}| = [c[™ ™ ®)

We can define such a functidnas follows:
For every sequence

t=(cb,... c™m) e chm

following the construction of the NLNYA in Steps 1-4, we obtain for each {1,..,¢vw} that there is a uniquely
defined prefixct!) of M's nondeterministic choice

) = (c(li), cé')) € C = Cf,
such that the following is true for
g = Ve ... gltw)

viewed as a sequence of elements flom

(1) The list machine rumy (V,T) simulates the Turing machine ryw (V,€), whereM uses in itsi-th step
exactly thect)-portion ofcl!) for simulating the according Turing machine steps.

(2) If 7 < ¢ denotes the length of the ryy (V,&) = (p1, .. ,P7), thenc’has exactly the length-1.

Now letio denote the maximum element frofd, .., /v } such thaﬂc o) | -£ 0 (in particular, this implies that
g=¢W...¢&lo)y. We letélio) be the prefix otllo) of length? — (7 — 1 — |&l0)|) and define

& — gD, . glio—Dgo
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Note that, viewed as a sequence of elements fEnt has length exactly, and therefore, we can well define
f(c) = &
Furthermore, to see that (8) is satisfied, note that surjective, i.e., for everg e CT there exists & with
f(t)=¢ and
{eeCh 1@ =g = [or|"™ " = [Cr[* ) = gt

(For the first equation, note that throughexactly ¢ of the possible’ - £y Cr-components of are fixed,
whereas each of the remainifigly — ¢ components may carry an arbitrary element fi©m)
This completes Step 5.

Altogether, the proof of Lemma 16 is complete. o

D. DETAILED PROOF OF LEMMA 21

This section is devoted to the proof of Lemma 21.

After pointing out an easy observation concerning randomized listimagn subsection D.1, we formally
fix the notion of theskeletonof a list machine’s run in subsection D.2. Then, in subsection D.3 we state
and prove some basic properties of list machines concerning the sizhape of runs and the possibility of
composing different runs. Afterwards, in subsection D.4, we takeseclook at the information flow that can
occur during a list machine’s computation, and we show that only a smalber of input positions can be
compared during an NLM’s run. Finally, in subsection D.5, we provenira 21.

D.1 An Easy Observation Concerning Randomized List Machines

Lemma 26. Let M= (t,m,1,C,A ap,a,B,Bacc) be an NLM, let/ be an upper bound on the length of M’s
runs, and let # C I™ such thatPr(M acceptS/) > 2, for all inputsv e _#. Then there is a sequence=

(c1,..,¢,) € C! such that the set
Jacee = {Ve 7 pm(V,T) accepts

has size| Zacce| > 5| 7|
Proof: By assumption we know that

z r(M acceptw) > \/| =
ve s

From Lemma 25 we obtain

{cteCl: pu(v,0) accepty|
(o

Pr(M accepts) =

Therefore,

z [{ceC’: pm(v,c) accepty| > [C!|-

vy 2

On the other hand,

z {ceC’: pm(v,c) accepty| = z {ve #:pm(V,T) accepts$|.

ve J teCt
Consequently,
S Ve 7 pu(v.c) accepty| > [C']- 121
ceC!
Therefore, there must exist at least @aeC’ with
9 1 - puloe ccepty > 21
and the proof of Lemma 26 is complete. O
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D.2 Skeletons of runs

Definition 27 (local_viewgp), ndet_choice$p), movegp)). LetM be an NLM.
(a) Thelocal view Iv(y), of a configuratiory = (a, p,d, X) of M is defined via

X1L,py
v(y) = (ady) with y = :
X, o
l.e., Iv(y) carries the information oM’s current state, head directions, and contents of the list cells cur-
rently being seen.

(b) Letp = (py,..,pr) be arun oM. We define
(i)
local_viewsgp) = (Iv(p1),...,Iv(py)).

(ii) ndet_choicep) C C!~1 to be the set of all sequences- (cy,..,c,_1) such that, for all < ¢, i1 is
thecj-successor op;.

Note that Pfp) = W%g]%fe@ﬂ_
(i)
movesp) = (movey,..,move 1) € ({0,1,—1}) ",

where, for every < ¢, moveg = (move 1,. .,move;,t)T € {0,1,—1}! such that, for each € {1,..,t},
moveg ; = 0 (resp., 1, resp=-1) if, and only if, in the transition from configuratiga, to configuration
pi+1, the head on the-th list stayed on the same list cell (resp., moved to the next cell to the right,
resp., to the left). -

To prove lower bound results for list machines, we use the notiors&éketorof a run. Basically, a skeleton
describes the informatiditow during a run, in the sense that it doest describe the exchanged data items (i.e.,
input values), but instead, it describes which inpasitionsthe data items originally came from. The input
positions of an NLMM = (t,m,I,C,A ag, a, B, Bacc) are simply the indicese {1,...,m}.

Definition 28 (Index Strings and Skeletons).Let M be an NLM, letv = (v1,..,vm) € I™ be an input foiM,
let p be a run oM for inputv, and lety = (a, p,d, X) be one of the configurations m

(a) For every cell content; j in X (for each listr € {1,..,t}), we write
ind(xr )
to denote théndex string i.e., the string obtained frony j by replacing each occurrence of input number

vi by its index (i.e., input position)e {1,..,m}, and by replacing each occurrence of a nondeterministic
choicec € C by the wildcard symbol “?”.

(b) Fory= (Xip,,--.X.p) " we let
ind(y) := (ind(xq,p,),...,ind(X,p)) "
(c) Theskeletorof a configurationy’s local viewlv(y) = (a,d,y) is defined via
skellv(y)) := (a,d,ind(y)).
(d) Theskeleton of a rum = (ps,..,p;) of M is defined via
ske(p) := (s,movegp)),
wheres= (sq,..,s) with s; := ske{lv(py)), and for alli < ¢, if movegp) = (movey,..,move_1) ",

skellv(piy1))  if move # (0,0,..,0)"
S+1 = i .
? otherwise.

Remark 29. Note that, given an input instangdor an NLM M, the skeletor{ := skelp) of a runp of M on
inputv, and a sequenaec ndet_choicelp), the entire rurp can be reconstructed. -

D.3 Basic Properties of List Machines

In this section we provide some basic properties of list machines cangehe size and shape of runs, the
number of skeletons of runs, and the possibility of composing differers.
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Lemma 30 (List length and cell size).

Let M= (t,m,1,C,A ag, a, B, Bacc) be an(r,t)-bounded NLM.

(a) Thetotal list lengthof a configuration oM is defined as the sum of the lengths (i.e., number of cells) of
all lists in that configuratiofi.
For every ic {1,..,r}, the total list length of each configuration that occurs before the i-th charig
head direction is< (t+1)' -m.
In particular, the total list length of each configuration in each run of M<is(t + 1)" - m.

(b) Thecell sizeof a configuration oM is defined as the maximum length of the entries of the cells occurring
in the configuration (remember that the cell entries are stringsfovet UCUAU {(,)}).
The cell size of each configuration in each run of Mdsl1- (max{t,2})".

Proof: For deterministidist machines, (a) and (b) were proved in [10] (cf., Claims 1 and 2 imptbef of [10,
Lemma 15]). Fonondeterministidist machines, the proofs are virtually identical; only the cell size increases
as now the list entries also contain the nondeterministic choices.

In fact, the proof of (a) is identical to the proof of [10, Claim 2 in the problLemma 15]: Lety be a
configuration of total list lengtih. Then the total list length of a successor configuragioof y is at most/ +t,
if a head moves or changes its direction in the transition fydmy’, and it remaing otherwise.
Now suppose is a configuration that can be reached frgmithout changing the direction of any head. Then
y is reached frony with at most/ —t head movements, because a head can move into the same direction for
at mostA —1 times on a list of lengtf . Thus the total list length of is at most

L+t-(0—1). 9)
The total list length of the initial configuration lm+t — 1. A simple induction based on (9) shows that the
total list length of a configuration that occurs before ittle change of a head direction is at most
t+1)-m

This proves (a).
For the proof of (b), ley be a configuration of cell size Then the cell size of all configurations that can be
reached frormy without changing the direction of any head is at most

1+t-(2+9)+3 = 4+t-(2+5).

The cell size of the initial configuration is 3. A simple induction shows that tteg t@ll size of any configu-
ration that occurs before thah change of a head direction is at most
i-1 _ .
4+ 5 el +st < 11 (max(t,2})".
j=1

O

Lemma 31 (The shape of runs of an NLM).Let M= (t,m,|,C, A ag,a, B, Bycc) be an(r,t)-bounded NLM,
and let k:= |A|. The following is true for every rup = (p1,..,0;) of M and the corresponding sequence
move$p) = (move,..,move_1).
(@ ¢ <k+k-(t+1)+L.m.
(b) There is a numben < (t+1)"*1.m and there are indices < j; < jo < -+ < ju <€ such that:

(i) Foreveryic{1,..,0—1},

move # (0,0,..,0)" <= i€ {j1,..,Ju}-

(i) If p=0,thent <k.
Otherwise, { <K; jyt1—jv <k, forevery e {1,..,u—1}; and?—j, <Kk.
Proof: For indicesi < ¢ with moveg = (0,0,..,0) T we know from Definition 24 (c) that thstateis the only
thing in whichp; andp; .1 my differ. As(r,t)-bounded NLMs areotallowed to have amfinite run, we obtain
that without moving any of its heads] can make at mo$t consecutive steps.

On the other hand, for everye {1,..,r} we know from Lemma 30 (a) that the total list length of a configu-
ration that occurs before theah change of a head direction is

< (t+2)"m (10)

Thus, between thé—1)-st and the-th change of a head direction, the number of steps in which at least one
head moves is

<(t+1)'-m

“Note that the total list length never decreases during a computation.
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Altogether, for every rup of M, the total number of steps in which at least one head moves is
r

< Z(t+1)i~m < (t+1)"t.m (11)

Hence, we obtain that the total length of each ruiMab
< k+k-(t+1)"tm

(namely,M can pass through at madstonfigurations before moving a head for the first time, it can move a
head for at mosft + 1)r+l -mtimes, and between any two head movements, it can pass through ak most
configurations).

Altogether, the proof of Lemma 31 is complete. |

Lemma 32 (Number of Skeletons).
Let M= (t,m,1,C,A ag,a,B, Bacc) be an(r,t)-bounded NLM with t> 2 and k:= |A| > 2.
The number

|{skelp) : p is a run of M}|

of skeletons of runs of M is

. 242 r
< (m+k+3)12m(t+1) T2424.(t41) '

Proof: We first count the number of skeletons of local viewsafifigurationsy of M.
Let y be a configuration o, and letlv(y) be of the form(a,d,y). Then,

skellv(y)) = (a,d,ind(y)),
wherea € A, d € {—1,1}!, andind(y) is a string over the alphabet

{1 mpu{*?"}UAU{(,)}-
Due to Lemma 30 (b), the stririgd(y) has length< 11-t". Therefore,

114"

|{skellv(y)) : yis a configuration oM}| < k-2'-(m+k-+3) (12)

From Lemma 31 we know that for every ran= (py,..,0;) of M there is a numben < (t+1)"*1.mand
indices 1< j1 < jo <--- < ju < £ such that for movep) = (movey, .., move_1) we have:

(i) Foreveryi € {1,..,/~1}, move # (0,0,..,0)" <= i€ {j1,..,ju}-

(i) If u=0,thent <k
Otherwise,j1 <k; jy+1—jv <k, foreveryv € {1,..,u—1}; andf/—j, <k

The total number of possibilities of choosing sycl?, j1,..,juis

(t+l)'+1»m -
< z kIJ+1 < k2+(t+1) »m. (13)
u=0

For each fixedp with parametergs, £, j1,.., ju, skelp) = (s,movegp)) is of the following form: For every
i </withi ¢ {ja,..,ju}, move = (0,0,..,0)" ands 1 = “?". For the remaining indiceg;, .., j, there are

S 3{4[,1 S 3(t+1)’+2-m (14)
possibilities of choosingmove, ,..,move,) € ({0, 1,71}t)“, and there are

) 11t" ) (t+1)’+1~m

< |{skellv(y)) : yis a configuration oM}* < (k-2'-(m+k+3 (15)

possibilities of choosings;, 11, .,Sj, +1) = (ske(lv(pj, 1)), .,skellv(pj, 11))).
In total, by computing the product of the terms in (13), (14), and (1B)phtain that the numbéfske(p) :
p is arun ofM}| of skeletons of runs dfl is at most
(k2+(t+1)'“-m> . (3(t+1)’*2<m> . ((k. 2. (m+k+3) 11»t')<t+1>'“-m)
1147\ 2+(t+1D)2m
)

IN

(k32 (m+k+3

IA

24(t41)"*2m
) . (16)

(k2,2t+|og3, (m+k+3)1t
Obviously,
k2 < (k+m+3)2,
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Since(k+m+3) > 22, we have
21+Iog3 < (m+ k+3)t+l.
Inserting this into (16), we obtain that the number of skeletons of rui isf

(12" +t43)- (2+(t+1)"+2.m)

< (m+k+3)
< (mt k+3)(12-(t+1)’)-(2+(t+1)’*2<m)
< (m+ Kt 3) 24(t+l)’+12-(t+1)2’+24m.
This completes the proof of Lemma 32. |

Definition 33. LetM = (t,m,,C, A, ag, a, B, Bacc) be an NLM and let
{ = ((s1,-.,%), (movey,..,move_1))

be the skeleton of a rup of M. We say that two input positiorisi’ € {1,..,m}, arecomparedn ¢ (respec-
tively, in p) iff there is aj < ¢ such thas; is of the form

skellv(y)) = (a,d,ind(y)), forsome configuratioy,
and bothi andi’ occur inind(y). o

Lemma 34 (Composition Lemma). Let M= (t,m,|,C, A ap, a, B, Bacc) be an NLM and let € N be an upper
bound on the length of M's runs. Létbe the skeleton of a run of M, and let’'ibe input positions of M that
are not compared if. Letv= (v1,..,Vm) andw = (wy,..,Wm) be two different inputs for M with

wj=vj, forall j € {1,...,m}\{i,i’}

(i.e., v andw only differ at the input positions i and)i Furthermore, suppose there exists a sequanee
(c1,..,¢,) € C! such that

Ske(pM (\776)) = Ske(PM (W7é)) = Za
and pwm (V,T) and py (W, T) either both accept or both reject. Then, for the inpits= (v, .., Vi, .., Wy, ..,Vm)
andU’ := (vq,..,Wi,..,Vi/,..,Vm) we have

{ = skelpm(u,c)) = skelpw(U,T))

and
pm(T,T) accepts < pu (U, T) accepts <= pm(V,T) accepts < pm(W,T) accepts.
Proof: Let { = ((sy,...,S¢),(mova,...,move _;)) be the skeleton as in the hypothesis of the lemma. We
show thatskel pim (T,T)) = ¢, and thaipm (U,T) accepts if and only ipy (v,T) andpm (W, T) accept. The proof
for U instead oft is the same.
Letskel(pm (0,T)) = ((S},.-.,Sw),(movd,...,mové, ,)). Let j be the maximum index such that

0) (§l7...7s’j):(sl7...7sj),and
(i) (movq,....movd]’_l) = (mova,...,movg_1).

Let j’ be the maximum index such thit< j ands; = s’j, # “?". By the hypothesis of the lemma we know
thati andi’ do not occur both irsj.. Thus for somex € {v,W}, sj contains only input positions where
andx coincide. Letpy(X,C) = (p1,...,0¢), and letpw (0,T) = (p1,...,0p). Sincesj contains only input
positions wheral andX coincide, we havev(p;j) = Iv(p]f,). Sincemovgr = mové;,, =(0,...,0)T for all
i”€{J’,....i— 1}, we therefore haviv(p;j) = Iv(pj). This implies that the behavior in theth step of both
runs,pm (%,€) andpwm (U,T), is the same.

Case 1 (j=/'): Inthis case there is no further step in the run, from which we conclude’that”. Hence
both skeletons( andskel v (U,¢)), are equal. Moreovely(pj) = Iv(p}) implies that both runs either accept
or reject.

Case 2 (j< ¢'): Inthis case we know thdt' > j+1, and thamovg = movél. By the choice off we also have
Sj+1 # s’j+l, which together withmovg = mové] impliessj;1 # “?” and s’j+l #“?". Let sj11 = (a,d,ind)

ands’jJrl = (d,d’,ind"). Sincelv(p;) = Iv(pj), and the behavior in theth step of both runs is the same, we

havea=a andd = d’. So,ind andind’ must differ on some componente {1,...,t}. Letind; be thet-th
component ofnd, and letind; be thet-th component ofnd'.

Since(s!l,...,s’]—) =(s1,..-,5j) and(mov@,...,movﬁ) = (mova,...,movg), the list cells visited directly
after stepj” € {0,...,j} of all three runspm (v,c), pm(W,T) andpv (T,T), are the same. This in particular
implies thatind; andind; describe the same list cells, though in different runs. Smdf = (p) for some

input positionp, or ind; = (), then the cell described bpd; has not been visited during the firfssteps of
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all three runs, and thereforied, = ind;. Now we may assume thatd; # (p) for all input positionsp, and
ind; # (). Then,ind; = a(y1)...(y)(c), where(a,d,y1,...,yt) = sj» for somej” € {1,...,j}, andc is the
j”-th nondeterministic choice @f Also,ind; =a/(y})... (y;)(c), where(@,d".y}...., %) = Sj,. Butsj» =S,
which contradictsnd; # ind;.

To conclude, only Case 1 can occur, which gives the desired reshik ¢tdmma. O

D.4 The information flow during a list machine’s run

In this subsection we take a closer look at the information flow that carr dering a list machine’s compu-
tation and, using this, we show that only a small number of input positianse@ompared during an NLM’s
run.
Definition 35 (subsequence)A sequencésy, .., s, ) is asubsequencef a sequencés; , .. ,sg,), if there exist
indicesj; < --- < j, suchthas; = s’h, S = s’jz, S = Slj)\' .
Definition 36. Let M = (t,m,1,C,Aag, 0, B,Bacc) be an NLM. Lety = (a, p,d, X) be a configuration oM
with X = (Xq,..,%) " andxr = (X¢ 1,..,Xr,m, ), for eachr € {1,..,t}. Furthermore, letiq,..,iy) € {1,..,m}*,
for someA € N, be a sequence of input positions.

We say that the sequenés,..,i)) occursin configurationy, if the following is true: There exists a
T € {1,..,t} and list positions K j; <--- < j, < mg such that, for alu € {1,..,A}, the input positiori,
occurs inind(xg,j,, )- o
The following lemma gives a closer understanding of the information fl@at ¢an occur during an NLM’s
run.
Lemma 37 (Merge Lemma). Let M= (t,m,1,C,A ag, a,B,Bacc) be an(r,t)-bounded NLM, lep be a run
of M, lety be a configuration irp, and let, for somé € N, (iy,..,i,) € {1,.. ,m})‘ be a sequence of input
positions that occurs iwy.

Then, there exist tsubsequences s. g of (i1,..,iy) such that the following is true, where we lgts
(s“,l,..,sy‘)\u), for everyu € {1,..,t"}:

tr
—{il,..,i)\} = U{Su,17~'vsu.,)\p}' and
u=1

— foreveryu € {1,..,t"}, s, is a subsequence either @,..,m) or of (m,.., 1). -
Proof: By induction onr’ € {0,..,r} we show that for each configuration that occurs duringrtk scan
(i.e., between th¢r’—1)-st and the'-th change of a head direction), the above statement is trug father
thant'.

For the induction stant’ = 0 we only have to considévl’s start configuration. Obviously, every sequence
(i1,..,iy) that occurs in the start configuration, is a subsequen¢g, of, m).

For the induction step we note that all tihdcan do during the'-th scan isnergeentries front different lists
produced during thér’—1)-st scan. Therefordjs,..,i, } is the union ot sequences, each of which is a sub-
sequence of eithdiq,..,i,) or (i,,..,i1) (corresponding to a forward scan or a backward scan, respggtive
and each of thesesubsequences has been produced duringrthel)-st scan. By induction hypothesis, each
of these subsequences is the union’of! subsequences df,..,m) or (m,..,1). Consequently(is,..,i,)
must be the union df-t" 2 such subsequences. O

We are now ready to show that only a small number of input positionseaoninpared during a list machine’s
run.

Lemma 38 (Only few input positions can be compared by an NLM).

Let M= (t,2m,1,C, A ag, a, B, B;cc) be an NLM with2m input positions.

Letv:= (v1,..,Vm,V},..,Vip) € 1M be an input for M, leip be a run of M on inpuv, and let{ := ske(p).
Then, for every permutatio of {1,..,m}, there are at most

t? . sortednesigp)

differentie {1,..,m} such that the input positions i and-m¢ (i) are compared ir{ (i.e., the input valuesjv
and \/¢(i) are compared irp).

Proof: For someA € N letiy,..,i, be distinct elements frorl,..,m} such that, for allu € {1,..,A}, the
input positions, andm+ ¢ (i) are compared irf. From Definition 33 and 36 it then follows that, for an
appropriate permutatiort: {1,..,A} — {1,..,A}, the sequence

U= (g, M@, iz, M™@(in2), s imay s Md(an)) )

occursin some configuration in rup. From Lemma 37 we then obtain that there eXisubsequences,. . S
of 1 such that the following is true, where we kt= (su,ylw.,sul)\“), foreveryu € {1,..,t"}:
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tf
_{i17"7i/\>m+¢(i1)7"7m+¢(i)\)} = U{s[.l.lr‘?sy,)\“}y and

u=1
— foreveryu € {1,..,t"}, s, is a subsequence either(df,..,2m) or of (2m,..,1).

In particular, at least one of the sequensgs. , s+ must contain at least’ := ({\ﬂ elements from{iq,..,i, }.
W.l.0.g. we may assume that is such a sequence, containing the eleménts. i, }.

Considering now the s¢m+@(i1) ,.., m+¢(i).)}, we obtain by the same reasoning that one of the sequences

s1,..,S Must contain at least” := H‘—ﬂ > {\7 elements from{m+¢ (i1) ,.., m+@(i,,)}. We may assume

w.l.0.g. thats; is such a sequence, containing the elementg (i1) ,.., M+ (i »).
Let us now arrange the elements .., i ,,m+¢(i1),..,m+@(i,») in the same order as they appear in the
sequence. l.e., letr? : {1,.. A"} — {1,..,A”} be a permutation such that

/

= (g, m0(r@) s s irpn s Mdlzan))

is a subsequence of
Sinces; is a subsequence ofand a subsequence of eithl{ér..,2m) or (2m,.., 1), we obtain that

either iqq) <ig@) < <igpn OF g >ig@) > >igan).
Similarly, sinces, is a subsequence ofand a subsequence of eith@r..,2m) or (2m,.., 1), we obtain that
either M@ (iy(y)) <--- <MHP(ignr) oF MEd(iga)) > - >Md(iynn),
and therefore,
either @(ip(y) <---<@ligar) or ¢liga)>-->d(xnn)

In other words(@ (iy(1)),--, ¢ (ir(r))) is @ subsequence 6 (1),..,¢(m)) that is sorted in either ascending
or descending order. According to Definition 19 we therefore have

A" < sortednes).

SinceA” > 3‘7 we hence obtain that

A <t% .sortednes@),

and the proof of Lemma 38 is complete. o

D.5 Proof of Lemma 21
Finally, we are ready for the proof of Lemma 21.

Lemma 21 (Lower Bound for List Machines) — restated
Letk m,n,r,t € N such that m is a power dt and

t>2 m>24t+)*+1, k> 2m+3, n> 1+ (M +1)-log(2K).

We let I:= {0,1}", identify | with the se{0,1,..,2"-1}, and divide it into m consecutive intervals ., Im
each of lengtt2"/m.
Let¢ be a permutation of1,..,m} with sortednes®) < 2,/m—1, and let

7 = |¢(1)><"'><|¢(m)><|1><"'><|m'

Then there is ndr,t)-bounded NLM M= (t,2m,1,C, A ag, o, B, Bacc) wWith |A] < k and 1= {0,1}", such that
forall v=(vi,..,Vm,V,..,Vin) € .# we have:

If (v1,..,Vm) = (\/¢(1),..,\/¢(m)), thenPr(M accepts) > %; otherwisePr(M acceptsy) = 0. Proof: Suppose
for contradiction thaM is a list machine which meets the requirements of Lemma 21. We let

Feq = { Vi, Vm Ve Vi) €7 1 (Ve,e W) = (Vg Vg (m)) 3
Note that
n\ M
ed = (%)
From the lemma’s assumption we know that
Pr(M accepts) > %,

for every inputv € Zgq. Our goal is to show that there is some input .# \ Seq, for which there exists an
accepting run, i.e., for which Al acceptdi) > 0. It should be clear that once having shown this, the proof of
Lemma 21 is complete.
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SinceM is (r,t)-bounded, we know from Lemma 31 that there exists a nurhbeX that is an upper bound on
the length oM’s runs. From Lemma 26 we obtain a sequeee(cy,..,¢,) € C! such that the set

Jacce = {VE€ Feq : pm(V,T) accept
has size
| Zacge| > @ > % . <£mn>m
Now choose] to be the skeleton of a run M such that the set
Jaceeg = {VE Sacce @ { =skelpw(v,0)) }
is as large as possible.

CLAIM 2. |Fecoel 2

‘ﬂacqé‘ > 1 (gﬂ)m
2k = 2. (2km \m/

Proof: Let n denote the number of skeletons of rungvaf From Lemma 32 we know that

n < (2m+k+3)24m-<t+1)2f+2+24(t+1),.

From the assumption we know that 2m+ 3, and therefore

n < (Zk) 24m(t+1)% 2+24(t+1)’. a7

From the assumptiom > 24 (t+1)* + 1 we obtain that
24.m-(t+1)%7 2424 (t+1) < 24-m-(t+1)724+m < n?. (18)
Altogether, we obtain from (17) and (18) that
no< (2K

Since the particular skeletahwas chosen in such a way that,..c ;| is as large as possible, and since the
total number of skeletons is at mc(ﬂ()mz, we conclude that

‘jach > 1 . (in)m

(2km T 2. (2km \m/)

Hence, the proof of Claim 2 is complete. |

|jacctf| >

CLAIM 3. Thereis ang € {1,..,m} such that the input positiong and m+ ¢ (i) are not compared if .

Proof: According to the particular choice of the permutatipmve know that
sortednesg) < 2-y/m-1

Due to Lemma 38 it therefore suffices to show thait > t2' - (2,/m—1).
From the assumption thatm > 24- (t + 1)4r +1 we know that, in particulam > 4-t%, i.e., v/m> 2.7,
Hence, t¥ - (2/m—-1) < % -y/m-(2y/m—1) < m, and the proof of Claim 3 is complete. o

Without loss of generality let us henceforth assumeighat1 (for otherig, the proof is analogous but involves
uglier notation).
Now chooser, € I¢(2>, e, Vm € I¢(m) such that

{vielpay 1 (Vi Voo, Vm Vg11), Vg-1(2)s - Vg-1(m) € Yaceeg |
is as large as possible. Then, the number,afuch that

(Vj_,Vz. . ,Vm,V¢71(l),V¢71(2) - 7V¢71(m)) € jach,Z

is at least
n\ Mm
|- Zaceezl cmimz <2ﬁ> - 2n
(Zymt T 2. M (Zy™t T 2me (20

From the assumption we know that> 1+ (n? + 1) - log(2k). Therefore,

k>m
2 > 2. 2™ > 2.2k (20 S 2.2m-(2k)™.
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Consequently,
2n
S
2m- (2K T

Thus, there are two different elements # wy such that for (wo,..,wm) := (V2,..,Vm) we have v :=
(V1,.. 7Vm7V¢71(l>7 .. ,V¢71(m)) € ’ﬂaccé,z and w:= (Wl~, . 7Wm7W¢71(1), . 7W¢*1(m)) S ’ﬂaCCé,Z'
Since the rumpy (v, ) acceptswe obtain from Lemma 34 that for the input

U= (V1,..,Vm,Wp-1(1),- -, Wp-1m)) € '\ Feq,
the runpw (0,T) has to accept. Therefore, we have found an impaty \ Zeq with
Pr(M acceptd) > O.

This finally completes the proof of Lemma 21. o

E. PROOFS OF LOWER BOUNDS FOR TURING MACHINES

Proof of Corollary 7:

The upper bound is easily obtained when using a result of Chen and7Yapiihma 7] which states that the
sorting problem (i.e., the problem of sorting a given sequence of sjrican be solved with two external
memory tapesD(logN) head reversals, and only constant internal memory space.

The lower bound for the problemsHECK-SORT, SET-EQUALITY, and MULTISET-EQUALITY is stated
in Theorem 6. To obtain the according lower bound for theti8T1” versions of these problems, we re-
duce the problem Geck-¢ (cf., Lemma 22) to the problemsi®RT-CHECK-SORT, SHORT-SET-EQUALITY,
and SHORT-MULTISET-EQUALITY (that is, the restriction of these problems to inputs of the fag# - - v
#V)#- - -vi#, where each; and eaclv] is a 0-1-string of length at mostlogm for some constartt> 2) in such
a way that the reduction can be carried out ifS{IL), O(logN), 2). More precisely, we construct a reduction
(i.e., a function)f that maps every instance

V= v# Vi # Vo #
of CHECK-¢ to an instance
f(v)

of SHORT-CHECK-SORT (respectively, of BORT-SET-EQUALITY or SHORT-MULTISET-EQUALITY), such
that

(1) the stringf (V) is of length®(|v|),

(2) f(v) is a ‘“yes™instance of BORT-CHECK-SORT (respectively, a “yes™instance of
SHORT-(MULTI)SET-EQUALITY) if, and only if, vis a “yes"-instance of @ECk-¢, and

(3) there is an(O(1),0(logN), 2)-bounded deterministic Turing machine that, when given an instaofe
CHECK-¢, computesf (V).

It should be clear that the existence of such a mappistows that if $ORT-CHECK-SORT (respectively,
SHORT-(MULTI)SET-EQUALITY) belongs to the class R$D(r),0(s),0(1)), for somes € Q(logN), then
also CGHeck-¢ belongs to RSTO(r),0(s),0(1)). If r ands are chosen according to the assumption of
Corollary 7, this would cause a contradiction to Lemma 22. TherefotoRS-(MULTI)SET-EQUALITY and

SHORT-CHECK-SORT do not belong to the class R&Xlog N),O(%),O(l)).

lo

Now let us concentrate on the construction of the reduction
m?

Fori € {1,..,m}, we subdivide the 0-1-string € {0, 1}mB into u = [Wﬂ consecutive blocks; 1,...,Vi ,
each of which has length lag(to ensure that also the last sub block has lengtimloge may pad it with lead-
ing 0s). In the same way, we subdivide the strifignto sub bIocksd,l, e ,vi’,“. For a number € {1,..,m}
we use BINi) to denote the binary representationi efl of length logn; and for a numbey € {1,..,u} we
use BIN(j) to denote the binary representationjefl of length 3 logm.

Foreveryie {1,..,mandj e {1,..,u} we let

Wi = BIN(qb(i)_) BlN'(j:) Vi
= BIN(i) BIN/(j) it
for everyi € {1,..,m} we let
ui = wiHwio# Wi ,#
y = \A/i,l#\A/i,Z#"'\A/iﬁu#’
and finally, we define
f(V) = up---umuj--up.
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Clearly, f(v) can be viewed as an instance foR@RT-CHECK-SORT 0or SHORT-(MULTI)SET-EQUALITY,
wherem ;= p-m=[ mf | pairsw; andwi"j of 0-1-strings of length Blogm < 2-logn7 are given. Let us

now check that the fd?\%:r{}oh has the properties (1)—(3).
ad (1): Every instance of CHECK-¢ is a string of lengttN = @(m-m?®) = ©(n*), and f (V) is a string of
lengthN’ = ©(m?).
ad (2):
Vis a “yes"-instance of GECK-¢
<~ (V1,.-,Vm) = (\/¢(l)""\/¢(m))
= (Vp100)s--:Ve1m) = (V1,--,Vm)

= forallie {1,...m}, (Wy-1)1,--,Wp-1(i),) = (W 1., W

i,u)' (19)

It is straightforward to see that (19) holds if, and onlyfify) is a “yes”-instance of BORT-(MULTI)SET-
EQUALITY . Furthermore, as the list of 0-1-strings in the second haff(gf is sortedin ascending orderf, (V)
is a “yes"-instance of BORT-CHECK-SORT if, and only if, it is a “yes”-instance of SORT-(MULTI)SET-
EQUALITY.

ad (3): In a first scan of the input tape, a deterministic Turing machine can cntipe numbem and store
its binary representation on an internal memory tape.

Now recall from Remark 20 that the permutatigr= ¢m is chosen in such a way that for everg {1,..,m},
the binary representation @f(i) is exactly the reverse binary representation-ef and for each particular
this can be computed on the internal memory tapes. Therefore, dusagoad scan of the input tape, the
machine can produce the strifigv) on a second external memory tape (without performing any furthet he
reversals on the external memory tapes).

Altogether, the proof of Corollary 7 is complete. O

Proof of Corollary 9:

(a) is an immediate consequence of Theorem 6 and Theorem 8 (a).

The second inequality in (b) follows directly from Theorem 6 and The®«(ir).

The first inequality in (b) holds because, due to Theorem 8 (a;dh®lemenof the MULTISET-EQUALITY
problem belongs to RS2,0(logN),1). Since the deterministic §T-) classes are closed under taking
complements, Theorem 6 implies that the complement of the WMsET-EQUALITY does not belong to
ST(O(r),0(s),0(1)). O

Proof of Corollary 10:

Of course, the BECK-SORT problem can be solved for input#- - - xm#y1#- - - ym#t by (1) sorting<y #- - - #xm

in ascending order and writing the sorted sequexigé, - #x;,, onto the second external memory tape, and (2)
comparingys1#- - - #ym and the (sorted) sequenkg# - - #x, in parallel.

Therefore, if the sorting problem could be soIvedLiasVegasRST(o(IogN),O(]CLL",{,),O(l)), i.e., by an
(o(log N),O(,(:QL'\I{‘LO(l))-bounded_asVegad?TM T, then we could solve the ©E=CK-SORT problem by an

(o(logN), O(,(:QL'}‘\‘L O(l))-boundec{%,O)-RTM T’ which usedT as a subroutine such tHBt rejects whenever

T answers| don't know” andT’ accepts whenevdr produces a sorted sequence that is equal to the sequence
yi#t- - -#ym. This, however, contradicts Theorem 6. O
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